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Dimensionally reduced GR: the Breitenlohner-Maison model

KK reduction of D =4 GRto D = 2

The Lagrangian in D = 2 after dimensional reduction is
1
Lp=2 = Oupd*o — ngr(PuP“) .
with P, the coset projection of the sls-current:

VeSL2wm, V'9V=P.+Q., P.,cslhosos, Q, € sos.

Equations of motion:

Op=0,
DH(pP“):O7

{I:Ia + %Tr(PuP”) =0,

supplemented by Virasoro constraints (in lightcone coordinates),
PP Yy g

1 1
0+ pdro — iaiaip — §pTr(PiPi) =0.



Dimensionally reduced GR

Integrability of the undeformed model

@ Linear system: [V. Belinskii, V. Sakharov, ‘78, ‘79] [P. Breitenlohner, D. Maison, ‘87].
@ Extended linear system: [B. Julia, H. Nicolai, ‘96] (also [D. Bernard, N.Regnault, ‘01]).

@ Hamiltonian integrability: [D. Korotkin, H. Samtleben, ‘98] .
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Auxiliary deformations: general framework

The v-frame

Original work from [C. Ferko, L. Smith, ‘24] on the Principal Chiral Model, inspired from
non linear deformations of Maxwell theory in [E. Ivanov, B. Zupnik, ‘02]. Later extended by
[N.Baglioni, D.Bielli, MC, C. Ferko, M.Galli, A.Kleinschmidt, D.Osten, L.Smith,
G.Tartaglino-Mazzucchelli,....].

Start from an (integrable) seed theory,
L(e).
Couple auxiliary fields v through
L=—L(9) +L(6,v) +E(v),

with v = v(v) a certain combination of auxiliary fields. The infinite family of theories
preserves integrability!

A set of deformations encompassing the “T'T" [A.B.Zamolodchikov, '04] and "root-T1"
[C.Ferko, A.Sfondrini, L.Smith, G.Tartaglino-Mazzucchelli, ‘22] , [H.Babaei-Aghbolagh, S.He,
T.Morone, H.Ouyang, R.Tateo, ‘24] ones, but in principle more general.
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The deformation in D = 2

Deform the Lagrangian through introduction of auxiliary fields [MC, D. Osten, ‘25],
LEN = — 0,00 + ETH(P,P")

= 2(x110"p + x2,0"0 + X Xx2) + p (Tr[2Pu0" 4+ v,0"]) + E(v2),

10



Deformed BM model

The deformation in D = 2

Deform the Lagrangian through introduction of auxiliary fields [MC, D. Osten, ‘25],
LEY) = 9, pd 0 + gTr(PuP“)
= 2(x1u0"p + Xx200"0 + X{x2) + p (Tr[2Pu0" + 0,0"]) + E(22),
with

Va2 = (,r]aﬁ,’?"rff —+ eaﬂewv) (Xl aX2y — gTr(Ua’UA,)) (Xl 8X20 — gTr(’UB'UJ)) .

10



Deformed BM model

The deformation in D = 2

Deform the Lagrangian through introduction of auxiliary fields [MC, D. Osten, ‘25],
LEN = — 0,00 + ETH(P,P")
= 2(x1u0"p + Xx200"0 + X{x2) + p (Tr[2Pu0" + 0,0"]) + E(22),
with
vy = (naﬁn“ff’ + e"‘ﬂew) (Xl aX2y — gTr(Uavm,)) (Xl BX20 — gTF(UBUJ)) .
Deformed “currents”
Pu==Fut2v), Ru=—=(0up+2x21)s Su=—(0u0+2x104),

are important ingredients.
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Deformed BM model

The deformation in D = 2

Equations of motion: dynamical for scalars , dynamical for conformal factor and algebraic
ones ,

p7"‘

{3 8" =Tr { (PuP") +2P,0" +v0" | + K" (x1.2,0,p) Tr(vuvy)
P,=—v,+ K,”(x1,2,v, p)vy,
8 g = _le,"‘K (X1,2,U»P)X1u7
Oup = =Xz + K" (X1,2,0, p)X20
where

P

KuV(X1,2:U:p) = 5I(V2)( ,‘f??w — Nup€ aéw) (Xl aX2y — gTr('UaUv)) .
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Deformed BM model

The deformation in D = 2

Equations of motion: dynamical for scalars , dynamical for conformal factor and algebraic
ones ,

p7"‘

P,=—v,+ K,”(x1,2,v, p)vy,
8 0= —Xlu +K (X1,2,U»P)X1u7

{8 St =Tr { (PuP") + 2P, 0" + v, 0" | + KM (x1,2, v, p) Tr(vuvy),
{ Hp_ X2H+K (X1,2»U7P)X2ua

where
KuV(X1,2:U:p) = 5I(V2)(5577w - Wupfpaéw) (Xl aX2y — gTr('UaUv)) .

The model preserves (classical) integrability [MC, D. Osten, ‘25].
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Alternative duality-frame

the p-frame

In [N.Baglioni, D.Bielli, M.Galli, G.Tartaglino-Mazzucchelli, ‘25] an alternative frame for such
auxiliary field deformations was constructed.
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Alternative duality-frame

the p-frame

In [N.Baglioni, D.Bielli, M.Galli, G.Tartaglino-Mazzucchelli, ‘25] an alternative frame for such
auxiliary field deformations was constructed.

Start again from R .

LY = —L(9) + £(9,0) + E£(v),
where we must now assume v — |/vs.
Operate a partial Legendre transform (Routhian),

9E(v) OH(p)

—vE, +E=H(u), with p=¢& = o and v=-H,=— o

We land in the so called p-frame

LW =F(u)£(8) + G (1) Laon-poly (6) + H(p).

Trade some complexity for simplicity and viceversa.

easy convoluted
v-frame Lagrangian Interaction function
p-frame | Interaction function Lagrangian

The sets of theories overlap only partially!
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Alternative duality-frame

Deformed BM model in the v-frame [MC, D. Osten, ‘25],
, 1
£e = — 5 ( — 04p0—0 — 0—p0y0 — 2X140-p — 2x1-0+p — 2X24+0-0 — 2x2-040
—2X14X2— — 2X1-X2+ + pTr[PrP- + 2Pv_ + 2P_vq + 2v+v_]) + &),

where

v :\/(X1+X2+ - gtf(vi)) (Xl—X2— - gtf(vz)) -
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Alternative duality-frame

Deformed BM model in the v-frame [MC, D. Osten, ‘25],

v 1
£e = — 5 ( — 04p0—0 — 0—p0y0 — 2X140-p — 2x1-0+p — 2X24+0-0 — 2x2-040
—2X14X2— — 2X1-X2+ + pTr[PrP- + 2Pv_ + 2P_vq + 2v+v_]) + &),

where

v :\/(X1+X2+ - gtf(vi)) (Xl—X2— - gtf(vz)) -

Deformed BM model in the p-frame [D.Bielli, MC, ‘26] ,

£@m _ o 1(u2+4

s\ 4) (8+p3_0 + 0_pdio — pTr(P+P_))

() (st ) oo ) s

14
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Uplifts to D=4

The D = 4 Einstein-Hilbert (EH) action can be written in terms of the anholonomicity

coefficients,
QABC = EAMEBN(BJ\/IENC - aNEMC) )

where M =0,..,3, A=0,...,3, Ex* is the vierbein, as

Sei[B] = /d4$5(5?4) = —é /d4~’UE (QABCQABC +20%7Qacn - 4QABBQACC) ;

up to boundary contributions (“Teleparallel-Equivalent of GR” [Maluf , ‘13]).
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Uplifts to D=4

The D = 4 Einstein-Hilbert (EH) action can be written in terms of the anholonomicity
coefficients,
Qap = EAMEBN(BMENC — 3NEMC) ,

where M =0,..,3, A=0,...,3, Ex* is the vierbein, as
1
Sen|E] = /d%[ﬁf = —g/d4ﬁﬂE (QABCQABC +20%Qucp — 4QABBQACC) )

up to boundary contributions (“Teleparallel-Equivalent of GR” [Maluf , ‘13]).
Starting point (inspired to [P.West, ‘01], [N.Boulanger, O.Hohm, ‘08])

SEE, Y] = +é /d4$E( +Q*P%Qapc + 2047 Qacs — 404870 ¢

+4(Y*PCQape +2Y*P%Qacn — 4P 019 )
+2(Y*PVape +2Y P Yacp - 4YABBYACC))‘

Integrating out YABC = fQABC returns the original EH action.

16



Uplifts to D=4

Main challenge in uplifting the models:
o v-frame: uplifting vo = (X1+X2+ - gTr(vi)) (Xl_XQ_ — gTr(vg)).

o u-frame: uplifting (8+p8+a — %Tr(Pﬁ))(a_pa_a — %Tr(PE)).
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Uplifts to D=4

Main challenge in uplifting the models:
o v-frame: uplifting vo = (X1+X2+ - gTr(vi)) (Xl_XQ_ — gTr(vg)).

o u-frame: uplifting (8+p8+a — %Tr(Pﬁ))(a_pa_a — %Tr(PE)).

Solution— consider as fundamental variables:
B M B B
Wea? = Ec9E, 0gEMm", Zca ,

such that
Qap® = 2Wap°, Yar© =275 .

17



Uplifts to D=4: final result

The v-frame

Uplift of the D = 2 action in the v-frame, ) = fdsz(Q’ ) is [D.Bielli, MC, ‘26] :

s@ ) — gy / d*z E(vs)
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Uplifts to D=4: final result

The v-frame

Uplift of the D = 2 action in the v-frame, ) = fdsz(Q’ ) is [D.Bielli, MC, ‘26] :
s = sglw /d z E(va)
Here,
SYHIW(E),Z] = +é /d4xE( + Q% ape + 207 Qucs — 4045704

+ 4(YABCQABC +2Y %00 — 4YABBQACC)
+2(Y*PYapc +2Y*P“Yacp — 4YABBYACC))7

expressed in terms of W and Z.
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Uplifts to D=4: final result

The v-frame

Finally,
vy = (2nABnCD _ UACHBD)VACVBD,

with Vap symmetric in (A, B) ,

i)
Vap = 3 |:— (QYACDYBCD +2YacpYs"Y —4Yac“Yen® + YCDAYCDB)
1
+§77AB (YCDEYCDE + 2YeprY 9P — 4YODDYCEE)

+2 (ZCADZCBD — ZCDAZCDB):| .
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Uplifts to D=4: final result

The v-frame

Finally,
va = (2948 5CP — yACBDVY, Vi |
with Vap symmetric in (A, B) ,
Vap = b *(QYACDYBCD +2YacpYe"Y — 4YacYep” + YCDAYCDB>
+177AB
2

<YCDEYCDE + 2YeppY“EP — 4YCDDYCEE>

+2 (ZCADZCBD — ZCDAZCDB):| .
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Uplifts to D=4: final result

The p-frame

Similarly, uplift of the D = 2 action in the p-frame, reads [D.Bielli, MC, ‘26] ,

g /d [ u+4)£<EmE ( )\/—JFH }

Here,
E
LB = g (QABCQABC’ +20%7Qacp — 4QABBQACC) ;
IC[E] _ (277AB77CD o TIACT]BD)tACtBD 7

with t4p symmetric in (A, B),

E cD

tap = 3 l: (QQACDQB +2Q4cp8"C — 4040 QD" + Qepa )
1
+§7]AB (QCDEQCDE +2QcppQ°FP — 4QC‘DDQCEE>

+2(WCADWCBD - WCDAWCDB)] .
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Auxiliary field deformations uplifted

A visual summary

Higher-Derivative Theories

Theory A Theory B D=4

v-frame p-frame D=2
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What we have seen today:

@ The integrable auxiliary field deformations of the BM model.
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What we have seen today:
@ The integrable auxiliary field deformations of the BM model.
@ The interplay between v- and p-frames.
@ The uplift of the models back to D = 4.
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Coda

Open questions

Open problems and yet to be answered questions:
@ Lack of diffeomorphism invariance?

@ Physical origin of the deformation? <> Notion of energy for gravitational field?

Physical meaning of the u-frame for deformed BM model (DBlI-like actions,...)?

Dual graviton formulations?

23



Thank you
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Dimensionally reduced GR

Action of sls g and sl arar

v _ (1 B pIA~E 0
MM =10 1 0 p EAZ )

The equations of motion allow for the definition of the dual potential Bg

9y (A’p'0_B) +0- (A’p'04B) =0 = 0+Bg==+A%p '0:+B,

v (1 Be) (A7 o0
=10 1 0o A3/’

Parametrise

and therefore of
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Dimensionally reduced GR

Action of slo g and slo arar

v _ (1 B pIA~E 0
MM =10 1 0 p EAZ )

The equations of motion allow for the definition of the dual potential Bg

9y (A’p'0_B) +0- (A’p'04B) =0 = 0+Bg==+A%p '0:+B,

v (1 Be) (A7 o0
F=\o 1 0 Az)°

sly prar acts on Varar by left multiplication via the matrices:

1 0 0 1 0 0
=005 =) (o)
Then one can prove:

(07,0751 02 pnr = £ [pVarng B Vanr, Jo mar + JE arar] £ 2029 Vigns h Vi
(65,165,050 T2 arar = F2[pVarns £ Varar, Je arar + JL ] F 402p Vaghy £ Varn

Parametrise

and therefore of
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Monodromy matrix

Define the generalised coset representative

V(i y(x:2)) = exp (2 ¢nT"(v)> ,

n=0

and its involutary automorphism,

hen the monodromy matrix is
o 1
M=yreyt = V(:c;'y)VT <x; 77) .

It holds that

M=V V'V -1t V9V) TV =0 - M=M().

26



Specific deformations for the Principal Chiral Model

TT-deformation

o In the v-frame:

o In the py-frame:

27



Uplifts to D=4

Consider
@ Generic D = 2 seed theory L.

o Easiest possible deformation in the v-frame £(v2) = vo.
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Consider

@ Generic D = 2 seed theory L.

o Easiest possible deformation in the v-frame £(v2) = vo.
At linear order in a perturbative expansion,

Kp, Vo v, po

vain = (20"°0"7 — """ )T Tpo,

where T}, canonically defined (for a flat background metric) in D = 2 as

o

oL 1

T/,l.u = (SnHV — 5’[7My£.
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Uplifts to D=4

Consider
@ Generic D = 2 seed theory L.
o Easiest possible deformation in the v-frame £(v2) = vo.

At linear order in a perturbative expansion,
vain = (200" — """ )11 Tho,

where T}, canonically defined (for a flat background metric) in D = 2 as

o

oL 1 2
Snrv 517‘“'5'

T =

Naive expectation
Check at linear order in a perturbative expansion, if the D = 4 ansatz

Vg tin = (2,'7AC773D _ nABnCD)TABTCD,

with “
oL 1 4
run = 3585~ Lot

reduces to vy jip in D = 2. Incorrect!
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