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HiGHER-ORDER GRAVITY THEORIES

GOAL

Obtain the Non-Relativistic limit of the family of higher-order theories below at the
level of action and equations of motion.

HIGHER-ORDER THEORIES:THE ACTION

We consider the following set of theories in D dimensions, parametrized by the
couplings «, 5 and ~

S = /d% V=g (R +aR?+ SR R"™ + yRWpC,R““P") ,

We study them non-perturbatively («, 5 and -y are not necessarily small).

SOME RELEVANT FEATURES

@ The equations of motion contain terms with more than 2 derivatives.
@ The pure quadratic theory defined by 8 = —4a,v = « is called Gauss-Bonnet
gravity.
o It has second-order equations of motion.
o It is a topological term in 4D.
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TAKING THE NON-RELATIVISTIC LIMIT

(D LORENTZ BREAKING @ SUBSTITUTION

The flat index A is decomposed in a time and The ansatz is substituted in the
expressions we want to take the limit

space part A = {0,a}
. of. For example the Lorentz
A= { 0 Time transformation rules
a=1,...D—-1 Space
6E,° = AO%E,°,
particle limit. b @
SEL* = A% Eu” + A%E,",

(@ REDEFINITION ANSATZ become 1
0Ty = ——)xbeub,

The relativistic fields (and parameters) are
redefined (in an invertible way) in terms of e @ — \a e b_ \ar
would be non-relativistic fields (and parameters) wo= A bCR B

with a dimensionless parameter ¢. We consider
the vielbein Ey4 (gu = Eu*EvBns5), @ THE LiMIT

The parameter ¢ is sent to co. The

0
Bt =T, Eut =eu®, . s : S
limit is consistent if it does not develop
and the Lorentz s%/mmetry parameter divergent terms. In the example
Aoa = —Aay  Nap = Aab- 1, =0,
Boost Spatial 5eﬂa — Aabeub _ )\aTM )
Rotations
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LIMIT OF THE ACTION

EINSTEIN-HILBERT ACTION ANSATZ ORTHOGONALITY

RELATIONS
0
E, =cT
D I3 I8}
SEH:/d zv/—gR 1 "
EH(]:*TH TTH:1>
o b __ b
INDEX DEFINITION & VALUES Eua = 6;,,0‘ s € alp = 6“ g
3 _ ., a_p _
woo_p @y =@ T =
Ly Vs Py .. D Curved , Efq=ea. v a« v 61’7
A,B,C,..  DFlat (A={0,a}), TuT F€u € a=0y.
a,b,c... Spatial Flat a = 1,...,.D — 1.

Ri1cct SCALAR EXPANSION e ———

R="t,t% + o) The leading order term is
4 II divergent, we need a way to
cancel it and access the

with tqp = e“ae”bt,w and tp,l/ = 28[;1471/]
finite order.

(intrinsic torsion).
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CANCELLATION MECHANISM

ORTHOGONALITY

RELATIONS

10 v EHO = CTu,
S=[d z+v/— ,L,,F“

Ety= =1V T =1
-
with F,, =20, A b b
na piiv a a H —
g E,"=e.*, elaen” =4, ,
w _ ., a_p _
=el,. e aty =€y 7 =0,

DEFINITION & VALUES
v a v __ gV
TuT €y € a= 5u

oV, Py e D Curved
AB,C,..  DFiat(Ad={0,a}), NON-RELATIVISTIC LIMIT
a,b,c... Spatial Flat a = 1,...;,.D — 1.

The leading order term coming from the the
Einstein-Hilbert lagrangian cancels against an

EXPANSION analogous term coming from the Maxwell

lagrangian. The result of the limit is:

)

- 0 S = d (e VR 2rhe’® pV t
R= (Ztabt“b—&-(?((- ), / “( Fare nett

2 b ( _ 2 _ ab
F,uyF“” = " tapt” +O((“), 2t0at0 t fab) )
[Bergshoeff et al. 2023; Hansen et al. 2020; Hartong

with te = efqe”ptuy and t,, =
ab ac biuv v et al. 2023]

20,7, (intrinsic torsion).
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FrROM EINSTEIN-HILBERT TO HIGHER-ORDER THEORIES

THE STRATEGY

Mimicking the 2-derivative case we can use a gauge field to cancel the
divergences of the following actions

S = / dPz /=g (R +aR2+ BRLR™ + 'yRW,,(,R“"p”> :

A TASTE OF THE DIVERGENCES

1
T (tabt“btcdth + 4tabtbctcdtd“> +,
1 5
o [ 4894, (Roe + V (£)p0e — Stostoe) + %% ap(—2% (£) e+

+ 2tocto® 4 t°Ufeq) + 2(V(£)a® — 4t%0a) V() e’ | + O("),
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FrROM EINSTEIN-HILBERT TO HIGHER-ORDER THEORIES

THE STRATEGY

Mimicking the 2-derivative case we can use a gauge field to cancel the
divergences of the following actions

S = /de\/jg (R+ aR? + BRMUR/W + 'YR;u/po—R'qu) ,

THE ISSUES

There are a few critical points:
@ Adding just the Maxwell terms is not enough, we need higher-order terms,
@ Coupling between the gravity sector and Maxwell field could be necessary,

@ The higher-order terms will produce extra divergences (at orders ¢* and
). These should all be cancelled otherwise the contribution of the EH
term is removed from the action.
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LIMIT OF THE ACTION: SETTING UP

THE TOOLS

We add the following terms to the action, each with an arbitrary coupling and we fix
the couplings requiring full cancellation of the divergences,

B= {(FWFW)2 F' FY B F%  F*™ FPR 0y F* FY R, |
Fou F*R N, F,, V" F"° VHF“"VI,F",J} .

Voluntarily overparametrized (avoid integration by parts).

REMARKS

@ In the Einstein-Hilbert-Maxwell case the coefficient of the Maxwell term can be
modified by redefinition.

@ In the higher-order case not all the coeffcients in B can be arbitrarily fine-tuned
via non-perturbative redefinitions.

@ Cancellation of divergences would be highly non-trivial!
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LIMIT OF THE ACTION: SELECTED THEORIES

THE RESULT

@ It is possible to cancel all the divergences coming from the higher order terms.

@ For each of the quadratic terms there is only one! combination in B cancelling
the divergent part (only certains theories admit the non-relativistic limit).

@ The coeffcients do not depend on the dimension.

RELATIVISTIC THEORIES ADMITTING A NON-RELATIVISTIC LIMIT

For each of the quadratic terms in the action the following combinations guarantee a
finite limit of the action

1 2
Lo= (R - ZFWF‘“’> ,

1

1
— % 7F4
Lo =RuR" + o F' 4

17 1 v L v
F' P FP G F7 = SVuF" Y, F — FYFY Ry

Ly =Ry R*P7 + SF“ +2

174 3 v g
G E o F BTy N uFyp VY FY — SF™ F Ry
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LIMIT OF THE ACTION: SELECTED THEORIES

THE RESULT

@ It is possible to cancel all the divergences coming from the higher order terms.

@ For each of the quadratic terms there is only one! combination in B cancelling
the divergent part (only certains theories admit the non-relativistic limit).

@ The coeffcients do not depend on the dimension.

WHY ONLY THOSE THEORIES?

@ The limit knows about some physical features of the possible higher-order
theories?

@ Can the existence of the non-relativistic limit be used to gain informations on
the higher-order gravity theories?

@ Can we characterize more precisely the theories admitting the limit?
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HIiGHER-DIMENSIONAL ORIGIN

PURE GRAVITATIONAL THEORY IN D+1 DIMENSIONS

The Lagrangian admitting a finite non-relativistic limit £+, Lg and £+ can be
obtained considering their pure gravitational part in one dimension higher and
performing a compactification followed by a truncation of the scalar field.

HIGHER-DIMENSIONAL ORIGIN OF THE THEORIES WITH FINITE LIMIT

(D +1)-dim. == D-dim.
2
R® — (R - %FWF“”>

Ry nRMY m— R, R+ LF'+ 1F¢ FY ,FP,F%, — 1V, F*'V,F, +
—FHPFY R,

RunpRYNFC  mmm Ry poR¥PT + 3F4 4+ SFH FY FP o F° ) + YV, F VY +
*%F“VFPUR;WPU
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THE LIMITS OF THE EQUATIONS OF MOTIONS

TAKING THE LIMIT OF THE EQUATIONS OF MOTION

The limit ¢ — oo just select the leading order of the expansion of the equations of
motion,

(n) (n—2)
[(X]="[X]+ (X]+0O(c" )=0,

giving

EQUATIONS OF MOTION: EINSTEIN-HILBERT-MAXWELL CASE

The equations of motion coming from the action we have considered are:
4 v 1 v v
[G]** = R* —iF“przo, [A]f =V, F"" =0,
and with flat indices:

[Glip = [GI"E, 4B, =0, [A]A = [A]*E, A = 0.
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EINSTEIN-HILBERT-MAXWELL AND THE POISSON EQUATION

THE PoOISSON EQUATION IN NEWTONIAN GRAVITY

The Poisson equation is characteristic of Newtonian gravity (and Newton-Cartan
gravity), AU = 47rGp, with p mass density distribution and ¥ Newton potential. We
could expect an analogous equation from our limit.

WHERE 1S THE POISSON EQUATION?

We can consider a general scalar combination

[Py] :=AE".E"* (G, + CE*oE"o [Gluw +BE,[A]"
where A,B and C are three constant parameters. The expansion of [P4]

@ (0) (—=2)
[Pr] = [Py]+ [Pr]+ ¢ “[Py]+0(c ),

has a term that potentially could be interpreted as a Poisson equation at order ¢~
[Andringa et al. 2012; Bergshoeff et al. 2021].
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EINSTEIN-HILBERT-MAXWELL AND THE POISSON EQUATION

WHERE IS THE POISSON EQUATION?

We can consider a general scalar combination
[Py] :=AE",E"*[G], + CE*0E"0 [G]uw + BE,[A]"
where A,B and C are three constant parameters. The expansion of [P4]

B © (—2)
[Pi] = ¢ [Pe] + [Py] + ¢ " [Py]+O(c ),

THE ISSUE!

The order is sub-sub-
leading: it cannot be ob-
tained from the limit of
the corresponding equa-

tions unless...
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EINSTEIN-HILBERT-MAXWELL AND THE POISSON EQUATION

WHERE IS THE POISSON EQUATION?

We can consider a general scalar combination
[Py] :=AE",E"*[G], + CE*0E"0 [G]uw + BE,[A]"
where A,B and C are three constant parameters. The expansion of [P4]

B © (—2)
[Pi] = ¢ [Pr] + [Pr] + ¢ T [Py]+O(c ),

THE ISSUE! THE SOLUTION

The order is sub-sub- ...the leading (¢”) and
leading: it cannot be ob-  sub-leading (c¢”) orders
tained from the limit of  cancels by choosing A, B
the corresponding equa- and C properly .

tions unless...
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EINSTEIN-HILBERT-MAXWELL AND THE POISSON EQUATION

WHERE IS THE POISSON EQUATION?

We can consider a general scalar combination
[Py] :=AE",E"*[G], + CE*0E"0 [G]uw + BE,[A]"
where A,B and C are three constant parameters. The expansion of [P4]

B © (—2)
[Pi] = ¢ [Pe] + [Py] + ¢ " [Py]+O(c ),

PoI1SSON EXPANSION

(2) 1 ab
[P] = 7(C — 2B)tast™,

(0) 1 _ -
[Py] = 5(3A — DA+ C)Ro" + (20 — DA+ B)V(t)a0“+

1 1
+ (=54 — C+3DA)toato” + 5 (=34 — 2B+ DAY fop
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EINSTEIN-HILBERT-MAXWELL AND THE POISSON EQUATION

WHERE IS THE POISSON EQUATION?

We can consider a general scalar combination
[Py] :=AE",E"*[G], + CE*0E"0 [G]uw + BE,[A]"
where A,B and C are three constant parameters. The expansion of [P4]

B © (—2)
[Pi] = ¢ [Pe] + [Py] + ¢ " [Py]+O(c ),

THE ISSUE! ANOTHER ISSUE!

The order is sub-sub- ...the leading (¢°) and
leading: it cannot be ob-  sub-leading (¢") cannot
tained from the limit of = be canceled by choos-
the corresponding equa- ing the proper combina-

tions unless... tion...
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EINSTEIN-HILBERT-MAXWELL AND THE POISSON EQUATION

WHERE IS THE POISSON EQUATION?

We can consider a general scalar combination
[Py] :=AE",E"*[G], + CE*0E"0 [G]uw + BE,[A]"
where A,B and C are three constant parameters. The expansion of [P4]

B © (—2)
[Pi] = ¢ [Pr] + [Pr] + ¢ T [Py]+O(c ),

THE ISSUE! ANOTHER ISSUE! THE SOLUTION

The order is sub-sub- ...the leading (¢°) and  We can add, by hand,
leading: it cannot be ob-  sub-leading (¢") cannot anot.her equation (a con-
straint)
tained from the limit of = be canceled by choos- r
»=0.

the corresponding equa- ing the proper combina- g

5 . [Bergshoeff et al. 2015;
tions unless... tion...

Bergshoeff et al. 2025]
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EINSTEIN-HILBERT-MAXWELL AND THE POISSON EQUATION

PROPER COMBINATIONS CONSTRAINT

[Gltay > [Gloa _|_ o
[Pi] := AE*oE"*[Gluy £ A(D — 3)E*0E" 0 [Gluv - g

THE EFFECT OF THE CONSTRAINT BoosT IRREP
(REDUCIBLE-INDECOMPOSABLE)

1 1
Fu = tw_*ﬁw:o_}tuv:*fu%

The constraints allows to shift some
power to a lowest order. Its limit implies
zero torsion ¢,, = 0.

THE P0OISSON EQUATION

(=2)

[P] = (D — 2)ARoo = (D — 2)AR(G),,*
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ToWARDS HIGHER DERIVATIVE NON-RELATIVISTIC EQUATIONS OF
MoTION

REMARKS

@ We should just add the higher-derivative contributions to the equations of
motion.

@ The combination for the Poisson equations is fully fixed by the 2-derivative
terms.

WHAT COULD GO WRONG?

The constraint could be not enough to eliminate the terms at the leading and
subleading orders produced by the higher-order terms of the action.
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ToWARDS HIGHER DERIVATIVE NON-RELATIVISTIC EQUATIONS OF
MoTION

REMARKS

@ We should just add the higher-derivative contributions to the equations of
motion.

@ The combination for the Poisson equations is fully fixed by the 2-derivative
terms.

WHAT COULD GO WRONG?

The constraint could be not enough to eliminate the terms at the leading and
subleading orders produced by the higher-order terms of the action.

DOES IT REALLY HAPPEN?
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ToWARDS HIGHER DERIVATIVE NON-RELATIVISTIC EQUATIONS OF
MoTION

REMARKS

@ We should just add the higher-derivative contributions to the equations of
motion.

@ The combination for the Poisson equations is fully fixed by the 2-derivative
terms.

WHAT COULD GO WRONG?

The constraint could be not enough to eliminate the terms at the leading and
subleading orders produced by the higher-order terms of the action.

DOES IT REALLY HAPPEN?

Yes
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THE RELATIVISTIC STARTING POINT: GAUSS-BONNET GRAVITY

ActioN & EOMSs

SeB = /dDwx/fg[[:EH]\,{ +CV(»C«04 *4[,5 +[m,)] s
1 2
Lo = (R — ZFM,,F"”> s
2% L 1 [ AL T o) 1 2% P wp v
Lz =R, R +EF +ZF vFY o FP o F u*gqu VoF P — FFPFY ;R

3 5 3
L =Ry poRFP7 4 gF4 +  FHEY g FP BT 4 Vi FypVH P — S FRY FP Rysp
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THE RELATIVISTIC STARTING POINT: GAUSS-BONNET GRAVITY

ActioN & EOMSs

3
[A]” :=V, [F’“’ - 5aF2F‘“’ + 3aFHF, g FVP| 4
+8aRPIV , FY, 4 aR#POV  Fpy + 20V, FF*'R =0,

1 1
*Fa,u,FB'u + 7ga5F2+

1
[G]aﬂ = Ra,ﬁ - 79aBR7 2 g

23 v 3 2 3 v - 3 4
-l—oz[— SF U B Fy + L Fal PP o gapFol B F,7 = = gagF' s
+ ZQaBFWFMRWM + 2F,Y F*PRappy — gFVp(FB“RaWp + Fo'Rppvp)+
- %RQBFQ — 2F3 M Fy Raw — 2Fab F "Ry, + 3Fa F5" Ry — 290 s F’ FHPR, 0+
— FapF5'R + igagFQR + %VQFWVBF*“’ — YV Fal VY FgY + Vo Fp,Vy FH
Vg Fap Vo FRY 4V, Foy VHESY — %gaﬁv#mpv#w — GapVuFPYVPE, ot

1
— 4Ro "R, + 2905Ruw R*Y + 2R R — 5gc,LﬁR?jL

1
- 4RMVRau,BV + 2Ro¢'LWPR,8qu - Ega[j‘R,uupaR‘quo =0,
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THE PoI1ssoN EQUATION

PoissonN

@ o (-2) :
[Pi] = [P] + [Py] + ¢ "[Pe] +O(c ),

with
2 1 —1 n C 1 c cd
[P+] =(C~2B)a| 7 tant® (@t 4+ 2R + Sto“toe — 26" fea )+
ab = c 2 [ cH 1 c cy d
+1 ( —toaV(t)er” + gto V() (acyp — ta“Rie — éta tovtoc +ta to fcd)+

b e 2 e
+V()a"V(t)e + 3V ’ V(ﬂ(ab)e] ;

(0) - g~ ~ ~
(Py] = (3A £ C— DAR + = (5A +C— Dh)a [(R 92 4R R, + R”bcdRabcd] +
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NEWTON-CARTAN GAUSS-BONNET GRAVITY

Supplementing the system of relativistic equations (and Fj,, = 0 constraint coming
from Einstein-Hilbert-Maxwell case) with the constraint

(C) == R® — 4R R™ + Ruwpe R*777 =0
and considering the combination
[Py] :=AE",E""[Glu + (D — 3)AE"oE" [G v

we are able to get the Poisson equation.
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NEWTON-CARTAN GAUSS-BONNET EQUATIONS OF MOTIONS

LiMIT OF THE CONSTRAINTS

ty =R(H), =0, (¢) :==Ric(J) = 0,

EQUATIONS OF MOTION

(=2)

[Pr] =R(G)og” +4R(G),"R(G) e + R(G)™R(G) et

abc

al . ]- aobc
+4R(G)o " Ric(J) 4 + 5 R (R(Igape = 2R(G)ye0) =0,

(0)
[P_] :=R(J)**'R(J),,.q — 4Ric(J)*Ric(J),, =0,
(=1)

[Glog =R(G)y," — 2R(1)*a"R(G) . + 4Ric(]) ,,R(G)"c+
+ 4Ric(J),, R(G)**. + 4Ric(J)**R(G),,, = 0,

abc
[Glapy = — Ric(T),, + 2R(D), **R(J) 0, — 4Ric(J), “Ric(J),,+
— 4Ric(J)““R(J) ypq = 0,
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EQUATIONS OF MOTION & CONSTRAINTS STRUCTURE

BoOST REPRESENTATION (REDUCIBLE-INDECOMPOSABLE)

écR(H),, =0,

da{c) =0,

(-2) LoD
56[P] = — 22°[G]

(0)
sc[P-] =0,

Oa ?

(-1

) (0)
6G [G]Oa

— NGy — 2Aal L1
Fhale)(1 ~ 219),
(0)

36[Glary =0,

HIGHER-ORDER NEWTON-CARTAN GRAVITY
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CONCLUSION & OUTLOOKS

e Taking the non-relativistic limit of higher-deriviative quadratic
theory at the level of the action requires coupiling the gravity
sector to a gauge field,

o At the level of the EOMs requires introducing further constraints
on the system,

e Finding the proper constraints.
e Change the foliation.

e Study solutions. g

e Include further caseSf’(/éuﬁﬂz/ gr

e Can the non-relativistic limit be use
higher-order gravity theories?
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CONCLUSION & OUTLOOKS

e Taking the non-relativistic limit of higher-deriviative quadratic
theory at the level of the action requires coupiling the gravity
sector to a gauge field,

o At the level of the EOMs requires introducing further constraints
on the system,

e Finding the proper constraints.

e Change the foliation.

e Study solutions. —

e Include further cases”(éu’[iﬂ/ gr

e Can the non-relativistic limit be use
higher-order gravity theories? S
Thank You!
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NON-RELATIVISTIC RICCI SCALAR SQUARED GRAVITY

THE POISSON OF RICCI SCALAR SQUARED

@ 1 - -
[P] = Z(C — 2B)tapt™ [1 + 4V (t)eo® + 2Rc” — 3tocto” — 2detcd] :

(0) ~ ~
[P] = %(SA — DA+ CO)R." + %(51; — DA+ C)a(Ra®)>+

+2(DA — 28 — C)W*'V, V. R, + ...,

M Q J
THE ISSUE CONSTRAINTS

The constraint F),, is not enough to re- .

move all the terms at order Fu =0,

(C) :=R*+2V,V*R =0.
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NEWTON-CARTAN RICCI SCALAR SQUARED GRAVITY

LimiT OF THE CONSTRAINTS

The two constraints after the limit become:

tww =R(H) =0,

nv
(0) ~ o~
(C) := Ric(J)? = 2"V, V,Ric(J) =0,

FuLL SET oF EOMSs

The full set of non-relativistic equations is:

(—2) -
[Pi] :=R(G),, (1 — 2Ric(J)) + 277"V .8, Ric(J) = 0,

(0)
[P_] :=Ric(J)(1 — 3Ric(J)) =0,
[Gly, = — Ric(J),, + 2Ric(J),,Ric(J) + 27*e” V.8, Ric(J) = 0,

= — Ric(J),,;, (1 — 2Ric(J)) + 2¢* (4”4} V.0 Ric(J) = 0,

{ab}
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EQUATIONS OF MOTION & CONSTRAINTS STRUCTURE

B00OST REPRESENTATION (REDUCIBLE-INDECOMPOSABLE)

écR(H),, =0,
(0)
56(C) =0,

(-1

(=2) o )
5G[P+] = = 2)\ [G]Oa7
(0)
5c[P-] =0,

(=1

) ©
361Gloy = = N[Cliapy + 5= [P-],

(0)
56(G) gy =0.
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