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The Cotton tensor

Three-dimensional conformal Lorentzian geometries characterised by [Cotton 1899]
ab acd b 1 b acd b
C*° =¢ VC Rd—zédR =& VCPd.

Properties of Cotton tensor:
o ¥l = ¢, =V, =0, Weyl-covariant ;

@ ¢ =0 <= conformal flatness [Eisenhart '77] (Weyl = 0 in 3D) .
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The Cotton tensor
Three-dimensional conformal Lorentzian geometries characterised by [Cotton 1899]
1
cgab = €acd VC <Rbd — Z(deR> = SQCdVCPbd .

Properties of Cotton tensor:

o ¥l = ¢, =V, =0, Weyl-covariant ;

@ ¢ =0 <= conformal flatness [Eisenhart '77] (Weyl = 0 in 3D) .

Obtained by gravitational CS action, or gauging conformal symmetry so(3,2).
[Horne, Witten '89] [Garcia, Hehl, Heinicke, Macias '03]

Conformal boundary of AIAdS,: ‘magnetic’ dual to holographic stress-tensor.
[de Haro, Petkou '07] [Mansi, Petkou, Tagliabue '08] [Bakas '08]
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Cotton tensor for asymptotically flat space-times?

Conformal boundary of 4D asymptotically flat space-time is 3D null manifold .#* .
Bondi gauge (r, u, x*) [BMS '62] [Barnich, Troessaert '10]

ds® = —Bduv? — 2dudr + rPyag dx?*dx® + r Cap dx?dx® + ...
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Cotton tensor for asymptotically flat space-times?

Conformal boundary of 4D asymptotically flat space-time is 3D null manifold .#* .
Bondi gauge (r, u,XA) [BMS '62] [Barnich, Troessaert '10]

ds® = —Bdu® — 2dudr + r? yag Ax*dx® + r Cap dx?dx® + ...
@ Boundary Carrollian metric: 0 x du? + yap dx*dx® (with 2D curvature R) ;

@ Bondi shear C,5 — gravitational radiation (albeit non-covariantly) ;

@ Covariant def. of radiation [Ashtekar, Geroch, Newman, Penrose, Speziale, Wald, Zoupas...]

Magnetic part of bulk Weyl ~~ conformal flatness/(non-)radiation at .#.
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Cotton tensor for asymptotically flat space-times?

Conformal boundary of 4D asymptotically flat space-time is 3D null manifold .#* .
Bondi gauge (r, u,XA) [BMS '62] [Barnich, Troessaert '10]

ds® = —Bdu® — 2dudr + r? yag Ax*dx® + r Cap dx?dx® + ...
@ Boundary Carrollian metric: 0 x du? + yap dx*dx® (with 2D curvature R) ;

@ Bondi shear C,5 — gravitational radiation (albeit non-covariantly) ;

@ Covariant def. of radiation [Ashtekar, Geroch, Newman, Penrose, Speziale, Wald, Zoupas...]

Magnetic part of bulk Weyl ~~ conformal flatness/(non-)radiation at .#.

This talk: (complementary to Marios' talk)

3D conformal Carroll algebra — |intrinsic Carroll-Cotton. |
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Simon Pekar (SISSA) Carroll-Cotton and gravitational radiation at &



Gauging the conformal algebra
Generators P,, J.p, D, K, (a = 0,1,2) of three-dimensional conformal algebra s0(3,2)

[Jabs Jed] = 2na1cTd1p — 20bjed dja

Jab. Pc] = 2nepPay . [D,P,] = P,
Jab, K] = 2ncpKy, [P, K] = —K,,
[Ka, Pp] = 2725 — 2] ap -
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Gauging the conformal algebra
Generators P,, J.p, D, K, (a = 0,1,2) of three-dimensional conformal algebra s0(3,2)

[Jabs Jed] = 2na1cTd1p — 20bjed dja

[Jab, Pc] = 20y,  [D,P,] =Ps,
[Jab, Ke] = 2nepKyy, [, K] = —K,,
[Ka, Po] = 202D — 2] p -

Gauge connection with values in the conformal algebra

A = 0P, + Lw?l,, — aD + 1k°K,,

07 coframe field (basis of 1-forms) ;

@ w2’ spin connection (covariant derivative V := d + w) ;

« dilation field (Weyl-covariant derivative: 2 :=V + wa) ;

k? special conformal connection (?) .
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Gauge transformations
e Gauge parameters (excluding diffeomorphisms)

Y =—IN"],,+BD+ 17°K,.

Transformations (metric g = 1,,0° ® 6°)

6507 = \7,0° — BO? = iyg = —2Bg,
oyx = Z,0° —dB = pure-gauge.

Simon Pekar (SISSA) Carroll-Cotton and gravitational radiation at & 10 September 2026 — Corfu 5/17



Gauge transformations

e Gauge parameters (excluding diffeomorphisms)

Y =—IN"],,+BD+ 17°K,.

Transformations (metric g = 1,,0° ® 6°)

6507 = \7,0° — BO? = iyg = —2Bg,
oyx = Z,0° —dB =  pure-gauge.

@ Curvatures (R=dA +AANA)
R[P]" = (V —«a)AO?,
R[J]?® = dw?® + w?. A w® — 2kl A 91
R[D] = da — k, A 07,
RIK]® = (V + o) A K.
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Equations of motion

Equations of motion R[P]* = R[J]** = R[D] = 0:

o fix w?” in terms of 0° and « :
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Equations of motion

Equations of motion R[P]* = R[J]** = R[D] = 0:
o fix w?” in terms of 67 and « ;

@ identify k? as the Schouten tensor

k? = k7,0°, K. = Rics — TnaRic;
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Equations of motion

Equations of motion R[P]* = R[J]** = R[D] = 0:
e fix w? in terms of 07 and « :

@ identify k7 as the Schouten tensor
a__ ,a Qb R 1 H.
K* = r7p0",  Kap = Rics, — 7mapRic;

e components of R[K]? define the Cotton tensor
R[K]* = Zur70° A 0 = 1677¢,,,40° A O°

~~ Bianchi identities €12l = 0, €?bn,, = 0, 2,4°* = 0.
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Gauge-fixing

@ Using Z? gauge transformations, we can fix the metric gauge:
x=0 = Z,=98B.

Usual setup of AdS/CFT (PBH diffeos ensure Weyl-covariance at boundary).
[See also [Ciambelli, Leigh '19].]
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Gauge-fixing

@ Using Z? gauge transformations, we can fix the metric gauge:
xa=0 = Z, =908B.

Usual setup of AdS/CFT (PBH diffeos ensure Weyl-covariance at boundary).
[See also [Ciambelli, Leigh '19].]

o Alternatively, split space and time a = (0, /) and impose “rheotactic gauge”
woo,' =0= wo,'j5ij.

This yields the expressions of the Cotton in [Campoleoni et al. '23] [Miskovic et al. '23].
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The conformal Carroll algebra

Conformal Carroll algebra lim._,os0(3, 2)

[Ji, Pe] = 20kPry, [T, Ba] = 20u;Byy, [Ty, Kil] = 204K,
[D,P]] =P;, [D,P] =P, [D,K]=-K;, [DKo]=-Ko, [K;Po]=2B;,
K., Bj] = 25,0 — 2J;, [BiPj]=06;Py, [BiK]=0;Ko, [Ko,P]]=—

Isomorphic to Poincaré algebra is0(3,1)

Ji=J;, Jio _%(P +Kj), Ji3:%(]P)i_Ki)7 Jo3 =D,

Po = 55(Ko+Po), P; = V2B;, P3 = (Ko —Po).
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The conformal Carroll algebra

Gauge connection with values in Poincaré [Fiorucci, SP, Petropoulos, Vilatte '26]

A =0P;+ 1P+ 1w]; + B'B; — oD + Ik'K; + kKo,

coframe field (T,0) +— (v,e;) dual frame field ;

rotation spin connection w? (transverse covariant derivative V := d + w) ;

; i pi a Vi
Carroll boost connections ' = 't + ';0’ ;

dilation field o« (Weyl-covariant derivative 7 := V + wa) ;

special conformal connections (k% k') .
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Gauge transformations

o Gauge parameters (excluding diffeomorphisms)

Y =17 + NB; + BD + 1 Z'K; + 1 72°K, .

Transformations (metric g = §;0' ® @/, Carrollian vector field v)

650" =r',0/ — BO' =
osT = —)\0' — Bt =
Sy = 7,0 —dB =
0sB' = VN + g/ +2°0" — Z' =

@ Curvatures R=dA +AANA.
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osg = —2Bg,

oyv =+Bv,

ONLY «; pure-gauge,
'; pure-gauge .
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Equations of motion and Carroll-Schouten tensors

Imposing R[P]' = R[P]° = 0:

o forces (Z48),racefree = 05 (restrictions on geometry!)
o fixes ag as the trace of the above ; (Weyl structure mandatory!)
o fixes w? and B in terms of (T, 0’ ;) ... (like Lorentzian case)

.. with the exception of (), which is free ; (2 new degrees of freedom!!)
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Equations of motion and Carroll-Schouten tensors

Imposing R[P]' = R[P]° = 0:

o forces (Zu8) racefrce =05 (restrictions on geometry!)
o fixes ag as the trace of the above ; (Weyl structure mandatory!)
o fixes w’ and B’ in terms of (T,0", ;) ... (like Lorentzian case)

.. with the exception of (), which is free ; (2 new degrees of freedom!!)

Imposing R[J]? = R[B]’ = R[D] = 0:

o fixes k' and K in terms of (T, Gi,af) and 5(/1') .

Carroll-Schouten tensors: k' = k';0/ + kT, K = k%,0" + K%

[E.g. ki = ZoBujy — (2 + Bi)B)y ]
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Carroll-Cotton tensors

e Curvatures R[K]® and R[K]' define Carroll-Cotton tensors (¢, ¢, ¢ )
RK]=¢c; (¢’ AT+ 160 AN0), RK] =cy (€70 AT+ 1670/ A 0OY),

where %% + (2 + B;) €'+ B;€7 = 0 and %% + ;47 = 0.
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Carroll-Cotton tensors

e Curvatures R[K]® and R[K]' define Carroll-Cotton tensors (¢, ¢, ¢ )
RK]=¢c; (¢’ AT+ 160 AN0), RK] =cy (€70 AT+ 1670/ A 0OY),
where 2, + (.@ +ﬁ,)‘€’ + B;¢"% =0 and DE' +.@(€’J =
@ Fix the special conformal gauge using (Z°, Z') transformations:

» use Z0 to set B, = 0 (traceless) ;

» use Z' to set either 3/ = 0 (rheotactic) or c; = 0 (metric) .

@ Carroll-Cotton tensors (rheotactic) = lim._,o Cotton tensor (rheotactic).

[While keeping w® (jy off-shell in the limit ¢ — 0 ]
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Reduction to a Bondi frame

Fix a Bondi frame:

T=du, g="yasdx?dxE.

® Yag(x) is u-independent 2-sphere metric (= «ag =0) ;
@ impose traceless-rheotactic: 3/, =0= " (= «a;=0);

—1C;(u, x), Bondi shear at .% .

o from [Ashtekar '81]: [3; = —3
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Reduction to a Bondi frame

Fix a Bondi frame:
T=du, g="yasdx?dxE.

® Yag(x) is u-independent 2-sphere metric (= «ag =0) ;

@ impose traceless-rheotactic: 3/, =0= " (= «a;=0);

o from [Ashtekar '81]: J; = —C;(u, x), Bondi shear at .# .

Transformations stabilising this frame are BMS, diffeos & = fv + Y'e;

&,Yi = 0, ?<,—Yj> :O, auf: %?iyia

N=Vif, B=0,, rj=V;Yj,
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Expressions in the Bondi frame

In this frame, expressions are simple:

@ Carroll-Schouten tensors: (N;j := 9,Cj;, R is the 2D curvature of )

i

— 0 __ 1 __1 0, _1
Hi——QHQ—ER, Ry = N,J, /i,'—EVJC,'j.

e Carroll-Cotton tensors: (+V; = X; Vi, *T; = ;)

¢V =—10,4NV .| | €7 = IVaNT + VR, | | € = -1V, V;+CT 4 1xCNT .

Exactly the NP scalars W9, W3 and Im(W9) in Bondi gauge [Freidel et al. '21].
[For Re(lllg) and \Ucl), see [Fiorucci, SP, Petropoulos, Vilatte '25].]
Simon Pekar (SISSA)
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Conformal Carrollian flatness

We have
6x 6T = 3BEY + 2rl Ik
6s¢' =3B + ;67—\,
6s€ = 3BE —2)\.C".

There is a hierarchy of conformal flatness:

@ ¢V=0 = N;:=09,C;is u-independent ; (‘non-radiative’)
@ ¢'=0 = Nj is the Geroch tensor N,.(jo) ; (‘strongly non-radiative’)
©@ ¢ =0 = (j has only one degree of freedom . (‘purely electric’)

In the latter case, Cjj is a pure-vacuum contribution [Compere, Fiorucci, Ruzziconi '18].
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The Geroch tensor and physical news

@ Bondi news Nj; = —2x;;y is a connection for special conformal transformations.

Use step 2 to define a reference connection N,-S-O) (Geroch tensor / vacuum news)
0 _ = O () gij _

[Geroch '77] [Compere, Fiorucci, Ruzziconi '18] [Campiglia, Peraza '20]

@ Covariant definition of the news tensor (physical news)

NS = N — N

ij y i

Extends to arbitrary frames (in particular, no need for Bondi condition .%,g = 0).
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Summary and future directions

Main messages
@ Boundary Carroll-Cotton tensors from gauging is0(3,1) ;

The most covariant objects encoding radiation in AFS, ;

°o B — Cij, &' — N; recovering and generalising [Ashtekar '81] ;

@ Covariant news constructed by adding vacuum structure N,-(jo) :

Future directions
@ E-M duality rotates stress-tensor and Cotton [Mittal et al. '22] ;

@ Fluctuating bdy metric — superrotations [Donnay, Nguyen, Ruzziconi '22] ;

@ Flat-space holographic renormalisation [Hartong, Have, Nenmeli, Oling '25-'26]. |
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