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SOME FACTS [CoTTON 1899; BAKAS '08; DE HARO "08; MANSI ET AL. '09]

THE COTTON TENSOR
CAB in 3 dim
o signals non-conformal-flatness for Levi-Civita connections

o response of the Chern—Simons action to a metric variation

y

CoTTON & CHERN-SIMONS ON BNRIES OF 4-DIM EINSTEIN SPACES
o electric/magnetic dominant terms in the bulk Weyl
o support gravitational electric-magnetic duality on the bry
o Chern-Simons action: boundary term for the topological
4-dim Hirzerbruch—Pontryagin bulk action




INTERLUDE FOR NON-EXPERTS

o Carroll geometry: manifold equipped with

o adegenerate metric g
o its kernel v

o Embedded null hypersurfaces are Carroll geometries

o Null infinity is a conformal Carroll geometry

it

AdS bulk | .7 _— flat bulk P




OUR SCOPE [Miskovic, OLEA, PETROPOULOS, SIAMPOS, RIVERA °23; FiorUCCI, PEKAR, PETROPOULOS, VILATTE *26]

o What are the Carrollian relatives of the Chern-Simons
action and Cotton tensor?

o What are their roles in boundary description of
asymptotically flat spacetimes?



THE BIGGER PICTURE

Quest for microscopic dual boundary dynamics of
o gravitational radiation
o coulombic sector
o higher Bondi aspects
...quest for flat-space holography
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GRAVITATIONAL CHERN-SIMONS IN 3 DIM

LEVI-CIVITA CONNECTION w|g] SPEED OF LIGHT k

1 2
Scs[w(g]] = 2I(///{Tr (w/\dw + 3W AW A w)

o diffeomorphism-invariant

o Weyl-invariant

THE CONJUGATE MOMENTUM TO g,“, — THE COTTON
1 (55(:5
v —8 5g;w

v _ npa(uvp GV)U

onCp,,ZO
P _
0 C'p=0




TECHNICAL REMARKS

o Cartan frame g = 1450708 = — k7% + 845070

o congruence v dual to T normalized as —k?
0 €45 = —€oqp defines an v-transverse Hodge duality
o Cotton decomposed wrt v: ¢, ¢, c®
CAB c c G @ G
.. . a .ab
o similarly for the energy—-momentum tensor : €, ¢, 7
TAB _ e € q° ' L AB




ASYMPTOTICALLY LOCALLY ADS; WITH A = —3k?

BOUNDARY Cag & Tag ENTER THE BULK LINE ELEMENT

o electric Coulombic order 1/r
[£7 — iz (9 — e *ca) 0T + 52 (Tab + g *Cas) 0°0]
o magnetic Coulombic order 1/ [cxwwt? + - |

[Campoleoni, Delfante, Pekar, Petropoulos, Rivera-Betancour, Vilatte *23]
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THE PLAN

AdS bulk | .97 -
Y]

THE EMERGENCE OF CARROLL
o limy_,0 g = 0,,0°0” = § degenerate metric
oV kernel

0T Ehresmann connection

THE PHILOSOPHY: CARROLLIAN REDUCTION

Expand Scs in powers of k> — each coefficient provides a
Carrollian CS action — possibly with broken Carroll boosts

ALTERNATIVE PHILOSOPHY: GAUGING THE CARROLL ALGEBRA
WOrk Straight at k - O [see talk by Simon Pekar]




THE TOOL

THE CONNECTION
o choose a Carroll connection @

o expand the Lorentzian Levi-Civita connection w in powers
of k? and in terms of @

o insert this expansion in Scs

THE NON-HOLONOMY COEFFICIENTS ENTER THE CONNECTION
0 dT = 04 A T — *we 0 A et
0 do° = —y 04N T — ;ccabe“ A 8P Y(ab) = Eab + §5ab

*w =0 T du Eap =0 8 o dCdC

REMARKS

o Lorentzian Levi-Civita: exclusively NHC

o Carrollian Levi-Civita: # and non-unique (more than NHC)




THE CARROLL CONNECTION — FOR EXPERTS

OUR CHOICE
g, L, T compatible & transverse-torsion-free
MT DA — T
ow =, =w",=0
A _ d ) _ 1
O Wgp = _fY[ab]T—i_ 6ad7 Cbec Wabc — 2 (Cabc + Cbac + Ccab>
Weyl-improved with a rheotactic one-form field A = ¢,0 + g’r
N T N o a _— 4 T
0 Wy =—A Wy, =y, =0

0 dy% = D% — 3281 + (Sepp? — 6%pc) B — 007

THE LORENTZIAN LEVI-CIVITA CONECTION EXPANDED

A 1
W =0 | Wap = Dgp— KT ) W%, = 0aT— Wap0® + 75Y(ar)0°

v




THE CARROLL-CHERN-SIMONS

1 1

Scs[w] = k*SECs + kStes + kS?:cs + & Secs
SE”SS = —4/ Vol xo®
M
M
. 1 . . 2 . . .
ccs = E Tr ww/\dww+§ww/\ww/\ww
M

e = | velxedics

defined on the null boundary of asymptotically flat spacetimes



CONJUGATE MOMENTA: THE CARROLL-COTTON TENSORS

GENERICALLY: VARYING WRT TO THE COFRAME COMPONENTS
T {N,N% 04— {P,NL="T2L+ s
obey local-translation Ncether identities
TIME D1+ D,N% + TE =0
SPACE %.@bﬂ + @,{Y‘“b + 2 %My xo + <5Z@T + §“b) P,=0

v




HERE: ALTERNATIVELY OBTAINED BY EXPANDING THE COTTON
2 (1 €2
c=Ken+oot+ @+
a
Ca:kaa_i_Xa_i_%

Cab — kZ\Uab 4 Xab + Zl:;b

The Cotton Carroll avatars {I'I7 4, p4, ’T‘ab}
M {c_1), 9%, 0,0} < xw
- {C(o)axaﬂ,baa _wab}
E {6(1)32(1’ Y4, _Xab}
PE {c(),0,2% —Z%} ¢

obeying 4 sets of Carrollian diffeo Neether identities

NOTE ON CONFORMAL FLATNESS [vore iv Sivion PEcAR’s TALK]
0 *xw = 0 < T ox du < absence of PE

o £% = 0 < conformally flat basis < absence of pm




APPLICATIONS

FROM BULK TO BOUNDARY AT VANISHING A = —3k?

o T"B:singular
0 = 6(0 A Zn>1 k2"€ (n)

° ¢ = kz R 5 + K 4 Zn>2 k2"77(n)

b _ i o7 il i Wb 2 pab 2 b
o T ~ 1 8rC " 28rC  8xC — k“E® — Zn>2k nE(an)
12 .
o VAT =0 & &p= %ab = Bondi-Trautman

flux-balance equations
o 161GTre(g) + 29xX° = F (Cuty Nab)
o 471G (2.@»;7Ta + @“E@) — PpxWab 25X = G (Gbey Nbe)

Cotton-constrained and -sourced Carrollian dynamics




MoORE
o electric-mass aspect — Coulombic plus radiative
M=4arGe) — %%ab%b
o magnetic-mass aspect — Coulombic plus radiative
V= % limg_oc = %C(O) — %g?a.@b x @%b — %‘ﬁab ) e

o angular-momentum aspect N, = x1), — 871G 7,

IN SUMMARY

Boundary Carroll-Cotton tensors echo gravitational radiation
intrinsic & covariant statement [sce talk by Simon Pekar]




FURTHER FEATURES

MAGNETIC CHARGES

Cotton Carrollian dynamics plus conformal Carrollian Killings
€ BMS, = towers of magnetic multipoles d la Geroch—Hansen

v

ELECTRIC CHARGES

Energy and momentum Carrollian dynamics plus conformal
Carrollian Killings € BMS, = towers of electric multipoles

THE COTTON AND DUALITY PROPERTIES

o self-duality is trivial for signature (— + ++)

o “transverse self-dual” sector qu = 1=%Ca  Tap = 572 *Cab

(...) = general algebraically special solutions
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CARROLLIAN CHERN-SIMONS ACTION
o broken down in several cases — electric & magnetic
o concrete dynamics (Hamiltonian, TMG)

[Miskovic, Olea, Petropoulos, Siampos, Rivera-Betancour ’23]

COTTON TENSOR
o radiation encoded in Carrollian avatars
o towers of magnetic charges and multipolar moments

o contact with duality & Ehlers hidden symmetries

o boundary perspective — local
o transverse self-duality & wyy o

[Newman, Penrose '68; Geroch *70; Hansen '74; G()dazgar2. Pope *18-21; Mittal, Petropoulos, Rivera-Betancour,

Vilatte "22; Geiller "24 ; Mason, Ruzziconi, Srikant ’25; Fiorucci, Pekar, Petropoulos, Vilatte 26]




o Can one reach Bondi-Trautman dynamics with no
reference to the bulk?

o What would be the role of Carroll-Chern-Simons?



FEATURING

A. Florucci
O. Miskovi¢
R. OLEA
S. PEKAR
M. PETROPOULOS
D. RIVERA-BETANCOUR
K. Siampos
M. VILATTE
and
|. AHLOUCHE, M. BEAUVILLAIN, A. CAMPOLEONI
V. CHABIRAND, A. DELFANTE
N. MITTAL, A. PETKOU
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GEOMETRY [HENNEAUX '79; BEKAERT ET AL. '14; HARTONG '15; CIAMBELLI ET AL. 17 — ’22; Fioruccr 2030]

REMINDER: PSEUDO-RIEMANNIAN MANIFOLDS IN d + 1 DIM
o non-degenerate metric: g = nag0108 = —k?1% + 5,0%0°
o invariant under local Lorentz group

o metric-compatible and torsion-free V: unique Levi-Civita

CARROLLIAN MANIFOLDS — WEAK CARROLL STRUCTURES

o degenerate metric: g = 0 x T2 + 0,,0°0°

8
o kernel: field of observers v
o spatial tangent vectors vectors: e, s.t. 0%(e;,) = 0
o clock form: Ts.t. T(v) =1
invariant under local transformations
o d(d-1)/2 rotations: L = 6T = 0 Je, = w, e, 507 = —w, 20"

o d Carroll boosts: v = 0 dT = — 0% de, = av 004 =0 |




STRONG CARROLL STRUCTURES: CONNECTION V
basic requirement

o metric-compatible: Vg = 0

o field-of-observers-compatible: Vu =0

further optional requirements

o coframe & frame {7,0%} < {v,e,} metric dgp
0 dT = Q0% AT — w02 A BP
0 dO° = —c,0 AT — 1c,09A0°

o field-of-observers compatibility V,v = Ve, U =0

DT, =T+ Bpa0” D% = 4T+ %,0°




o metric compatibility = y(g) =0 Y(gpc) =0
o torsion two-form TA =doA + &g A BB
T = (00— a) TA O+ (Bap — @Wap) 09 A OF
Te= (% +c4)TAB + (Ve = 3¢%c) 8% A 6°
two important consequences
@ metric compatibility & T=0=> Cab) =0 = 3 Levi-Civita
@ irrespective of any condition () is free — “ambiguity”
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ExpLiCITLY

CARROLLIAN COTTON TENSORS AT d = 2
@ = 5(71)k2 +C(0) + C%) S “((72)
=Rt X+
— g2y 4 yab | z“b

obeying 4 sets of Carrollian conservation equations

(@a@“ 4 2%) *

Q 4 scalars
{%—1) =8x=’ g = t
) = DaDp #EP ) = *Ep D™
Q 3 vectors
P = 3ﬁb“@b * T2
x4 = 1449, 8 + 196 — 24w (97“ + 292b§“b) +39, (*wg“")
2% = %ﬁab@béz @b@’r *gab o *Ea @ ébc

9 3traceless and symmetric two-index covariant tensors

= 2xw? x €% 4 9IPP wm — %6“b@(@c xw — AP D xw
+ 10?9 (Re + D60

wab —
xab — ;,ﬁm( (@b+ jdébd)

—3algt — A gt 43 *m@Tsﬂ’
Zab =% *Eabfz o 927 921_ >kgal;r




CARROLLIAN COTTON CONSERVATION IN d = 2

‘CCO‘[ = 7k3DC0t - kECOt . ]:Cot . WCO[ =0
Caot - k3I(a30t -+ kgéot CO( Cm =0

@ 4 Carrollian scalars

Deot = —Dec(—1) — Dat®
Ecot = -@TC(O) DX + Vel
Feot = *QTCU — Do2® + XipE®
Weot = —Dec(a) + Zapt®

@ 4 Carrollian vectors

Tey = 3Py + 2 ¥ %1
Géot = %@ (0) = @b\uab + 2w xx* + D +

) — DZ® + Pz + €27,

= 92 _@bX“b+2>«<w *Z“—l—@»fxa-i-fabxb
9
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. N L AU B
167GDre) +2Da #X" = DaDpN P+ CP DaRy + E%ab@TJV“b

4w G (Zg?v‘rra + 92“6(0)) - 9y o rwx? = = [%ab@bf + *%“b@bgf —4xw *%ab@b

magnetic-mass aspect
nut aspect

mass aspect

angular-momentum aspect

T ! 1 & ab 1 ab
v=—limc=—-cqo = ~DaDp*C" — ~Cap * N
2 k—0 2 4 8

1
N=v+ -6y x NP
8
1 pab
M = 4mGe(g) — g% Nab

Ng = *1q — 8wGCmy



CONTACT WITH NEWMAN—-PENROSE
In complex coordinates ¢, {
o W iECC
o Wl o iF,®
o W o iN;
o Y9 oxc M+iv
o W) o iPx

o WY o ix
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i = gr/’—& € =0 & vanishing higher Bondi aspects

dSres. Ricci-flat = —T [Zdr + (2r<pa —2%9, *w) 0 + (r@ + J?) T]

+ (r2 S *wz) d[z + m (871'66(0)[' + *ZDC(O)) TZ

twisting and non-twisting algebraically special solutions
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