
Integrable auxiliary field deformations of dimensionally reduced gravity

Mattia Cesàro, Max Planck Institute for Gravitational Physics - AEI

Workshop on Quantum Gravity and Strings, Corfu

September 11th, 2026

Based on [MC, A.Kleinschmidt,D.Osten,arXiv:2409.04523], [MC, D.Osten, arXiv:2502.01750],
[D.Bielli, MC, arXiv:2606.30717]



Plan of the talk

1 Kaluza-Klein reduction of D = 4 GR to D = 2: the BM model

2 D = 2 auxiliary field deformations
ν-frame
µ-frame

3 Uplifts to D = 4

4 Conclusions

2



Plan of the talk

1 Kaluza-Klein reduction of D = 4 GR to D = 2: the BM model

2 D = 2 auxiliary field deformations
ν-frame
µ-frame

3 Uplifts to D = 4

4 Conclusions

3



Dimensionally reduced GR: the Breitenlohner-Maison model
KK reduction of D = 4 GR to D = 2

Gravity with two space-like isometriesD = 4

D = 3

D = 2

S1

R+-symmetry
dualisation of KK vector → SL(2)(E) symmetry

S1

R+×SL(2)(E) symmetry

T 2

R+×SL(2)(MM) symmetry

Geroch ŜL(2)

4



Dimensionally reduced GR: the Breitenlohner-Maison model
KK reduction of D = 4 GR to D = 2

Gravity with two space-like isometriesD = 4

D = 3

D = 2

S1

R+-symmetry
dualisation of KK vector → SL(2)(E) symmetry

S1

R+×SL(2)(E) symmetry

T 2

R+×SL(2)(MM) symmetry

Geroch ŜL(2)
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Dimensionally reduced GR: the Breitenlohner-Maison model
KK reduction of D = 4 GR to D = 2

The Lagrangian in D = 2 after dimensional reduction is

LD=2 = ∂µρ∂
µσ − 1

2
ρTr(PµP

µ) .

with Pµ the coset projection of the sl2-current:

V ∈ SL(2)MM, V−1∂µV = Pµ +Qµ , Pµ ∈ sl2 ⊖ so2 , Qµ ∈ so2.

Equations of motion: {
□ρ = 0 ,

Dµ(ρP
µ) = 0 ,{

□σ +
1

2
Tr(PµP

µ) = 0 ,

supplemented by Virasoro constraints (in lightcone coordinates),

∂±ρ∂±σ − 1

2
∂±∂±ρ− 1

2
ρTr(P±P±) = 0 .
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Dimensionally reduced GR
Integrability of the undeformed model

Linear system: [V. Belinskii, V. Sakharov, ‘78, ‘79] [P. Breitenlohner, D. Maison, ‘87].

Extended linear system: [B. Julia, H. Nicolai, ‘96] (also [D. Bernard, N.Regnault, ‘01]).

Hamiltonian integrability: [D. Korotkin, H. Samtleben, ‘98] .
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Auxiliary deformations: general framework
The ν-frame

Original work from [C. Ferko, L. Smith, ‘24] on the Principal Chiral Model, inspired from
non linear deformations of Maxwell theory in [E. Ivanov, B. Zupnik, ‘02]. Later extended by
[N.Baglioni, D.Bielli, MC, C. Ferko, M.Galli, A.Kleinschmidt, D.Osten, L.Smith,
G.Tartaglino-Mazzucchelli,....].

Start from an (integrable) seed theory,

L̊(ϕ).

Couple auxiliary fields v through

L̃ = −L̊(ϕ) + L(ϕ, v) + E(ν) ,

with ν = ν(v) a certain combination of auxiliary fields. The infinite family of theories
preserves integrability!

A set of deformations encompassing the “T T̄” [A.B.Zamolodchikov, ’04] and ”root-T T̄”
[C.Ferko, A.Sfondrini, L.Smith, G.Tartaglino-Mazzucchelli, ‘22] , [H.Babaei-Aghbolagh, S.He,
T.Morone, H.Ouyang, R.Tateo, ‘24] ones, but in principle more general.
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Deformed BM model
The deformation in D = 2

Deform the Lagrangian through introduction of auxiliary fields [MC, D. Osten, ‘25],

L(2,ν) =− ∂µρ∂
µσ +

ρ

2
Tr(PµP

µ)

− 2(χ1µ∂
µρ+ χ2µ∂

µσ + χµ
1χ2µ) + ρ (Tr [2Pµv

µ + vµv
µ]) + E(ν2) ,

with

ν2 = (ηαβηγσ + ϵαβϵγσ)
(
χ1αχ2 γ − ρ

2
Tr(vαvγ)

)(
χ1 βχ2σ − ρ

2
Tr(vβvσ)

)
.

Deformed “currents”

Pµ = −(Pµ + 2vµ) , Rµ = −(∂µρ+ 2χ2µ) , Sµ = −(∂µσ + 2χ1µ) ,

are important ingredients.
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Deformed BM model
The deformation in D = 2

Equations of motion: dynamical for scalars , dynamical for conformal factor and algebraic
ones , {

∂µRµ = 0 ,

Dµ(ρPµ) = 0 ,{
∂µSµ = Tr

[
1

2
(PµP

µ) + 2Pµv
µ + vµv

µ

]
+Kµν(χ1,2, v, ρ)Tr(vµvν) ,

Pµ = −vµ +Kµ
ν(χ1,2, v, ρ)vν ,

∂µσ = −χ1µ +Kµ
ν(χ1,2, v, ρ)χ1 ν ,

∂µρ = −χ2µ +Kµ
ν(χ1,2, v, ρ)χ2 ν ,

where

Kµ
ν(χ1,2, v, ρ) = E ′(ν2)(δ

α
µη

γν − ηµρϵ
ραϵγν)

(
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2
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Alternative duality-frame
the µ-frame

In [N.Baglioni, D.Bielli, M.Galli, G.Tartaglino-Mazzucchelli, ‘25] an alternative frame for such
auxiliary field deformations was constructed.

Start again from
L̃(ν) = −L̊(ϕ) + L(ϕ, v) + E(ν) ,

where we must now assume ν → √
ν2.

Operate a partial Legendre transform (Routhian),

−νEν + E = H(µ) , with µ = Eν ≡ ∂E(ν)
∂ν

, and ν = −Hµ ≡ −∂H(µ)

∂µ
.

We land in the so called µ-frame

L̃(µ) =F (µ)L̊(ϕ) +G(µ)Lnon-poly(ϕ) +H(µ).

Trade some complexity for simplicity and viceversa.
easy convoluted

ν-frame Lagrangian Interaction function
µ-frame Interaction function Lagrangian

The sets of theories overlap only partially!
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Alternative duality-frame

Deformed BM model in the ν-frame [MC, D. Osten, ‘25],

L(2,ν) =− 1

2

(
− ∂+ρ∂−σ − ∂−ρ∂+σ − 2χ1+∂−ρ− 2χ1−∂+ρ− 2χ2+∂−σ − 2χ2−∂+σ

− 2χ1+χ2− − 2χ1−χ2+ + ρTr[P+P− + 2P+v− + 2P−v+ + 2v+v−]
)
+ E(ν),

where

ν =

√(
χ1+χ2+ − ρ

2
tr(v2+)

)(
χ1−χ2− − ρ

2
tr(v2−)

)
.

Deformed BM model in the µ-frame [D.Bielli, MC, ‘26] ,

L(2, µ) =+
1

2

(µ2 + 4

µ2 − 4

)(
∂+ρ∂−σ + ∂−ρ∂+σ − ρTr(P+P−)

)
−
( 4µ

µ2 − 4

)√(
∂+ρ∂+σ − ρ

2
Tr(P 2

+)
)(

∂−ρ∂−σ − ρ

2
Tr(P 2

−)
)
+H(µ) .
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Uplifts to D=4

The D = 4 Einstein-Hilbert (EH) action can be written in terms of the anholonomicity
coefficients,

ΩAB
C = EA

MEB
N (∂MEN

C − ∂NEM
C) ,

where M = 0, .., 3, A = 0, ..., 3, EM
A is the vierbein, as

S
(4)
EH [E] =

∫
d4xL(4)

EH = −1

8

∫
d4xE

(
ΩABCΩABC + 2ΩABCΩACB − 4ΩAB

BΩAC
C

)
,

up to boundary contributions (“Teleparallel-Equivalent of GR” [Maluf , ‘13]).

Starting point (inspired to [P.West, ‘01], [N.Boulanger, O.Hohm, ‘08])

S
(4)
EH [E, Y ] = +

1

8

∫
d4xE

(
+ΩABCΩABC + 2ΩABCΩACB − 4ΩAB

BΩAC
C

+ 4(Y ABCΩABC + 2Y ABCΩACB − 4YAB
BΩAC

C)

+ 2(Y ABCYABC + 2Y ABCYACB − 4YAB
BY AC

C)
)
.

Integrating out YAB
C = −ΩAB

C returns the original EH action.
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Starting point (inspired to [P.West, ‘01], [N.Boulanger, O.Hohm, ‘08])

S
(4)
EH [E, Y ] = +

1

8

∫
d4xE

(
+ΩABCΩABC + 2ΩABCΩACB − 4ΩAB

BΩAC
C

+ 4(Y ABCΩABC + 2Y ABCΩACB − 4YAB
BΩAC

C)

+ 2(Y ABCYABC + 2Y ABCYACB − 4YAB
BY AC

C)
)
.

Integrating out YAB
C = −ΩAB

C returns the original EH action.
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Uplifts to D=4

Main challenge in uplifting the models:
ν-frame: uplifting ν2 =

(
χ1+χ2+ − ρ

2
Tr(v2+)

)(
χ1−χ2− − ρ

2
Tr(v2−)

)
.

µ-frame: uplifting
(
∂+ρ∂+σ − ρ

2
Tr(P 2

+)
)(

∂−ρ∂−σ − ρ
2
Tr(P 2

−)
)

.

Solution→ consider as fundamental variables:

WCA
B = EC

QEA
M∂QEM

B , ZCA
B ,

such that
ΩAB

C = 2W[AB]
C , YAB

C = 2Z[AB]
C .
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Uplifts to D=4: final result
The ν-frame

Uplift of the D = 2 action in the ν-frame, S(2, ν) =
∫
d2xL(2, ν) , is [D.Bielli, MC, ‘26] :

S(4, ν) = S
(4)
EH [W (E), Z] +

∫
d4x E(ν4).

Here,

S
(4)
EH [W (E), Z] = +

1

8

∫
d4xE

(
+ΩABCΩABC + 2ΩABCΩACB − 4ΩAB

BΩAC
C

+ 4(Y ABCΩABC + 2Y ABCΩACB − 4YAB
BΩAC

C)

+ 2(Y ABCYABC + 2Y ABCYACB − 4YAB
BY AC

C)
)
,

expressed in terms of W and Z.
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Uplifts to D=4: final result
The ν-frame

Finally,

ν4 = (2ηABηCD − ηACηBD)VACVBD ,

with VAB symmetric in (A,B) ,

VAB =
E

8

[
−
(
2YACDYB

CD + 2YACDYB
DC − 4YAC

CYBD
D + YCDAY

CD
B

)
+
1

2
ηAB

(
YCDEY

CDE + 2YCDEY
CED − 4YCD

DY CE
E

)
+2
(
ZCADZC

B
D − ZCDAZ

CD
B

)]
.

19



Uplifts to D=4: final result
The ν-frame

Finally,

ν4 = (2ηABηCD − ηACηBD)VACVBD ,

with VAB symmetric in (A,B) ,

VAB =
E

8

[
−
(
2YACDYB

CD + 2YACDYB
DC − 4YAC

CYBD
D + YCDAY

CD
B

)
+
1

2
ηAB

(
YCDEY

CDE + 2YCDEY
CED − 4YCD

DY CE
E

)
+2
(
ZCADZC

B
D − ZCDAZ

CD
B

)]
.

19



Uplifts to D=4: final result
The µ-frame

Similarly, uplift of the D = 2 action in the µ-frame, reads [D.Bielli, MC, ‘26] ,

S(4, µ) =

∫
d4x

[
1

2

(µ2 + 4

µ2 − 4

)
L(4)

EH [E]−
( 4µ

µ2 − 4

)√
K[E] +H(µ)

]
.

Here,

L(4)
EH [E] = −E

8

(
ΩABCΩABC + 2ΩABCΩACB − 4ΩAB

BΩAC
C

)
,

K[E] = (2ηABηCD − ηACηBD)tACtBD ,

with tAB symmetric in (A,B),

tAB =
E

8

[
−
(
2ΩACDΩB

CD + 2ΩACDΩB
DC − 4ΩAC

CΩBD
D +ΩCDAΩ

CD
B

)
+
1

2
ηAB

(
ΩCDEΩ

CDE + 2ΩCDEΩ
CED − 4ΩCD

DΩCE
E

)
+2
(
WCADWC

B
D −WCDAW

CD
B

)]
.
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Auxiliary field deformations uplifted
A visual summary

D = 2ν-frame µ-frame

Higher-Derivative Theories

D = 4Theory A Theory B
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Coda

What we have seen today:
The integrable auxiliary field deformations of the BM model.

The interplay between ν- and µ-frames.
The uplift of the models back to D = 4.
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Coda
Open questions

Open problems and yet to be answered questions:

Lack of diffeomorphism invariance?
Physical origin of the deformation? ↔ Notion of energy for gravitational field?
Physical meaning of the µ-frame for deformed BM model (DBI-like actions,...)?
Dual graviton formulations?
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Thank you

24



Dimensionally reduced GR
Action of sl2 E and sl2 MM

Parametrise

VMM =

(
1 B
0 1

)(
ρ

1
2∆− 1

2 0

0 ρ−
1
2∆

1
2

)
.

The equations of motion allow for the definition of the dual potential BE

∂+

(
∆2ρ−1∂−B

)
+ ∂−

(
∆2ρ−1∂+B

)
= 0 ⇒ ∂±BE ≡ ±∆2ρ−1∂±B ,

and therefore of

VE ≡
(
1 BE

0 1

)(
∆

1
2 0

0 ∆
1
2

)
.

sl2 MM acts on VMM by left multiplication via the matrices:

h =

(
1 0
0 −1

)
, e =

(
0 1
0 0

)
, f =

(
0 0
1 0

)
.

Then one can prove:
[δf , δfE ]J± MM = ±

[
ρV−1

MM hVMM , J± MM + JT
± MM

]
± 2∂±ρV−1

MM hVMM ,

[δf , [δf , δfE ]]J± MM = ∓2
[
ρV−1

MM f VMM , J± MM + JT
± MM

]
∓ 4∂±ρV−1

MM f VMM

...
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Monodromy matrix

Define the generalised coset representative

V(x; γ(x; z)) = exp
(

∞∑
n=0

ϕnT
n(γ)

)
,

and its involutary automorphism,

τ∞V(γ) = (VT )−1

(
1

γ

)
.

Then the monodromy matrix is

M = Vτ∞V−1 = V(x; γ)VT

(
x;

1

γ

)
.

It holds that

∂µM = V
(
V−1∂µV − τ∞ (V−1∂µV

))
τ∞V−1 = 0 → M = M(z) .
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Specific deformations for the Principal Chiral Model
T T̄ -deformation

In the ν-frame:
E(µ;λ)TT̄ = λν2

In the µ-frame:
H(µ;λ)TT̄ =

1

4λ

(
1 +

µ2 + 1

µ2 − 1

)
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Uplifts to D=4

Consider
Generic D = 2 seed theory L̊.
Easiest possible deformation in the ν-frame E(ν2) = ν2.

At linear order in a perturbative expansion,

ν2 lin = (2ηµρηνσ − ηµνηρσ)TµνTρσ,

where Tµν canonically defined (for a flat background metric) in D = 2 as

Tµν =
δL̊
δηµν

− 1

2
ηµνL̊.

Naive expectation
Check at linear order in a perturbative expansion, if the D = 4 ansatz

ν4 lin = (2ηACηBD − ηABηCD)TABTCD,

with
TAB =

δL(4)
EH

δηAB
− 1

2
ηABL(4)

EH ,

reduces to ν2 lin in D = 2. Incorrect!
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