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Overview

Review of pure spinor formalism

Application to 3-point functions

Adaption to purely closed string disk amplitudes



Why disk amplitudes? 
First quantum correction to sphere level

Higher derivative corrections to DBI action? 
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E.g. could lead to correction 
to 4D EH-term

[Antoniadis, Ferrara, 
Minasian, Narain (1997)]

[Green, Rudra (2016)]

Heterotic / Type I duality seems to predict such a term

Origin: Disk and/or projective plane

Direct check requires 5-point graviton amplitude!

Here only 3-pt function as first step



Pure spinor formalism
[Berkovits (2000)]

Manifestly super-Poincare covariant

Equivalence to RNS formalism proven in some cases
and shown in many examples (mainly amplitudes 
of massless states; for examples with massive states cf.                
                                                                            )

Loop amplitudes calculable via non-minimal formulation

[Chakrabarti, Kashyap, Verma (2018)]



Can lead to simplified calculations of amplitudes

Complete quartic effective action of type II 
at tree level [Policastro, Tsimpis (2006)]

Arbitrary   -point amplitude of massless open 
strings on the disk [Mafra, Schlotterer, Stieberger (2011)]

Closed string 4-point 3-loop amplitude in type II
at low energy [Gomez, Mafra (2013)]
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This will be relevant later
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Supersymmetric fields (relevant for vertex operators):
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Nilpotent BRST operator:
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Massless vertex operators
Open string

Unintegrated

Integrated
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V (a,b)(z, z) = V (a)(z)⌦ V (b)(z) , a, b 2 {0, 1}

<latexit sha1_base64="KmIPkmX/KsTLgDuIpPX/DkghqiA="></latexit>

✏mn = ⇠m ⌦ ⇠n

<latexit sha1_base64="LMZUgD5AUdnnRURc9BllytMVxsY="></latexit>



Tree level correlators
After fixing conformal Killing group:

Aclosed
S2 (1, 2, . . . , n) =

*
V (0,0)
1 (z1, z1)

n�2Y

i=2

Z
d2ziV

(1,1)
i (zi, zi)V

(0,0)
n�1 (zn�1, zn�1)V

(0,0)
n (zn, zn)

+

<latexit sha1_base64="IMeNtOBzSEoM+AGJx//3t6WFylk="></latexit>

Aopen
D2

(1, 2, . . . , n) =

*
V (0)
1 (z1)

n�2Y

i=2

Z zn�1

zi�1

dziV
(1)
i (zi)V

(0)
n�1(zn�1)V

(0)
n (zn)

+

<latexit sha1_base64="HYQZ3c+PJbBYby1bEJnp6FHkWkI="></latexit>

take this
as example

Integrate out non-zero modes via Wick's theorem, using

hXm(z)Xn(w)i = �⌘mn ln(z � w)

<latexit sha1_base64="TszZlKHskjeo2durPrPP9sxZzOU="></latexit>

hp↵(z)✓�(w)i =
� �
↵

z � w

<latexit sha1_base64="5qYo8s1jqYibRaHVSkg8NuJoRdc="></latexit>

hw↵(z)�
�(w)i = � � �

↵

z � w

<latexit sha1_base64="81cJm5VnaGjdFl5La/qn/DluxZc="></latexit>

,

<latexit sha1_base64="+7iRWxQrzAUrRAfpo0u2uFmKMv8=">AAAB6HicdVBNS0JBFL2vT7Mvq2WbIQlahMyIpe6kNi0V8gP0IfPGeTo574OZeYGIv6BNiyLa9pPa9W+apwYVdeDC4Zx7ufceL5ZCG4w/nJXVtfWNzcxWdntnd28/d3DY0lGiGG+ySEaq41HNpQh50wgjeSdWnAae5G1vfJ367XuutIjCWzOJuRvQYSh8waixUuO8n8vjAsaYEIJSQsqX2JJqtVIkFURSyyIPS9T7uffeIGJJwEPDJNW6S3Bs3ClVRjDJZ9leonlM2ZgOedfSkAZcu9P5oTN0apUB8iNlKzRorn6fmNJA60ng2c6AmpH+7aXiX143MX7FnYowTgwP2WKRn0hkIpR+jQZCcWbkxBLKlLC3IjaiijJjs8naEL4+Rf+TVrFASoWLRilfu1rGkYFjOIEzIFCGGtxAHZrAgMMDPMGzc+c8Oi/O66J1xVnOHMEPOG+fwpeM7g==</latexit>



Tree level: only           fields                   have zero
modes

h = 0

<latexit sha1_base64="E2vhffT4SWv8PlWDCbw02bq26RM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ0IPHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33ri2ohYPeI44X5EB0qEglG00sPw2u2VK27VnYEsEy8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342O3VCTqzSJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVmy8KU0kwJtO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C2+vEyaZ1XvvHpxf16p3eZxFOEIjuEUPLiEGtxBHRrAYADP8ApvjnRenHfnY95acPKZQ/gD5/MHwUWNdw==</latexit>

Xm, ✓↵,�↵

<latexit sha1_base64="k0TLIlqdiHIrhDPuVwcNaNVT3mU=">AAACC3icbVDLSgMxFM3UV62vUZduQovgQsqMVHRZ0IXLCvYB7bTcSdM2NPMguSOU0r0bf8WNC0Xc+gPu/BvTdgRtPRA495x7k9zjx1JodJwvK7Oyura+kd3MbW3v7O7Z+wc1HSWK8SqLZKQaPmguRcirKFDyRqw4BL7kdX94NfXr91xpEYV3OIq5F0A/FD3BAI3UsfONdnBKWzjgCO0WyHgAppTmgu5P3bELTtGZgS4TNyUFkqLSsT9b3YglAQ+RSdC66ToxemNQKJjkk1wr0TwGNoQ+bxoaQsC1N57tMqHHRunSXqTMCZHO1N8TYwi0HgW+6QwAB3rRm4r/ec0Ee5feWIRxgjxk84d6iaQY0WkwtCsUZyhHhgBTwvyVsgEoYGjiy5kQ3MWVl0ntrOiWiue3pUL5Oo0jS45InpwQl1yQMrkhFVIljDyQJ/JCXq1H69l6s97nrRkrnTkkf2B9fAMMaZpz</latexit>

=)

<latexit sha1_base64="iSQHzoCd97Bx5MguHtCaJDGFDMU=">AAAB+HicbVA9SwNBEN2LXzF+5NTSZjEIVuFOFC0DWlhYRDAfkBxhb7N3WbK3e+zOKTHkl9hYKGLrT7Hz37hJrtDEBwOP92aYmRemghvwvG+nsLK6tr5R3Cxtbe/slt29/aZRmaasQZVQuh0SwwSXrAEcBGunmpEkFKwVDq+mfuuBacOVvIdRyoKExJJHnBKwUs8td2+VjDWPB0C0Vo89t+JVvRnwMvFzUkE56j33q9tXNEuYBCqIMR3fSyEYEw2cCjYpdTPDUkKHJGYdSyVJmAnGs8Mn+NgqfRwpbUsCnqm/J8YkMWaUhLYzITAwi95U/M/rZBBdBmMu0wyYpPNFUSYwKDxNAfe5ZhTEyBJCNbe3YjogmlCwWZVsCP7iy8ukeVr1z6rnd2eV2nUeRxEdoiN0gnx0gWroBtVRA1GUoWf0it6cJ+fFeXc+5q0FJ585QH/gfP4AQ0qTgA==</latexit>

All           fields                              have to be 
integrated out via Wick's theorem

h = 1

<latexit sha1_base64="orCNlUX86CsBz/8OMYpz+ajOUg8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ0IPHivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53Cyura+kZxs7S1vbO7V94/aOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWehhee71yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjlZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+vEyaZ1XvvHpxf16p3eZxFOEIjuEUPLiEGtxBHRrAYADP8ApvjnBenHfnY95acPKZQ/gD5/MHwsmNeA==</latexit>

@✓↵,⇧m, d↵, N
mn

<latexit sha1_base64="i4XZu17QyNOA5hDGZG4FBvFXFLQ=">AAACGHicbVDLSgNBEJyNrxhfUY9eBoPgIcRdUfQo6MGTRDAqZJPQO5kkQ2Zml5leISz5DC/+ihcPinjNzb9xEiP4Kmgoqrrp7ooSKSz6/ruXm5mdm1/ILxaWlldW14rrG9c2Tg3jNRbL2NxGYLkUmtdQoOS3ieGgIslvov7p2L+548aKWF/hIOENBV0tOoIBOqlV3AsTMChA0hB7HKEZgkx6UKZhVTRVmbZbX8JFM1N62CqW/Io/Af1LgikpkSmqreIobMcsVVwjk2BtPfATbGTjpUzyYSFMLU+A9aHL645qUNw2ssljQ7rjlDbtxMaVRjpRv09koKwdqMh1KsCe/e2Nxf+8eoqd40YmdJIi1+xzUSeVFGM6Tom2heEM5cARYEa4WynrgQGGLsuCCyH4/fJfcr1fCQ4qh5cHpZOzaRx5skW2yS4JyBE5IeekSmqEkXvySJ7Ji/fgPXmv3ttna86bzmySH/BGH7D6n44=</latexit>

=)

<latexit sha1_base64="iSQHzoCd97Bx5MguHtCaJDGFDMU=">AAAB+HicbVA9SwNBEN2LXzF+5NTSZjEIVuFOFC0DWlhYRDAfkBxhb7N3WbK3e+zOKTHkl9hYKGLrT7Hz37hJrtDEBwOP92aYmRemghvwvG+nsLK6tr5R3Cxtbe/slt29/aZRmaasQZVQuh0SwwSXrAEcBGunmpEkFKwVDq+mfuuBacOVvIdRyoKExJJHnBKwUs8td2+VjDWPB0C0Vo89t+JVvRnwMvFzUkE56j33q9tXNEuYBCqIMR3fSyEYEw2cCjYpdTPDUkKHJGYdSyVJmAnGs8Mn+NgqfRwpbUsCnqm/J8YkMWaUhLYzITAwi95U/M/rZBBdBmMu0wyYpPNFUSYwKDxNAfe5ZhTEyBJCNbe3YjogmlCwWZVsCP7iy8ukeVr1z6rnd2eV2nUeRxEdoiN0gnx0gWroBtVRA1GUoWf0it6cJ+fFeXc+5q0FJ585QH/gfP4AQ0qTgA==</latexit>

After Wick contractions and integrating out 
zero modes, one ends up with: 

Xm

<latexit sha1_base64="OPiVNROa3X6tzeiTch5otYaPvb8=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoseCHjxWtB/QriWbZtvQJLskWaEs/QlePCji1V/kzX9j2u5BWx8MPN6bYWZemAhurOd9o8LK6tr6RnGztLW9s7tX3j9omjjVlDVoLGLdDolhgivWsNwK1k40IzIUrBWOrqd+64lpw2P1YMcJCyQZKB5xSqyT7tuPsleueFVvBrxM/JxUIEe9V/7q9mOaSqYsFcSYju8lNsiItpwKNil1U8MSQkdkwDqOKiKZCbLZqRN84pQ+jmLtSlk8U39PZEQaM5ah65TEDs2iNxX/8zqpja6CjKsktUzR+aIoFdjGePo37nPNqBVjRwjV3N2K6ZBoQq1Lp+RC8BdfXibNs6p/Xr24O6/UbvI4inAEx3AKPlxCDW6hDg2gMIBneIU3JNALekcf89YCymcO4Q/Q5w83jY3F</latexit>

*
V (0)
1 (z1)

n�2Y

i=2

V (1)
i (zi)V

(0)
n�1(zn�1)V

(0)
n (zn)

+
= �(⌃n

i=1ki)
⌦
�↵����f↵��(✓; zi)

↵
0

<latexit sha1_base64="bADKkzMy2X9ZnpILtrqPM/ClTf4="></latexit>

zero mode
integration
of Xm

<latexit sha1_base64="vaBXEy1hZGDORV6LLGAleF9OktE=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoicpePFY0X5Au5Zsmm1Dk+ySZIWy9Cd48aCIV3+RN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQorq2vrG8XN0tb2zu5eef+gaeJUU9agsYh1OySGCa5Yw3IrWDvRjMhQsFY4upn6rSemDY/Vgx0nLJBkoHjEKbFOum8/yl654lW9GfAy8XNSgRz1Xvmr249pKpmyVBBjOr6X2CAj2nIq2KTUTQ1LCB2RAes4qohkJshmp07wiVP6OIq1K2XxTP09kRFpzFiGrlMSOzSL3lT8z+ukNroKMq6S1DJF54uiVGAb4+nfuM81o1aMHSFUc3crpkOiCbUunZILwV98eZk0z6r+efXi7rxSu87jKMIRHMMp+HAJNbiFOjSAwgCe4RXekEAv6B19zFsLKJ85hD9Anz81v42/</latexit>

zero mode
integration
of ✓↵,�↵

<latexit sha1_base64="v4aRjxAb/k6OHPL1rMUDZoU9BHw=">AAACBnicbVDLSgMxFM34rPU16lKEYBFcSJmRiq6k4MZlBfuAzljupGkbmnmQ3BFK6cqNv+LGhSJu/QZ3/o1pO4K2HgicnHMPyT1BIoVGx/myFhaXlldWc2v59Y3NrW17Z7em41QxXmWxjFUjAM2liHgVBUreSBSHMJC8HvSvxn79nist4ugWBwn3Q+hGoiMYoJFa9oGHPY5w54FMenBCPWmy7Z97yy44RWcCOk/cjBRIhkrL/vTaMUtDHiGToHXTdRL0h6BQMMlHeS/VPAHWhy5vGhpByLU/nKwxokdGadNOrMyJkE7U34khhFoPwsBMhoA9PeuNxf+8ZoqdC38ooiRFHrHpQ51UUozpuBPaFoozlANDgClh/kpZDxQwNM3lTQnu7MrzpHZadEvFs5tSoXyZ1ZEj++SQHBOXnJMyuSYVUiWMPJAn8kJerUfr2Xqz3qejC1aW2SN/YH18A/bVmMw=</latexit>



Zero mode prescription:

h(��m✓)(��n✓)(��p✓)(✓�mnp✓)i0 = 1

<latexit sha1_base64="2aNygE2EIpTF1wlhy4Rr865CMmg="></latexit>

{
unique element of    -cohomology
with 3 factors of 

Q

<latexit sha1_base64="rxm5dTzLiknGTFm+yA+j0do5weA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vms1+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teNmuV+m0eRxFO4BTOwYMrqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AK5PjN8=</latexit>

�

<latexit sha1_base64="RMQhIX9nkWubeM4Hxu5gRgYb3UQ=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LKgC5cV7APaUG4mk3boZBJmJkIJ/Qg3LhRx6/e482+ctllo64GBwznnMveeIBVcG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMUdaiiUhUN0DNBJesZbgRrJsqhnEgWCcY3878zhNTmify0UxS5sc4lDziFI2VOn1hoyEOqjW37s5BVolXkBoUaA6qX/0woVnMpKECte55bmr8HJXhVLBppZ9pliId45D1LJUYM+3n83Wn5MwqIYkSZZ80ZK7+nsgx1noSBzYZoxnpZW8m/uf1MhPd+DmXaWaYpIuPokwQk5DZ7STkilEjJpYgVdzuSugIFVJjG6rYErzlk1dJ+6LuXdavHi5rjbuijjKcwCmcgwfX0IB7aEILKIzhGV7hzUmdF+fd+VhES04xcwx/4Hz+AD/3j4c=</latexit>

Projects out coefficients of        -terms of

�↵����f↵��(✓; zi)

<latexit sha1_base64="8+lHl1DqtJk+uz/MHyLJuqY85hk="></latexit>

�3✓5

<latexit sha1_base64="w05aMQttkGiO4L4fOh4QGB6/CNw=">AAAB+3icdVDLSgMxFM3UV62vWpdugkVwVSa1te2u6MZlBfuAvsikmTY08yC5I5ahv+LGhSJu/RF3/o2ZtoKKHggczjmXe3OcUAoNtv1hpdbWNza30tuZnd29/YPsYa6lg0gx3mSBDFTHoZpL4fMmCJC8EypOPUfytjO9Svz2HVdaBP4tzELe9+jYF65gFIw0zOZ60oRHdHCOezDhQAflYTZvF2zbJoTghJDKhW1IrVYtkiomiWWQRys0htn33ihgkcd9YJJq3SV2CP2YKhBM8nmmF2keUjalY9411Kce1/14cfscnxplhN1AmecDXqjfJ2LqaT3zHJP0KEz0by8R//K6EbjVfiz8MALus+UiN5IYApwUgUdCcQZyZghlSphbMZtQRRmYujKmhK+f4v9Jq1ggpUL5ppSvX67qSKNjdILOEEEVVEfXqIGaiKF79ICe0LM1tx6tF+t1GU1Zq5kj9APW2ydrXZQQ</latexit>

Need to integrate over zi , i = 2, . . . , n� 2

<latexit sha1_base64="8ShG3v9xUSmklgfBVvchYQsdcdI=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXNSSlIpuhIIuXFawD2hCmEwm7dDJJMxMhBrqxl9x40IRt/6FO//GaZuFth64cDjnXu69x08Ylcqyvo3C0vLK6lpxvbSxubW9Y+7utWWcCkxaOGax6PpIEkY5aSmqGOkmgqDIZ6TjD68mfueeCEljfqdGCXEj1Oc0pBgpLXnmwYNHHViBDqSXtYrDgljJCuSnNc8sW1VrCrhI7JyUQY6mZ345QYzTiHCFGZKyZ1uJcjMkFMWMjEtOKkmC8BD1SU9TjiIi3Wz6wRgeayWAYSx0cQWn6u+JDEVSjiJfd0ZIDeS8NxH/83qpCi/cjPIkVYTj2aIwZVDFcBIHDKggWLGRJggLqm+FeIAEwkqHVtIh2PMvL5J2rWrXq2e39XLjOo+jCA7BETgBNjgHDXADmqAFMHgEz+AVvBlPxovxbnzMWgtGPrMP/sD4/AEnl5TK</latexit>



Closed string disk amplitudes
[Bischof, M.H. (2020)]

Type IIB with Dp-brane along X1, . . . , Xp

<latexit sha1_base64="C81P0N0mM38bVt9E6pej3iR/P/Y=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBQymJVPRY0IPHCrYNtGnZbLbt0k027E4KJfSfePGgiFf/iTf/jds2B219MPB4b4aZeUEiuAbH+bYKG5tb2zvF3dLe/sHhkX180tIyVZQ1qRRSeQHRTPCYNYGDYF6iGIkCwdrB+G7utydMaS7jJ5gmzI/IMOYDTgkYqW/bXs+t4K4IJegK9npJ3y47VWcBvE7cnJRRjkbf/uqGkqYRi4EKonXHdRLwM6KAU8FmpW6qWULomAxZx9CYREz72eLyGb4wSogHUpmKAS/U3xMZibSeRoHpjAiM9Ko3F//zOikMbv2Mx0kKLKbLRYNUYJB4HgMOuWIUxNQQQhU3t2I6IopQMGGVTAju6svrpHVVdWvV68dauX6fx1FEZ+gcXSIX3aA6ekAN1EQUTdAzekVvVma9WO/Wx7K1YOUzp+gPrM8fyhqSfA==</latexit>

V (a,b)(z, z) = V (a)(z)V (b)(z)

<latexit sha1_base64="3D+moiEhBRhpKdU+vchkV9FV2J4="></latexit>

z 2 H+

<latexit sha1_base64="SlmsYXtlLUdwVKG6O91Yzn0l7Mg=">AAAB/HicdVDNSgMxGMzWv1r/Vnv0EiyCIJSkVNveil56rGBtoS0lm6ZtaDa7JFlhXeqrePGgiFcfxJtvY7atoKIDgWHm+/gm44WCa4PQh5NZWV1b38hu5ra2d3b33P2DGx1EirIWDUSgOh7RTHDJWoYbwTqhYsT3BGt708vUb98ypXkgr00csr5PxpKPOCXGSgM3fwd7XMKk5xMz8TzYGJzOBm4BFRFCGGOYElw5R5bUatUSrkKcWhYFsERz4L73hgGNfCYNFUTrLkah6SdEGU4Fm+V6kWYhoVMyZl1LJfGZ7ifz8DN4bJUhHAXKPmngXP2+kRBf69j37GSaUf/2UvEvrxuZUbWfcBlGhkm6ODSKBDQBTJuAQ64YNSK2hFDFbVZIJ0QRamxfOVvC10/h/+SmVMTl4tlVuVC/WNaRBYfgCJwADCqgDhqgCVqAghg8gCfw7Nw7j86L87oYzTjLnTz4AeftE9qqlEg=</latexit>

,

<latexit sha1_base64="+7iRWxQrzAUrRAfpo0u2uFmKMv8=">AAAB6HicdVBNS0JBFL2vT7Mvq2WbIQlahMyIpe6kNi0V8gP0IfPGeTo574OZeYGIv6BNiyLa9pPa9W+apwYVdeDC4Zx7ufceL5ZCG4w/nJXVtfWNzcxWdntnd28/d3DY0lGiGG+ySEaq41HNpQh50wgjeSdWnAae5G1vfJ367XuutIjCWzOJuRvQYSh8waixUuO8n8vjAsaYEIJSQsqX2JJqtVIkFURSyyIPS9T7uffeIGJJwEPDJNW6S3Bs3ClVRjDJZ9leonlM2ZgOedfSkAZcu9P5oTN0apUB8iNlKzRorn6fmNJA60ng2c6AmpH+7aXiX143MX7FnYowTgwP2WKRn0hkIpR+jQZCcWbkxBLKlLC3IjaiijJjs8naEL4+Rf+TVrFASoWLRilfu1rGkYFjOIEzIFCGGtxAHZrAgMMDPMGzc+c8Oi/O66J1xVnOHMEPOG+fwpeM7g==</latexit>

Employ doubling trick:

Dmn =

8
<

:

⌘mn m,n 2 {0, 1, . . . , p}
�⌘mn m,n 2 {p+ 1, . . . , 9}

0 otherwise

<latexit sha1_base64="/+NKQe3jeQ0hzquMYGgdVl7UVJ0="></latexit>

X
m
(z) = Dm

nX
n(z)

<latexit sha1_base64="8mTWkAgdGpXB6oAqSt/WDLth+Yc="></latexit>



Doubling trick for spinors

 
↵
(z) = M↵

� 
�(z) ,  ↵(z) = N �

↵  �(z)

<latexit sha1_base64="LHwB8MZwGeqlmoUXk39o0KHzI+U="></latexit>

[Garousi, Myers; Hashimoto, Klebanov; 
Gubser, Hashimoto, Klebanov, Maldacena
(1996)]

Relations between                                   allow rewriting:D,M,N

<latexit sha1_base64="6XvNZt05aJOvtHaVG4dYjwbFSfk=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBQym7UtFjwR68KBXsB7RLyabZNjSbLElWKEt/hBcPinj193jz35i2e9DWBwOP92aYmRfEnGnjut9Obm19Y3Mrv13Y2d3bPygeHrW0TBShTSK5VJ0Aa8qZoE3DDKedWFEcBZy2g/HNzG8/UaWZFI9mElM/wkPBQkawsVK7XkZ3ZXTfL5bcijsHWiVeRkqQodEvfvUGkiQRFYZwrHXXc2Pjp1gZRjidFnqJpjEmYzykXUsFjqj20/m5U3RmlQEKpbIlDJqrvydSHGk9iQLbGWEz0sveTPzP6yYmvPZTJuLEUEEWi8KEIyPR7Hc0YIoSwyeWYKKYvRWREVaYGJtQwYbgLb+8SloXFa9auXyolmr1LI48nMApnIMHV1CDW2hAEwiM4Rle4c2JnRfn3flYtOacbOYY/sD5/AFN3Y5B</latexit>

V
(1)

(z) =
⇣
@✓↵A↵[D·⇠, D·k](X, ✓) +⇧mAm[D·⇠, D·k](X, ✓)

<latexit sha1_base64="Jm68mLGKRHy2iRHdely/Qvrz/Bo="></latexit>

+d↵W
↵[D·⇠, D·k](X, ✓) +

1

2
NmnFmn[D·⇠, D·k](X, ✓)

⌘
(z)

<latexit sha1_base64="qHlx0G0jzP8bwMT8MVLb0IDDIgY="></latexit>

V
(0)

(z) =
⇣
�
↵
A↵[⇠, k](X, ✓)

⌘
(z) =

⇣
�↵A↵[D·⇠, D·k](X, ✓)

⌘
(z)

<latexit sha1_base64="heHFdVdO4/ZjlHVNJcSR7B71kEU="></latexit>

=)

<latexit sha1_base64="iSQHzoCd97Bx5MguHtCaJDGFDMU=">AAAB+HicbVA9SwNBEN2LXzF+5NTSZjEIVuFOFC0DWlhYRDAfkBxhb7N3WbK3e+zOKTHkl9hYKGLrT7Hz37hJrtDEBwOP92aYmRemghvwvG+nsLK6tr5R3Cxtbe/slt29/aZRmaasQZVQuh0SwwSXrAEcBGunmpEkFKwVDq+mfuuBacOVvIdRyoKExJJHnBKwUs8td2+VjDWPB0C0Vo89t+JVvRnwMvFzUkE56j33q9tXNEuYBCqIMR3fSyEYEw2cCjYpdTPDUkKHJGYdSyVJmAnGs8Mn+NgqfRwpbUsCnqm/J8YkMWaUhLYzITAwi95U/M/rZBBdBmMu0wyYpPNFUSYwKDxNAfe5ZhTEyBJCNbe3YjogmlCwWZVsCP7iy8ukeVr1z6rnd2eV2nUeRxEdoiN0gnx0gWroBtVRA1GUoWf0it6cJ+fFeXc+5q0FJ585QH/gfP4AQ0qTgA==</latexit>

Can use same contractions as above, but 
allow both    andz

<latexit sha1_base64="Cf41DAog/uPf+84Ix2HWOb1gf0E=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI8BPXhMwDwgWcLspDcZMzu7zMwKMeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5sl4pVW+zOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+xzjQg=</latexit>

z̄

<latexit sha1_base64="aACRJwl8OD1rTFA/nOFdoTRN4pg=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoseCHjxWsB/QLiWbZtvYbLIkWaEu/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8LK6tr6RnGztLW9s7tX3j9oGpVqyhpUCaXbITFMcMkallvB2olmJA4Fa4Wj66nfemTacCXv7ThhQUwGkkecEuukZjckGj/1yhWv6s2Al4mfkwrkqPfKX92+omnMpKWCGNPxvcQGGdGWU8EmpW5qWELoiAxYx1FJYmaCbHbtBJ84pY8jpV1Ji2fq74mMxMaM49B1xsQOzaI3Ff/zOqmNroKMyyS1TNL5oigV2Co8fR33uWbUirEjhGrubsV0SDSh1gVUciH4iy8vk+ZZ1T+vXtydV2o3eRxFOIJjOAUfLqEGt1CHBlB4gGd4hTek0At6Rx/z1gLKZw7hD9DnDzr2jus=</latexit>

N = (MT )�1

<latexit sha1_base64="22zZT75WTqwyopc5KrqQw9TgSRM=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUgyWRil6Egh68KBX6BW1aNttNu3SzCbsbpYT+Dy8eFPHqf/Hmv3Hb5qCtDwYe780wM8+LOFPatr+tpeWV1bX1zEZ2c2t7Zze3t19XYSwJrZGQh7LpYUU5E7Smmea0GUmKA4/Thje8nviNRyoVC0VVjyLqBrgvmM8I1kbq3KMrVLjrVE86yakz7ubydtGeAi0SJyV5SFHp5r7avZDEARWacKxUy7Ej7SZYakY4HWfbsaIRJkPcpy1DBQ6ocpPp1WN0bJQe8kNpSmg0VX9PJDhQahR4pjPAeqDmvYn4n9eKtX/pJkxEsaaCzBb5MUc6RJMIUI9JSjQfGYKJZOZWRAZYYqJNUFkTgjP/8iKpnxWdUvH8oZQv36RxZOAQjqAADlxAGW6hAjUgIOEZXuHNerJerHfrY9a6ZKUzB/AH1ucP79CQ3w==</latexit>

(e.g.                   )



Conformal Killing group                  only allows to
fix one and a half closed string vertex operators

PSL(2,R)

<latexit sha1_base64="4vCZjjB+MS41Kesoz0W7T3w9FsY=">AAAB+3icbVDLSgMxFL1TX7W+xrp0EyxCBSkzpaLLgi5cuKiPPqAdSiZN29DMgyQjlmF+xY0LRdz6I+78GzPtLLT1QOBwzr3ck+OGnEllWd9GbmV1bX0jv1nY2t7Z3TP3iy0ZRILQJgl4IDoulpQznzYVU5x2QkGx53LadieXqd9+pEKywH9Q05A6Hh75bMgIVlrqm8XG/U25eop6HlZj143vkpO+WbIq1gxomdgZKUGGRt/86g0CEnnUV4RjKbu2FSonxkIxwmlS6EWShphM8Ih2NfWxR6UTz7In6FgrAzQMhH6+QjP190aMPSmnnqsn04hy0UvF/7xupIYXTsz8MFLUJ/NDw4gjFaC0CDRgghLFp5pgIpjOisgYC0yUrqugS7AXv7xMWtWKXauc3dZK9ausjjwcwhGUwYZzqMM1NKAJBJ7gGV7hzUiMF+Pd+JiP5oxs5wD+wPj8ASAAkzs=</latexit>

=) Aclosed
D2

(1, . . . , n) =

<latexit sha1_base64="7kt9aQT77qre9+08q3XVSek2pwQ="></latexit>

following [Hoogeveen, Skenderis (2007)]

D-brane 
tension

<latexit sha1_base64="TDenSm9Qo9u2YVTJwDDIdvcjtW4="></latexit>

= 2ignc ωp

〈
V (0)
1 (i)V

(0)
1 (→i)

∫ 1

0
dy V (0)

2 (iy)V
(1)
2 (→iy)

n∏

j=3

∫

H+

d2zjV
(1,1)
j (zj , zj)

〉



<latexit sha1_base64="zeoTI3TGfdwAyenr3nQDuy+UBLc="></latexit>

Aclosed
D2

(1, 2, 3) = 2ig3cωp

∫ 1

0
dy

∫

H+

d2z

〈
V (0)
1 (i)V

(0)
1 (→i)V (0)

2 (iy)V
(1)
2 (→iy)V (1)

3 (z)V
(1)
3 (z)

〉

Earlier results on closed string 3-point functions on disk:
RNS formalism and mainly 1 RR and 2 NSNS fields 

(except                  )
[Becker, Guo, Robbins (2011); Becker, Becker, Robbins, Su (2016); Mousavi, Babaei Velni (2018)]

[Stieberger (2009)]

Here: general closed string states and PSF:

3-pt function
[Bischof, M.H., Stieberger (2023)]



<latexit sha1_base64="zeoTI3TGfdwAyenr3nQDuy+UBLc="></latexit>

Aclosed
D2

(1, 2, 3) = 2ig3cωp

∫ 1

0
dy

∫

H+

d2z

〈
V (0)
1 (i)V

(0)
1 (→i)V (0)

2 (iy)V
(1)
2 (→iy)V (1)

3 (z)V
(1)
3 (z)

〉

Earlier results on closed string 3-point functions on disk:
RNS formalism and mainly 1 RR and 2 NSNS fields 

(except                  )
[Becker, Guo, Robbins (2011); Becker, Becker, Robbins, Su (2016); Mousavi, Babaei Velni (2018)]

[Stieberger (2009)]

Here: general closed string states and PSF:

<latexit sha1_base64="z6wvmc2gQ7zwpo8+IW3wx1rprY4=">AAAB9XicdVDLSgNBEOz1GeMr6tHLYBDiwTAbZE0uEvDiMYJ5QLKG2clsMmT2wcysEpb8hxcPinj1X7z5N84mEVS0oKGo6qa7y4sFVxrjD2tpeWV1bT23kd/c2t7ZLeztt1SUSMqaNBKR7HhEMcFD1tRcC9aJJSOBJ1jbG19mfvuOScWj8EZPYuYGZBhyn1OijXTb6qc9j0hkT0un/KRfKOIyNnAclBG7im1DarVqpVJD9szCuAgLNPqF994goknAQk0FUapr41i7KZGaU8Gm+V6iWEzomAxZ19CQBEy56ezqKTo2ygD5kTQVajRTv0+kJFBqEnimMyB6pH57mfiX1020X3VTHsaJZiGdL/ITgXSEsgjQgEtGtZgYQqjk5lZER0QSqk1QeRPC16fof9KqlG2n7FyfFesXizhycAhHUAIbzqEOV9CAJlCQ8ABP8GzdW4/Wi/U6b12yFjMH8APW2ydNupHA</latexit>

V1̄(→i)
<latexit sha1_base64="IjMuxRMIuqntLNJ6kBdlAob7hi4=">AAAB73icdVBNSwMxEJ31s9avqkcvwSLUS8kWWduLFLx4rGA/oF1KNk3b0Gx2TbJCWfonvHhQxKt/x5v/xmxbQUUfDDzem2FmXhALrg3GH87K6tr6xmZuK7+9s7u3Xzg4bOkoUZQ1aSQi1QmIZoJL1jTcCNaJFSNhIFg7mFxlfvueKc0jeWumMfNDMpJ8yCkxVuq0+qk7K/GzfqGIy9jC81BG3Cp2LanVqpVKDblzC+MiLNHoF957g4gmIZOGCqJ118Wx8VOiDKeCzfK9RLOY0AkZsa6lkoRM++n83hk6tcoADSNlSxo0V79PpCTUehoGtjMkZqx/e5n4l9dNzLDqp1zGiWGSLhYNE4FMhLLn0YArRo2YWkKo4vZWRMdEEWpsRHkbwten6H/SqpRdr+zdnBfrl8s4cnAMJ1ACFy6gDtfQgCZQEPAAT/Ds3DmPzovzumhdcZYzR/ADztsnhPyPpg==</latexit>

V1(i)
<latexit sha1_base64="2gPyeOUtQrqMI4P/2DDrIdZlY8w=">AAAB73icdVBNS8NAEJ34WetX1aOXxSLUS0mq1PYiBS8eK5i20Iay2W7apZtN3N0INfRPePGgiFf/jjf/jZu2goo+GHi8N8PMPD/mTGnb/rCWlldW19ZzG/nNre2d3cLefktFiSTUJRGPZMfHinImqKuZ5rQTS4pDn9O2P77M/PYdlYpF4kZPYuqFeChYwAjWRuq4/fR0Wro/6ReKdtk2qFZRRpya7RhSr9cqlTpyZpZtF2GBZr/w3htEJAmp0IRjpbqOHWsvxVIzwuk030sUjTEZ4yHtGipwSJWXzu6domOjDFAQSVNCo5n6fSLFoVKT0DedIdYj9dvLxL+8bqKDmpcyESeaCjJfFCQc6Qhlz6MBk5RoPjEEE8nMrYiMsMREm4jyJoSvT9H/pFUpO9Vy9fqs2LhYxJGDQziCEjhwDg24gia4QIDDAzzBs3VrPVov1uu8dclazBzAD1hvn6BWj7g=</latexit>

U3(z)

3-pt function
[Bischof, M.H., Stieberger (2023)]



3-pt function
Earlier results on closed string 3-point functions on disk:
RNS formalism and mainly 1 RR and 2 NSNS fields 

(except                  )
[Becker, Guo, Robbins (2011); Becker, Becker, Robbins, Su (2016); Mousavi, Babaei Velni (2018)]

[Stieberger (2009)]

Here: general closed string states and PSF
<latexit sha1_base64="i4dXgN5gcPMX91MDi/zB1J3H6i8=">AAACw3icdZFdb9MwFIad8DXKx </latexit>

Aclosed
D2

(1, 2, 3) = 2ig3cωp

∫ 1

0
dy

∫

H+

d2z

〈
V1(i)V1̄(→i)V2(iy)U2̄(→iy)U3(z)U3̄(z)

〉

[Bischof, M.H., Stieberger (2023)]



3-pt function
Earlier results on closed string 3-point functions on disk:
RNS formalism and mainly 1 RR and 2 NSNS fields 

(except                  )
[Becker, Guo, Robbins (2011); Becker, Becker, Robbins, Su (2016); Mousavi, Babaei Velni (2018)]

[Stieberger (2009)]

Here: general closed string states and PSF

Aim: Relate closed string integral to open string integrals
and use knowledge about open string amplitudes
[Stieberger (2009); Mafra, Schlotterer, Stieberger, Tsimpis (2010); Mafra, Schlotterer, Stieberger (2011)]

<latexit sha1_base64="i4dXgN5gcPMX91MDi/zB1J3H6i8=">AAACw3icdZFdb9MwFIad8DXKx </latexit>

Aclosed
D2

(1, 2, 3) = 2ig3cωp

∫ 1

0
dy

∫

H+

d2z

〈
V1(i)V1̄(→i)V2(iy)U2̄(→iy)U3(z)U3̄(z)

〉

[Bischof, M.H., Stieberger (2023)]



Steps:

Analytic continuation:

Transformation:

<latexit sha1_base64="Spo3Yr6frUyifrD4/ZA8JV0nt2A="></latexit>

z = z1 + iz2
z1→iz1→↑ i(z1 + z2)

<latexit sha1_base64="DYhFTUYCK60NYxvU4lTlRlSVTgY="></latexit>

z̄ = z1 → iz2
z1→iz1→↑ i(z1 → z2)

New variables:
<latexit sha1_base64="+WdhVxK/zTDZP+BALF8pNtnlhPM=">AAACC3icdZDLSsNAFIYn9VbjLerSzdAiCGJJgsR2IRTduKxgL9CUMplO2qGTCzMTsYbu3fgqblwo4tYXcOfbOGkjqOiBGX6+/xxmzu/FjAppmh9aYWFxaXmluKqvrW9sbhnbOy0RJRyTJo5YxDseEoTRkDQllYx0Yk5Q4DHS9sbnmd++JlzQKLySk5j0AjQMqU8xkgr1jZJ7Q+EpvO1b8FDdtuvqLpEoR0cZ6htls2KqchyYCatqWkrUalXbrkFrZplmGeTV6Bvv7iDCSUBCiRkSomuZseyliEuKGZnqbiJIjPAYDUlXyRAFRPTS2S5TuK/IAPoRVyeUcEa/T6QoEGISeKozQHIkfnsZ/MvrJtKv9lIaxokkIZ4/5CcMyghmwcAB5QRLNlECYU7VXyEeIY6wVPHpKoSvTeH/omVXLKfiXB6X62d5HEWwB0rgAFjgBNTBBWiAJsDgDjyAJ/Cs3WuP2ov2Om8taPnMLvhR2tsn7XaX2A==</latexit>

ω = z1 + z2

ε = z1 → z2

(i.e.                        )
<latexit sha1_base64="N1ud2W6BHAAM+bRHKP+pgWd641s=">AAACAnicdVDLSgNBEJyNrxhfUU/ipTEIXgyzi8TkIIhePCqYRMiGMDvpxCGzD2dmxRjEi7/ixYMiXv0Kb/6NkxhBRQsaiqpuuruCRAptKH13MhOTU9Mz2dnc3PzC4lJ+eaWm41RxrPJYxuosYBqliLBqhJF4lihkYSCxHvQOh379EpUWcXRq+gk2Q9aNREdwZqzUyq/5VwK2wUfDYA88uG554HfxAmgrX6BFalEqwZC4ZepaUqmUPa8C7siitEDGOG7l3/x2zNMQI8Ml07rh0sQ0B0wZwSXe5PxUY8J4j3WxYWnEQtTNweiFG9i0Shs6sbIVGRip3ycGLNS6Hwa2M2TmXP/2huJfXiM1nXJzIKIkNRjxz0WdVIKJYZgHtIVCbmTfEsaVsLcCP2eKcWNTy9kQvj6F/0nNK7qlYulkp7B/MI4jS9bJBtkiLtkl++SIHJMq4eSW3JNH8uTcOQ/Os/Py2ZpxxjOr5Aec1w+lVpUQ</latexit>

ω → ε = 2z2 ↑ 0

<latexit sha1_base64="kUvZd/Wrqpf6hN5RJsdwZl1cye4="></latexit>

V (a)(iω) → i→hV (a)(ω) , a = 1, 2



<latexit sha1_base64="nsK7v7o1DNCIaxq8Z2KYJxCcubM="></latexit>

A = 2ig3cωp

∫ 1

0
dy

∫ →

↑→
dε

∫ ω

↑→
dϑ!(y, ε, ϑ) →V1(1)V1(↑1)V2(y)U2(↑y)U3(ε)U3(ϑ)↓

Results in:

phase factor to ensure correct branch

<latexit sha1_base64="UzOZsHU5d+LxUUu8Szf07ANgLko="></latexit>

→eiωs23!(→(y+ε)(y→ϑ))eiωs33!(→(ε→ϑ))

<latexit sha1_base64="+JioFMg8M4hXTbJI2ggM9DF8MnY="></latexit>

!(y, ω, ε) = eiωs13!(→(1→ε)(1+ϑ))eiωs13!(→(1+ε)(1→ϑ))eiωs23!(→(y→ε)(y+ϑ))

<latexit sha1_base64="4TAnWHrGz2B3dKRFZRF7L8ZWNeI=">AAAB+3icbVDLSgMxFL1TX7W+xrp0EyxCBSkzRaorKbhx4aI++oB2KJk0bUMzD5KMWIb5FTcuFHHrj7jzb8y0s9DWA4HDOfdyT44bciaVZX0buZXVtfWN/GZha3tnd8/cL7ZkEAlCmyTggei4WFLOfNpUTHHaCQXFnstp251cpX77kQrJAv9BTUPqeHjksyEjWGmpbxYb9zfl6inqeViNXTe+S076ZsmqWDOgZWJnpAQZGn3zqzcISORRXxGOpezaVqicGAvFCKdJoRdJGmIywSPa1dTHHpVOPMueoGOtDNAwEPr5Cs3U3xsx9qSceq6eTCPKRS8V//O6kRpeODHzw0hRn8wPDSOOVIDSItCACUoUn2qCiWA6KyJjLDBRuq6CLsFe/PIyaVUrdq1Suz0r1S+zOvJwCEdQBhvOoQ7X0IAmEHiCZ3iFNyMxXox342M+mjOynQP4A+PzBx8skzg=</latexit>

PSL(2,R) transformation:
<latexit sha1_base64="wzPV6fIhxY/BTxtJCCf0T4f1+68="></latexit>

(→1, y, 1) →↑ (0, 1,↓)

Heaviside
step function

<latexit sha1_base64="y1MFuqH1wGeK3o7vGOfq8UVprCk="></latexit>

siω =
ε→

4 (ki +D·kj)2 = ε→

2 ki·D·kj

<latexit sha1_base64="4kjs1lrndVhSs1cI6VS1Nkfvd1I="></latexit>

z→ := f(z) =
(1→ y)(1 + z)

(1 + y)(1→ z)



<latexit sha1_base64="4kjs1lrndVhSs1cI6VS1Nkfvd1I="></latexit>

z→ := f(z) =
(1→ y)(1 + z)

(1 + y)(1→ z)

<latexit sha1_base64="fqQm6Ug7r5HZONsGouWMBM72l2E="></latexit>

x := f(→y) =
(1→ y)2

(1 + y)2

ω̃ := f(ω) =
(1→ y)(1 + ω)

(1 + y)(1→ ω)

ε̃ := f(ε) =
(1→ y)(1 + ε)

(1 + y)(1→ ε)

<latexit sha1_base64="6875ZxUeRND0aits8oeI8yTcBB0=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5IUie1GCm5cuKhgH9CGMplO0qGTmTAzUWrol7hxoYhbP8Wdf+OkraCiBy4czrmXe+8JEkaVdpwPq7Cyura+UdwsbW3v7Jbtvf2OEqnEpI0FE7IXIEUY5aStqWakl0iC4oCRbjC5yP3uLZGKCn6jpwnxYxRxGlKMtJGGdnlwJXgkaTTWSEpxN7QrTtUx8DyYE7fuuIY0GvVarQHdueU4FbBEa2i/D0YCpzHhGjOkVN91Eu1nSGqKGZmVBqkiCcITFJG+oRzFRPnZ/PAZPDbKCIZCmuIaztXvExmKlZrGgemMkR6r314u/uX1Ux3W/YzyJNWE48WiMGVQC5inAEdUEqzZ1BCEJTW3QjxGEmFtsiqZEL4+hf+TTq3qelXv+rTSPF/GUQSH4AicABecgSa4BC3QBhik4AE8gWfr3nq0XqzXRWvBWs4cgB+w3j4BmbuTug==</latexit>

=→

Integrand transforms according to :
<latexit sha1_base64="ZoM2+PIBIVwBvhEoQFgz9oTl768="></latexit>∫

dy dω dε →V1(1)V1(↑1)V2(y)U2(↑y)U3(ω)U3(ε)↓

↔
∫

dx dω̃ dε̃
〈
V1(↗)V1(0)V2(1)U2(x)U3(ω̃)U3(ε̃)

〉



Transform also integration regions:
<latexit sha1_base64="UdFcCSvpleBoN59ShVCU3FZwWCo=">AAACBHicdZDLSsNAFIYn9VbrLeqym8EiVMSSBIntQim4cVnBXqCNZTKdtEMnF2YmYglduPFV3LhQxK0P4c63cZJWUNEDAx//fw5nzu9GjAppGB9abmFxaXklv1pYW9/Y3NK3d1oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Y7PU799Q7igYXAlJxFxfDQMqEcxkkrq68VbeNrzOMJJ2TyaHFxbUwWHGRT6esmoGKpsG6ZgVg1TQa1WtawaNDPLMEpgXo2+/t4bhDj2SSAxQ0J0TSOSToK4pJiRaaEXCxIhPEZD0lUYIJ8IJ8mOmMJ9pQygF3L1Agkz9ftEgnwhJr6rOn0kR+K3l4p/ed1YelUnoUEUSxLg2SIvZlCGME0EDignWLKJAoQ5VX+FeIRUJFLllobwdSn8H1pWxbQr9uVxqX42jyMPimAPlIEJTkAdXIAGaAIM7sADeALP2r32qL1or7PWnDaf2QU/Snv7BKaNljI=</latexit>

x =
(1→ y)2

(1 + y)2

0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0

<latexit sha1_base64="mo3jPWUbi2MOFaAbJM1o2EJW4Nw=">AAAB6XicdVBNSwMxEJ2tX7V+VT16CRbBU8kWWduLFLx4rGJtoV1KNs22odnskmSFpfQfePGgiFf/kTf/jdm2goo+GHi8N8PMvCARXBuMP5zCyura+kZxs7S1vbO7V94/uNNxqihr01jEqhsQzQSXrG24EaybKEaiQLBOMLnM/c49U5rH8tZkCfMjMpI85JQYK91kpUG5gqvYwvNQTtw6di1pNOq1WgO5cwvjCizRGpTf+8OYphGThgqidc/FifGnRBlOBZuV+qlmCaETMmI9SyWJmPan80tn6MQqQxTGypY0aK5+n5iSSOssCmxnRMxY//Zy8S+vl5qw7k+5TFLDJF0sClOBTIzyt9GQK0aNyCwhVHF7K6Jjogg1Npw8hK9P0f/krlZ1vap3fVZpXizjKMIRHMMpuHAOTbiCFrSBQggP8ATPzsR5dF6c10VrwVnOHMIPOG+fdfSNVQ==</latexit>y
<latexit sha1_base64="udxZDa4PcsIjG7zecau14mrbif4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFYxX5AG8pmu2mXbjZhdyKU0n/gxYMiXv1H3vw3btoctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfJv57SeujYjVI04S7kd0qEQoGEUrPbilfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugP6UaBZN8VuqlhieUjemQdy1VNOLGn84vnZEzqwxIGGtbCslc/T0xpZExkyiwnRHFkVn2MvE/r5tieO1PhUpS5IotFoWpJBiT7G0yEJozlBNLKNPC3krYiGrK0IaTheAtv7xKWhdVr1at3V9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A6+zjM8=</latexit>

0

<latexit sha1_base64="udxZDa4PcsIjG7zecau14mrbif4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFYxX5AG8pmu2mXbjZhdyKU0n/gxYMiXv1H3vw3btoctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfJv57SeujYjVI04S7kd0qEQoGEUrPbilfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugP6UaBZN8VuqlhieUjemQdy1VNOLGn84vnZEzqwxIGGtbCslc/T0xpZExkyiwnRHFkVn2MvE/r5tieO1PhUpS5IotFoWpJBiT7G0yEJozlBNLKNPC3krYiGrK0IaTheAtv7xKWhdVr1at3V9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A6+zjM8=</latexit>

0
<latexit sha1_base64="mKGJP4CjhXJa3Y1AL0IGSpQAxBI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFYxX5AG8pmO2mXbjZhdyOU0n/gxYMiXv1H3vw3btoctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2MbzO//YRK81g+mkmCfkSHkoecUWOlB6/UL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjT6kynAmclXqpxoSyMR1i11JJI9T+dH7pjJxZZUDCWNmShszV3xNTGmk9iQLbGVEz0steJv7ndVMTXvtTLpPUoGSLRWEqiIlJ9jYZcIXMiIkllClubyVsRBVlxoaTheAtv7xKWhdVr1at3V9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A7E4jNA=</latexit>

1

<latexit sha1_base64="mKGJP4CjhXJa3Y1AL0IGSpQAxBI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFYxX5AG8pmO2mXbjZhdyOU0n/gxYMiXv1H3vw3btoctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2MbzO//YRK81g+mkmCfkSHkoecUWOlB6/UL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjT6kynAmclXqpxoSyMR1i11JJI9T+dH7pjJxZZUDCWNmShszV3xNTGmk9iQLbGVEz0steJv7ndVMTXvtTLpPUoGSLRWEqiIlJ9jYZcIXMiIkllClubyVsRBVlxoaTheAtv7xKWhdVr1at3V9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A7E4jNA=</latexit>

1
<latexit sha1_base64="wxDE5mkSIDKcKHK68DDkXHr5AZM=">AAACBXicdVDLSgMxFM34rPVVdamLYBFcSMkUqe2u6MaFiwr2AZ2hZNJMG5pJhiSjltKNG3/FjQtF3PoP7vwbM20FFT1w4XDOvdx7TxBzpg1CH87c/MLi0nJmJbu6tr6xmdvabmiZKELrRHKpWgHWlDNB64YZTluxojgKOG0Gg7PUb15TpZkUV2YYUz/CPcFCRrCxUie3511I0VOs1zdYKXkDb6HHBGyjI9fPdnJ5VEAWpRJMiVtGriWVSrlYrEB3YiGUBzPUOrl3rytJElFhCMdat10UG3+ElWGE03HWSzSNMRngHm1bKnBEtT+afDGGB1bpwlAqW8LAifp9YoQjrYdRYDsjbPr6t5eKf3ntxIRlf8REnBgqyHRRmHBoJEwjgV2mKDF8aAkmitlbIeljhYmxwaUhfH0K/yeNYsEtFUqXx/nq6SyODNgF++AQuOAEVME5qIE6IOAOPIAn8OzcO4/Oi/M6bZ1zZjM74Aect0/5mJea</latexit>

=→ x ↑ [0, 1]

more complicated, e.g.

<latexit sha1_base64="bezLkiBda5kTu5iApNu0NmdVCoc=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KolIFU9FLx4r2A9oQ9lsN+3S3U3YnYgl9C948aCIV/+QN/+NSduDtj4YeLw3w8y8IJbCout+Oyura+sbm4Wt4vbO7t5+6eCwaaPEMN5gkYxMO6CWS6F5AwVK3o4NpyqQvBWMbnO/9ciNFZF+wHHMfUUHWoSCUcylJ3Jd7JXKbsWdgiwTb07KMEe9V/rq9iOWKK6RSWptx3Nj9FNqUDDJJ8VuYnlM2YgOeCejmipu/XR664ScZkqfhJHJSiOZqr8nUqqsHasg61QUh3bRy8X/vE6C4ZWfCh0nyDWbLQoTSTAi+eOkLwxnKMcZocyI7FbChtRQhlk8eQje4svLpHle8aqV6v1FuXYzj6MAx3ACZ+DBJdTgDurQAAZDeIZXeHOU8+K8Ox+z1hVnPnMEf+B8/gDx/o2J</latexit>x :

<latexit sha1_base64="oxvTMje8V67dqOl8dVfbUPkCTAM=">AAACCXicbVDLSgNBEJz1GeNr1aOXwaB4CrsiUTwFvXiMYB6QXcLspJMMmX0w0yuGkKsXf8WLB0W8+gfe/BsnySKaWNBNUdXNTFeQSKHRcb6shcWl5ZXV3Fp+fWNza9ve2a3pOFUcqjyWsWoETIMUEVRRoIRGooCFgYR60L8a+/U7UFrE0S0OEvBD1o1ER3CGRmrZ1EMh20C9e0E96h2Z9iMBMnrRsgtO0ZmAzhM3IwWSodKyP712zNMQIuSSad10nQT9IVMouIRR3ks1JIz3WReahkYsBO0PJ5eM6KFR2rQTK1MR0on6e2PIQq0HYWAmQ4Y9PeuNxf+8Zoqdc38ooiRFiPj0oU4qKcZ0HAttCwUc5cAQxpUwf6W8xxTjaMLLmxDc2ZPnSe2k6JaKpZvTQvkyiyNH9skBOSYuOSNlck0qpEo4eSBP5IW8Wo/Ws/VmvU9HF6xsZ4/8gfXxDSlmmBk=</latexit>

ω̃ & ε̃ :

Combine different           integration regions to obtain
complete open string color ordered sub-amplitudes

<latexit sha1_base64="uPkOL5w0uhiHzRzCVDG6U1+fafU=">AAACB3icbVDLSgNBEJz1GeNr1aMgg0HxFHZFosegF48RzAOyS5iddJIhsw9mesUQcvPir3jxoIhXf8Gbf+MkWUETC7opqrqZ6QoSKTQ6zpe1sLi0vLKaW8uvb2xubds7uzUdp4pDlccyVo2AaZAigioKlNBIFLAwkFAP+ldjv34HSos4usVBAn7IupHoCM7QSC37wEMh20C9e0E96h2bRn8kQNayC07RmYDOEzcjBZKh0rI/vXbM0xAi5JJp3XSdBP0hUyi4hFHeSzUkjPdZF5qGRiwE7Q8nd4zokVHatBMrUxHSifp7Y8hCrQdhYCZDhj09643F/7xmip0LfyiiJEWI+PShTiopxnQcCm0LBRzlwBDGlTB/pbzHFONoosubENzZk+dJ7bToloqlm7NC+TKLI0f2ySE5IS45J2VyTSqkSjh5IE/khbxaj9az9Wa9T0cXrGxnj/yB9fENQsGXqw==</latexit>

ω̃ & ε̃

no vertex 
operator
position

<latexit sha1_base64="8+h5hcZx/3b8WQowQbtJsQo0UiA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1ZMUvHisYD+gDWWz3bRrN7thdyKE0v/gxYMiXv0/3vw3btsctPXBwOO9GWbmhYngBj3v2ymsrW9sbhW3Szu7e/sH5cOjllGppqxJlVC6ExLDBJesiRwF6ySakTgUrB2Ob2d++4lpw5V8wCxhQUyGkkecErRSq8dlhFm/XPGq3hzuKvFzUoEcjX75qzdQNI2ZRCqIMV3fSzCYEI2cCjYt9VLDEkLHZMi6lkoSMxNM5tdO3TOrDNxIaVsS3bn6e2JCYmOyOLSdMcGRWfZm4n9eN8XoOphwmaTIJF0silLhonJnr7sDrhlFkVlCqOb2VpeOiCYUbUAlG4K//PIqaV1U/Vq1dn9Zqd/kcRThBE7hHHy4gjrcQQOaQOERnuEV3hzlvDjvzseiteDkM8fwB87nD8SNj0M=</latexit>→

<latexit sha1_base64="JG4j2S4DcJ4wGg1mpwsk8qxNGTU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SQFLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlhtcvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVnxqpVq46pcu83jKMApnMEFeHANNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8ffPuMvA==</latexit>

1

<latexit sha1_base64="PvlaqYdowOoSAbBqyHMKhALJ/P4=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqicpePFYwX5AEspmM2mXbj7YnQgl9Gd48aCIV3+NN/+N2zYHrT4YeLw3w8y8IJNCo21/WZW19Y3Nrep2bWd3b/+gfnjU02muOHR5KlM1CJgGKRLookAJg0wBiwMJ/WByO/f7j6C0SJMHnGbgx2yUiEhwhkZyPRQyBOoBsmG9YTftBehf4pSkQUp0hvVPL0x5HkOCXDKtXcfO0C+YQsElzGperiFjfMJG4BqasBi0XyxOntEzo4Q0SpWpBOlC/TlRsFjraRyYzpjhWK96c/E/z80xuvYLkWQ5QsKXi6JcUkzp/H8aCgUc5dQQxpUwt1I+ZopxNCnVTAjO6st/Se+i6bSarfvLRvumjKNKTsgpOScOuSJtckc6pEs4SckTeSGvFlrP1pv1vmytWOXMMfkF6+MbAAyREw==</latexit>

ω̃

<latexit sha1_base64="hhcTlrCUXh0D5fdEu6lr2T3g8TM=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6EkCXjxGMA/MLmF2tpMMmZ1dZmbFsOQvvHhQxKt/482/cfI4aGJBQ1HVTXdXmAqujet+Oyura+sbm4Wt4vbO7t5+6eCwqZNMMWywRCSqHVKNgktsGG4EtlOFNA4FtsLhzcRvPaLSPJH3ZpRiENO+5D3OqLHSg2+4iJD4T7xbKrsVdwqyTLw5KcMc9W7py48SlsUoDRNU647npibIqTKcCRwX/UxjStmQ9rFjqaQx6iCfXjwmp1aJSC9RtqQhU/X3RE5jrUdxaDtjagZ60ZuI/3mdzPSugpzLNDMo2WxRLxPEJGTyPom4QmbEyBLKFLe3EjagijJjQyraELzFl5dJ87ziVSvVu4ty7XoeRwGO4QTOwINLqMEt1KEBDCQ8wyu8Odp5cd6dj1nrijOfOYI/cD5/AFBzkLA=</latexit>

ω̃

<latexit sha1_base64="k5qT7Ei2lKD/b4/p/fGQuwbc3Do=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRE8S8OIxAfOAZAmzk95kzOzsMjMrhpAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781iMqzWN5b8YJ+hEdSB5yRo2V6k+9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PgvDjvzseiNedkM8fwB87nD+iXjQM=</latexit>x
<latexit sha1_base64="BpZlxdPmIjXrWBjFqs07AnVIPes=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SQFLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlhtsvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVnxqpVq46pcu83jKMApnMEFeHANNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fe3eMuw==</latexit>

0

<latexit sha1_base64="hvwgRWUMbex7eVy3oxxIRiKG0LI="></latexit>∫ →1

→↑
dω →

∫ 0

→
↓
x
dω̃

<latexit sha1_base64="D/Hs3n5k515m+dkUOkugp2FMF04=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBC8GHZFoicJePEYwTwkWcLsZJIMmZ1dZ3rFsOQrvHhQxKuf482/cZLsQRMLGoqqbrq7glgKg6777Swtr6yurec28ptb2zu7hb39uokSzXiNRTLSzYAaLoXiNRQoeTPWnIaB5I1geD3xG49cGxGpOxzF3A9pX4meYBStdH/aNg8a06dxp1B0S+4UZJF4GSlChmqn8NXuRiwJuUImqTEtz43RT6lGwSQf59uJ4TFlQ9rnLUsVDbnx0+nBY3JslS7pRdqWQjJVf0+kNDRmFAa2M6Q4MPPeRPzPayXYu/RToeIEuWKzRb1EEozI5HvSFZozlCNLKNPC3krYgGrK0GaUtyF48y8vkvpZySuXyrfnxcpVFkcODuEITsCDC6jADVShBgxCeIZXeHO08+K8Ox+z1iUnmzmAP3A+fwAbaZCe</latexit>

→
↑
x



<latexit sha1_base64="1kUVY7zJHkVsZpJhZW+D/JCEW1k="></latexit>

A(1, 2, . . . , N → 1, N) = (→1)NA(N,N → 1, . . . , 2, 1)

Use reflection symmetry

 & open string analogue of         decoupling identity
<latexit sha1_base64="ftgitUuujvePq/v8Xf6LrYJCJqg=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lEqseiF48VTFtoQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777aytb2xubZd2yrt7+weHlaPjto5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044ucv9zhNVmsXy0UwTGgg8kixiBJtc8mvexaBSdevuHGiVeAWpQoHWoPLVH8YkFVQawrHWPc9NTJBhZRjhdFbup5ommEzwiPYslVhQHWTzW2fo3CpDFMXKljRorv6eyLDQeipC2ymwGetlLxf/83qpiW6CjMkkNVSSxaIo5cjEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7YheMsvr5L2Zd1r1BsPV9XmbRFHCU7hDGrgwTU04R5a4AOBMTzDK7w5wnlx3p2PReuaU8ycwB84nz/qCI2E</latexit>

U(1)

open string 
color ordered 
sub-amplitudes

Final result:
<latexit sha1_base64="GhXmuGN7lwon4EjhNVrQCHCC+xw="></latexit>

A = 2i sin(ωs23) A(1, 2, 3, 2, 3, 1)

+ 2i sin[ω(s23 + s23)] A(1, 2, 2, 3, 3, 1)

<latexit sha1_base64="rfdF5PpbzPxTk3U77oaMjm9vPXk="></latexit>

0 =A(j1, j2, . . . , jN→1, jN ) + eiωs12A(j2, j1, j3, . . . , jN→1, jN )

+ eiω(s12+s13)A(j2, j3, j1, . . . , jN→1, jN ) + . . .

+ eiω(s12+...+s1N→1)A(j2, j3, . . . , jN→1, j1, jN )



Comments
<latexit sha1_base64="yNe4Pvo4UK195UzSZWKVOy9+uXQ=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQoZSkSnVZHwuXFWwrNDFMJpN26OTBzEQoIXs3/oobF4q49Qfc+TdO2yy09cCFwzn3cu89bsyokIbxrRWWlldW14rrpY3Nre0dfXevK6KEY9LBEYv4nYsEYTQkHUklI3cxJyhwGem5o8uJ33sgXNAovJXjmNgBGoTUpxhJJTl6ObUwYvA8u08tHkDMIkG8zEmvnEZWNWuN2vGRo1eMujEFXCRmTiogR9vRvywvwklAQokZEqJvGrG0U8QlxYxkJSsRJEZ4hAakr2iIAiLsdPpLBg+V4kE/4qpCCafq74kUBUKMA1d1BkgOxbw3Ef/z+on0z+yUhnEiSYhni/yEQRnBSTDQo5xgycaKIMypuhXiIeIISxVfSYVgzr+8SLqNutmsN29OKq2LPI4iOABlUAUmOAUtcA3aoAMweATP4BW8aU/ai/aufcxaC1o+sw/+QPv8AasVmYU=</latexit>

Aclosed
D2

(1, 2, 3) linear combination of only    open
<latexit sha1_base64="2fvfthwg1mRLBhwA3jth0GTm+tU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyVy1XG1el2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH+zjME=</latexit>

2
string color-ordered sub-amplitudes (instead of the
   independent ones; in general             ) 

<latexit sha1_base64="v7QdX3wCxKAv8RtX6oCzxuzfHUg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqVPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDhcOMxQ==</latexit>

6
<latexit sha1_base64="MJT3BjLIMbfs/t/hfjINagfxkTg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16iRahHiy7KtVj0YsnqWA/oF1KNk3b2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBxpo3rfjuZpeWV1bXsem5jc2t7J7+7V9cyVoTWiORSNQOsKWeC1gwznDYjRXEYcNoIhjcTv/FElWZSPJhRRP0Q9wXrMYKNlerFu9Pzk8NOvuCW3CnQIvFSUoAU1U7+q92VJA6pMIRjrVueGxk/wcowwuk41441jTAZ4j5tWSpwSLWfTK8do2OrdFFPKlvCoKn6eyLBodajMLCdITYDPe9NxP+8Vmx6V37CRBQbKshsUS/myEg0eR11maLE8JElmChmb0VkgBUmxgaUsyF48y8vkvpZySuXyvcXhcp1GkcWDuAIiuDBJVTgFqpQAwKP8Ayv8OZI58V5dz5mrRknndmHP3A+fwCkJ43h</latexit>

(N → 3)!
<latexit sha1_base64="JIIGviWoIkwiK0d8bGU6TW5ZEg0="></latexit>

I1 =
{
0 < x < ω̃ < 1 < ε̃ < →

}
<latexit sha1_base64="e4DUrKXoLLspPWwnE2JF6rFrs94="></latexit>

I2 =
{
0 < x < 1 < ω̃ < ε̃ < →

}
<latexit sha1_base64="2U4uB2DYypJWvIo2lAT6jsuREOA=">AAACEnicdZDLSsNAFIYn9VbrLerSzWARWgglSSW2u6oblxXsBdpQJtNJO3RyYWYilNJncOOruHGhiFtX7nwbJ229ogcGPv7/HM6c34sZFdI037TM0vLK6lp2PbexubW9o+/uNUWUcEwaOGIRb3tIEEZD0pBUMtKOOUGBx0jLG52nfuuacEGj8EqOY+IGaBBSn2IkldTTi6eFbqQa0nnL+ET7C8uGbZQNq9jT82bJVOU4MAWrYloKqtWKbVehNbNMMw8WVe/pr91+hJOAhBIzJETHMmPpThCXFDMyzXUTQWKER2hAOgpDFBDhTmYnTeGRUvrQj7h6oYQz9fvEBAVCjANPdQZIDsVvLxX/8jqJ9CvuhIZxIkmI54v8hEEZwTQf2KecYMnGChDmVP0V4iHiCEuVYk6F8HEp/B+adslySs7lcb52togjCw7AISgAC5yAGrgAddAAGNyAO/AAHrVb7V570p7nrRltMbMPfpT28g74q5xn</latexit>

A(1, 2, 3, 2, 3, 1)
<latexit sha1_base64="gF9xPwi4+tZdSiW+3+YEBi7gXZs=">AAACEnicdVBLSwMxGMzWV62vVY9egkVoYSm7W1nbW9WLxwr2Ae1Ssmm2Dc0+SLJCKf0NXvwrXjwo4tWTN/+N2bY+0YHAZOYbkm+8mFEhTfNNyywtr6yuZddzG5tb2zv67l5TRAnHpIEjFvG2hwRhNCQNSSUj7ZgTFHiMtLzReeq3rgkXNAqv5DgmboAGIfUpRlJJPb14WuhGaiDNW8YntQ3761I2yoZV7Ol5s2QqOA5MiVUxLUWq1YptV6E1s0wzDxao9/TXbj/CSUBCiRkSomOZsXQniEuKGZnmuokgMcIjNCAdRUMUEOFOZitN4ZFS+tCPuDqhhDP1e2KCAiHGgacmAySH4reXin95nUT6FXdCwziRJMTzh/yEQRnBtB/Yp5xgycaKIMyp+ivEQ8QRlqrFnCrhY1P4P2naJcspOZfH+drZoo4sOACHoAAscAJq4ALUQQNgcAPuwAN41G61e+1Je56PZrRFZh/8gPbyDvR3nGc=</latexit>

A(1, 2, 2, 3, 3, 1)

<latexit sha1_base64="4JxKkek7jmQzGUMglA+Ltrw3BmA=">AAAB6HicdVBNSwMxEJ31s9avqkcvwSJ4Ktkia+up6MVjC/YD2qVk07SNzWaXJCuUpb/AiwdFvPqTvPlvzLYVVPTBwOO9GWbmBbHg2mD84aysrq1vbOa28ts7u3v7hYPDlo4SRVmTRiJSnYBoJrhkTcONYJ1YMRIGgrWDyXXmt++Z0jySt2YaMz8kI8mHnBJjpcZlv1DEJWzheSgjbgW7llSrlXK5ity5hXERlqj3C++9QUSTkElDBdG66+LY+ClRhlPBZvleollM6ISMWNdSSUKm/XR+6AydWmWAhpGyJQ2aq98nUhJqPQ0D2xkSM9a/vUz8y+smZljxUy7jxDBJF4uGiUAmQtnXaMAVo0ZMLSFUcXsromOiCDU2m7wN4etT9D9plUuuV/Ia58Xa1TKOHBzDCZyBCxdQgxuoQxMoMHiAJ3h27pxH58V5XbSuOMuZI/gB5+0T4xiNBg==</latexit>:
<latexit sha1_base64="4JxKkek7jmQzGUMglA+Ltrw3BmA=">AAAB6HicdVBNSwMxEJ31s9avqkcvwSJ4Ktkia+up6MVjC/YD2qVk07SNzWaXJCuUpb/AiwdFvPqTvPlvzLYVVPTBwOO9GWbmBbHg2mD84aysrq1vbOa28ts7u3v7hYPDlo4SRVmTRiJSnYBoJrhkTcONYJ1YMRIGgrWDyXXmt++Z0jySt2YaMz8kI8mHnBJjpcZlv1DEJWzheSgjbgW7llSrlXK5ity5hXERlqj3C++9QUSTkElDBdG66+LY+ClRhlPBZvleollM6ISMWNdSSUKm/XR+6AydWmWAhpGyJQ2aq98nUhJqPQ0D2xkSM9a/vUz8y+smZljxUy7jxDBJF4uGiUAmQtnXaMAVo0ZMLSFUcXsromOiCDU2m7wN4etT9D9plUuuV/Ia58Xa1TKOHBzDCZyBCxdQgxuoQxMoMHiAJ3h27pxH58V5XbSuOMuZI/gB5+0T4xiNBg==</latexit>:

<latexit sha1_base64="a4F8PIBYXH/2S2gMPzXQ7tMH/Ys="></latexit>

A(1, 2, 3, 2, 3, 1) = ig3cωp
∑

ω→S3

AYM(1, 2ω, 3ω, 3ω, 2, 1)F
(2ω3ω3ω)
I1

<latexit sha1_base64="Znr0gGjCtw3g7WOahUNnN4jksV0="></latexit>

A(1, 2, 2, 3, 3, 1) = ig3cωp
∑

ω→S3

AYM(1, 2ω, 3ω, 3ω, 2, 1)F
(2ω3ω3ω)
I2

[Mafra, Schlotterer, Stieberger (2011)]



<latexit sha1_base64="bMtFBO4kNmlNbFNzLXugAB1WH/A="></latexit>

F (2ω3ω3ω)
In

= →
∫

In

dz2 dz3 dz3

(
∏

i<j

|zij |sij
)
s12ω
z12ω

s3ω2
z3ω2

(
s13ω
z13ω

+
s2ω3ω
z2ω3ω

)
, ω ↑ S3, n = 1, 2

with
<latexit sha1_base64="Dc9pjjt4ye4CeXdRnznY6jrIDrw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRPEU8OIxAfOAZAmzk95kzOzsMjMrhpAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781iMqzWN5b8YJ+hEdSB5yRo2V6k+9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PgvDjvzseiNedkM8fwB87nD+djjP8=</latexit>x

<latexit sha1_base64="A1G8EdhDSjYR+y+ebOsSUQbiFKo=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hV2RKJ4CXjxGMA/MLmF2tpMMmZ1dZmbFsOQvvHhQxKt/482/cfI4aGJBQ1HVTXdXmAqujet+Oyura+sbm4Wt4vbO7t5+6eCwqZNMMWywRCSqHVKNgktsGG4EtlOFNA4FtsLhzcRvPaLSPJH3ZpRiENO+5D3OqLHSg2+4iJD4T7xbKrsVdwqyTLw5KcMc9W7py48SlsUoDRNU647npibIqTKcCRwX/UxjStmQ9rFjqaQx6iCfXjwmp1aJSC9RtqQhU/X3RE5jrUdxaDtjagZ60ZuI/3mdzPSugpzLNDMo2WxRLxPEJGTyPom4QmbEyBLKFLe3EjagijJjQyraELzFl5dJ87ziVSvVu4ty7XoeRwGO4QTOwINLqMEt1KEBDCQ8wyu8Odp5cd6dj1nrijOfOYI/cD5/AE8/kKw=</latexit>

ω̃
<latexit sha1_base64="ohaTJFG5FjUDprFg+k0fWauOBdg=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqngqePFYwX5AEspmM2mXbj7YnQgl9Gd48aCIV3+NN/+N2zYHrT4YeLw3w8y8IJNCo21/WZW19Y3Nrep2bWd3b/+gfnjU02muOHR5KlM1CJgGKRLookAJg0wBiwMJ/WByO/f7j6C0SJMHnGbgx2yUiEhwhkZyPRQyBOoBsmG9YTftBehf4pSkQUp0hvVPL0x5HkOCXDKtXcfO0C+YQsElzGperiFjfMJG4BqasBi0XyxOntEzo4Q0SpWpBOlC/TlRsFjraRyYzpjhWK96c/E/z80xuvYLkWQ5QsKXi6JcUkzp/H8aCgUc5dQQxpUwt1I+ZopxNCnVTAjO6st/Se+i6bSarfvLRvumjKNKTsgpOScOuSJtckc6pEs4SckTeSGvFlrP1pv1vmytWOXMMfkF6+Mb/smRDw==</latexit>

ω̃

explicitly known

Expansion of                      in    :
<latexit sha1_base64="yNe4Pvo4UK195UzSZWKVOy9+uXQ=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQoZSkSnVZHwuXFWwrNDFMJpN26OTBzEQoIXs3/oobF4q49Qfc+TdO2yy09cCFwzn3cu89bsyokIbxrRWWlldW14rrpY3Nre0dfXevK6KEY9LBEYv4nYsEYTQkHUklI3cxJyhwGem5o8uJ33sgXNAovJXjmNgBGoTUpxhJJTl6ObUwYvA8u08tHkDMIkG8zEmvnEZWNWuN2vGRo1eMujEFXCRmTiogR9vRvywvwklAQokZEqJvGrG0U8QlxYxkJSsRJEZ4hAakr2iIAiLsdPpLBg+V4kE/4qpCCafq74kUBUKMA1d1BkgOxbw3Ef/z+on0z+yUhnEiSYhni/yEQRnBSTDQo5xgycaKIMypuhXiIeIISxVfSYVgzr+8SLqNutmsN29OKq2LPI4iOABlUAUmOAUtcA3aoAMweATP4BW8aU/ai/aufcxaC1o+sw/+QPv8AasVmYU=</latexit>

Aclosed
D2

(1, 2, 3)
<latexit sha1_base64="hiXIAaLF1ypEcADbOgb7dg4sclQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvoqSQi1WPRi8cK9gPaUCbbTbt0s1l2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZeKDnTxvO+ncLa+sbmVnG7tLO7t39QPjxq6SRVhDZJwhPVCVFTzgRtGmY47UhFMQ45bYfju5nffqJKs0Q8momkQYxDwSJG0Fip3UMuR3jeL1e8qjeHu0r8nFQgR6Nf/uoNEpLGVBjCUeuu70kTZKgMI5xOS71UU4lkjEPatVRgTHWQzc+dumdWGbhRomwJ487V3xMZxlpP4tB2xmhGetmbif953dREN0HGhEwNFWSxKEq5axJ39rs7YIoSwyeWIFHM3uqSESokxiZUsiH4yy+vktZl1a9Vaw9XlfptHkcRTuAULsCHa6jDPTSgCQTG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwDxf49U</latexit>

ω→

and
<latexit sha1_base64="D5R9MwXYif1N+IUVL+HDpB0zG/s=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVaT1WvXgRKtgPbZeSTbNtaJJdkqxQlv4LLx4U8eq/8ea/MW33oK0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjK6nfuuJKs0ieW/GMfUFHkgWMoKNlR4ve2lXCfRwO+kVS27ZnQEtEy8jJchQ7xW/uv2IJIJKQzjWuuO5sfFTrAwjnE4K3UTTGJMRHtCOpRILqv10dvEEnVilj8JI2ZIGzdTfEykWWo9FYDsFNkO96E3F/7xOYsILP2UyTgyVZL4oTDgyEZq+j/pMUWL42BJMFLO3IjLEChNjQyrYELzFl5dJ86zsVcqVu/NS7SqLIw9HcAyn4EEVanADdWgAAQnP8ApvjnZenHfnY96ac7KZQ/gD5/MHBJeQgg==</latexit>

AYM

<latexit sha1_base64="2MCyFZNBPhDunA/PcQtTkyi3BcQ="></latexit>

A
closed
D2

(1, 2, 3) = O(ω→0) +O(ω→2)

Consistent with 2-pt function [Hashimoto, Klebanov;
Garousi, Myers (1996); 
Bachas, Bain, Green (1999)]

Made consistency checks of           -terms by comparing
with DBI-action

<latexit sha1_base64="Ulw/OVF8eXVRYUpIRxkvFZ6xnio=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wsm5KIVJdFN+6sYB/QxHIznbZDJ5MwMxFqKP6KGxeKuPU/3Pk3TtsstPXAhcM593LvPUHMmdKO820tLC4tr6zm1vLrG5tb2/bObl1FiSS0RiIeyWYAinImaE0zzWkzlhTCgNNGMLga+40HKhWLxJ0extQPoSdYlxHQRmrb+6lHgOObES56wOM+HN87J2274JScCfA8cTNSQBmqbfvL60QkCanQhINSLdeJtZ+C1IxwOsp7iaIxkAH0aMtQASFVfjq5foSPjNLB3UiaEhpP1N8TKYRKDcPAdIag+2rWG4v/ea1Edy/8lIk40VSQ6aJuwrGO8DgK3GGSEs2HhgCRzNyKSR8kEG0Cy5sQ3NmX50n9tOSWS+Xbs0LlMosjhw7QISoiF52jCrpGVVRDBD2iZ/SK3qwn68V6tz6mrQtWNrOH/sD6/AF/kJP5</latexit>

O(ω→0)

DBI
<latexit sha1_base64="MGSFoxlG/rkDp3qP0BqmPBScszg=">AAAB6nicbVDLTgJBEOz1ifhCPXqZSEw8kV1i0CPRi0d88EhgJbNDL0yYnd3MzJoQwid48aAxXv0ib/6NA+xBwUo6qVR1p7srSATXxnW/nZXVtfWNzdxWfntnd2+/cHDY0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8Hweuo3n1BpHssHM0rQj2hf8pAzaqx0f/dY7haKbsmdgSwTLyNFyFDrFr46vZilEUrDBNW67bmJ8cdUGc4ETvKdVGNC2ZD2sW2ppBFqfzw7dUJOrdIjYaxsSUNm6u+JMY20HkWB7YyoGehFbyr+57VTE176Yy6T1KBk80VhKoiJyfRv0uMKmREjSyhT3N5K2IAqyoxNJ29D8BZfXiaNcsmrlCq358XqVRZHDo7hBM7Agwuowg3UoA4M+vAMr/DmCOfFeXc+5q0rTjZzBH/gfP4A1U6NhQ==</latexit>

R2“ “ 



Conclusion & Outlook

Systematics at higher    -points?n

<latexit sha1_base64="mO/iy4uMrtyMRBfdE4qH8dEo2xI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2VmrJfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpvHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f2kOM/A==</latexit>

Higher derivative corrections to DBI? (             ?)

<latexit sha1_base64="Aqmpx9yA3rWzpyUq1tjkyQf4A+U="></latexit>

A3 = 2i sin(ωs23) A(1, 2, 3, 2, 3, 1)

+ 2i sin[ω(s23 + s23)] A(1, 2, 2, 3, 3, 1)

<latexit sha1_base64="0XyfVJok5ExHXq8z4zqR3bsIkKg="></latexit>

An →
Ln∑

ω=1

[
n→2∏

k=1

sin(ωsω,k)

]
A(1, 2, 2εω , 3εω , 3εω , . . . , nεω , nεω , 1)

linear combination of Mandelstams

[M.H. (w.i.p.)]

Projective plane? cf. [Garousi (2006)] for RNS
[Bischof, Stieberger (2025)] for PS

[Bischof, M.H., Stieberger (2023); 
 M.H. (w.i.p.)]

<latexit sha1_base64="xuF2idN5Wn141J6O/wQZc1B3GDc=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhCswl3QmEYI2lhYRDAfkhxhb7OXLNndO3b3hHDkV9hYKGLrz7Hz37hJrtDEBwOP92aYmRfEnGnjut/Oyura+sZmbiu/vbO7t184OGzqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYxupn7riSrNIvlgxjH1BR5IFjKCjZUe73oX6AqVq9VeoeiW3BnQMvEyUoQM9V7hq9uPSCKoNIRjrTueGxs/xcowwukk3000jTEZ4QHtWCqxoNpPZwdP0KlV+iiMlC1p0Ez9PZFiofVYBLZTYDPUi95U/M/rJCas+imTcWKoJPNFYcKRidD0e9RnihLDx5Zgopi9FZEhVpgYm1HehuAtvrxMmuWSVylV7s+LtessjhwcwwmcgQeXUINbqEMDCAh4hld4c5Tz4rw7H/PWFSebOYI/cD5/AGrCjt4=</latexit>

L5 = 288



Thank you!


