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Differential geometry dictionary

‘ Classical differential geometry ‘ Quantum differential geometry

observables smooth manifold M associative unital algebra A
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Differential geometry dictionary

Classical differential geometry | Quantum differential geometry
observables smooth manifold M associative unital algebra A
differential 1-forms cotangent bundle ['(T*M) FODC (Q',d)
symmetry Lie group action Hopf algebra coaction
MxG— M Ap: A—>ARQH
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Differential geometry dictionary

Classical differential geometry

Quantum differential geometry

observables

smooth manifold M

associative unital algebra A

differential 1-forms

cotangent bundle ['(T*M)

FODC (Q',d)

symmetry

Lie group action
MxG—=M

Hopf algebra coaction
Ap: A—ARH

vector fields tangent bundle ['(TM) 77
Lie derivative Z: T(TM) — Der(¢>°(M)) 77
Cartan formula 777

Thomas Weber Noncommutative vector field calculi

(X, df) = Zx(f)




Differential calculi

Fix a field k and an (associative unital) algebra A.

We call (Q1,d) a first order differential calculus (FODC) on A, if
i.) Q! is an A-bimodule.
ii.) d: A— Qlis k-linear s.t. for all a, b € A the Leibniz rule holds:
d(ab) = (da)b + adb.
i) Q=AdA:= {3 aldb’ | a', b € A finite sum}.
b
b
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Differential calculi

Fix a field k and an (associative unital) algebra A.

We call (Q1,d) a first order differential calculus (FODC) on A, if
i.) Q! is an A-bimodule.
ii.) d: A— Qlis k-linear s.t. for all a, b € A the Leibniz rule holds:
d(ab) = (da)b + adb.
i) Q=AdA:= {3 aldb’ | a', b € A finite sum}.

Theorem (Woronowicz '89)

For every associative unital algebra A there exists a FODC (Q},dy) on A, where

QL= kermA:{Z_aiéi)bi‘ Z_a’b’:O}QA@A

anddy(a) =1®a—a®1 forall ac A.
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Differential calculi

Fix a field k and an (associative unital) algebra A.

We call (Q1,d) a first order differential calculus (FODC) on A, if
i.) Q! is an A-bimodule.
ii.) d: A— Qlis k-linear s.t. for all a, b € A the Leibniz rule holds:
d(ab) = (da)b + adb.
i) Q=AdA:= {3 aldb’ | a', b € A finite sum}.

Theorem (Woronowicz '89)

For every associative unital algebra A there exists a FODC (Q},dy) on A, where

QL= kermA:{Z_aiéi)bi‘ Z_a’b’:O}QA@A

anddy(a) =1®a—a®1 forall ac A.

Moreover, every FODC (Q',d) on A is a quotient of (Q},dy).
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Vector fields in NCG

A associative unital algebra. Then Endy(A) is an A-bimodule via
(a-¢-b)(c) = ag(bc)

for all ¢ € Endg(A) and a, b, c € A.
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Vector fields in NCG

A associative unital algebra. Then Endy(A) is an A-bimodule via

(a- ¢ b)(c) = ag(bc)
for all ¢ € Endg(A) and a, b, c € A.

Definition (Borowiec '96)
A first order vector field calculus (FOVC) on A is a tuple (X,.%), where
i.) X is an A-bimodule.

ii.) .Z: X — Endg(A) is a left A-linear map satisfying for all X € X and a,b € A
the Leibniz rule

Zx(ab) = Zx(a)b + Li.a(b)

iii.) Z: X — Endg(A) is injective.

A
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Vector fields in NCG

A associative unital algebra. Then Endy(A) is an A-bimodule via

(a- ¢ b)(c) = ag(bc)
for all ¢ € Endg(A) and a, b, c € A.

Definition (Borowiec '96)
A first order vector field calculus (FOVC) on A is a tuple (X,.%), where
i.) X is an A-bimodule.

ii.) .Z: X — Endg(A) is a left A-linear map satisfying for all X € X and a,b € A
the Leibniz rule

Zx(ab) = Zx(a)b + Li.a(b)

iii.) Z: X — Endg(A) is injective.

A

A morphism of FOVCi is an A-bilinear map ¢: X — X’ such that

%%X’

T, o

End]k(A)

commutes. ¢ is necessarily injective.
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Example (Classical case/sanity check)

For a commutative algebra A, let
X := Der(A) = {X € Endg(A) | X(ab) = X(a)b+ aX(b) for all a, b € A}
with A-bimodule structure (a- X)(b) := aX(b) =: (X - a)(b)

and .Z: Der(A) — Endg(A).
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Example (Classical case/sanity check)

For a commutative algebra A, let

X := Der(A) = {X € Endg(A) | X(ab) = X(a)b+ aX(b) for all a, b € A}
with A-bimodule structure (a- X)(b) := aX(b) =: (X - a)(b)
and .Z: Der(A) — Endg(A).

For A = €°°(M) this gives X = [*°(TM).
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Example (Classical case/sanity check)

For a commutative algebra A, let
X := Der(A) = {X € Endg(A) | X(ab) = X(a)b+ aX(b) for all a,b € A}
with A-bimodule structure (a- X)(b) := aX(b) =: (X - a)(b)

and .Z: Der(A) — Endg(A).

For A = €°°(M) this gives X = [*°(TM).

Theorem (Fioresi-Latini-TW '26)

For any associative unital algebra A there exists a FOVC (X,, Z") defined by
Xy = {X € Endg(A) | X(1) = 0} with A-actions

(a- X)(b) := aX(b) and (X - a)(b) := X(ab) — X(a)b

for all X € X4, a,b € A and £": X, — Endg(A) the canonical inclusion.
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Example (Classical case/sanity check)

For a commutative algebra A, let
X := Der(A) = {X € Endg(A) | X(ab) = X(a)b+ aX(b) for all a,b € A}
with A-bimodule structure (a- X)(b) := aX(b) =: (X - a)(b)

and .Z: Der(A) — Endg(A).

For A = €°°(M) this gives X = [*°(TM).

Theorem (Fioresi-Latini-TW '26)

For any associative unital algebra A there exists a FOVC (X,, Z") defined by
Xy = {X € Endg(A) | X(1) = 0} with A-actions

(a- X)(b) := aX(b) and (X - a)(b) := X(ab) — X(a)b
for all X € X4, a,b € A and £": X, — Endg(A) the canonical inclusion.

Moreover, (X4, Z") is universal in the sense that for any FOVC (X,.£) on A there is
a morphism of FOVCi (%X,%) — (X4, £").
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Directed graphs on finite sets

X finite set and A := C[X] = spanc{dx: X — C | x(y) := 0,y }.

.
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Directed graphs on finite sets

X finite set and A := C[X] = spanc{dx: X — C | x(y) := 0,y }.

Consider a directed graph (no loops, no multiple edges) and define
X :=spanc{xx—y | x = y edge}

.

Thomas Weber Noncommutative vector field calculi



Directed graphs on finite sets

X finite set and A := C[X] = spanc{dx: X — C | x(y) := 0,y }.

Consider a directed graph (no loops, no multiple edges) and define
X :=spanc{xx—y | x = y edge}

with A-bimodule structure fXx—y -8 = f(x)g(y)Xx—y
and ij%y(f) = (f(X) - f(y))(SX’ fvg €A

Then (%,.%) is a FOVC on A.

.
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Directed graphs on finite sets
Eemple . |

X finite set and A := C[X] = spanc{dx: X — C | x(y) := 0,y }.

Consider a directed graph (no loops, no multiple edges) and define
X :=spanc{xx—y | x = y edge}

with A-bimodule structure fXx—y -8 = f(x)g(y)Xx—y
and ij%y(f) = (f(X) - f(y))(SX’ fvg €A
Then (%,.%) is a FOVC on A.

y
Proposition (Fioresi-Latini-TW '26)

Let X be a finite set and A := C[X]. Then,

FOVCi\ 11_ [ directed graphs on X
—
on A as above

Thomas Weber Noncommutative vector field calculi



Theorem (Fioresi-Latini-TW '26)

There is an adjunction of categories

FODC, i (FOVC,)°P
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Theorem (Fioresi-Latini-TW '26)

There is an adjunction of categories

FODC, i (FOVC,)°P

Explicitly,
i.) Given a FODC (Q',d) on A = FOVC (X,.Z) on A via

X := Homy(Q1, A) , Zx(a) := (X, da).
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Theorem (Fioresi-Latini-TW '26)

There is an adjunction of categories

FODC, i (FOVC,)°P

Explicitly,
i.) Given a FODC (Q',d) on A = FOVC (X,.Z) on A via

X := Homy(Q1, A) , Zx(a) := (X, da).

ii.) Given a FOVC (X,.Z) on A = FODC (Q',d) on A via

Q! .= sHom(X, A) , (X, da) :== Zx(a).

Above (-,-): X ®4 Q! — A denotes the evaluation.

For fgp A-modules the adjunction becomes an equivalence!
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Covariant FOVCi

H Hopf algebra

A right H-comodule algebra, i.e., coaction Ay: A — A® H is algebra morphism
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Covariant FOVCi

H Hopf algebra
A right H-comodule algebra, i.e., coaction Ay: A — A® H is algebra morphism

Definition

A FOVC (%,.Z) on A is right H-covariant if X is right H-covariant A-bimodule, i.e.

Ax(a- X - b) = Aa(a)Ax(X)Aa(b)

and the following diagram commutes, where JZ(X ® a) := Zx(a).

XA —2Z LA

|2 o
L ®idy

XQAQH ——— AQH

Morphisms of right H-covariant FOVCi have to be right H-colinear, in addition.
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G finite group ~» H := C[G] is Hopf algebra with

AGg) =Y hecOh®0p1, o () =beg . S(0)=0d1.
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G finite group ~» H := C[G] is Hopf algebra with
Adg) = ZheG Oh ® Op-14 ' (0g) = deg ' 5(0g) = 0g-1.

Directed graph on G (no loops, no multiple edges)
~» FOVC X = spanc{xx—y | x — y edge} on H.
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G finite group ~» H := C[G] is Hopf algebra with
Adg) = ZheG Oh ® Op-14 ' (0g) = deg ' 5(0g) = 0g-1.

Directed graph on G (no loops, no multiple edges)
~» FOVC X = spanc{xx—y | x — y edge} on H.

Assume that the graph is a Cayley graph, i.e., 3C C G\ {e} s.t. x — y is an edge iff
Jgelst y=xg.
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G finite group ~» H := C[G] is Hopf algebra with
Adg) = ZheG Oh ® Op-14 ' (0g) = deg ' 5(0g) = 0g-1.

Directed graph on G (no loops, no multiple edges)
~» FOVC X = spanc{xx—y | x — y edge} on H.

Assume that the graph is a Cayley graph, i.e., 3C C G\ {e} s.t. x — y is an edge iff
Jgelst y=xg.

For g € C define xg = erGXX_’Xg and g = spanc{xg | g € C}. Then

o H®g=Xis a left H-covariant FOVC on H, where
(5x & Xg) “Op = 5h,xg5x ® Xxg ) 5 ®xe (5y) = 6><Xg((s -1 )
and we set xg(f) := f(e) — f(g) forall f € Hand g €C.
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G finite group ~» H := C[G] is Hopf algebra with
Adg) = ZheG Oh ® Op-14 ' (0g) = deg ' 5(0g) = 0g-1.

Directed graph on G (no loops, no multiple edges)
~» FOVC X = spanc{xx—y | x — y edge} on H.

Assume that the graph is a Cayley graph, i.e., 3C C G\ {e} s.t. x — y is an edge iff
Jgelst y=xg.

For g € C define xg = erGXX_’Xg and g = spanc{xg | g € C}. Then

o H®g=Xis a left H-covariant FOVC on H, where
(5x & Xg) “Op = 5h,xg5x ® Xxg ) 5 ®xe (5y) = 6><Xg((s -1 )
and we set xg(f) := f(e) — f(g) forall f € Hand g €C.

e In, in addition, C is closed under adjunction, i.e., xgx~1 € Cif g € C and x € G,
then (H® g,.£9) is a bicovariant FOVC on H.
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G finite group ~» H := C[G] is Hopf algebra with
Adg) = ZheG Oh ® Op-14 ' (0g) = deg ' 5(0g) = 0g-1.

Directed graph on G (no loops, no multiple edges)
~» FOVC X = spanc{xx—y | x — y edge} on H.

Assume that the graph is a Cayley graph, i.e., 3C C G\ {e} s.t. x — y is an edge iff
Jgelst y=xg.

For g € C define xg = erGXX_’Xg and g = spanc{xg | g € C}. Then

o H®g=Xis a left H-covariant FOVC on H, where
(5x & Xg) “Op = 5h,xg5x ® Xxg ) 5 ®xe (5y) = 6><Xg((s -1 )
and we set xg(f) := f(e) — f(g) forall f € Hand g €C.

e In, in addition, C is closed under adjunction, i.e., xgx~1 € Cif g € C and x € G,
then (H® g,.£9) is a bicovariant FOVC on H.

As we see on the next slide, these conditions are also necessary for (bi)covariance!
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H Hopf algebra ~ H° finite dual ~ (H®)T := kereyo
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H Hopf algebra ~ H° finite dual ~ (H®)T := kereyo

Let g C (H°)™ be finite-dimensional. We call g a quantum tangent space, if

Apo(g) Cg®epo +H°®g
Xi — Xi ® €Ho +f,-j®Xj
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H Hopf algebra ~ H° finite dual ~ (H®)T := kereyo

Definition

Let g C (H°)™ be finite-dimensional. We call g a quantum tangent space, if

Apo(g) Cg®epo +H°®g
Xi — Xi ® €Ho +f,-j®Xj

If, in addition, the map adg: g — Endy(H), adg(x)(h) := h1S(h3)x(h2), satisfies

adg(g) Cg® H,

we call g a bicovariant quantum tangent space.
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H Hopf algebra ~ H° finite dual ~ (H®)T := kereyo

Definition

Let g C (H°)™ be finite-dimensional. We call g a quantum tangent space, if

Apo(g) Cg®epo +H°®g
Xi — Xi ® €Ho +f,-j®Xj

If, in addition, the map adg: g — Endy(H), adg(x)(h) := h1S(h3)x(h2), satisfies

adg(g) Cg® H,

we call g a bicovariant quantum tangent space.

For generic g C (H°)™ define

Xy =H®g h-(g®x,-)-k::hgklﬁ.j(kg)®xj
2. % — Endy(H) 20 (h) == hix(h2)
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H Hopf algebra ~ H° finite dual ~ (H®)T := kereyo

Definition

Let g C (H°)™ be finite-dimensional. We call g a quantum tangent space, if

Apo(g) Cg®epo +H°®g
Xi — Xi ® €Ho +f,-j®Xj

If, in addition, the map adg: g — Endy(H), adg(x)(h) := h1S(h3)x(h2), satisfies

adg(g) Cg® H,

we call g a bicovariant quantum tangent space.

For generic g C (H°)™ define

Xy =H®g h-(g®x,-)-k::hgklﬁ.j(kg)®xj
2. % — Endy(H) 20 (h) == hix(h2)

Theorem (“Vector field version of Woronowicz classification thm")

(XH,.,?H) is left covariant FOVC on H iff g is quantum tangent space. Every left
covariant FOVC on H is (isomorphic to a FOVC) of this form, where g := <°HX.
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H Hopf algebra ~ H° finite dual ~ (H®)T := kereyo

Definition

Let g C (H°)™ be finite-dimensional. We call g a quantum tangent space, if

Apo(g) Cg®epo +H°®g
Xi — Xi ® €Ho +f,-j®Xj

If, in addition, the map adg: g — Endy(H), adg(x)(h) := h1S(h3)x(h2), satisfies

adg(g) Cg® H,

we call g a bicovariant quantum tangent space.

For generic g C (H°)™ define

Xy =H®g h-(g®x,-)-k::hgklﬁ.j(kg)®xj
2. % — Endy(H) 20 (h) == hix(h2)

Theorem (“Vector field version of Woronowicz classification thm")

(XH,.,?H) is left covariant FOVC on H iff g is quantum tangent space. Every left
covariant FOVC on H is (isomorphic to a FOVC) of this form, where g := <°HX.

The FOVC is bicovariant iff g is bicovariant iff g € )JDZ.
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Quantum principal bundles and vertical vector fields

A quantum principal bundle (QPB) is a right H-comodule algebra A such that
B:=A®" .= {acA|Ap(a)=a®1}CA
is Hopf—Galois, i.e., such that
ARpA— AQH, a®pa — ala(ad’)

is a bijection
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Quantum principal bundles and vertical vector fields

A quantum principal bundle (QPB) is a right H-comodule algebra A such that
B:=A®" .= {acA|Ap(a)=a®1}CA
is Hopf—Galois, i.e., such that
ARpA— AQH, a®pa — ala(ad’)

is a bijection~» “translation map” 7: H = A®g A, 7(h) =: h{D) ®5 h(?),

Thomas Weber Noncommutative vector field calculi



Quantum principal bundles and vertical vector fields

A quantum principal bundle (QPB) is a right H-comodule algebra A such that
B:=A®" .= {acA|Ap(a)=a®1}CA
is Hopf—Galois, i.e., such that
ARpA— AQH, a®pa — ala(ad’)
is a bijection~» “translation map” 7: H = A®g A, 7(h) =: h{D) ®5 h(?),

For generic g C (H°)™ define

a2 =A®g a-(d@x;)-a" = aa’gé’fij(ai’) ® X;j
ZA: X — Endy(A) 2{(a) = aox(a1)
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Quantum principal bundles and vertical vector fields

A quantum principal bundle (QPB) is a right H-comodule algebra A such that
B:=A®" .= {acA|Ap(a)=a®1}CA
is Hopf—Galois, i.e., such that
ARpA— AQH, a®pa — ala(ad’)
is a bijection~» “translation map” 7: H = A®g A, 7(h) =: h{D) ®5 h(?),

For generic g C (H°)™ define

a2 =A®g a-(d@x;)-a" = aalaé)/fij(ai/) ® X;j
ZA: X — Endy(A) 2{(a) = aox(a1)

Proposition (Fioresi-Latini-TW '26)

Let A be a QPB and g a quantum tangent space on H = (X4,.£%) is a FOVC on A.
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Quantum principal bundles and vertical vector fields

A quantum principal bundle (QPB) is a right H-comodule algebra A such that
B:=A®" .= {acA|Ap(a)=a®1}CA
is Hopf—Galois, i.e., such that
ARpA— AQH, a®pa — ala(ad’)
is a bijection~» “translation map” 7: H = A®g A, 7(h) =: h{D) ®5 h(?),

For generic g C (H°)™ define

a2 =A®g a-(d@x;)-a" = aalaé)/fij(ai/) ® X;j
ZA: X — Endy(A) 2{(a) = aox(a1)

Proposition (Fioresi-Latini-TW '26)

Let A be a QPB and g a quantum tangent space on H = (X4,.£%) is a FOVC on A.

If g is a bicovariant quantum tangent space on H
= (X4, 2%) is a right H-covariant FOVC on A.
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Base vector fields and the Atiyah sequence

For a right H-comodule algebra A with FOVC (%,.%) on A define B := A®". We call
Xpi= (XX | 4(B) C B} [1X € X | 2x(8) = 0)

the base vector fields.
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Base vector fields and the Atiyah sequence

For a right H-comodule algebra A with FOVC (%,.%) on A define B := A®". We call
Xpi= (XX | 4(B) C B} [1X € X | 2x(8) = 0)

the base vector fields.

Xp is a FOVC on B with Lie derivative £B: Xp — Endy(B), ,,2”[)3(](b) = Zx(b).
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Base vector fields and the Atiyah sequence

For a right H-comodule algebra A with FOVC (%,.%) on A define B := A®". We call
Xpi= (XX | 4(B) C B} [1X € X | 2x(8) = 0)

the base vector fields.

Xp is a FOVC on B with Lie derivative £B: Xp — Endy(B), ,,2”[)3(](b) = Zx(b).

Definition

Given a QPB B := A" C A and a bicovariant quantum tangent space g on H we
call a right H-covariant FOVC (%,.%) on A a principal FOVC if the Atiyah sequence

05 A0g S x Y A0
X = [Xo - (X1)P](x0) @

is well-defined and exact.
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An example: 3D FOVC on SL,(2)

q € C not zero or a root of unity. A := Oq(SL2(C)) is generated by «, 3,7, modulo
the Manin relations

Ba=qaB, ya=qay, 6B=qBs, &y=qys, da—ad=(q—q ')By, VB=PBy

and the quantum determinant relation ad — g~18vy = 1.

; _ . a B\ _ [(a B t 0
Right H = O(U(1))-comodule algebra via Ay ('y 6) = (ﬁ/ 5) ® (0 t*l)'

Let X := span{xo, x+} with
(a®x0) - f =g 2flaf ® xo, (a@x+) f=q flaf @ xx,

foralla€ Aand f € {e,8,7,0}, where |a| = |y| =1 and |3] = |§| = —1. Moreover,
the Lie derivative is defined by

Lyola) = q ’a, Zxo(B) = =B,
gXO(’Y) = q_2"/7 gXD (6) = _67

L (@)=d8, £ (8)=0, L (@)=0, L _(B)=q la,
$X+(7) = q257 2. (8) =0, Zy_(v) =0, Z_(6) = qfl'y.
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...continued

On H = O(U(1)) we choose the bicovariant quantum tangent space g = spanc{d}
with corresponding bicovariant FOVC (%4,.2") determined by

—2
(tn ® 19) Lt = q*Zthrl ® 9, "(Zz;-{ <t£1> = (irﬁ) .

B = At = C,4[S?] Podle$ sphere
~~ base vector fields Xg = spang{[a®x+], [8?x-]}.

vertical vector fields Xver := A® g with £%%(c) = aco¥)(c1) satisfies

v (@ B _ (a0(t) OGN _ (a2 B\ _, (@ B
190y 5) = o) st ) a2y =) TPy s
i.e., Xver — X. Moreover, the Atiyah sequence is exact

0 A®gn 5 x4 L XA 0

and thus we have a principal FOVC on A.
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Thank you for your attention!
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