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Goals of the talk
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Explain the emergence of conformal (or Weyl) symmetry at the level of 
the renormalised, on-shell Einstein-Hilbert action with a negative 
cosmological constant on even dimensional spaces. This quantity is 
central in AdS/CFT.  

Explain the relation between the program called Topological 
Regularisation developed by Rodrigo Olea and his collaborators [O. 
Miskovic, G. Anastasiou, I. Araya, I. Papadimitriou, …], and the 
Holographic Renormalisation scheme developed earlier by 
[Henningson and Skenderis] and [de Haro, Solodukhin and Skenderis], 
based on the Fefferman-Graham machinery. 
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Weyl gravity: 

• Renormalisable [K. Stelle, 1977] 

• … but non-unitary
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I. INTRODUCTION

In the last decades, modifications to general relativity (GR) have been extensively studied in a quest for a quantum
theory of gravity. In this context, GR can be considered as a low-energy effective theory of gravity that may acquire
higher-order corrections. The presence of nonlinear terms in curvature exhibits desirable features one may expect
from quantum gravity: unlike GR, which is a two-loop divergent theory [1], higher-derivative gravity theories are
renormalizable providing a well-defined ultraviolet behavior [2, 3]. Examples of this type of modification are massive
gravity, F (R), etc.
Conformal gravity (CG) in four dimensions is a special case of the aforementioned class of theories. It is a quadratic-

curvature gravity theory that is renormalizable [4] but it suffers from ghosts (modes of negative norm), contrary to
Einstein (E) gravity. Its action takes the form

ICG = αCG

∫

M

d4x
√
−gWαβµνWαβµν =

αCG

4
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Wαβ
µν = Rαβ

µν − (Sα
µ δ

β
ν − Sβ

µδ
α
ν − Sα

ν δ
β
µ + Sβ

ν δ
α
µ) , (2)

is the Weyl tensor in terms of the Schouten tensor

Sα
µ =

1

2
(Rα

µ −
1

6
Rδαµ), (3)

and δ[··· ][··· ] is the totally antisymmetric product of Kronecker deltas.

This theory is invariant under local Weyl rescalings of the metric gµν → Ω2 (x) gµν , i.e., a transformation that pre-
serves the angles but not the distances. The coupling constant in front of CG action, αCG , is a positive dimensionless
parameter. At a more fundamental level, the Lagrangian for CG can be obtained from twistor string theory [5] .
Furthermore, Maldacena has shown recently an interesting connection between Einstein gravity with cosmological

constant and CG in four dimensions [6] : at the tree level, four-dimensional CG with Neumann boundary conditions
is equivalent to Einstein gravity with cosmological constant.
In a sense, this is the converse argument to the one given in a prior work [7]: the regularized action for anti-de

Sitter (AdS) gravity is on-shell equivalent to the action of CG for a given coupling constant αCG = ℓ2/64πG , where
ℓ is the AdS radius and G is the Newton constant. This proof relies on the fact that the boundary counterterms
that render the AdS action and its variation finite, as prescribed in the context of gauge/gravity duality [8], can be
summed up in the addition of a single topological invariant in the bulk [7, 9].
While the latter argument uses Einstein spaces in AdS gravity, CG in four dimensions possesses a broader class of

solutions of which Einstein spaces are only a particular subset. With this in mind, in CG the Weyl tensor splits in
two parts: an Einstein part linked to the Einstein spacetimes and a non-Einstein (NE) part that is linear on the Bach
tensor.
In this paper, the decomposition mentioned above is crucial to isolate the Einstein part of the CG action from

the higher-derivative contributions coming from the Bach tensor. In particular, this leads to a simpler proof of the
equivalence between CG and Einstein gravity given in Ref. [6].

II. CONFORMAL GRAVITY: FIELD EQUATIONS AND SURFACE TERMS

Having already defined the CG action in Eq.(1) we turn to the first variation of it. After some algebraic manipu-
lation, the variation of the action can be written as
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where nµ is normal to the boundary and the term in the bulk is the Bach tensor,
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Weyl tensor

Schouten tensor (4D)

Field equations: 

Bach tensor
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(dz2 + ḡij(x, z)dx

idxj)

↵ =
`2

64⇡G

ICG[gµ⌫ ] = �↵

Z

M4

d4x
p
�gW↵

�µ⌫W
�
↵⇢�g

µ⇢g⌫� =
↵

3!

Z

M4

d4x
p
�gWµ1µ2

⌫1⌫2Wµ3µ4
⌫3⌫4 �[µ1

⌫1 . . . �µ4]
⌫4

I(E)
ren =

`2

256⇡G

Z

M
d4x

p
�g ⌦µ1µ2

⌫1⌫2 ⌦µ3µ4
⌫3⌫4 �[µ1

⌫1 . . . �µ4]
⌫4

1

32⇡2

Z

M4

d4x
p
�g Wµ⌫⇢� Wµ⌫⇢� = �[M4]�

3

4⇡2
Volren[M4] g(0) ij

Sren = lim
✏!0

1

16⇡GN

h Z

M2n, ⇢>✏
dd+1x

p
�g (R� 2⇤) +

Z

@M2n, ⇢=✏

ddx
p
�h 2K +

Z

@M2n

ddxLct, ✏

i
.

I[gµ⌫ ]|E =
1

16⇡GN

Z

M2n

dd+1x
p
�g (R� 2⇤)+

1

8⇡GN

Z

@M2n

ddx
p
�hK+

Z

@M2n

ddxLK (h,K,R) ,

L(0)
K = �

p
�h

8⇡G

d� 1

`
, L(2)

K = �`
p
�h

8⇡G

d� 1

d� 2
S ,

L(4)
K =

p
�h

8⇡G

`3

2(d� 4)


�i1i2j1j2

Sj1
i1
Sj2
i2

+
1

4 (d� 2)
Wmn

ij W ij
mn

�
,

L(6)
K = �

p
�h

8⇡G

`5

2(d� 2) (d� 6)


�i1i2i3j1j2j3

Sj1
i1
Sj2
i2
Sj3
i3

+
1

4
�i1i2i3i4j1j2j3j4

Wj1j2
i1i2

Sj2
i2
Sj3
i3

+
1

16(d� 4)
�i1i2i3i4i5j1j2j3j4j5

Wj1j2
i1i2

Wj3j4
i3i4

Sj5
i5

+
1

192(d� 4)
�i1i2i3i4i5i6j1j2j3j4j5j6

Wj1j2
i1i2

Wj3j4
i3i4

Wj5j6
i5i6

�
,

Z

@M8

d7x
⇣
L(4)
ct + L(6)

ct � L(4)
K � L(6)

K

⌘
= �Idiv

1



Conformal Gravity and Einstein Gravity

Nicolas Boulanger - UMONS 4

Maldacena (2011): solution space of 4D conformal gravity with 
Newmann boundary condition equivalent to solution space of 
Einstein gravity with negative cosmological constant. The BC kill the 
non-Einstein-AdS branch

Parallel to this, the fact the 4D Einstein theory with CC, renormalised, 
is on-shell equivalent to 4D Weyl gravity [O. Miskovic and R. Olea, 
2009] for 

The boundary counter-terms that render the Einstein-Hilbert action 
and its variation finite can be summed up in the addition of a single 
topological invariant in the bulk, the Euler invariant in 4D. 

Einstein manifolds are only a subset of the Bach-flat solutions 
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In 4D, adding the Euler term with appropriate coupling:

[O. Miskovic and R. Olea, 2009]
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which is four derivative, traceless, and covariantly conserved. Therefore, the equations of motion (EOM) of CG are
satisfied by Bach flat solutions. Einstein spacetimes are Bach-flat and constitute a trivial subset of CG solutions.
When added on top of the Einstein gravity action with negative cosmological constant Λ = −3/ℓ2 ,

I(E) =
1

16πG

∫

M

d4x
√
−g(R− 2Λ), (6)

the EOM is Gν
µ−γBν

µ = 0 where Gν
µ is the Einstein tensor and γ is given in terms of the CG coupling as γ = 16πGαCG.

Taking the trace of this relation, the Ricci tensor is

Rµν = −
3

ℓ2
gµν + γBµν , (7)

which is the most general form in Einstein-Weyl gravity. Considering arbitrary quadratic couplings in the curvature
would have modified the asymptotic behavior such that a unique AdS vacuum would no longer exist.
The departure from second-order field equations in CG switches on both massless and massive modes, which

appear to have opposite norms. The massive modes are also characterized by partial masslessness [10, 11], i.e., the
scalar component of the massive mode is absent and the only remaining parts of the decomposition are the ones
corresponding to spin 2 and the spin 1. The appearance of ghosts is the price one has to pay in order to render the
theory renormalizable. Recent work [12] has shown that there is a specific realization of the theory that is unitary
and where, indeed, no ghost modes arise.

III. TOPOLOGICAL REGULARIZATION IN EINSTEIN ADS GRAVITY

The action for Einstein gravity with negative cosmological constant is proportional to the volume of asymptotically
AdS spacetimes, which is infinite. In the context of gauge/gravity duality, the problem of extracting the physical
information of the field theory residing at the boundary of the spacetime reduces to the problem of volume renormal-
ization. Holographic renormalization provides a prescription that renders the on-shell action finite by the addition of
local counterterms [8].
It was shown in Ref. [7] that the addition to the Einstein AdS gravity action of the Gauss-Bonnet (GB) term in

four dimensions, i.e.,

I(E)
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1

16πG
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and, in general, the addition of the Euler term in higher even dimensions, is equivalent to the program of holographic
renormalization, as boundary terms are concerned. Though it may at first sound surprising, from the mathematical
viewpoint, this result is justified by the fact that the GB term can be written as a surface term that depends both on
intrinsic and extrinsic curvatures of the boundary ( Ki

j and Rik
jl , respectively) [13],
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, (9)

up to the Euler characteristic of the manifold χ(M) . Here, hij is the boundary three-dimensional metric. The
polynomial in Ki

j and Rik
jl acts as a series of extrinsic counterterms.

The asymptotic resolution of the Einstein equations allows us to write down an expansion of the extrinsic curvature
in terms of intrinsic quantities of the boundary. This is the key ingredient to generate the standard counterterms in
Ref. [14] from a topological invariant [7]. This argument provides a source of certainty that we can properly refer to

I(E)
ren as the renormalized action obtained by holographic techniques in asymptotically AdS gravity.
Because of the addition of a bulk topological invariant instead of boundary counterterms, the renormalized action

features a remarkable property, which is
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ren =
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256πG
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is equivalent to performing holographic renormalisation  
[S. De Haro, S.N.Solodukhin, K. Skenderis, 2001], as far as boundary 

terms are concerned 

The Gauss-Bonnet term can be written as a surface term that 
depends on both intrinsic and extrinsic curvatures of the boundary:
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The renormalised action features a remarkable property:

[O. Miskovic and R. Olea, 2009]

where  

When evaluated on an Einstein-AdS manifold for which

evaluated on the Euclidean black hole solution. In the Euclidean sector of the theory, this

topological contribution leads to a term proportional to the mass plus an infinite piece,
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x Ẽ2n = ...↵2n...

 
M

(2n� 2)
� lim

r!1

Vol(S2n�2)

8⇡G

r
2n�1

`2

!
, (1.12)

plus an additive constant (which we did not write) proportional to the Euler characteristic

of the horizon, which does not modify the First Law of Thermodynamics [1].

As a consequence, the following standard thermodynamic relation for Schwarzschild-

AdS black holes, relating the Helmholtz free energy F to the internal energy U = M ,
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which is the O(2n)-irreducible component of the Riemann tensor that is left unconstrained

by Einstein’s equations (1.2)

– 3 –
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One recovers the action of 4D conformal gravity !

The renormalised volume of a 4D manifold [Graham, Anderson, Albin et al.]

 the value of the finite universal part in the asympt. expansion of Vol[M]  
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Now there is a two-parameter family of Weyl-invariant models. Only 
one choice of parameters give field equations that admit Einstein-
AdS space, yielding the Lu, Pang and Pope action

[G. Anastasiou, I. Araya, and R. Olea, 2021]
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The most well-studied example of CG is the 4D case due to the fact that Einstein spaces
are solutions of the theory. In this case, the action is given by the square of the Weyl tensor
(|W |2), being this the only conformal invariant in four dimensions. Also, the solutions of
the 4D CG are conformally Einstein spaces, such as the general spherically symmetric
ones with AdS asymptotics [20], charged rotating black holes [21] and the generalized
Plebanski solutions [22]. Non-Einstein solutions to quadratic gravity, including CG, can
be found in [23]. CG has been applied extensively, as well, in phenomenological aspects
as an alternative to dark matter for the explanation of the galaxy rotation curves [24–27].
Most importantly, it has been proved a useful tool in constructing conformal supergravity
theories [28–31] which emerge naturally from twistor string theory, as shown in [32].

Generalizing CG in higher dimensions amounts to the ability of determining the con-
formal invariants of the respective dimensions. The local conformal invariants have been
determined inD = 6 dimensions [33–35] while a detailed classification appears in D = 8 [36]
as well. Our analysis is focused in D = 6 CG and the 8D case will be addressed in future
work.

Unlike CG in four dimensions where a unique conformal invariant appears, i.e. the
Weyl tensor squared, the situation in 6D is more complicated due to the presence of three
independent conformal invariants [37–39]. Two of them are defined in terms of inequivalent
contractions of the Weyl tensor as

I1 = WαβµνW
αρλνW βµ

ρ λ, (2.1)
I2 = WµναβW

αβρλW µν
ρλ , (2.2)

whereas the third one acquires a non-trivial form as

I3=Wµρσλ

(
δµν!+4Rµ

ν − 6
5Rδµν

)
W νρσλ+∇µJ

µ, (2.3)

Jµ=4R λρσ
µ ∇νRνλρσ+3Rνλρσ∇µRνλρσ −5Rνλ∇µRνλ+

1
2R∇µR−Rν

µ∇νR+2Rνλ∇νRλµ.

(2.4)

A linear combination of these conformal invariants defines a three-parameter family of
Conformal Gravities in six dimensions, whose Lagrangian obtains the general form L =
c1I1+ c2I2+ c3I3. Contrary to 4D CG, Einstein spacetimes are not solutions of 6D CG for
an arbitrary value of the parameters. Indeed, there is a unique choice of parameters where
a Scwarzschild-AdS black hole is admitted in the solutions space of the theory, which reads
c1 = 4c2 = −12c3 [40]. This choice in 6D is denoted as Lu, Pang and Pope (LPP) CG,
and the fact that it has an Einstein sector despite being a higher derivative theory can
be understood based on the corresponding Lagrangian having no explicit dependence on
Riemann2 or Riemann3 terms (up to the topological term in 6D).

The same conformal invariants that define the CG actions are considered in the def-
inition of renormalized volume [3, 9, 10, 41, 42]. In particular, the renormalized volume
Volren (M) of a four-dimensional manifold M was shown in [9] to be proportional to the
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In the last part of this analysis, we proceed to simplify the total derivative below. Indeed,
considering eq. (2.4), the total derivative term T of eq. (5.8) is given by

T = 1
3∇µ

(
8WµκνλCκνλ − 4Rµλ

ρσ ∇νRρσ
νλ − 3Rνλ

ρσ∇µRρσ
νλ + 5Rν

λ∇µRλ
ν

−1
2R∇µR+Rµ

ν ∇νR − 2Rλ
ν ∇νRµ

λ

)
.

(5.9)

This expression for T may be further simplified through integration by parts, assuming a
smooth boundary manifold, and by considering the relation between the Cotton and Weyl
tensors given by

Cνρλ = − 1
(D − 3)∇µW

µ
νρλ. (5.10)

This allows to write T compactly as

T = ∇µ

(
8WµκλνCκλν − W κλ

νσ ∇µW
νσ
κλ

)
. (5.11)

Therefore, we have that the full LCG Lagrangian takes the form

LCG = 1
4!δ

ν1···ν6
µ1···µ6W

µ1µ2
ν1ν2 Wµ3µ4

ν3ν4 Wµ5µ6
ν5ν6 + 1

2δν1···ν5
µ1···µ5W

µ1µ2
ν1ν2 Wµ3µ4

ν3ν4 Sµ5
ν5 + 8CµνλCµνλ

+ ∇µ

(
8WµκλνCκλν − W κλ

νσ ∇µW νσ
κλ

)
, (5.12)

and thus, the action is given by

ICG=α
∫

M

d6x
√

−G
( 1
4!δ

ν1···ν6
µ1···µ6W

µ1µ2
ν1ν2 Wµ3µ4

ν3ν4 Wµ5µ6
ν5ν6 +1

2δν1···ν5
µ1···µ5W

µ1µ2
ν1ν2 Wµ3µ4

ν3ν4 Sµ5
ν5 +8CµνλCµνλ

)

+α
∫

∂M

d5x
√

−hnµ

(
8WµκλνCκλν −W κλ

νσ ∇µW νσ
κλ

)
, (5.13)

where nµ is the outward normal vector of the foliation and α is an arbitrary overall nor-
malization.

The EOM of the LPP CG action is given by the vanishing of the obstruction tensor
Eµ

ν , whose explicit form is

Eµ
ν =−2δµ1...µ4µ

ν1...ν4ν W ν1ν2
µ1µ2S

ν3
µ3S

ν4
µ4 − 1

2δµ1...µ4
ν1...ν4 W

ν1ν2
µ1µ2

(
∇ν3Cν4

µ3µ4

)
δµν

−δµ1...µ3µ
ν1...ν4

[(
∇ν4∇νW

ν1ν2
µ1µ2

)
Sν3
µ3+

1
2
(
∇νW

ν1ν2
µ1µ2

)
Cν3ν4
µ3 +W ν1ν2

µ1µ2

(
∇ν4∇νS

ν3
µ3

)]

−δµ1...µ4
ν1...ν3ν

[
(∇µ4∇µW ν1ν2

µ1µ2)S
ν3
µ3+

1
2(∇

µW ν1ν2
µ1µ2)C

ν3
µ3µ4+W ν1ν2

µ1µ2

(
∇µ4∇µSν3

µ3

)
−4W ν1ν2

µ1µ2S
ν3
µ3S

µ
µ4

]

+δµ1...µ3µ
ν1...ν3ν

[(
∇σ∇σW

ν1ν2
µ1µ2

)
+2
(
∇σW ν1ν2

µ1µ2

)(
∇σS

ν3
µ3

)
+W ν1ν2

µ1µ2

(
∇σ∇σS

ν3
µ3

)
−4Cν1ν2

µ1 Cν3
µ2µ3

−8Sν1
µ1

(
∇ν2Cν3

µ2µ3

)
+2SW ν1ν2

µ1µ2S
ν3
µ3

]
+δµ1µ2µ3

ν1ν2ν

{
−8∇ν1

(
Sµ
µ1C

ν2
µ2µ3

)
−4∇µ1

(
Sµν1Cν2

µ2µ3

)

+14
(
∇µSν1

µ1

)
Cν2
µ2µ3+2

(
∇ν1Cν2

µ1µ2+∇µ1C
ν1ν2
µ2

)
Rµ

µ3

+4
[(

∇µ2C
ν1ν2
µ1

)
Sµ
µ3 − 1

2C
ν1ν2
µ1 Cµ

µ2µ3

]
−∇µ3∇µ

(
∇ν1Cν2

µ1µ2+∇µ1C
ν1ν2
µ2

)}

– 12 –

the CG action can be rewritten as 

Note that, when D>4, Topological Regularisation does not 
reproduce Holographic Renormalisation, B.T. missing
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The Einstein-Hilbert Lagrangian with negative C.C. and fine-tuned 
Euler term added:

and

where

In this work, further evidence on the deep connection between renormalization of

Einstein-AdS gravity and conformal invariants is provided, this time, by the 8D case.

A unique combination of conformal invariants defines a Conformal Gravity theory that

possesses an Einstein sector [11] and it allows to extend the framework of Conformal

Renormalisation [10, 12, 13] to eight dimensions. New boundary terms, dictated by the

Weyl invariance of the gravity action, are brought up in the Einstein sector and correctly

renormalise it. As a matter of fact, these extra counterterms are written in terms of bulk-

covariant quantities, such as the Weyl tensor, and the resulting action agrees with the one

obtained by standard holographic techniques [14].

The results are presented as follows: Section 2 shows how Topological Renormalization

breaks down in eight dimensions, as it is unable to render the Einstein-AdS action finite

for AAdS spaces whose boundary is not conformally flat. The analysis is carried out

resorting to the near-conformal boundary form of the metric [15] and what it implies in

the asymptotic form of the Weyl tensor. The divergent pieces in the holographic radial

coordinate are identified in terms of the boundary Weyl tensor and its derivatives. Section 3

deals with the Chern form B7, as the boundary contribution locally equivalent to the Euler

term in 8D. This part is intended to develop a reassuring argument, given by the explicit

comparison between B7 and standard counterterms given by Holographic Renormalization.

One then concludes that the mismatch is exactly the one found in Section 2. Section 4

proposes a mechanism to achieve renormalization in eight dimensions, by considering the

Conformal Gravity theory that possesses an Einstein sector. That conformal gravity action

is given by the unique combination of conformal invariants in eight dimensions [16, 17]

whose field equations are solved by Einstein-AdS spaces [11]. It includes surface terms

[Nic: here we disagree, we would remove that very sentence from the Intro

and move it to the conclusion and outlook, elaborating it.] fixed by conformal

invariance (which is an exact symmetry, i.e., it closes also at the boundary), which act

as counterterms in the Einstein sector of the theory. This result strongly suggests that

renormalisation of Einstein-AdS gravity in arbitrary even spacetime dimension is always

encoded in a conformally (Weyl) invariant theory. The last section is devoted to concluding

remarks.

2 Topological Terms and Einstein-AdS gravity in 8D

The Lagrangian appearing in (1.9), using (1.18) with 2n = 8, reads

R+
42

`2
+

`
6

4 6!
p
�g

E8 =
`
6

80

✓
1

`4
�(2) �

1

36 `2
�(3) +

1

576
�(4)

◆
, (2.1)

where E8 is the eight-dimensional Euler invariant as in (1.10), and the polynomials �(k),

k = 2, 3, 4, are quadratic, cubic, and quartic polynomials in ⌦, defined in (1.16) according

to(1.19): When evaluated in Einstein-AdS manifolds, they become the following polynomial

in the Weyl tensor:

�(2)

��
E
= 4W↵��� W

↵���
, (2.2)
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where here and in the following the symbol |E denotes the evaluation on Einstein-AdS

manifolds, and g
(E)

µ⌫ is a metric of an Einstein-AdS manifold, solution to (1.2).

Let us recall the definition of the Schouten tensor:

Sµ⌫ =
1

d� 1
(Rµ⌫ �

1

2d
R gµ⌫) . (1.4)

When evaluated on an Einstein-AdS manifold, the Schouten tensor reduces to

Sµ⌫ |E = �
1

2 `2
g
(E)

µ⌫ , (1.5)

where the spacetime dimension dependence dropped out.

One of the simplest solutions (1.2) is the Schwarzschild-AdS black hole which, in its

Euclidean form, is written as

ds
2 = f

2(r) d⌧2 + f
�2(r) dr2 + r

2
d⌦2

d�1
. (1.6)

where ⌧ = it is the Euclidean time with a period � = 1/T defined as the inverse of the

Hawking temperature, the line element d⌦2

d�1
is the one of the sphere Sd�1, and the metric

function is given by

f
2(r) = 1�

2!dGM

rd�2
+

r
2

`2
, (1.7)

in terms of the mass parameter M . The numerical factor !d is a matter of conventions,

such that the black hole entropy is S = Area/4G in every dimension.

The Euclidean continuation of the bulk action ĨEH, evaluated on the static black hole

with period �, gives rise to the expression

T ĨEH =
d� 2

d� 1
M � TS + lim

r!1

Vol(Sd�1)

8⇡G

r
d

`2
. (1.8)

In the above formula there are two fundamental problems: an anomalous (Komar) factor for

the internal energy in terms of the mass, and a divergent behaviour proper of asymptotically

AdS spaces.

In every even bulk dimension (d + 1 = 2n), the AdS gravity action may appear aug-

mented by the Euler invariant

I[gµ⌫ ] = IEH[gµ⌫ ] + ↵2n

Z

M

d
2n
x E2n , (1.9)

which is defined as

E2n =

p
�g

2n
�
µ1···µ2n
⌫1···⌫2n R

⌫1⌫2
µ1µ2

· · ·R
⌫2n�1⌫2n
µ2n�1µ2n

, (1.10)

where the symbol

�
µ1···µ2k
⌫1···⌫2k = (2k)! �[µ1

⌫1 . . . �
µ2k]
⌫2k , (1.11)

where the strength-one antisymmetrisation convention is used. The topological character

of the Euler term leaves the field equations unchanged, such that the coupling constant

↵2n remains arbitrary at this stage. We will denote by Ẽ2n the value of the Euler density

– 2 –

For the appropriate choice (1.14) of coe�cient ↵2n, it is remarkable that the action

(1.9) can be written in the form [7]

I[gµ⌫ ] =
1

16⇡G

Z

M2n

d
2n
x
p
�g

nX

k=2

ak�(k) , (1.18)

where �(k) is the following symmetric polynomial of degree k in ⌦µ⌫
⇢�:

�(k) := �
µ1···µ2k
⌫1···⌫2k ⌦µ1µ2

⌫1⌫2 · · · ⌦µ2k�1µ2k
⌫2k�1⌫2k . (1.19)

The coe�cients ak are given by

ak =
(�1)k

22k�1

(2n� 2k � 1)!!

k!(2n� 3)!!
. (1.20)

It is indeed remarkable that the above form of the AdS gravity action is polynomial

in the tensor ⌦, and that the polynomial starts at second order. As a matter of fact,

this is required by the following consistency condition: the thermodynamic relation (1.13)

must hold for the ground state of the theory. While it is pretty obvious that I is identically

vanishing for the global AdS space, the use of Noether-Wald (NW) charges [8, 9] is essential

to check that one has “0 = 0” identically. In point of fact, NW charges are defined in terms

of the surface integral

Q[⇠] = 2

Z

⌃1

E
µ⌫
��r

�
⇠
�d⌃µ⌫ , (1.21)

where ⇠ = ⇠
µ
@µ is a Killing vector, Eµ⌫

�� is the variational derivative of the Lagrangian with

respect to the Riemann tensor, and ⌃1 is a codimension-2 asymptotic surface with area

element d⌃µ⌫ . Applied to the gravity action defined in (1.18), the NW method gives rise to

conserved quantities which are at least linear in the Weyl tensor. Therefore, they are also

zero for the gravitational vacuum configuration. On the other hand, as black hole entropy

is the NW charge evaluated at the horizon, it is identically vanishing for the ground state

of the theory, as well.

However, the addition of topological terms fails to provide a proper renormalization

scheme for generic solutions of Einstein-AdS gravity. Indeed, the gravity action for AAdS

spaces contains divergent pieces when the boundary is not conformally flat (which is the

case of Schwarzschild-AdS black holes). In particular, Topological Renormalization seems

to be at odds with thermodynamics of gravitational instantons in higher dimensions than

four. As a consequence, new counterterms are needed, which should be expressed in terms

of the boundary Weyl tensor and derivatives thereof [10].

These new counterterms are switched on by conformal properties of the boundary

and, a posteriori, may be seen as an ambiguity in the definition of the total action. In

fact, while the bulk action is a polynomial in the ⌦µ⌫
↵� tensor, additional boundary terms

which depend on (derivatives of) ⌦ may be considered, which identically vanish on local

AdS space.
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This partially-regularised action ensures a vanishing Noether-Wald 
charge for the AdS background.
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It is indeed remarkable that the above form of the AdS gravity action is polynomial

in the tensor ⌦, and that the polynomial starts at second order. As a matter of fact,

this is required by the following consistency condition: the thermodynamic relation (1.13)

must hold for the ground state of the theory. While it is pretty obvious that I is identically

vanishing for the global AdS space, the use of Noether-Wald (NW) charges [8, 9] is essential

to check that one has “0 = 0” identically. In point of fact, NW charges are defined in terms

of the surface integral

Q[⇠] = 2

Z

⌃1

E
µ⌫
��r

�
⇠
�d⌃µ⌫ , (1.21)

where ⇠ = ⇠
µ
@µ is a Killing vector, Eµ⌫

�� is the variational derivative of the Lagrangian with

respect to the Riemann tensor, and ⌃1 is a codimension-2 asymptotic surface with area

element d⌃µ⌫ . Applied to the gravity action defined in (1.18), the NW method gives rise to

conserved quantities which are at least linear in the Weyl tensor. Therefore, they are also

zero for the gravitational vacuum configuration. On the other hand, as black hole entropy

is the NW charge evaluated at the horizon, it is identically vanishing for the ground state

of the theory, as well.

However, the addition of topological terms fails to provide a proper renormalization

scheme for generic solutions of Einstein-AdS gravity. Indeed, the gravity action for AAdS

spaces contains divergent pieces when the boundary is not conformally flat (which is the

case of Schwarzschild-AdS black holes). In particular, Topological Renormalization seems

to be at odds with thermodynamics of gravitational instantons in higher dimensions than

four. As a consequence, new counterterms are needed, which should be expressed in terms

of the boundary Weyl tensor and derivatives thereof [10].

These new counterterms are switched on by conformal properties of the boundary

and, a posteriori, may be seen as an ambiguity in the definition of the total action. In

fact, while the bulk action is a polynomial in the ⌦µ⌫
↵� tensor, additional boundary terms

which depend on (derivatives of) ⌦ may be considered, which identically vanish on local

AdS space.
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The gravity action for AAdS spaces contains divergent pieces when the 
boundary is not conformal flat, (the boundary   of Schwarzschild-
AdS black hole is conformally flat, but there are solutions whose boundary 
geometry is not conformally flat). Therefore, Topological Regularisation 
seems at odds with thermodynamics of gravitational instantons in 
dimensions greater than four. 

r → ∞

New counter-terms are needed, which should be expressed in terms 
of the boundary Weyl tensor and its derivatives

�(3)

��
E
= 32 (2W↵��� W

↵�⌘�
W�

��
⌘ +W↵��� W

���⌘
W�⌘

↵�), (2.3)

�(4)

��
E
= 96 (�4W↵���

W↵�
✏⇣
W�✏

✓◆
W�⇣✓◆ � 16W↵���

W↵
✏
�
⇣
W�

✓
⇣
◆
W�◆✏✓ +

� 64W↵���
W↵�

✏⇣
W�

✓
✏
◆
W�◆⇣✓ + 8W↵���

W↵
✏
�
⇣
W�

✓
�
◆
W✏✓⇣◆+

+ 2W↵���
W↵�

✏⇣
W��

✓◆
W✏✓⇣◆ � 16W↵���

W↵��
✏
W�

⇣✓◆
W✏✓⇣◆+

+W↵��� W
↵���

W✏✓⇣◆W
✏⇣✓◆). (2.4)

Then, the topologically (partially) renormalized on-shell action reads
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✓
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◆
. (2.5)

Since �(4)

��
E
is the Pfa�an of the Weyl two-form, it generates no divergences. To study the

asymptotic behavior, we introduce the Fe↵erman-Graham (FG) expansion of the metric

ds
2 =

`
2

z2

�
dz

2 + ḡij(x, z)dx
i
dx

j
�
, (2.6)

where, z denotes the holographic Poincaré coordinate and {x
i
} are the coordinates at the

conformal boundary. The corresponding metric can be expanded as

ḡij(x, z) = g(0)ij +
z
2

`2
g(2)ij +

z
4

`4
g(4)ij + . . . . (2.7)

where, for the boundary indices taking d = 2n � 1 values, we use Latin letters i, j, k, . . ..

The Weyl squared term can be rewritten in the radial foliation as

Wµ⌫
↵�

W↵�
µ⌫ = Wmn

ij
Wij

mn + 4Wjz
iz
Wiz

jz + 4Wmn
iz
Wiz

mn
. (2.8)

Each one of the independent components of the Weyl tensor is expanded as ***emphasize

the fact that the electric part of the Weyl tensor is not of holographic order as in Ashtekar

papers***
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,
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ij
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3
B
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z
6
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Wjk
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3

`2
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(0)jk +O

�
z
5
�
, (2.9)

where B(0), W(0), S(0), and C(0) stand for the Bach, Schouten, Weyl and Cotton tensors

of the boundary manifold, respectively, computed using the boundary metric g(0). The

boundary, Levi-Civita covariant derivative associated with the metric g(0) is denoted by

the symbol D(0).

Thus for the quadratic term in the Weyl tensor we get
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.

(2.10)
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Evaluating the partial action on Einstein-AdS space gives
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One introduces the Fefferman-Graham expansion of the metric 
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Various components of the bulk Weyl tensor, asymptotically: 
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The divergent part of the topologically-renormalised action, near the 
conformal boundary, reads 

This exhibits the departure from Holographic Renormalisation

What counter-terms should be added? 
How to cure this divergence?

Idiv[g(0)ij ] =
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Comparison with Holographic 

Renormalisation



The mismatch between the two schemes vanishes for conformally flat 
conformal boundaries, like Schwarzschild-AdS black hole, where the 
topologically regularised action agrees with Holographic 
Renormalisation. However, the topologically regularised action is not 
adequate for conformal boundaries such as gravitational instantons 
and Taub-NUT-AdS, that are not conformally-flat.

14
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At the level of the action, the discrepancy between the two schemes:

Independent proof of the well-know fact that Holographic 
Renormalisation does the job. Now we want to correct Topological 
Regularisation by adding boundary terms, this time in the form of bulk-
covariant total derivatives, that cure the divergence and therefore 
express Holographic Renormalisation in a bulk-covariant fashion, 
which is new. 
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ct � L(4)
K � L(6)

K

⌘
= �Idiv

1

up to total derivatives at the conformal boundary. These are the divergences of 
topological regularisation, since by construction HR gives a finite result: 

Idiv[g(0)ij ] =
`6
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Z
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p
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
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W ij
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(0) C(0)ijm

◆�
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What terms to be added to the action in order to cancel the divergences ? 

Requirements: (i) the boundary terms should vanish for AdS, as the free 
energy of the gravitational vacuum should remain zero. This restrict the 
total derivative terms to be constructed out of the bulk Weyl tensor and its 
bulk-covariant derivatives; (ii) we also assume that the total derivative 
terms can be written in terms of the antisymmetrised quantities 

Idiv[g(0)ij ] =
`6

80

Z

@M8

d7x
p
�g(0)


4

3z3
W ij

(0)msW
ms
(0)ij �

1

2z

⇣
�i1...i5j1...j5

Wj1j2
(0)i1i2

Wj3j4
(0)i3i4

Sj5
(0)i5

+
1

18
�i1...i6j1...j6

Wj1j2
(0)i1i2

Wj3j4
(0)i3i4

Wj5j6
(0)i5i6

+ 32 Cijm
(0) C(0)ijm

◆�

�(2) �(3) .

2

Idiv[g(0)ij ] =
`6

80

Z

@M8

d7x
p
�g(0)


4

3z3
W ij

(0)msW
ms
(0)ij �

1

2z

⇣
�i1...i5j1...j5

Wj1j2
(0)i1i2

Wj3j4
(0)i3i4

Sj5
(0)i5

+
1

18
�i1...i6j1...j6

Wj1j2
(0)i1i2

Wj3j4
(0)i3i4

Wj5j6
(0)i5i6

+ 32 Cijm
(0) C(0)ijm

◆�

�(2) �(3) .

2

and  

Our choice of three boundary terms: 

We look for the terms which could be added to the action (1.18) in order to cancel the

divergences shown above. In order to achieve this, we have certain requirements. Firstly,

the added terms should not change the dynamics of the theory, and therefore they can

be either topological terms or boundary terms. Because the topological Euler term has

already been added to the action, we restrict to boundary terms constructed from total

derivatives of bulk objects. Secondly, the boundary terms should vanish for AdS space,

as the free energy of the gravitational vacuum should be zero without modification. This

restricts the total derivative terms to be constructed from the bulk Weyl tensor, which is

zero in AdS, as well as all the covariant derivatives of the bulk Weyl tensor. Thirdly, we will

further assume that the total derivative terms can only be written in terms of derivatives

of the polynomials �(2) and �(3) .

By taking into account the principles detailed above, we consider the following three

types of total derivative terms which can be added to the action in order to cancel diver-

gences:

⇤2�(2), ⇤�(3),
1

`2
⇤�(2), (3.16)

whose detailed divergences in the asymptotic FG expansion are given by

⇤2 �(2)

��
E
=

576z4

`8
I2 +

z
6

`8

h
288Q2 + 288Sm

(0)mI2 � 72Dm
(0)

D(0)mI2

i
+O(z8) , (3.17)

⇤ �(3)

��
E
= �

6z6

`8
I3 +O(z8) , (3.18)

⇤ �(2)

��
E
= �

48z4

`6
I2 +

z
6

`6

h
4Dm

(0)
D(0)mI2 � 16Sm

(0)mI2 � 48Q2

i
+O(z8) , (3.19)

where we defined for convenience the auxiliary variables

I2 := W
ij
(0)mnW

mn
(0)ij , (3.20)

I3 := �
i1···i6
j1···j6W

j1j2
(0)i1i2

W
j3j4
(0)i3i4

W
j5j6
(0)i5i6

, (3.21)

Q2 := S
m
(0)nW

jl
(0)miW

ni
(0)jl + 2Cijm

(0)
C(0)ijm +W(0)ijmnD

n
(0)

C
mij
(0)

. (3.22)

Then, we realise that there is a unique combination of these three terms that cancels the

divergences (2.14). Once these terms are added in the combination required to regularise

the divergences, and total derivatives at the conformal boundary in the FG expansion (i.e.

the D
m
(0)

D(0)mI2 terms) are omitted, the renormalised action finally reads

Iren[gµ⌫ ]|E =
`

6

80

Z

M8

d
8
x
p
�g


1

`4
�(2)

��
E
�

1

36`2
�(3)

��
E
+

1

576
�(4)

��
E

+
1

72
⇤2�(2)

��
E
�

1

216
⇤ �(3)

��
E
+

1

4`2
⇤ �(2)

��
E

�
. (3.23)
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In this work, further evidence on the deep connection between renormalization of

Einstein-AdS gravity and conformal invariants is provided, this time, by the 8D case.

A unique combination of conformal invariants defines a Conformal Gravity theory that

possesses an Einstein sector [11] and it allows to extend the framework of Conformal

Renormalisation [10, 12, 13] to eight dimensions. New boundary terms, dictated by the

Weyl invariance of the gravity action, are brought up in the Einstein sector and correctly

renormalise it. As a matter of fact, these extra counterterms are written in terms of bulk-

covariant quantities, such as the Weyl tensor, and the resulting action agrees with the one

obtained by standard holographic techniques [14].

The results are presented as follows: Section 2 shows how Topological Renormalization

breaks down in eight dimensions, as it is unable to render the Einstein-AdS action finite

for AAdS spaces whose boundary is not conformally flat. The analysis is carried out

resorting to the near-conformal boundary form of the metric [15] and what it implies in

the asymptotic form of the Weyl tensor. The divergent pieces in the holographic radial

coordinate are identified in terms of the boundary Weyl tensor and its derivatives. Section 3

deals with the Chern form B7, as the boundary contribution locally equivalent to the Euler

term in 8D. This part is intended to develop a reassuring argument, given by the explicit

comparison between B7 and standard counterterms given by Holographic Renormalization.

One then concludes that the mismatch is exactly the one found in Section 2. Section 4

proposes a mechanism to achieve renormalization in eight dimensions, by considering the

Conformal Gravity theory that possesses an Einstein sector. That conformal gravity action

is given by the unique combination of conformal invariants in eight dimensions [16, 17]

whose field equations are solved by Einstein-AdS spaces [11]. It includes surface terms

[Nic: here we disagree, we would remove that very sentence from the Intro

and move it to the conclusion and outlook, elaborating it.] fixed by conformal

invariance (which is an exact symmetry, i.e., it closes also at the boundary), which act

as counterterms in the Einstein sector of the theory. This result strongly suggests that

renormalisation of Einstein-AdS gravity in arbitrary even spacetime dimension is always

encoded in a conformally (Weyl) invariant theory. The last section is devoted to concluding

remarks.

2 Topological Terms and Einstein-AdS gravity in 8D

The Lagrangian appearing in (1.9), using (1.18) with 2n = 8, reads

R+
42

`2
+

`
6

4 6!
p
�g

E8 =
`
6

80

✓
1

`4
�(2) �

1

36 `2
�(3) +

1

576
�(4)

◆
, (2.1)

where E8 is the eight-dimensional Euler invariant as in (1.10), and the polynomials �(k),

k = 2, 3, 4, are quadratic, cubic, and quartic polynomials in ⌦, defined in (1.16) according

to(1.19): When evaluated in Einstein-AdS manifolds, they become the following polynomial

in the Weyl tensor:

�(2)

��
E
= 4W↵��� W

↵���
, (2.2)

– 5 –

�(3)

��
E
= 32 (2W↵��� W

↵�⌘�
W�

��
⌘ +W↵��� W

���⌘
W�⌘

↵�), (2.3)

�(4)

��
E
= 96 (�4W↵���

W↵�
✏⇣
W�✏

✓◆
W�⇣✓◆ � 16W↵���

W↵
✏
�
⇣
W�

✓
⇣
◆
W�◆✏✓ +

� 64W↵���
W↵�

✏⇣
W�

✓
✏
◆
W�◆⇣✓ + 8W↵���

W↵
✏
�
⇣
W�

✓
�
◆
W✏✓⇣◆+

+ 2W↵���
W↵�

✏⇣
W��

✓◆
W✏✓⇣◆ � 16W↵���

W↵��
✏
W�

⇣✓◆
W✏✓⇣◆+

+W↵��� W
↵���

W✏✓⇣◆W
✏⇣✓◆). (2.4)

Then, the topologically (partially) renormalized on-shell action reads

I[gµ⌫ ]|E =
`

6

80

Z

M8

d
8
x
p
�g

✓
1

`4
�(2)

��
E
�

1

36`2
�(3)

��
E
+

1

576
�(4)

��
E

◆
. (2.5)

Since �(4)

��
E
is the Pfa�an of the Weyl two-form, it generates no divergences. To study the

asymptotic behavior, we introduce the Fe↵erman-Graham (FG) expansion of the metric

ds
2 =

`
2

z2

�
dz

2 + ḡij(x, z)dx
i
dx

j
�
, (2.6)

where, z denotes the holographic Poincaré coordinate and {x
i
} are the coordinates at the

conformal boundary. The corresponding metric can be expanded as

ḡij(x, z) = g(0)ij +
z
2

`2
g(2)ij +

z
4

`4
g(4)ij + . . . . (2.7)

where, for the boundary indices taking d = 2n � 1 values, we use Latin letters i, j, k, . . ..

The Weyl squared term can be rewritten in the radial foliation as

Wµ⌫
↵�

W↵�
µ⌫ = Wmn

ij
Wij

mn + 4Wjz
iz
Wiz

jz + 4Wmn
iz
Wiz

mn
. (2.8)

Each one of the independent components of the Weyl tensor is expanded as ***emphasize

the fact that the electric part of the Weyl tensor is not of holographic order as in Ashtekar

papers***

Wjz
iz =

z
4

3`2
B
i
(0)j +O

�
z
6
�
,

Wkm
ij =

z
2

`2
W

ij
(0)km �

z
4

`2


2

3
B
[i
(0)[k�

j]
m] + 2S [i

(0)nW
j]n
(0) km � S

n
(0)[k W

ij
(0)m]n +D

[i
(0)

C
j]
(0)km

�
+O

�
z
6
�
,

Wjk
iz = �

z
3

`2
C
i
(0)jk +O

�
z
5
�
, (2.9)

where B(0), W(0), S(0), and C(0) stand for the Bach, Schouten, Weyl and Cotton tensors

of the boundary manifold, respectively, computed using the boundary metric g(0). The

boundary, Levi-Civita covariant derivative associated with the metric g(0) is denoted by

the symbol D(0).

Thus for the quadratic term in the Weyl tensor we get

�(2)

��
E
=

4z4

`4
W

ij
(0)mnW

mn
(0)ij+

8z6

`4

h
S
m
(0)nW

js
(0)miW

ni
(0)js + 2Cijm

(0)
C(0)ijm +W(0)ijmnD

n
(0)

C
mij
(0)

i
+O

�
z
8
�
.

(2.10)
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We find a unique triplet of constants that cancel the divergences of TG, so 
that our expression for the renormalised Einstein-Hilbert action is

We look for the terms which could be added to the action (1.18) in order to cancel the

divergences shown above. In order to achieve this, we have certain requirements. Firstly,

the added terms should not change the dynamics of the theory, and therefore they can

be either topological terms or boundary terms. Because the topological Euler term has

already been added to the action, we restrict to boundary terms constructed from total

derivatives of bulk objects. Secondly, the boundary terms should vanish for AdS space,

as the free energy of the gravitational vacuum should be zero without modification. This

restricts the total derivative terms to be constructed from the bulk Weyl tensor, which is

zero in AdS, as well as all the covariant derivatives of the bulk Weyl tensor. Thirdly, we will

further assume that the total derivative terms can only be written in terms of derivatives

of the polynomials �(2) and �(3) .

By taking into account the principles detailed above, we consider the following three

types of total derivative terms which can be added to the action in order to cancel diver-

gences:

⇤2�(2), ⇤�(3),
1

`2
⇤�(2), (3.16)

whose detailed divergences in the asymptotic FG expansion are given by

⇤2 �(2)

��
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=

576z4
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z
6
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h
288Q2 + 288Sm
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(0)

D(0)mI2

i
+O(z8) , (3.17)

⇤ �(3)

��
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= �

6z6

`8
I3 +O(z8) , (3.18)

⇤ �(2)
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= �

48z4
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I2 +

z
6
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h
4Dm

(0)
D(0)mI2 � 16Sm

(0)mI2 � 48Q2

i
+O(z8) , (3.19)

where we defined for convenience the auxiliary variables

I2 := W
ij
(0)mnW

mn
(0)ij , (3.20)

I3 := �
i1···i6
j1···j6W

j1j2
(0)i1i2

W
j3j4
(0)i3i4

W
j5j6
(0)i5i6

, (3.21)

Q2 := S
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(0)miW

ni
(0)jl + 2Cijm

(0)
C(0)ijm +W(0)ijmnD

n
(0)

C
mij
(0)

. (3.22)

Then, we realise that there is a unique combination of these three terms that cancels the

divergences (2.14). Once these terms are added in the combination required to regularise

the divergences, and total derivatives at the conformal boundary in the FG expansion (i.e.

the D
m
(0)

D(0)mI2 terms) are omitted, the renormalised action finally reads
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`
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. (3.23)
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The 8D Weyl-invariant gravity theory whose field equations admit an 
Einstein-AdS spacetime is unique up to the addition of two boundary 
conformal invariants 

with  

By introducing the tensor P↵⌫
µ� := �g

↵⌫
gµ� + �

↵
µ�

⌫
� + �

↵
� �

⌫
µ , we can present the first few

W -tensors as follows:

W⌦0 = W
µ
⌫⇢� ,

W⌦1 = W
µ
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µ
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µ
⌫⇢� ,
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µ
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W

µ
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P
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µ
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IBR[gµ⌫ ] =

Z

M8

d8x
p
�gL8 ,

2

4 8D Conformal Gravity with an Einstein Sector

The most general conformal gravity action in 8D that admits an Einstein sector was found

in Ref.[11],

IBR =

Z

M8

d8x
p
�gL8, (4.1)

where the Lagrangian density of this gravity theory is a given combination of invariants

L8 = �
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I10 � 4 I11 �
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5
I12). (4.2)

Ii, i 2 {6, . . . , 12} , are a basis of the seven possible parity-even scalars that are quartic in

the undi↵erentiated Weyl tensor [18]
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There are also five independent non-trivial Weyl-invariant scalar densities that involve

derivatives of the Weyl tensor [16]. The first three
p
�g Ij , j 2 {1, 2, 3} , can be chosen as
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constructed from the basis of 12 locally Weyl-invariant, parity-invariant scalar 
densities found in [N.B. and J. Erdmenger, 2004], seven of which are “trivial”
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five of which involve the covariant derivatives of the Weyl tensor, among 
which three are not expressible as total derivative: 

the other two being total total derivatives

4 8D Conformal Gravity with an Einstein Sector

The most general conformal gravity action in 8D that admits an Einstein sector was found
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Ii, i 2 {6, . . . , 12} , are a basis of the seven possible parity-even scalars that are quartic in
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Since they are total divergences, they do not change the equations of motion. The

freedom one has in adding an arbitrary combination of these two invariants to the action

(4.1) is a novelty of the eight-dimensional case, absent in the lower-dimensional cases.

As verified in [11], this action (4.1) is equivalent (it gives the same equations of mo-

tion) to the eight-dimensional Q-curvature, first computed in [21]. The variation of the

Q-curvature gives the obstruction tensor [22], which is a symmetric rank-two tensor, di-

vergenceless, traceless, of conformal dimension �6, that vanishes on conformally Einstein

manifolds. The explicit expression of the eight dimensional obstruction tensor was com-

puted in [23].

Now, we consider on the one hand the conformal action with Einstein sector in (4.2), up

to an overall constant ↵, supplemented by an arbitrary combination of the two independent

divergences of (4.13) and (4.15) with parameters � and �:

L
0
8(↵,�, �) := ↵L8 + �rµ J

µ
(1)

+ �rµ J
µ
(2)

. (4.16)

On the other hand, we consider in 8D Einstein AdS manifolds the topologically (partially)

renormalised Einstein-Hilbert Lagrangian, as in (2.1), supplemented by the three possible

boundary terms (3.16) with arbitrary free coe�cients c1, c2, c3:

Lren(c1, c2, c3) :=
1

80
( 1

`4 �(2)�
1

36 `2 �(3)+
1

576
�(4)+c1⇤2�(2)+c2⇤�(3)+

c3
`2 ⇤�(2)) . (4.17)

We want to verify whether there is a choice of the six free parameters ↵,�, �, c1, c2, c3
such that the two (4.16) and (4.17) are equal when evaluated on Einstein AdS manifolds

L
0
8(↵,�, �)

��
E
= Lren(c1, c2, c3)|E . (4.18)

We find that there is a unique choice of the parameter ensuring the equality

↵ = �
2

63
, � = 2

45
, � = �

14

135
, c1 =

1

72
, c2 = �

1

216
, c3 =

1

4
. (4.19)

Remarkably, the values c1, c2, c3 are precisely those found in (3.23), that ensure that the

whole expression (4.17) is finite.

5 Conclusion

To be concluded

We conjecture that, conformal invariance and the admissibility of an Einstein-AdS

sector reproduces the HR Einstein-Hilbert action, in every even-dimensional manifold.

In principle, the on-shell, regularised EH action can be computed following [14] by

the method of holographic regularisation, a method that works in both odd and even

dimensional bulk. It would be interesting to see what is the on-shell regularised Einstein-

Hilbert action in an odd-dimensional manifold.
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On the one hand, consider the most general conformal gravity action that 
admits an Einstein sector:
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Q-curvature gives the obstruction tensor [22], which is a symmetric rank-two tensor, di-

vergenceless, traceless, of conformal dimension �6, that vanishes on conformally Einstein

manifolds. The explicit expression of the eight dimensional obstruction tensor was com-

puted in [23].

Now, we consider on the one hand the conformal action with Einstein sector in (4.2), up

to an overall constant ↵, supplemented by an arbitrary combination of the two independent

divergences of (4.13) and (4.15) with parameters � and �:
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+ �rµ J
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. (4.16)

On the other hand, we consider in 8D Einstein AdS manifolds the topologically (partially)

renormalised Einstein-Hilbert Lagrangian, as in (2.1), supplemented by the three possible

boundary terms (3.16) with arbitrary free coe�cients c1, c2, c3:
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We want to verify whether there is a choice of the six free parameters ↵,�, �, c1, c2, c3
such that the two (4.16) and (4.17) are equal when evaluated on Einstein AdS manifolds

L
0
8(↵,�, �)

��
E
= Lren(c1, c2, c3)|E . (4.18)

We find that there is a unique choice of the parameter ensuring the equality
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4
. (4.19)

Remarkably, the values c1, c2, c3 are precisely those found in (3.23), that ensure that the

whole expression (4.17) is finite.

5 Conclusion

To be concluded

We conjecture that, conformal invariance and the admissibility of an Einstein-AdS

sector reproduces the HR Einstein-Hilbert action, in every even-dimensional manifold.

In principle, the on-shell, regularised EH action can be computed following [14] by

the method of holographic regularisation, a method that works in both odd and even

dimensional bulk. It would be interesting to see what is the on-shell regularised Einstein-

Hilbert action in an odd-dimensional manifold.
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such that the two (4.16) and (4.17) are equal when evaluated on Einstein AdS manifolds
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Remarkably, the values c1, c2, c3 are precisely those found in (3.23), that ensure that the

whole expression (4.17) is finite.

5 Conclusion

To be concluded

We conjecture that, conformal invariance and the admissibility of an Einstein-AdS

sector reproduces the HR Einstein-Hilbert action, in every even-dimensional manifold.

In principle, the on-shell, regularised EH action can be computed following [14] by

the method of holographic regularisation, a method that works in both odd and even

dimensional bulk. It would be interesting to see what is the on-shell regularised Einstein-

Hilbert action in an odd-dimensional manifold.
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Since they are total divergences, they do not change the equations of motion. The

freedom one has in adding an arbitrary combination of these two invariants to the action
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renormalised Einstein-Hilbert Lagrangian, as in (2.1), supplemented by the three possible

boundary terms (3.16) with arbitrary free coe�cients c1, c2, c3:

Lren(c1, c2, c3) :=
1

80
( 1

`4 �(2)�
1

36 `2 �(3)+
1

576
�(4)+c1⇤2�(2)+c2⇤�(3)+

c3
`2 ⇤�(2)) . (4.17)
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such that the two (4.16) and (4.17) are equal when evaluated on Einstein AdS manifolds
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Remarkably, the values c1, c2, c3 are precisely those found in (3.23), that ensure that the

whole expression (4.17) is finite.

5 Conclusion

To be concluded

We conjecture that, conformal invariance and the admissibility of an Einstein-AdS

sector reproduces the HR Einstein-Hilbert action, in every even-dimensional manifold.

In principle, the on-shell, regularised EH action can be computed following [14] by

the method of holographic regularisation, a method that works in both odd and even

dimensional bulk. It would be interesting to see what is the on-shell regularised Einstein-

Hilbert action in an odd-dimensional manifold.
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Since they are total divergences, they do not change the equations of motion. The

freedom one has in adding an arbitrary combination of these two invariants to the action
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vergenceless, traceless, of conformal dimension �6, that vanishes on conformally Einstein

manifolds. The explicit expression of the eight dimensional obstruction tensor was com-

puted in [23].
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to an overall constant ↵, supplemented by an arbitrary combination of the two independent
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On the other hand, we consider in 8D Einstein AdS manifolds the topologically (partially)

renormalised Einstein-Hilbert Lagrangian, as in (2.1), supplemented by the three possible

boundary terms (3.16) with arbitrary free coe�cients c1, c2, c3:
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We want to verify whether there is a choice of the six free parameters ↵,�, �, c1, c2, c3
such that the two (4.16) and (4.17) are equal when evaluated on Einstein AdS manifolds

L
0
8(↵,�, �)

��
E
= Lren(c1, c2, c3)|E . (4.18)

We find that there is a unique choice of the parameter ensuring the equality

↵ = �
2

63
, � = 2

45
, � = �

14

135
, c1 =

1

72
, c2 = �

1

216
, c3 =

1

4
. (4.19)

Remarkably, the values c1, c2, c3 are precisely those found in (3.23), that ensure that the

whole expression (4.17) is finite.

5 Conclusion

To be concluded

We conjecture that, conformal invariance and the admissibility of an Einstein-AdS

sector reproduces the HR Einstein-Hilbert action, in every even-dimensional manifold.

In principle, the on-shell, regularised EH action can be computed following [14] by

the method of holographic regularisation, a method that works in both odd and even

dimensional bulk. It would be interesting to see what is the on-shell regularised Einstein-

Hilbert action in an odd-dimensional manifold.
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Remarkably, the values c1, c2, c3 are precisely those found in (3.23), that ensure that the

whole expression (4.17) is finite.

5 Conclusion

To be concluded

We conjecture that, conformal invariance and the admissibility of an Einstein-AdS

sector reproduces the HR Einstein-Hilbert action, in every even-dimensional manifold.

In principle, the on-shell, regularised EH action can be computed following [14] by

the method of holographic regularisation, a method that works in both odd and even

dimensional bulk. It would be interesting to see what is the on-shell regularised Einstein-

Hilbert action in an odd-dimensional manifold.
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We look for the terms which could be added to the action (1.18) in order to cancel the

divergences shown above. In order to achieve this, we have certain requirements. Firstly,

the added terms should not change the dynamics of the theory, and therefore they can

be either topological terms or boundary terms. Because the topological Euler term has

already been added to the action, we restrict to boundary terms constructed from total

derivatives of bulk objects. Secondly, the boundary terms should vanish for AdS space,

as the free energy of the gravitational vacuum should be zero without modification. This

restricts the total derivative terms to be constructed from the bulk Weyl tensor, which is

zero in AdS, as well as all the covariant derivatives of the bulk Weyl tensor. Thirdly, we will

further assume that the total derivative terms can only be written in terms of derivatives

of the polynomials �(2) and �(3) .

By taking into account the principles detailed above, we consider the following three

types of total derivative terms which can be added to the action in order to cancel diver-

gences:

⇤2�(2), ⇤�(3),
1

`2
⇤�(2), (3.16)

whose detailed divergences in the asymptotic FG expansion are given by

⇤2 �(2)

��
E
=

576z4

`8
I2 +

z
6

`8

h
288Q2 + 288Sm

(0)mI2 � 72Dm
(0)

D(0)mI2

i
+O(z8) , (3.17)

⇤ �(3)

��
E
= �

6z6

`8
I3 +O(z8) , (3.18)

⇤ �(2)

��
E
= �

48z4

`6
I2 +

z
6

`6

h
4Dm

(0)
D(0)mI2 � 16Sm

(0)mI2 � 48Q2

i
+O(z8) , (3.19)

where we defined for convenience the auxiliary variables

I2 := W
ij
(0)mnW

mn
(0)ij , (3.20)

I3 := �
i1···i6
j1···j6W

j1j2
(0)i1i2

W
j3j4
(0)i3i4

W
j5j6
(0)i5i6

, (3.21)

Q2 := S
m
(0)nW

jl
(0)miW

ni
(0)jl + 2Cijm

(0)
C(0)ijm +W(0)ijmnD

n
(0)

C
mij
(0)

. (3.22)

Then, we realise that there is a unique combination of these three terms that cancels the

divergences (2.14). Once these terms are added in the combination required to regularise

the divergences, and total derivatives at the conformal boundary in the FG expansion (i.e.

the D
m
(0)

D(0)mI2 terms) are omitted, the renormalised action finally reads

Iren[gµ⌫ ]|E =
`

6

80
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d
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1
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+
1
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�

1

216
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E
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1

4`2
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�
. (3.23)
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Conclusion: conformal regularisation of EH
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Topological Regularisation (the Kounterterm method) matches Holographic 
Renormalisation, only after proper boundary terms are introduced that render the 
action finite and are vanishing on a conformally flat boundary 

The final Einstein-Hilbert action with negative cosmological constant, regularised 
and renormalised, is a global conformal invariant that contains Branson’s Q-
curvature, itself entering Volume renormalisation of even-dimensional manifolds  

J
H
E
P
0
2
(
2
0
2
6
)
1
0
1

We compute the variation of S8[gµν ] with respect to the metric and impose that it should
vanish for an Einstein metric, to find that the most general action compatible with an Einstein
sector is the following unique one, up to an overall factor:

S̃8 = −1
4

∫

M8
d8x (I1−23

25 I2−
21
25 I3−39 I6+2

5 I7−
7
2 I8+124

5 I9+ 9
20 I10−4 I11−568

5 I12) . (5.16)

To reach this result, we used an algebraic method very similar to the one described in [24].
The challenge is to properly take into account the algebraic and differential Bianchi identities
on the W -tensors. After variation, we imposed the Einstein manifold condition, which requires
the Schouten tensor appearing in the expression of the W -tensors to be proportional to the
metric. We then selected a basis of independent structures, so that the whole variation written
in the basis identically vanishes if and only if all the coefficients (which are linear combination
of the wi constants) vanish. The computations, although relatively straightforward, are
very tedious and could not have been done without the use of Mathematica and the suite
of packages xAct [54], including xTras [55].

Relation with the Q-curvature. The eight-dimensional Q-curvature was computed in [47].
We verified that there exists a suitable boundary term Vα such that

Q8 = ∂α Vα − 1
128 E8(R) (5.17)

− 5
3 (I1 − 23

25 I2 − 21
25 I3 − 39 I6 + 2

5 I7 − 7
2 I8 + 124

5 I9 + 9
20 I10 − 4 I11 − 568

5 I12) ,

where E8(R) is the Euler density

E8(R) =
√
|g| εµνρσκλξφ εαβγδεζθι Rµν

αβ Rρσ
γδ R

κλ
εζ R

ξφ
θι , (5.18)

and the last term is proportional to the integrand of the eight-dimensional conformal action
with Einstein sector, see (5.16). Then, integrating on the closed manifold M8 with Euler
characteristic χ(M8) , we find

S̃8[gµν ] = 576π4
5 χ(M8) + 3

20

∫

M8
d8x Q8 , (5.19)

and the variational derivative O(8)
µν = 1√

|g|
δQ8
δgµν is a symmetric rank-two tensor, divergenceless,

traceless, of conformal dimension −6, that vanishes on Einstein manifolds.

6 Discussion

The Q-curvature can be defined and explicitly constructed via the ambient method of [33, 56,
57]; see also [38] for a review, as well as the book [39]. That the functional derivative (with
respect to the inverse metric) of the integrated Q-curvature on an even-dimensional closed
manifold is proportional to the obstruction tensor was already proven in [33], see Theorem
1.1 therein. Moreover, in the Theorem 2.1 of the latter work, the obstruction tensor was
shown to obey four defining properties. To paraphrase their Theorem 2.1, if (Mn, [g]) is a
conformal manifold of even dimension n = 2m ≥ 4, then there exists a natural symmetric
2-tensor Oµν , called the ambient obstruction tensor, with the following properties:
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where

In principle, the on-shell, renormalised EH action can be computed by HR, a 
method that works in both even and odd dimensions. A natural question: Is there a 
bulk-covariant expression of the regularised action, since there are no conformal 
invariants in odd dimensions? In odd dimension, the renormalised volume is given 
by boundary data (induced metric at the boundary, extrinsic curvature, etc.)  
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Comparison with Holographic Renormalisation

Nicolas Boulanger - UMONS

On the other hand, the general form of the holographically-renormalised 
action is [de Haro, Solodukhin, Skenderis]

24

We want to express the mismatch in covariant form. For that, first 
express the Euler density part of the topologically regularised action as

The quadratic term can be further simplified noting that
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⌘
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. (2.11)

For the cubic terms we get
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Also, note that the FG expansion of the integration measure contributes to the divergences.

Indeed, one contribution to the divergent parts of
p
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The extrinsic curvature

25

Therefore, to make contact between the two types of actions, one adds 
and subtracts the Gibbons-Hawking terms to the topo. regul. action to 
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The two schemes are known to agree only for asymptotically conformally flat manifolds,

but in the most generic case a mismatch arises. We hereby present explicitly the covariant
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The subindex (0) indicates that the corresponding tensors are functions of the conformal
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The subscript and calligraphic symbols indicates when a quantity is 
computed with a conformal representative of the boundary metric 
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in arbitrary boundary dimension d. In a similar, the standard counterterms expansion has
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Notice that the two schemes agree for the first two terms in the series, however a mismatch

arises from quadratic order terms in the curvature and beyond. Indeed, we get that
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From the expression above, it can be seen that by taking the combination...

*************************************** **************************************

It is pretty obvious that the mismatch vanishes for conformally flat boundaries. This point

justifies the fact that one reproduces black hole thermodynamics for static black holes with

a single topological term in the bulk. However, the renormalization of the action is at odds

if one considers AAdS solutions with nontrivial conformal properties at the boundary, as

it is the case of gravitational instantons (e.g., Taub-NUT-AdS).
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The asymptotic expansion of the discrepancies: 

The mismatch between the two schemes vanishes for conformally flat 
conformal boundaries, like Schwarzschild-AdS black hole, where the 
topologically regularised action gives correct results. However, the 
topologically regularised action is not enough for conformal boundaries 
such as gravitational instantons and Taub-NUT-AdS, that are not 
conformally-flat.
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Abstract: We describe an elementary algorithm for expressing, as explicit formulae
in tractor calculus, the conformally invariant GJMS operators due to C.R. Graham et
alia. These differential operators have leading part a power of the Laplacian. Conformal
tractor calculus is the natural induced bundle calculus associated to the conformal Car-
tan connection. Applications discussed include standard formulae for these operators in
terms of the Levi-Civita connection and its curvature and a direct definition and formula
for T. Branson’s so-called Q-curvature (which integrates to a global conformal invari-
ant) as well as generalisations of the operators and the Q-curvature. Among examples,
the operators of order 4, 6 and 8 and the related Q-curvatures are treated explicitly.
The algorithm exploits the ambient metric construction of Fefferman and Graham and
includes a procedure for converting the ambient curvature and its covariant derivatives
into tractor calculus expressions. This is partly based on [12], where the relationship of
the normal standard tractor bundle to the ambient construction is described.

1. Introduction

Conformally invariant differential operators have long been known to play an important
role in physics and the geometry of many structures related to and including Rieman-
nian and conformal geometries. For example, the classical field equations describing
massless particles, including the Maxwell and Dirac (neutrino) equations, depend only
on conformal structure [2, 18]. More recently string theory and quantum gravity have
motivated several developments in mathematics where conformally invariant operators
play a key role. Many of these could be said to fall under the umbrella of geometric
spectral theory where, broadly, one attempts to relate global geometry to the spectrum
of some natural operators on the manifold. For example, on compact manifolds there
are programmes to find extremal metrics for functional determinants of natural opera-
tors. Conformally invariant operators yield determinants with a workable formula (a so
called Polyakov formula) for the conformal variation of the determinant thus leading
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Abstract: We describe an elementary algorithm for expressing, as explicit formulae
in tractor calculus, the conformally invariant GJMS operators due to C.R. Graham et
alia. These differential operators have leading part a power of the Laplacian. Conformal
tractor calculus is the natural induced bundle calculus associated to the conformal Car-
tan connection. Applications discussed include standard formulae for these operators in
terms of the Levi-Civita connection and its curvature and a direct definition and formula
for T. Branson’s so-called Q-curvature (which integrates to a global conformal invari-
ant) as well as generalisations of the operators and the Q-curvature. Among examples,
the operators of order 4, 6 and 8 and the related Q-curvatures are treated explicitly.
The algorithm exploits the ambient metric construction of Fefferman and Graham and
includes a procedure for converting the ambient curvature and its covariant derivatives
into tractor calculus expressions. This is partly based on [12], where the relationship of
the normal standard tractor bundle to the ambient construction is described.

1. Introduction

Conformally invariant differential operators have long been known to play an important
role in physics and the geometry of many structures related to and including Rieman-
nian and conformal geometries. For example, the classical field equations describing
massless particles, including the Maxwell and Dirac (neutrino) equations, depend only
on conformal structure [2, 18]. More recently string theory and quantum gravity have
motivated several developments in mathematics where conformally invariant operators
play a key role. Many of these could be said to fall under the umbrella of geometric
spectral theory where, broadly, one attempts to relate global geometry to the spectrum
of some natural operators on the manifold. For example, on compact manifolds there
are programmes to find extremal metrics for functional determinants of natural opera-
tors. Conformally invariant operators yield determinants with a workable formula (a so
called Polyakov formula) for the conformal variation of the determinant thus leading
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The Euler-Lagrange variation of the 8D Q-curvature gives the obstruction tensor

J
H
E
P
0
2
(
2
0
2
6
)
1
0
1

S2m[g] =
∫
d2mxQ2m furnishes a divergenceless, traceless, rank-two symmetric, conformally

covariant tensor of weight 2 − 2m . In two dimensions it is obviously proportional to the
Einstein tensor Gµν = Rµν − 1

2gµνR . In four dimensions, it gives the Bach tensor Bµν , the
left-hand side of the equations of motion of four-dimensional conformal gravity:

δ
∫

d4xQ4 = δ
(

−1
4

∫
d4x

√
|g|Wµνρσ Wµνρσ

)

= −
∫

d4x
√
|g| (∇α Cµνα +Wµανβ Kαβ) δgµν

= −
∫

d4x
√
|g|Bµν δgµν . (4.21)

In the general case, as proved in [33], one gets a higher-dimensional generalisation of the Bach
tensor, called the Fefferman-Graham obstruction tensor O(2m)

µν , introduced in the context of
the ambient metric construction of [20] — see also [38] for a concise review of the Q-curvature
and its definition in terms of the ambient metric in dimension 2m+ 2. Explicitly,

δ
∫

d2mx Q2m = −
∫

d2mx
√
|g|O(2m)

µν δgµν , (4.22)

where O(2)
µν = −1

2 Gµν , and O(4)
µν = Bµν .

The Fefferman-Graham obstruction tensor O(2m)
µν is not only divergenceless, traceless

and symmetric, but it also enjoys the property that it identically vanishes for metrics that
are conformally Einstein, see e.g. [33], also Chapt. 7 of [46], and references therein. Thus,
the local conformal invariant I in the general decomposition (4.19) of the Q-curvature is a
combination of the possible 2m-dimensional local (pointwise) conformal invariants, such that
the variational principle based on Q2m always admits an Einstein sector upon extremization.
Since the number of local conformal invariants quickly growths with the dimension, in
general there might be several linear combinations of the local conformal invariants that lead
to symmetric, divergenceless and traceless tensors vanishing on Einstein metrics, and the
integrated Q-curvature could be only one among many global conformal invariants that give
rise to such symmetric tensors, upon variational derivative with respect to the (inverse) metric.
Equivalently, in an arbitrary space of even dimension D = 2m, there could be several tensors
that share the properties of the Fefferman-Graham obstruction tensor. We will return to this
discussion in section 6 and proceed now with a detailed review of the six-dimensional case.

The six-dimensional Q-curvature can be computed following the above construction. The
result is [47] (see also [37]):

Q6 =
√
|g|

(
8∇µKνρ ∇µKνρ + 16Kµν △ Kµν − 32Kµν K

µ
ρ K

νρ

− 16Kµν Kµν Kρ
ρ + 8Kµ

µKν
ν Kρ

ρ − 8Kµ
µ △ Kν

ν

+ △2Kµ
µ + 16Wµρνσ Kµν Kρσ

)
. (4.23)

The explicit expression for its variation, given by the six-dimensional Fefferman-Graham
obstruction tensor, is explicitly computed in [33]:

O(6)
µν = −1

2 ( △ Bµν − 2Wρµνσ Bρσ − 4Bµν Kρ
ρ + 8∇σ Cµνρ K

ρσ

+ 8∇σ Cνµρ K
ρσ − 4Cρ

µ
σ Cσνρ + 2Cµ

ρσ Cνρσ + 4∇σ Kρ
ρ Wµν

σ

+ 4∇σ Kρ
ρ Wνµ

σ − 4Wρµνσ Kτ
ρ Kστ ) , (4.24)
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1. Naturality: Oµν is natural, i.e., it can be expressed as a universal polynomial in the
metric, its inverse, the curvature, and covariant derivatives of the curvature.

2. Linearisation: Oµν is a symmetric, conformally covariant tensor whose expression starts
with

Oµν = 1
3 − n

△m−2
(
∇α∇βWµανβ

)
+ lower order terms, (6.1)

where △ = gαβ∇α∇β (or the D’Alembertian, in Lorentzian signature), and “lower
order terms” involve terms with fewer derivatives of the curvature. The tensor Oµν has
conformal weight 2 − n, meaning that for ĝ = e2ωg , Ôµν = e(2−n)ω Oµν .

3. Trace and divergence: traceless and divergence-free: gµνOµν = 0 = ∇µOµν .

4. Vanishing on conformally Einstein metrics: if g is conformal to an Einstein metric, then

Oµν = 0 . (6.2)

As far as we understand, it is unknown whether these four properties uniquely specify the
obstruction tensor; it seems likely that they do.

For possible axiomatic uniqueness results concerning the obstruction tensor, another line
of investigation relies on group representation theory and the Bernstein-Gelfand-Gelfand
(BGG) machinery as developed for curved geometries in [58] with detour complexes, and
in particular its application [59, 60] to the (curved) conformal case, where the obstruction
tensor appears as a canonical object whose vanishing allows sequences of differential operators
to be conformally invariant and to form a complex. Still, in this curved case set up, we
are not aware of the way to translate in group-theoretical terms the condition that the
obstruction tensor should vanish on Einstein manifolds, neither are we aware of proofs of
uniqueness for the obstruction tensor.

From the perspective of the present work and in the particular dimensions six and
eight, the uniqueness of the action, and hence, of the obstruction tensor, appears from the
requirement that the latter should vanish on an Einstein metric. For that result, it appeared
crucial that the first pointwise invariant, I1 , should appear in the Lagrangian density for
conformal gravity, and it is the property (6.1) that encodes the fact that the invariant I1
should appear in the Lagrangian density. It is tempting to conjecture that, in arbitrary even
dimension, the obstruction tensor is uniquely specified by the four conditions given in [33],
and therefore that the conformal gravity action that possesses an Einstein sector is unique
up to boundary terms, given by the integrated Q-curvature in dimension 2m.

In this work, we have reviewed and re-derived the conformal actions in dimensions 4
and 6 that admit an Einstein sector, and we have compared them with the Q-curvature in
the corresponding dimensions. We have then explicitly built the conformal gravity action
in eight dimensions that admits an Einstein sector, and have shown that it is unique, up to
boundary terms and overall normalisation. We have compared it with the integral of the
Q-curvature in eight dimensions and found that they are proportional, up to an additive
constant related to the Euler characteristic of the manifold, and up to boundary terms.
In arbitrary even dimension, we conjecture that the conformal gravity theory that admits

– 13 –


