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Quantizing spectral triples

Spectral Triples and Gauge Theories

Def: A spectral triple (A, H, D) consists of:
» an involutive unital algebra A, faithfully represented as operators on a Hilbert space H, A < B(H);
» a separable Hilbert space H;

» a self-adjoint operator D : H — H, with dense domain, such that the resolvent (i — D)~ ! is a
compact operator and the commutators [D, a] are bounded for each a€ A
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Quantizing spectral triples

Spectral Triples and Gauge Theories

Def: A spectral triple (A, H, D) consists of:
» an involutive unital algebra A, faithfully represented as operators on a Hilbert space H, A < B(H);
» a separable Hilbert space H;

» a self-adjoint operator D : H — H, with dense domain, such that the resolvent (i — D)~ ! is a
compact operator and the commutators [D, a] are bounded for each a€ A

Additional structure can be added, such as Z/2-grading 7 : H — H or a real structure, that is, an antilinear
isometry J : H — H such that:

[a,Jb*J7']=0 Va,be A and [[D,a],b*J™1] =0, VabeA
commutation relation first-order condition
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Quantizing spectral triples

Spectral Triples and Gauge Theories

Def: A spectral triple (A, H, D) consists of:

» an involutive unital algebra A, faithfully represented as operators on a Hilbert space H, A < B(H);
» a separable Hilbert space H;

» a self-adjoint operator D : H — H, with dense domain, such that the resolvent (i — D)~ ! is a
compact operator and the commutators [D, a] are bounded for each a€ A

Additional structure can be added, such as Z/2-grading 7 : H — H or a real structure, that is, an antilinear
isometry J : H — H such that:

[a,Jb*J7']=0 Va,be A and [[D,a],b*J™1] =0, VabeA
commutation relation first-order condition

= Having the spacetime, we need to add the dynamics.
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Quantizing spectral triples

Spectral Triples and Gauge Theories

Def: A spectral triple (A, H, D) consists of:

» an involutive unital algebra A, faithfully represented as operators on a Hilbert space H, A < B(H);
» a separable Hilbert space H;

» a self-adjoint operator D : H — H, with dense domain, such that the resolvent (i — D)~ ! is a
compact operator and the commutators [D, a] are bounded for each a€ A

Additional structure can be added, such as Z/2-grading 7 : H — H or a real structure, that is, an antilinear
isometry J : H — H such that:

[a,Jb*J7']=0 Va,be A and [[D,a],b*J™1] =0, VabeA
commutation relation first-order condition

= Having the spacetime, we need to add the dynamics.

Spectral action: Sle] = Tr(f(%))

»pe{p=23,a[D,b]:¢* =p,a,b €A} inner fluctuations of the operator D
» A fixes the energy scale

» f is a test function, plays a role only via its momenta  fy := f(0), fx:= S:w f(v)v*tdv
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Quantizing spectral triples

Spectral Triples and Gauge Theories [2]

Spectral Triple (A, H, D) _L/ Gauge Theory (X, So,G)
» A = unital *-alg.,, Ac B(#H) » Xo = {p =3, 3[D, bj] : ¢* = ¢} v~ configuration space
» H = Hilbert space » So[D + @] = Tr(f((D + ¢)/A)) v~ action functional
» D: H — H = self-adj. operator » G = U(A) v~ gauge group
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Quantizing spectral triples

Spectral Triples and Gauge Theories [2]

Spectral Triple (A, H, D) s Gauge Theory (X, So,G)
» A = unital *-alg.,, Ac B(#H) » Xo = {p =3, 3[D, bj] : ¢* = ¢} v~ configuration space
» H = Hilbert space » So[D + @] = Tr(f((D + ¢)/A)) v~ action functional
» D: H — H = self-adj. operator » G = U(A) v~ gauge group
Chamseddine, Connes, Marcolli [2007] M X F
/ \
M = compact Riem. spin manifold F= finite noncomm. space
- with with finite real spectral triple
(COO(M)r Lz(Ma S)v DMa JMa ’VM) EC/G_)H@ M3((C)7 (C%, DF7 JF, /YF)
Gauge group: !
ge grotip 96 particles

U(1) x SU(2) x SU(3)
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Quantizing spectral triples

Spectral Triples and Gauge Theories [2]

Spectral Triple (A, H, D) s Gauge Theory (X, So,G)
» A = unital *-alg.,, Ac B(#H) » Xo = {p =3, 3[D, bj] : ¢* = ¢} v~ configuration space
» H = Hilbert space » So[D + @] = Tr(f((D + ¢)/A)) v~ action functional
» D: H — H = self-adj. operator » G = U(A) v~ gauge group
Chamseddine, Connes, Marcolli [2007] M X F
/ \
M = compact Riem. spin manifold F= finite noncomm. space L
- with with finite real spectral triple
(COO(M)r Lz(Ma S)v D, JM,’YM) EC/G_)H@ M3((C)7(C963 Dr, JF,VF)
The full Lagrangian of the Standard Model can Gauge group:

96 particles
be obtained as heat kernel expansion of the U(1) x SU(2) x SU(3)

spectral and the fermionic actions

So(A, ) = Tr(f(Dsm/N)) + {Jsm(¥), Dsmip)
fermionic action
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Quantizing spectral triples

Towards the quantization of the spectral action

© How can we quantize our theory?
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Quantizing spectral triples

Towards the quantization of the spectral action

© How can we quantize our theory?

/ Path integral
XO = Q})(A)sa
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Quantizing spectral triples

Towards the quantization of the spectral action

© How can we quantize our theory?

Z= Sxo en® [du]

/

= Q})(A)sa

: define the integral by implementing the stationary phase approximation
hXU) X(r)

Zxoe{crlt pts So} ehSO(XD) | det 5 (X0)|_5 e SIgn(S”(XO))(27Tﬁ)

h—0
where [ is a Feynman diagram, with Euler characteristic x(I'), and weight ®r.
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Quantizing spectral triples

Towards the quantization of the spectral action

© How can we quantize our theory?

. / )
Z= Sxo en® [du] @

/ Path integral
XO = Q})(A)sa
: define the integral by implementing the stationary phase approximation ()< ({0«
L 50 (x _1 ign(St! ( LLRIPY ><1£>'<[>”<; Lo
ZXOE{Crit. ots 5o et S0(x0) |det (x0)| 3 er i sign(Sg ( 0))(27Tﬁ) Amx()

S S=C=CiGn

Feynman diagrams

“
h—0

where [ is a Feynman diagram, with Euler characteristic x(I'), and weight ®r.

4 To apply it the critical points of Sy have to be isolated and regular
BUT: for a gauge invariant action functional, critical points appear in orbits
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Quantizing spectral triples

Towards the quantization of the spectral action

© How can we quantize our theory?

5

/ Path integral
XO = Q})(A)sa
: define the integral by implementing the stationary phase approximation ()< ({0«
L 50 (x _1 ign(St! ( LLRIPY ><1£>'<[>”<; Lo
ZXOE{Crit. ots 5o et S0(x0) |det (x0)| 3 er i sign(Sg ( 0))(27Tﬁ) Amx()

S S=C=CiGn

Feynman diagrams

“
h—0

where [ is a Feynman diagram, with Euler characteristic x(I'), and weight ®r.

4 To apply it the critical points of Sy have to be isolated and regular
BUT: for a gauge invariant action functional, critical points appear in orbits

 How to eliminate
these redundancies?
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Quantizing spectral triples

Towards the quantization of the spectral action

© How can we quantize our theory?

. / )
Z= Sxo en® [du] @

/ Path integral
XO = Q})(A)sa
: define the integral by implementing the stationary phase approximation ()< ({0«
L 50 (x _1 ign(St! ( LLRIPY ><1£>'<[>”<; Lo
ZXOE{Crit. ots 5o et S0(x0) |det (x0)| 3 er i sign(Sg ( 0))(27Tﬁ) Amx()

S S=C=CiGn

Feynman diagrams

“
h—0

where [ is a Feynman diagram, with Euler characteristic x(I'), and weight ®r.

4 To apply it the critical points of Sy have to be isolated and regular
BUT: for a gauge invariant action functional, critical points appear in orbits

L. take the quotient w.r.t. the action of the group .*
 How to eliminate Pl ﬁ%

these redundancies?
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Quantizing spectral triples

Towards the quantization of the spectral action

© How can we quantize our theory?

. / )
Z= Sxo en® [du] @

/ Path integral
- Q})(A)sa
. define the integral by implementing the stationary phase approximation ()< ({0«
i Sy (x 1 ign(St! ( x(r) ><1£>’<[>”<A o
ZXOE{CFI‘L ots 5o et S0(x0) | det S, (x0)| 3 er I sign(Sy ( 0))(27Tﬁ) Amx()

S S=C=CiGn

Feynman diagrams

“
h—0

where [ is a Feynman diagram, with Euler characteristic x(I'), and weight ®r.

4 To apply it the critical points of Sy have to be isolated and regular
BUT: for a gauge invariant action functional, critical points appear in orbits

L. take the quotient w.r.t. the action of the group .*

7 How to eliminate 7 &>
these redundancies? ~ - ) _
add extra auxiliary variables v~ ghost fields v
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The BV construction

The BV construction: the key idea

Def. A ghost field ¢ is characterized by:
ghost degree: deg(p) € Z &  parity: €(p) € {0,1}, deg(p) =e(p) mod Z/Z2
For a ghost ¢, its antighost ¢* has
deg(p®) = —deg(p)—1 & €(p*) =e(p)+1 (mod Z/27)
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The BV construction

The BV construction: the key idea

Def. A ghost field ¢ is characterized by:
ghost degree: deg(p) e Z &

For a ghost ¢, its antighost ¢* has
deg(p®) = —deg(p)—1 & €(p*) =e(p)+1

parity: €(p) € {0,1}, deg(p) =e(p) mod Z/Z2

(mod Z./27)

Key idea: The integral () is invariant under the change of Lagrangian submanifold £ in the homotopy
of Sy

[B-V]  class of [Xo] © X; and of action Sg in the quantum BV

et dusv

() Sy, 7 [du] B;\/S[L‘]CX,:
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The BV construction
The BV construction: the key idea

Def. A ghost field ¢ is characterized by:
ghost degree: deg(p) € Z &  parity: €(p) € {0,1}, deg(p) =e(p) mod Z/Z2

For a ghost ¢, its antighost ¢* has
deg(p®) = —deg(p)—1 & €(p*) =e(p)+1 (mod Z/27)

Key idea: The integral () is invariant under the change of Lagrangian submanifold £ in the homotopy
[B-V]  class of [Xo] = X: and of action S, in the quantum BV of So

B;V S[L‘]cxt er’’ dupy
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The BV construction
The BV construction: the key idea

Def. A ghost field ¢ is characterized by:
ghost degree: deg(p) € Z &  parity: €(p) € {0,1}, deg(p) =e(p) mod Z/Z2

For a ghost ¢, its antighost ¢* has
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The BV construction
The BV construction: the key idea

Def. A ghost field ¢ is characterized by:
ghost degree: deg(p) € Z &  parity: €(p) € {0,1}, deg(p) =e(p) mod Z/Z2

For a ghost ¢, its antighost ¢* has
deg(p®) = —deg(p)—1 & €(p*) =e(p)+1 (mod Z/27)

Key idea: The integral () is invariant under the change of Lagrangian submanifold £ in the homotopy
[B-V]  class of [Xo] = X: and of action S, in the quantum BV of So

(%) SXO en™ [dul S S[L‘]cxt en” dusy

The goal: To find » £ Lagrangian < X; ghost sector &
» Sq € C®(X¢)[[A]], sol. quant. master eq.  s.t. Sq|. has isolated and regular critical points.
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The BV construction

The classical/quantum BV construction

(XO, 50) BV extension ()?’ g)

» X = @IEZ[)N(]", Z-graded super-vect. sp., X=7re® *[1], [}V(]O = Xo =graded locally free Ox,-mod.

Symmetry between the ghost sector F and the anti-field content F*[1] with hom. comp. of finite rank

»Se [(9)?]0, s.t. §|Xo =S & {g,g} =0 1-degree Poisson strut. on Oy {,}:05%x0% > (9;+m+l
{oF, 0} = 65
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The BV construction

The classical/quantum BV construction

(XO, 50) BV extension ()?’ g)
» X = @IEZ[)N(]", Z-graded super-vect. sp., X=7re® *[1], [X]° = Xo =graded locally free Ox;-mod.
Symmetry between the ghost sector F and the anti-field content F*[1] with hom. comp. of finite rank

»Se [(’))?]0’ s.t. §|Xo =5 & {g,g} =0 1-degree Poisson strut. on Og {, }: Og*x O;-? — O;(+m+l
{es i} = 65

«» Each BV-extended th. induces a BV-complex v~ cohomological approach to the study of gauge symmetries.

H3y (X, dz) = {classical observables}
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The BV construction

The classical/quantum BV construction

(XO, 50) BV extension ()?’ g)
» X = @IEZ[)N(]", Z-graded super-vect. sp., X=7re® *[1], [}V(]O = Xo =graded locally free Ox;-mod.
Symmetry between the ghost sector F and the anti-field content F*[1] with hom. comp. of finite rank

»Se [(9)?]0, s.t. §|Xo =S & {g,g} =0 1-degree Poisson strut. on Oy {,}:05%x0% > (9;+m+l
{oF, 0} = 65

«» Each BV-extended th. induces a BV-complex v~ cohomological approach to the study of gauge symmetries.

H3y (X, dz) = {classical observables}

The classical /quantum BV construction

Chv(X dgys,) = Chy(Xe,dsys, )  Cirsr(Xe,dsys, )le

BV complex total complex BRST complex

f f !

(X0, S0) TELIE (X, 8/5g) TN (X, Si/Sq,0) B (Xe, S1/Sq.0)] e
g

initial BV-extended th. total th xin, gauge-fixed th.
gauge theory
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The BV construction

The classical/quantum BV construction

(XO, 50) BV extension ()?’ g)

» X = @IEZ[)N(]", Z-graded super-vect. sp., X = @ F*[1], [}V(]O = Xo :g.raded locally free 0)_<ofm°d'
Symmetry between the ghost sector F and the anti-field content F*[1] with hom. comp. of finite rank
»Se [(’))?]0’ s.t. §|Xo =5 & {g,g} =0 1-degree Poisson strut. on Oy {, }: Og*x og — O;(+m+l
{oi e} = 6y

«» Each BV-extended th. induces a BV-complex v~ cohomological approach to the study of gauge symmetries.

H3y (X, dz) = {classical observables}

. N functional analysis homotopy theory
The classical /quantum BV construction

[Fredenhagen, Rejzner] [Costello, Gwilliam, Haugseng]
CI.BV(X7 dé/sq) = CEV(XN dSz/Sq,:) CERST(Xn dsr/sq,t)‘ﬁ

BV complex total complex BRST complex BV formalism

f f f Ve \

h./antigh. 3 & . fid: - i i i
(Xo, S0) + gh./anti-gl (X,5/5,) + aux. flds (Xe, St/Sq.t) E:'fge (Xe, 5¢/Sq.0) | differential geometry algebraic geometry
initial BV-extended th. total th xing gauge-fixed th. [Cattaneo Mnev [Felder Kazhdan Schlank]
gauge theory ' ' " y

Reshetikhin, Wernli]

Roberta A. Iseppi
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The BV formalism for spectral triples

Can we describe the BV construction in terms of spectral triples?

Let's first focus on the finite case: we want to study the BV construction for gauge theories induced by
(Mn(C),C", D, f)
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The BV formalism for spectral triples

Can we describe the BV construction in terms of spectral triples?

Let's first focus on the finite case: we want to study the BV construction for gauge theories induced by

(M,(C),C", D, f)
Questions and goals:

» Can the BV construction be described in terms of spectral triples?

» Can the BRST cohomology be related to other (better understood) cohomological theories?
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The BV formalism for spectral triples

Can we describe the BV construction in terms of spectral triples?

Let's first focus on the finite case: we want to study the BV construction for gauge theories induced by

(M,(C),C", D, f)
Questions and goals:

» Can the BV construction be described in terms of spectral triples?
» Can the BRST cohomology be related to other (better understood) cohomological theories?

_ - noncommutative

(Ma(C),C", D, f) — —_— £ EEEE— /
- - - geometry
initial spectral triple BV spectral triple total spectral triple gauge-fixing fermion
. o - . ~ 3 . =7
Cov(X,dg) = § Cov(Xe, ds,) = Chrst (Xe, ds,)[v = &
BV complex = 77 BV tot complex = 77 BRST complex =~ 7?7
(X0, S0) — (X,S) >~ (X, S) —————— > (X, Sy BV construction
initial gauge theory extended theory total theory gauge-fixed theory
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The BV formalism for spectral triples

Can we describe the BV construction in terms of spectral triples?

Let's first focus on the finite case: we want to study the BV construction for gauge theories induced by

(M”(C)a (Cnv Dv f)
Reached goals:

» Established the noncom. geometrical BV construction for finite spectral triple over M,(C).
» Discovered the relation existing between BV/BRST cohomology and Hochschild cohomology
(M,(C),C", D, fy—>= (Asv, Hav, Dpv, Jpy ) ———> (A¢,Ht, Dy, Jy) ———> Ve ]-"5;0 (Hav,r ® Haux,f)

o . ; ) NCG
initial spectral triple BV spectral triple total spI:tral triple gauge-fixing fermion
. ~ (Y A . ~ . ~ e
Ch(B, M) = Cgy (X, ds) Ch(Be, M) = Cpy (X:, ds; ) Ch(Bu, M) = Cggsr (X, ds; ) |w
BV/ Hochschild complex BV tot / Hochschild complex BRST/ Hochschild complex
(X0, S%) ——mm (X,5) ——— (X, St) > (X¢, St)lw BV
initial gauge theory extended theory total theory gauge-fixed theory
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The BV formalism for spectral triples

Can we describe the BV construction in terms of spectral triples?

Let's first focus on the finite case: we want to study the BV construction for gauge theories induced by

( ,C", D, f)
Reached goals:

» Established the noncom. geometrical BV construction for finite spectral triple over M,(C).
» Discovered the relation existing between BV/BRST cohomology and Hochschild cohomology
(M,(C),C", D, fy—>= (Asv, Hav, Dpv, Jpy ) ———> (A¢,Ht, Dy, Jy) ———> Ve ]-"5;0 (Hav,r ® Haux,f)

o . ; ) NCG
initial spectral triple BV spectral triple total spectral triple gauge-fixing fermion
Ch(B, M) = Cpy (X, ds) Ch(Be, M) = Cpy (Xe, ds,) Ch(Bu, M) = Cppor (X, ds; ) |w
BV/ Hochschild complex BV tot / Hochschild complex BRST/ Hochschild complex
(X0, %) —— (X,8) —— > (X, &) > (Xe, Se)lw BV
initial gauge theory extended theory total theory gauge-fixed theory
~ What if we consider spectral triples over ?
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The general finite case, almost...

The BV formalism for spectral triples

Let (A, H, D) be a finite spectral triple, with
A~ @7, My, (C) T: A B(H)
H>Din, C"® Vi,

Roberta A. Iseppi

BV theory for Spectral Triples

Vi, = multiplicity space
dim(Vp;) = mult. of dim n; repr.

D = (Dy)i,j
Dj: Hn, — Hey-



The BV formalism for spectral triples

The general finite case, almost...

Let (A, H, D) be a finite spectral triple, with

A~@_, M, (C) m:A— B(H) V,, = multiplicity space D = (Dy)i,
H>~@P_;C"® V,, —|dim(Vy) = mult. of dim n; repr. Dij : Hp, — Hnj.

Spectral Triple (A, H, D) = Gauge Theory  (Xo, So,9)
» A = unital *-alg., Ac B(#) » Xo = {¢ =3, 3[D, b] : ¢* = ¢} v configuration space
» H = Hilbert space » So[D + ¢] = Tr(f((D + ¢)/A)) v~ action functional
» D:H — H = self-adj. operator » G = U(A) v~ gauge group
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The BV formalism for spectral triples

The general finite case, almost...

Let (A, H, D) be a finite spectral triple, with

A~@_, M, (C) m:A— B(H) V,, = multiplicity space D = (Dy)i,
H>~@P_;C"® V,, —|dim(Vy) = mult. of dim n; repr. Dij : Hp, — Hnj.
Spectral Triple (A, H, D) - Gauge Theory  (Xo, So,9)
» A = unital *-alg., Ac B(H) » Xo = {¢ =3, 3[D, b] : ¢* = ¢} v configuration space
» H = Hilbert space » So[D + ¢] = Tr(f((D + ¢)/A)) v~ action functional
» D:H — H = self-adj. operator » G = U(A) v~ gauge group

Prop: Let (®/_; M, (C), ®/_, Cxi, (Dy)i,;) be multiplicity-1 with n; # n; for i # j. Then the induced gauge th. is:
[R1]

Q Xo= [(—B,J QE(A),-,-]S_& where QL (A); = Hom(C",C") for every pair (i, j) such that Dj # 0
Q So(p) = Tr(f(D + ¢)) for any polynomial function f € R[x].
© the effective gauge group is Geg := U(A)/Z(U(A)), with Lie(Gesr) ~ P7_; su(ni).

< U(n;)-sectors coupled by the nonzero off-diagonal blocks of the Dirac operator. IFr=1 v

Roberta A. Iseppi
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The BV formalism for spectral triples

BV irreducibility for finite spectral triples

. What is the structure of the gauge symmetries of these theories?
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BV irreducibility for finite spectral triples

The BV formalism for spectral triples

. What is the structure of the gauge symmetries of these theories?

IF there exist non-trivial relations
among the generators of the
infinitesimal gauge symmetries

redundancies characterize
reducible gauge theories

" of higher ghost fields

this requires the introduction
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The BV formalism for spectral triples

BV irreducibility for finite spectral triples

© What is the structure of the gauge symmetries of these theories?

IF there exist non-trivial relations
among the generators of the
infinitesimal gauge symmetries

redundancies characterize this requires the introduction
4 . - > . :
reducible gauge theories of higher ghost fields

. to rewrite the condition of being BV-irreducible within the language of spectral triples

Prop: Given (A, H, D) with induced gauge theory (Xo, So,G) and effective Lie algebra g = (Ges).
[R.I.] Then:

The theory is < The infinitesimal gauge action <

p:g—> End(Xo) is {€eg:[§,D+ ] =0,Yp e Xo} = {0}.
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The BV formalism for spectral triples

BV irreducibility for finite spectral triples

© What is the structure of the gauge symmetries of these theories?

IF there exist non-trivial relations
among the generators of the
infinitesimal gauge symmetries

redundancies characterize this requires the introduction
v 4 .
reducible gauge theories of higher ghost fields

. to rewrite the condition of being BV-irreducible within the language of spectral triples

Prop: Given (A, H, D) with induced gauge theory (Xo, So,G) and effective Lie algebra g = (Ges).
[R.I.] Then:

The theory is < The infinitesimal gauge action <

p:g—> End(Xo) is {€eg:[§,D+ ] =0,Yp e Xo} = {0}.

The U(n)-model: let’s consider (M,(C),C", D). The induced gauge theory is: Xo(D) = [Ma(C)], , ¢ = su(n)
To test if the theory is BV-irreducible, let £ € su(n).

€ € Comm((Xo) = & commutes with every self-adj. matrix = £ € Z(M,(C)) = X Id
But Tr(§) =0= ¢ =0.

Roberta A. Iseppi
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The BV formalism for spectral triples

BV irreducibility for finite spectral triples [2]

“» Let's study the BV-irreducibility of multiplicity 1 finite spectral triple.
A~ @]_, Mn,(C), with n; # n; H=P,_,C",

D = affine space of admissible Dirac operators on H completing (A, H) to a finite spectral triple.

lle
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The BV formalism for spectral triples

BV irreducibility for finite spectral triples [2]

© Let's study the BV-irreducibility of multiplicity 1 finite spectral triple.
A~ @_, My (C), with n; # n; H=P,_,C",

D = affine space of admissible Dirac operators on H completing (A, H) to a finite spectral triple.

Theorem: Let D € D and define Xo(D) := [Q25(A)]s.a. to be the corresponding space of self-adjoint
[R.I.] inner fluctuations. Then the subset of Dirac operators inducing an irreducible gauge theory,
that is,

Di = {DeD: Comm(Xo) = {€€g:[6,D+¢] =0,Ype Xo} =0}

is in D.
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The BV formalism for spectral triples

BV irreducibility for finite spectral triples [2]

© Let's study the BV-irreducibility of multiplicity 1 finite spectral triple.
A~ @_, My (C), with n; # n; H=P,_,C",
D = affine space of admissible Dirac operators on H completing (A, H) to a finite spectral triple.
Theorem: Let D € D and define Xo(D) := [Q25(A)]s.a. to be the corresponding space of self-adjoint

[R.I.] inner fluctuations. Then the subset of Dirac operators inducing an irreducible gauge theory,
that is,

Di = {DeD: Comm(Xo) = {€€g:[6,D+¢] =0,Ype Xo} =0}
is in D.
For a dense subspace of admissible Dirac operator we can introduce only ghost fields of degree 1.

Goal: given a finite spectral triple, to determine a method to associate to it a BV-spectral triple,
containing all the relevant information about the ghost field sector and the extended action
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The BV formalism for spectral triples

BV irreducibility for finite spectral triples [2]

© Let's study the BV-irreducibility of multiplicity 1 finite spectral triple.
A~ @_, My (C), with n; # n; H=P,_,C",

D = affine space of admissible Dirac operators on H completing (A, H) to a finite spectral triple.

Theorem: Let D € D and define Xo(D) := [Q25(A)]s.a. to be the corresponding space of self-adjoint
[R.I.] inner fluctuations. Then the subset of Dirac operators inducing an irreducible gauge theory,
that is,

Di = {DeD: Comm(Xo) = {€€g:[6,D+¢] =0,Ype Xo} =0}
is in D.
For a dense subspace of admissible Dirac operator we can introduce only ghost fields of degree 1.

Goal: given a finite spectral triple, to determine a method to associate to it a BV-spectral triple,
containing all the relevant information about the ghost field sector and the extended action

 How to extract from the original spectral triple all the relevant information about the gauge theory
and its symmetries?

Roberta A. Iseppi

BV theory for Spectral Triples



The BV formalism for spectral triples

The notion of BV spectral triple

The Plan:
Gauge-theoretic input
Initial finite .
spectral triple extract | Xo = [QIDO(AO)]s.a., construct BV spectral triple
(Ao, Ho, Do). g = Lie(U(Ao)/Z(U(Ao))), (ABv, HBv, Dpv, JBV).
pe(w) = [€ o]
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The BV formalism for spectral triples

The notion of BV spectral triple

The Plan:
Gauge-theoretic input
Initial finite .
spectral triple extract | Xo = [QIDO(AO)]s.a., construct BV spectral triple
(Ao, Ho, Do). g = Lie(U(Ao)/Z(U(Ao))), (ABv, HBv, Dpv, JBV).
pe(w) = [€ o]

We introduce the notion of BV-spectral triple.

Def. Let (Ao, Ho, Do) be a finite spectral triple whose induced gauge theory is (Xp, So,G). A real finite
spectral triple (Agy, Hpv, Dv(X), J:Bv )xetig, ;» OVer a graded parameter space Hpv,r S Hav
is a BV spectral triple associated to (Ag, Ho, Do) if there exists a Z-o-graded real vector space Qs s.t.

Hov,r ~ (QF [1] ® X§[1]) @ (Xo @ Qf),
and (X, S) defines a BV extension of the gauge theory (Xo, so,g), where
X=~Hevs and  S:=So+ LStm,  Sterm(X) := 2{J(x), Dav(x)x) X € Hav,r,

where Dgy(x) denotes the field-dependent Dirac operator.
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The BV formalism for spectral triples

How to construct a BV-spectral triple?

For a multiplicity-1 finite spectral triple:
Apy = Ag = ®j_1M,,(C) ©» one can prove, a posteriori, that this algebra is the maximal x-algebra
completing (Hpv, Dev(x), Jav)xe#py ¢ to a spectral triple

The algebra: stays unchanged as it describes the physical field-content of the theory.
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The BV formalism for spectral triples

How to construct a BV-spectral triple?

For a multiplicity-1 finite spectral triple:
Apy = Ag = ®j_1M,,(C) ©» one can prove, a posteriori, that this algebra is the maximal x-algebra
completing (Hpv, Dev(x), Jav)xe#py ¢ to a spectral triple

The algebra: stays unchanged as it describes the physical field-content of the theory.

Hey = ®9 where Q:= (Xo)c[o] ® (g “» The grading corresponds to the ghost degree
in the ghost sector

Ho =~ @::1 Cni + ghost/anti-ghost fields Hey = 9; [72] ®XO)’?(C[71] @ch @g«: [1] c [@::1 Mn,-(C)]®4
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The BV formalism for spectral triples

How to construct a BV-spectral triple?

For a multiplicity-1 finite spectral triple:
Apy = Ag = ®j_1M,,(C) ©» one can prove, a posteriori, that this algebra is the maximal x-algebra
completing (Hpv, Dev(x), Jav)xe#py ¢ to a spectral triple

The algebra: stays unchanged as it describes the physical field-content of the theory.

Hey = ®9 where Q:= (Xo)c[o] ® (g “» The grading corresponds to the ghost degree
in the ghost sector

Ho =~ @::1 Cni + ghost/anti-ghost fields Hey = 9; [72] ®XO)’?(C[71] @ch @g«: [1] c [@;:1 Mn,-(C)]®4

where
Hevr= g% [-2] @ XF[-1]1® X @ g[1] . % fully determined by
N 4 o e Xo = [Qp, (A
ghost antifields  field antifields fields ghosts 0 = [ Do( 0)]S~3»

g = u(Ao)/Z(u(Ad))
Hav.r = (Hpy)’8Y o It selects the real graded subspace on which the fermionic functional is evaluated

The Hilbert space: describes the ghost sector of the BV-extended theory.
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How to construct a BV-spectral triple? [2]

The BV formalism for spectral triples

Dgv(x) =

‘= Kx, 0 pc : Xo,c — X'e[—1]

Kx, 1 Xo.c — X(;’jc[—l] p: g — End(Xp),

Duality fields/antifields pe(p) =&, #],
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0 0 0

T(C) := kg0 bc : ge[1] — gZ[-2].
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Fc(C) =3, p e P hop” 7.

kg : gc[2] = gé [-2].
Duality ghost fields/
ghost antifields



The BV formalism for spectral triples

How to construct a BV-spectral triple? [2]

Dgv(x) =

‘= Kx, 0 pc : Xo,c — X'e[—1]

p g — End(Xo),
pe(w) = [&, ¢],

H’XD : XO,(C ; X(;lj(c[—l]

Duality fields/antifields

0 0 T(O)

0 0
R(O)T 0 0

0 0 0

T(C) := kg0 bc : ge[1] — gZ[-2].

oc @ gc[l] — gcl2]

Fc(C) =3, p e P hop” 7.

kg : gc[2] = gé [-2].
Duality ghost fields/
ghost antifields

= Dgy is completely determined by the two gauge-theoretic data extracted from the initial spectral triple:
» The infinitesimal action p : g —~ Xp determines the part of the BV functional coupling the fields in Xy

with the ghosts in g

» The Lie bracket [—, —]4 of g describes the self-interaction of the ghost sector.
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The BV formalism for spectral triples

How to construct a BV-spectral triple? [2]

0 0 0 T(O)
0 0 0
DB\/(,\/,) = 0 R(C)T 0 0
T 0 0 0
‘= Kx, 0 pc : Xo,c — X'e[—1] T(C) := kg0 &c : ge[l] — g&[-2].
KX, : Xo,C = X(;’j(c[—l] p: g — End(Xp), kg : gc[2] = gé[—2]. gc :gell] — ge[2]
Duality fields/antifields pe(p) =&, #], Duality ghost fields/ Gc(C) = %Za,b,c by .

ghost antifields

= Dgy is completely determined by the two gauge-theoretic data extracted from the initial spectral triple:

» The infinitesimal action p : g —~ Xp determines the part of the BV functional coupling the fields in Xy
with the ghosts in g

» The Lie bracket [—, —]4 of g describes the self-interaction of the ghost sector.

The operator Dgy determines the BV-action Sgy := S — So as induced fermionic action.
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The BV formalism for spectral triples

How to construct a BV-spectral triple? [2]

0 0 0 T(O)
0 0 0
DB\/(,\/,) = 0 R(C)T 0 0
T 0 0 0
‘= Kx, 0 pc : Xo,c — X'e[—1] T(C) := kg0 &c : ge[l] — g&[-2].
KX, : Xo,C = X(;’j(c[—l] p: g — End(Xp), kg : gc[2] = gé[—2]. gc :gell] — ge[2]
Duality fields/antifields pe(p) =&, #], Duality ghost fields/ Gc(C) = %Za,b,c by .

ghost antifields

= Dgy is completely determined by the two gauge-theoretic data extracted from the initial spectral triple:

» The infinitesimal action p : g —~ Xp determines the part of the BV functional coupling the fields in Xy
with the ghosts in g

» The Lie bracket [—, —]4 of g describes the self-interaction of the ghost sector.

The operator Dgy determines the BV-action Sgy := S — So as induced fermionic action.

The real structure:  Jgv : Hpy — Hpy with  Jgv(p) = <pT
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The BV formalism for spectral triples

Where we are and where we are going

Noncommutative geometry
(@M, (C),®iC", D)— (Apv, Hpv, Dpv, Jov)——> (Ae, H¢, Dt Jy) ————> Ve -7:6)1(0 (Hev,r @ Haux,r)

initial spectral triple BV spe[tra triple total spItral triple gauge-fixing fermion
. LAY, . . . .
Ch(B, M) = Cg (X, dz) ChL(B:, M) = Cg/(Xt, ds,) Ch(By, M) = Cgrer(Xt, ds, )|w
BV/ Hochschild complex BV tot / Hochschild complex BRST/ Hochschild complex
(X0, %) —— (X,8) —— > (X, S) (Xe, St)lw
initial gauge theory extended theory total theory gauge-fixed theory

BV construction & BRST cohomology
Reached goals:

» Given a noncommutative geometric interpretation of the notion of BV-irrebucibility
» Established the (noncom.) geometrical BV construction for finite spectral triple
» Discovered the relation existing between BV/BRST cohomology and Hochschild cohomology
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The BV formalism for spectral triples

Where we are and where we are going

Noncommutative geometry
(@M, (C),®iC", D)— (Apv, Hpv, Dpv, Jov)——> (Ae, H¢, Dt Jy) ————> Ve -7:6)1(0 (Hev,r @ Haux,r)

initial spectral triple BV spe[tra triple total spItral triple gauge_ﬁxT fermion
. LAY, . . . .
Ch(B, M) = Cg (X, dz) ChL(B:, M) = Cg/(Xt, ds,) Ch(By, M) = Cgrer(Xt, ds, )|w
BV/ Hochschild complex BV tot / Hochschild complex BRST/ Hochschild complex
(X0, %) —— (X,8) —— > (X, S) (Xe, St)lw
initial gauge theory extended theory total theory gauge-fixed theory

BV construction & BRST cohomology
Reached goals:
» Given a noncommutative geometric interpretation of the notion of BV-irrebucibility
» Established the (noncom.) geometrical BV construction for finite spectral triple
» Discovered the relation existing between BV/BRST cohomology and Hochschild cohomology
What is next:

Study BV-reducible theories and going beyond the finite case
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