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In particular, identifying a point z of M with the pure state of C* (M)
0, f — f(2),
the geodesic distance is retrieved as

d(0x,0y) = fecii[()\/t){ 0x(F) = 8y (F), [P flll <1}.

Connes, Lott (1992)
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where Dy = D + A+ JAJ™! is the covariant Dirac operator defined by a
generalised 1-form

1

A=A*c {Z a;[D, bi], a;, bi € A} with J the "real structure”,

and the test function f is a smooth approximation of the characteristic function
of the interval [0, 1]. Chamseddine, Connes, Marcolli, Suijlekom (1996-2015)
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By studying a specific C*-dynamical system associated to a spectral triple, one
singles out a unique state, whose entropy turns out to be related to the spectral
action for a specific test function.

Chamseddine, Connes, van Suijlekom (2018)

What does this entropy says about the geometry, in particular about the distance
between the (pure) states ?

By studying the most simple finite dimensional spectral triple (the two-point
space), we will show ho to define other thermodynamical quantities by suitable
test functions in the spectral action.
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C*-dynamical system: a (unital) C*-algebra C together with a 1-parameter group
of automorphism o; € Aut(C), t € R.

A state ¢ (linear, positive map C — C of norm 1) satisfies the KMS condition at
inverse temperature 3 > 0 if there exists a function F, »(z) holomorphic on

ls={z€C, 0<Im(z) < B},
continuous on the boundary d/3 and bounded, such that

Fas(t) = p(aoe(b)) and  Fop(t+iB) = p(ow(b)a) VteR.

Finite dimensional case: for C = M,(C), one has H = H* € M,(C) such that
oi(A) = e Ae=™ VYA e M,(C), t €R.

For any 3 > 0, there exists a unique KMS state ¢z on (C,0:):

1

— — —BH ;i —
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Any density matrix p on an Hilbert space # (i.e. positive operator with trace 1)
defines a state

o(.) :==Tr(p:)
on any C*-subalgebra of B(H). The entropy of this state is

5(p) == —Tr(plogp).

Examp|e Chamseddine, Connes, V. Suijlekom

For x > 0, the partition of the unit interval by two intervals o, g of ratio x is
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system (C, oy).




Proposition Chamseddine, Connes, V. Suijlekom (2018)

Let H be a complex Hilbert space, D a selfadjoint operator on H with compact
resolvent. Let

e C = CIl(Hp) be the complex Clifford algebra of the underlying real Hilbert
space Hg,

e o, the 1-parameter group of automorphisms associated to e’® € Aut(Hr),

then for any 3 > 0 there exists a unique KMS state ¢z on the C*-dynamical
system (C, oy).

Moreover, if the operator e #IPl is trace-class, the entropy of g is equal to the
spectral action,

S(ys) = Tr(h(BD))

for the test function
h(x) = E(e™).
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Given any spectral triple (A, H, D) such that e PIPl is trace-class, the spectral
action for the test function h measures a “intrinsic’ entropy associated with the
noncommutative geometry.

Paves the way to a thermodynamical study of spectral triples.
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Il. The two-point space

Suijlekom (2025)

A=C?% H=C? D—(

0

m(z1,22) = ( 201 0 > for (z1,20) € C°.

22

3o

with m € C* and A acts on H as

The two pure states of A are

0(z1,22) = 21, d1(z1,22) = 2,

at distance 1
d((517(52) = — =Ir

m|

from one another.
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The entropy depends only on the distance

1
S(r)_Tr(h(BD))_2h(ﬁ)_2(Iog(1+e1'3)+B E) .
r ri+er
14 Entropy S(r)
P
minimum 0 when r — 0,

The entropy tends to its { maximum 2log2  when r — co.

» Maximal (yet finite) disorder when the points are far from one another.
Minimal disorder when the two points coincide.
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However, there is an hidden parameter: the diagonal of D. Substituting

_ 0 m . ;A m . _
D—<ﬁ7 0> with D—<,77 )\2> with Ai—1» € C,

the distance is unchanged but the entropy
5(6,t) = h(B(t+0)) + h(B(t —0))
now depends on two parameters

.1 1
0= §(D+ -D_), t= §(D+ +D-)

where the eigenvalues of D are

D, — % ((A1 )V 0n — )2+ 4|m|2>

(Martinetti, Priou, 2025)

» When the diagonal is zero, then t = 0 and § = |m| = 1, so that

e



3D surface : S(t,0) 3D surface : S(t,8)

~N | o — 10 l ‘ -
5 - S
5 -10 5 0 5 10
Bt

86 0. 7 Bt
» S(t,d) reaches its maximum 2log 2 in the unique point t = § = 0.

» When one of the two parameters t, ¢ is fixed, then the entropy tends to zero
as the other parameter tends to infinity.

» On the diagonal t = 46, one has
S(£4,6) = h(286) + log 2,

which tends to log2 (that is half of the maximum) when |t| — co.



When the diagonal of D is not a multiple of the identity, then

5 # |ml

and the entropy no longer depends on the distance.
One may force this dependence by viewing S(4, t) as a function of |m|.

But there remains two independent variables (A1 + A2) and (A1 — Ap).

What is the physical interpretation of ¢ and t 7
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I1l. Fermionic two-levels system J

The grand partition function of a gas of non-interacting fermions with non
degenerate energy level, at inverse temperature 8 and chemical potential u is

==1]&
(A
where () denotes the set of all possible individual states for each particle, and

§>\ = Zexp an Ex — )} =1+ e_/B(EA_,U‘)

is the partition function of the state A, with energy €, and occupation ny = 0, 1.
The grand canonical entropy is

0 —
S, =log= +T8—|og——log—75 Blog:

Proposition Priou, PM 2026

For a two-level system €y = ¢ with € > 0, the grand canonical entropy concides
with the entropy of the two-point space,

S.(e) =5(t,0) fore=24, u=—t.

= - - — —




» The difference § of the eigenvalues of the Dirac operator D is an energy,
» The trace of the Dirac operator is a chemical potential.

Other quantities to compute besides the entropy: average energy, mean
occupation number etc.

To do so, let us make the explicit computation of the entropy of Connes and al
for the two-point space.
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Given a (complex) Hilbert space H, the fermionic Fock space is the completion of

P FH")  where  F(H") = P_(H")

n>0

is the antisymmetrisation of 7", obtained by applications of the projection P_

1
P(AOR®.. . @f)=— ) @) @ fm fEH.
" wes,

A selfadjoint operator O on H defines an operator dI'(O) on the Fock space:
drO)P_(A®hHh®.. <Zf1® Ofp®...®fn>

while dI'(O) acts as zero on H® ~ C.

For H = C? = Span {ey, 2}, a basis of the Fock space is

1
1 (for H%), er, e (for HY), e = 5 (&1 ® & — & ® e1) (for H?).
Then
dr(0)1=0, dr(O)e =0¢ fori=1,2,

dr(O)eu =01 R®e+e®0e—e®Oep —Oer R e.
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The KMS state ¢g has density matrix

p= %e‘BdF(D), with Z = Tr(e™PdM(D)),
Taking for ej—; » the eigenvectors of D, one has

e PIT(D) — 1, efﬁdr(D)e,- = e*BDe,-,

e PM(D)e, — p_(e7FPe @ e FPe,) = e D+ =D~ o).
Thus
Z =1+ Tr (exp(— D)) + e ¥ PP~ = (14 & #0%) (14 07),
while

1 1 1
Ze B gD e~ #D+ =BD-).

. 1
p:dlag(?a 7 7 ) 7



The KMS state ¢g has density matrix

p= %e‘BdF(D), with Z = Tr(e™PdM(D)),
Taking for ej—; » the eigenvectors of D, one has

e PO =1, e AT D) g — ¢=FDg,,

e P De, = P_(e7PPe @ e7PPey) = AP+ e7FP- ¢y,
Thus
Z =1+ Tr(exp(—BD)) + e PP+ e7FP~ = (14 e FP+) (1 4 e #P-),

while
1 1 1
p = diag( —, fe_BD*, fe_BD‘, 76‘“’* e Pb-).
Hence
_logZ
Z o
(—log Z — BD:) <3~
plogp = e

(—logZ — D) oo
- +D_
(—log Z — B(D, + D_) 22>



By taking the trace, one gets

log Z
Tr(—plogp) = %(1 4 e BDs 4 gmBD- 4 ¢=BD:o=BD-

1
+ > (8D + BD_e 7P~ + B(D. + D_)e P40},

0
a—ﬁ(logZ),

— h(BD.) + h(8D-),
= Tr (h(3D)).

=logZ—-p

» This is the result of Conne and al., as expected !
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In the two-point space, the mean value of dl'(D) in the KMS-state g is

D, ., D
14 e=BD+ 14 eAD-"

<dr(D) >=

Identifying as before

Dy=e—p, Do=—-c—p
one gets
dr(D)) = —— e LU = (E) — u(N
{dr(D)) = 1+ eBle—n) + 14 efl=e—n) A1 + eBle—n) 14 eB(—e—n) | (E) = u(N)
where (E) and (N) are the average energy and mean occupation number of the
two-level fermionic system.

Definition

The average energy and mean occupation number of a spectral triple are
1
(E) = 5Tr(us(8D) for  w,(x) = 155,
1 1
(N) = Tr(v(8D)) for v(x):= = where p = ngrD
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