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Goals of the talk

- Explain the emergence of conformal (or Weyl) symmetry at the level of
the renormalised, on-shell Einstein-Hilbert action with a negative

cosmological constant on even dimensional spaces. This quantity is
central in AdS/CFT.

- Explain the relation between the program called Topological
Regularisation developed by Rodrigo Olea and his collaborators [O.
Miskovic, G. Anastasiou, I. Araya, |. Papadimitriou, ...], and the
Holographic Renormalisation scheme developed earlier by

'Henningson and Skenderis] and [de Haro, Solodukhin and Skenderis],
based on the Fefferman-Graham machinery.
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Conformal Gravity and Einstein Gravity in 4D

- Weyl gravity:
(87 vo o4 14R% V3V,
Icclgw] = —« /M Ao/ =g W Wy 9" g"7 = 31 /M A 2= Wi Wy 610 . S8
4 : 4
Weyl tensor WP, = R, — (S*u 60 — 8P 60 — 5%, 65 + 5P, 69)
(87 1 (8 1 8
* Renormalisable [K. Stelle, 1977]
e ... but non-unitary
- - . 1 dlcg B
~ Field equations: T g =0 & B, =0

Bach tensor (—4)Bu, = 4 VOV Was + 2 RS Woys
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Conformal Gravity and Einstein Gravity

- Einstein manifolds are only a subset of the Bach-flat solutions

- Maldacena (2011): solution space of 4D conformal gravity with
Newmann boundary condition equivalent to solution space of
Einstein gravity with negative cosmological constant. The BC kill the
non-Einstein-AdS branch

- Parallel to this, the fact the 4D Einstein theory with CC, renormalised,
is on-shell equivalent to 4D Weyl gravity [O. Miskovic and R. Olea,

2009] for e

B 647G

8

- The boundary counter-terms that render the Einstein-Hilbert action
and its variation finite can be summed up in the addition of a single
topological invariant in the bulk, the Euler invariant in 4D.
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Topological regularisation of Einstein-AdS Gravity

[O. Miskovic and R. Olea, 2009]

- In 4D, adding the Euler term with appropriate coupling:

1 62 V1rvoaVU3V
J(E) — / d4m\/—_g [R—2A+ 5[ 1V2V3V4] RHM1t2 RHala

ren T 16wG S 16 [H1kapspy]” V1V2 T V3V4

IS equivalent to performing holographic renormalisation
[S. De Haro, S.N.Solodukhin, K. Skenderis, 2001], as far as boundary
terms are concerned

- The Gauss-Bonnet term can be written as a surface term that
depends on both intrinsic and extrinsic curvatures of the boundary:

2

1
0B = org | dav=g(R-20)+

1
A3/ — 5[3132]3 Rzzzg, _ KRR

167G .y [i1 ’L2’Lg] 2" 77273 37 J27 s

up to the addition of the Euler characteristic of the manifold, x(M)
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Topological regularisation of 4D Einstein-AdS Gravity

[O. Miskovic and R. Olea, 2009]

- The renormalised action features a remarkable property:

(B = %éjr = Md% R VL I ]
where 1
Q= R + 5 (030 — 636,)
- When evaluated on an Einstein-AdS manifold for which R, |k = —%gff)
one has the equality Q,,*" = W,

One recovers the action of 4D conformal graviby !

- The renormalised volume of a 4D manifold [Graham, Anderson, Albin et al.]

1
3272

3
/ d4$\@ WH P W wpe = x| Ma] — ) Volyen | May]
My 47

the value of the finite universal part in the asympt. expansion of Vol[M]
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Topological regularisation of 6D Einstein-AdS Gravity

[G. Anastasiou, |. Araya, and R. Olea, 2021]

Now there is a two-parameter family of Weyl-invariant models. Only
one choice of parameters give field equations that admit Einstein-
AdS space, yielding the Lu, Pang and Pope action

Il — Waﬁuywap)\ywp B,u)\

Iy = Wuuaﬁ WaBpAWpA w

6
I3 =W oo (555+4R5 - 5355) WYPoA LY, JH

take  c1ly 4+ cola+c313 with 1 = 4deg = —12¢3

the C@G action can be rewritten as

4' H1--- e vivz V3l4

1 1
ICG _ Oz/d6x /_g (_57/1"'V6 WM1M2W/JJ3/JJ4WI£JJB5V/26_|_§5Z11::I:%W$Ll11//;2 W#},?)ulfsly? _|_80MV>\CMV>\)
M
+a / d°xv/—hn, (SWMKA”CMV—W;?V“ ,Zf) :
oM

Note that, when D>4, Topological Regularisation does not
reproduce Holographic Renormalisation, B.T. missing
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8D Topological Regularisation



Topological regularisation of 8D Einstein-AdS Gravity

- The Einstein-Hilbert Lagrangian with negative C.C. and fine-tuned
Euler term added:

42 (0 0 /1 1 1
Rt T Ty~ w0 <£4 Po) " 55e Yo T 5 (I)<4>)
where V=9 i " Vo1V
Eon = AL 5511”.#22; R,ull,u22 S RM222—11M22Z |

Jrabak — (2k)I . gran

Ul V2k Vo

and (I)(k) = GH1 2k QM,MQVWQ oo Q) V2k—1V2k

SRR 2 M2k —1 12k

- This partially-regularised action ensures a vanishing Noether-Wald

charge for the AdS background. Ole] = 2 / Ef\bgv,\gadzw

Yoo
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Topological regularisation of 8D Einstein-AdS Gravity

- The gravity action for AAdS spaces contains divergent pieces when the
boundary is not conformal flat, (the boundary r = o0 of Schwarzschild-
AdS black hole is conformally flat, but there are solutions whose boundary
geometry is not conformally flat). Therefore, Topological Regularisation
seems at odds with thermodynamics of gravitational instantons in
dimensions greater than four.

- New counter-terms are needed, which should be expressed in terms
of the boundary Weyl tensor and its derivatives

- Evaluating the partial action on Einstein-AdS space gives

A . 1 1
HNgwllp =5y | Tov— (% 20)|p ~ 35 2@+ 576 P !E)
Ms
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Topological regularisation of 8D Einstein-AdS Gravity

- One introduces the Fefferman-Graham expansion of the metric

(> )
ds* = 2 (d2? + gij(z, 2)dx'dz?)
L2 A
where 9ij(w,2) = g(0yij + 9@ T r9ayii T

- Various components of the bulk Weyl tensor, asymptotically:

32 (0)
Wi = 2w 2 (2l 50 oSl owiln, s il el +0 (29
km 02V (0km — p2 |3 7(0) kY m] (0yn V¥ (0) km (0)[k VY (0)ym]n (0)~(0)km
3
Z
W]k — 626( 0)jk +O <Z5> , (2 9)

- The divergent part of the topologically-regularised action reads ...
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Topological regularisation of 8D Einstein-AdS Gravity

~ The divergent part of the topologically-renormalised action, near the
conformal boundary, reads

| 6 |
{‘ _ Kl 7 4 ¥ ms 1 17...1 Jij 73] J '
- lavlgoyl = 55 / d"x\/=9(0) [_32,3 WoymsWioys ~ 55 (531 V)i V0jisiaS0)is |
| OMsg i

O R Vi + 3260 Coum )| |

[._ e ———— e — e —— s — — e

- This exhibits the departure from Holographic Renormalisation

What counter-terms should be added?
How to cure this divergence?
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Comparison with Holographic

Renormalisation



- The mismatch between the two schemes vanishes for conformally flat
conformal boundaries, like Schwarzschild-AdS black hole, where the
topologically regularised action agrees with Holographic
Renormalisation. However, the topologically regularised action is not
adequate for conformal boundaries such as gravitational instantons
and Taub-NUT-AdS, that are not conformally-flat.

14



Comparing the two regularisation schemes

- At the level of the action, the discrepancy between the two schemes:

/ d7£IZ‘ (,CSL) + £$> — £(4> £(6)) _IdIV
OMsg

up to total derivatives at the conformal boundary. These are the divergences of
topological regularisation, since by construction HR gives a finite result:

i 1666 . i . . ;
"; Laiy [g(O)ij] — 30 d L4/ —9(0) [37;3 W(o)msW(O)w 92, (5,71 ]55)/\}(]5)75 %2W535753i4858)i5 |

ng OMs J

1ym ‘
O Vi M 326 o) |

—_—— e — e, - ——— == = —_— ————— — —— —

- Independent proof of the well-know fact that Holographic
Renormalisation does the job. Now we want to correct Topological
Regularisation by adding boundary terms, this time in the form of bulk-
covariant total derivatives, that cure the divergence and therefore
express Holographic Renormalisation in a bulk-covariant fashion,
which is new.
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Comparing the two regularisation schemes

- What terms to be added to the action in order to cancel the divergences 7

- Reqguirements: (i) the boundary terms should vanish for AdS, as the free
energy of the gravitational vacuum should remain zero. This restrict the

total derivative terms to be constructed out of the bulk Weyl tensor and its
bulk-covariant derivatives; (ii) we also assume that the total derivative

terms can be written in terms of the antisymmetrised quantities @, and D 3

(I)(Q) ’E =4 Wa575 Waﬂfyé (I)(3) ’E = 32 (2 Wa575 Wo&\nﬁ WAMSn -+ Wa[375 W’Y5>\77 WAnaﬁ)
- Our choice of three boundary terms: D2c1>(2)7 B3, — OO

- We find a unique triplet of constants that cancel the divergences of TG, so
that our expression for the renormalised Einstein—Hilbert action iIs

1 /4366

"' Iren v —
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8D Weyl gravity with an Einstein-AdS

sector



8D Conformal Gravity with Einstein sector

- The 8D Weyl-invariant gravity theory whose field equations admit an
Einstein-AdS spacetime is unigue up to the addition of two boundary

Conformal |nvar|ants N. Boulanger and D. Rovere, 8D conformal gravity with Einstein sector, and its relation to
the Q-curvature, JHEP 02 (2026) 101, [2511.01368].

IBR[g,LLI/]: /de _g£8

with Ms

£8:—i([l—%—212—%[3—39]6+%I7—%IS—F%IQ—F%IN—ZLIH—55ﬁ[12)

constructed from the basis of 12 locally Weyl-invariant, parity-invariant scalar
densities found in [N.B. and J. Erdmenger, 2004], seven of which are “trivial”

I = Wog" WOP1OW, PH Wiy s Tt = WoV 7 WP Wl st W, 0
Is = W WPV W PR W, 0, To = Wagy? WPV WsTPHIV,, 00
I1o = Wagys WPV W, 0 WYOPH | Ty = Wo" 0 WP WP K W

Ly = Wo, " WP Wl W oy
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8D Conformal Gravity with Einstein sector

- five of which involve the covariant derivatives of the Weyl tensor, among
which three are not expressible as total derivative:

Iy = Woypo pra’aaﬁﬁ T % Wﬁwa,ﬁwpwapvy

+2Wusywa WWW’QPP T 14725 Wmﬁuﬁa WP,

+ 1% Wapvpn' Waw/ﬁ’pp + % Worvup,8a Wrkebe

+ 19765 W7 B ~a WpWBpa + % W Woayu Wﬂmy’ap

+ % Wigya Wo W”Vpa’w —8Wa"g" Wavﬂp W2 e’

+ 5 Waryup W™ WV & — 5 Wal s Wi P W,

+ % Wa'g" Wﬁum/’a Woyor” — % Wapyu Wpl/aﬁ’p W7o,
Iy = W™ Wyaqy, WBPUV’UP + 5 Waryup Wp ™7 Whvke o

+ 5 Wagyu Waﬂpal/ WWPGV + % Wapyu vaaﬁ’p Wo "o,
I3 = W5 Wyany WP po"70 — 20 W g WPy WY P ), 57

— LW Wy P Wo 7 —20W g WH 5, WPV

the other two being total total derivatives =g V. J(;,(W), i = 1,2

€.0. Jé) = VVOQB’Y5 WPYEGP VpWIBeéa _ WQB’YCS WBEO'[) Vpry5€0'

_ 2 yebd € O\7P _ 2 yaBvd € O\7P
=W Wg" " VEiWeosp, — 5 W Ws"" VEiWsge, -
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Conformal gravity and the Q-curvature

- The last two being total derivatives, they were not considered in the
conformal gravity action that admits Einstein manifolds as externals.

- That two of the five nontrivial conformal invariants of [N.B., J. Erdmenger 2004]
are expressible as total derivative was noticed only in 2024

F.-Y. Chen and H. Lu, Holographic Weyl anomaly in 8D from general higher curvature
gravity, Phys. Rev. D 111 (2025) 086032, [2410.16097].

J. S. Case, A. Khaitan, Y.-J. Lin, A. J. Tyrrell and W. Yuan, Computing renormalized
curvature integrals on Poincaré-Einstein manifolds, 2404.11319.

- It was verified in [N.B., D. Rovere, 2025] that the 8D action of conformal gravity
that admits contformally-Einstein manifolds is proportional to the integrated
8D R-curvature  of Branson
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Relation with the renormalised EH action

- On the one hand, consider the most general conformal gravity action that
admits an Einstein sector:
Lo(a, B,7) :=aLls+ BV, Jﬁ) +vV, J(Mz)

On the other hand, consider the topologically regularised EH action with the
addition of a linear combination of the three boundary terms considered above:

Lren(c1,¢2,¢3) = 55 (71 P~ 552 L)+ Pyt 07 o)+ D)+ F O 0(y)

Question: Is there a choice of the six parameters «, 8,7, c1, c2, c3
such that the two Lagrangians are equal, when evaluated on-shell

Ls(, B,7)| 5 = Lren(c1, 2, ¢3)| g
Answer: there is a unique choice of parameters, that exactly reproduces ILen[gu ]l »

2 _ 2 _ 14 _ 1 _ 1 _ 1
a=—¢, Bb=4f, T7=—13 CGO=7% =35 0B=73
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Conclusion: conformal regularisation of EH

- Topological Regularisation (the Kounterterm method) matches Holographic
Renormalisation, only after proper boundary terms are introduced that render the
action finite and are vanishing on a conformally flat boundary

- The final Einstein-Hilbert action with negative cosmological constant, regularised
and renormalised, is a global conformal invariant that contains Branson’s Q-
curvature, itself entering Volume renormalisation of even-dimensional manifolds

~ 4
where Sslguw] = 2 y(Ms) + 2 . d8z O
8

- In principle, the on-shell, renormalised EH action can be computed by HR, a
method that works in both even and odd dimensions. A natural question: Is there a
bulk-covariant expression of the regularised action, since there are no conformal
invariants in odd dimensions? In odd dimension, the renormalised volume is given
by boundary data (induced metric at the boundary, extrinsic curvature, etc.)
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Extra material



Comparison with Holographic Renormalisation

- We want to express the mismatch in covariant form. For that, first
express the Euler density part of the topologically regularised action as

/ "2 Esy = (A1) nly [May] + / "t Boy_q
M2n 8M2n

where

1
Bon—1 = —2”5?1"'i2n1K‘71/ dt ERW (h) —tQKé’ngg] ST [172”"”2”1 (h) —t2K?2n1szn1]
0

J1---J2n—1" 11 1213 9 12n—112n—1 12n—1" 12n—1

- On the other hand, the general form of the holographically-renormalised
action IS [de Haro, Solodukhin, Skenderis]

1
Sren = li
50 167Gy

[ / A1/ ~g (R — 2A) + / dlz V—h2K + / A" Lo |
M2n7p>€

OMoay,, p=¢ OMoap
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Comparison with Holographic Renormalisation

- Therefore, to make contact between the two types of actions, one adds
and subtracts the Gibbons-Hawking terms to the topo. regul. action to

get

1 1
I[gW]|E:167TGN /dd+1w\/——g(R—2A)—|—87TGN / ddw\/—hlﬂ—/ dz L (h, K,R)
MQn 8~/\/lQn 8M2n

where d+71=2n and

1
Lx (h,K,R) = aopBop_1 — / " e/ —hK
oM

87TGN
: . 1 (_1)n 2n—2
or, With — azn, = 167G n (2n — 2)! :

v —h (_1)n_1 22 5’i1---i2n—1 Kj1 ! dt 1Rj2j3 t2Kj2Kj3
e (2n - 2)! J1---Jon—1" 41 0 9 "Vigiz ig Wig | X

1 Jon—292n 2Kj2n—2 szn (_1)n 5]’2 5jd
o X | =R —t . / + ——0 ”.id}

2 19n—112n 129n—2 " 12n 2n—2 712

Lk
The extrinsi wre Ki—lsiiis L2 (L gL giook O (5
© e exirinsiC curvature j = z ] + 7 (0)7 -+ 2—£ m (0)4 -+ (0)k(0)5 —+ (Z )
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Comparison with Holographic Renormalisation

- The subscript and calligraphic symbols indicates when a quantity is
computed with a conformal representative of the boundary metric 9(o0);

- Up to cubic order terms in the boundary curvature, one has

L =LY+ +LY+c+0(RY,

where
L(O)__\/jhd_l £(2)——€\/jhd_18
K 8rG 0 K 87G d—2
3
Ly = gz(dg— 4) [5.31333311533 T3 (dl— 2)W$ Witn |
(0 = g S SIS + o W St
o WEWRISE + (o e W W W
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Comparing the two regularisation schemes

- Similarly, the boundary counter-terms in holographic renormalisation
have been computed by several authors [de Haro, Solodukhin, Skendredis],
and [Anastasiou, Miskovic, Olea, and Papadimitriou, Counterterms, Kounterterms,

and the variational problem in AdS gravity, (2020)]

- d-1 ((d—1)v/—h Ve .
65 —h iRJ d—4 ikm oJ ol on 4
T (SjBZ-—I— : 5ﬂnsz.sksm)+o(7z)

- The two regularisation schemes agree for the first two terms. However,
starting from the quadratic terms in the boundary intrinsic curvature:

v —h /3

(4) _ p(4) abypii
PSR TG s d—a) e

(6) _ p(6) , V—h % iR d =4 o 1igigia iz olz i
LK — Lct + 871G 2 (d _ 2) (d _ 4) (d _ 6) (QSJB’L' 4 5j1j2j3j4W’i1i2 S’iz S’i3

16 J1J2J374J5 1122 " T13%4 15 1992 J1J2J3J45576 1112 " "13t4 " V156

L giviaisiais i yyisia gis _ L sivinisisisie W?lj2wi3j4wi5j6>
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Comparing the two regularisation schemes

- The asymptotic expansion of the discrepancies:

\/jh5’51122314’t516 W]l]Qw]&Mw]&S]G — ¢ _g(O) Wj1j2 Wj3j4 Wj5j6

J1j2J3J4jsje ” "t1i2 © "i3ta " "isle P (0)i1i2 " "(0)iziqga " " (0)isie

\/_—h(g’{u{zi;iflig, lejzwj3j48j5 _ . —9(0) Siiziziais lejé Wj3j4 Sj5

J1J2J3J475 " “t1t2 " V1314 Tis > J1J233734735 " " (0)i1ia~ " (0)iziqg  (0)i5 ’

S (. /—g . . .
/B S11121314 YAJ1J2 QJ2 QI3 (0) civigizia y4rd172 J2 J3
h5j1j2j3j4 Wz'liz Siz Sig _ > 53'1,7'2]'3]'4 W(O)ilig (0)i2 = (0)is

e O
Vohsig = Y 0gi g

> 37(0)i

S /—q g . .
abyasii (0) ab i 2 i a 7b
V=W W = W Wit 2 (4510 SVl

L sivinigisis i it g +2W(0)abimV?S)CfS§’>]

Q “J132J3Jags " " (0)iriz " "(0)izia (0)is

- The mismatch between the two schemes vanishes for conformally flat
conformal boundaries, like Schwarzschild-AdS black hole, where the
topologically regularised action gives correct results. However, the
topologically regularised action is not enough for conformal boundaries
such as gravitational instantons and Taub-NUT-AdS, that are not

conformally-flat.
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Conformal gravity and the Q-curvature

R. Gover and J. Petersen ;;-C(:)nforn»ialily Invériant PO.W Ea
Commun. Math. Phys. 235, 339-378 (2003) | bt —

Abstract: We describe an elementary algorithm for expressing, as explicit formulae
in tractor calculus, the conformally invariant GIMS operators due to C.R. Graham et
alia. These differential operators have leading part a power of the Laplacian. Conformal
tractor calculus 1s the natural induced bundle calculus associated to the conformal Car-
tan connection. Applications discussed include standard formulae for these operators in
terms of the Levi-Civita connection and its curvature and a direct definition and formula
for T. Branson’s so-called Q-curvature (which integrates to a global conformal invari-
ant) as well as generalisations of the operators and the Q-curvature. Among examples,
the operators of order 4, 6 and 8 and the related Q-curvatures are treated explicitly.
The algorithm exploits the ambient metric construction of Fefferman and Graham and
includes a procedure for converting the ambient curvature and its covariant derivatives
into tractor calculus expressions. This is partly based on [12], where the relationship of
the normal standard tractor bundle to the ambient construction 1s described.
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Conformal gravity and the Q-curvature
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Commun. Math. Phys. 235, 339-378 (2003)

- R. Gover and J. Petersen
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Conformal gravity and the Q-curvature

- The Euler-Lagrange variation of the 8D Q-curvature gives the obstruction temsor

[ 2 Qo = [ @z \/lgl O g

1. Naturality: O, is natural, i.e., it can be expressed as a universal polynomial in the
metric, its inverse, the curvature, and covariant derivatives of the curvature.

2. Linearisation: O, is a symmetric, conformally covariant tensor whose expression starts

with
1
O = Ty AN (VO‘VBWW,,5> + lower order terms, (6.1)

where A = g*°V,Vj (or the D’Alembertian, in Lorentzian signature), and “lower
order terms” involve terms with fewer derivatives of the curvature. The tensor O,, has

AN

conformal weight 2 — n, meaning that for § = ¢*’g, O, = (2w O -
3. Trace and divergence: traceless and divergence-free: ¢g"’0,, = 0= V*O,,.

4. Vanishing on conformally Einstein metrics: if g is conformal to an Einstein metric, then

O =0. (6.2)
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