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    The group-geometric approach provides a 
    systematic and algorithmic procedure to construct 
    locally supersymmetric actions

    Tullio Regge (1931-2014) 
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Supergravity theories can be naturally formulated in a 
(super) group-geometric framework.  

Tangent vectors       on a G group manifold , defined by the 
infinitesimal action of G on itself, satisy the Lie commutation 
relations

The dual cotangent basis  of one-forms         (with                        ) 
satisfies the Cartan-Maurer eq.s. 
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1. Group geometric approach



To introduce dynamics, we allow  ￼  to fluctuate, 
   describing a deformation of the group manifold   
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•  Curvature

•   Bianchi identities

measures the deformation

NB no tilde in the following
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Thus diff.s, supersymmetry, gauge transformations are
    all diffeomorphisms on the “soft” (super)group manifold

They are invariances of a geometric action on eG
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  The fields       depend on all the      coordinatese�A
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 Example: super Poincaré group manifold

•  Lie algebra (superPoincaré)

•  Dynamical fields

vierbein

spin connection

gravitino

G - coordinates

x

yab
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•  Curvatures

Torsion

Lorentz curvature

gravitino curvature

•  Bianchi identities



•  Curvatures

Torsion

Lorentz curvature

gravitino curvature

•  Bianchi identities
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scaling invariance



2. Geometric action

• Task: construct an action containing the G vielbeins
    and curvatures, invariant under diffeomorphisms
    on the G-group manifold 

• Then the symmetries of the theory are given
    by the G-diffeomorphisms, generated by the 
    Lie derivative along tangent vectors                 :

integral on G of a dimG - form
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• When the curvature term           vanishes, the diff.    i"R
A

<latexit sha1_base64="UnS6EYCQoKl90RViXbNN5UfbCQo=">AAACB3icbVDLTgJBEJzFF+IL5ehlIjHxRHYNiR5RLx7RyCMBJL1DgxNmZzczvSSE8AF+hVc9eTNe/QwP/ovLykHBOlWqutPV5UdKWnLdTyezsrq2vpHdzG1t7+zu5fcP6jaMjcCaCFVomj5YVFJjjSQpbEYGIfAVNvzh1cxvjNBYGeo7GkfYCWCgZV8KoETq5gtcdtsjMBhZqULNb+8veDdfdEtuCr5MvDkpsjmq3fxXuxeKOEBNQoG1Lc+NqDMBQ1IonObascUIxBAG2EqohgBtZ5KGn/Lj2AKFPELDpeKpiL83JhBYOw78ZDIAerCL3kz8z2vF1D/vTKSOYkItZodIKkwPWWFk0grynjRIBLPkyKXmAgwQoZEchEjEOKkpl/ThLX6/TOqnJa9cKt+Ui5XLeTNZdsiO2Anz2BmrsGtWZTUm2Jg9sWf24jw6r86b8/4zmnHmOwX2B87HN5pPmK0=</latexit>

takes the form of a gauge transformation, and the 
curvature is said to be horizontal along the G-directions 
corresponding to " = "AtA

<latexit sha1_base64="wdqqzAl8rm6OEQC1C/TAWBlkcy8=">AAACE3icbVA9TwJBEN3DL8Qv1NLCjcTEitwZEm1MQBtLTOQjASRzy4Ab9vYuu3MkhFD6E/wVtlrZGVt/gIX/xQMpEH3Vm/dmMjPPj5S05LqfTmppeWV1Lb2e2djc2t7J7u5VbRgbgRURqtDUfbCopMYKSVJYjwxC4Cus+f2riV8boLEy1Lc0jLAVQE/LrhRAidTOHjYHYDCyUoWaX/C56q7EqV1qZ3Nu3p2C/yXejOTYDOV29qvZCUUcoCahwNqG50bUGoEhKRSOM83YYgSiDz1sJFRDgLY1mj4y5sexBQp5hIZLxacizk+MILB2GPhJZwB0bxe9ifif14ipe94aSR3FhFpMFpFUOF1khZFJQsg70iARTC5HLjUXYIAIjeQgRCLGSWSZJA9v8fu/pHqa9wr5wk0hV7ycJZNmB+yInTCPnbEiu2ZlVmGCPbAn9sxenEfn1Xlz3n9aU85sZp/9gvPxDVbFnfs=</latexit>

- ordinary diff.s in the spacetime directions of G: in  
  these directions the curvatures are not horizontal
- gauge variations
- susy transformations (diff.s in the fermionic directions)

• Diff.s on G are reinterpreted as  



• So far all fields depend on all the G coordinates

construct a Lagrangian d - form and 
integrate it on a d - dim submanifold S of G

• How can we obtain a d-dim field theory where the fields 
depend only on d space-time coordinates (for ex. d = 4) ?

Z

S
L(d)

<latexit sha1_base64="NbUr16Cq6xP3PAR9ToWJ417NDr0=">AAACAHicbVC7TsNAEDyHVwivACXNiQgpNJGNIkEZQUNBEQR5SIkTnS+bcMr5bN2tkSIrDV9BCxUdouVPKPgXbOMCAlONZna1s+OFUhi07Q+rsLS8srpWXC9tbG5t75R399omiDSHFg9koLseMyCFghYKlNANNTDfk9Dxphep37kHbUSgbnEWguuziRJjwRkm0qAvFA5v6NUgro6O58Nyxa7ZGehf4uSkQnI0h+XP/ijgkQ8KuWTG9Bw7RDdmGgWXMC/1IwMh41M2gV5CFfPBuHGWek6PIsMwoCFoKiTNRPi5ETPfmJnvJZM+wzuz6KXif14vwvGZGwsVRgiKp4dQSMgOGa5FUgfQkdCAyNLkQIWinGmGCFpQxnkiRkk/paQPZ/H7v6R9UnPqtfp1vdI4z5spkgNySKrEIaekQS5Jk7QIJ5o8kifybD1YL9ar9fY9WrDynX3yC9b7F0/ZlmI=</latexit>

• For ex. G = SuperPoincaré , and we want a 4 dim 
    theory. Then construct a Lagrangian 4-form, and 
    integrate it on a 4-surface S embedded into G, 
    parametrized by spacetime coordinates x



3. Variational principle

• must vary fields (1-form vielbeins) in L, 
and also submanifold S

• a continuous variation of S can be compensated by 
   a diffeomorphism on the fields        vary only the fields:

�

Z

S
L(�, d�) =

Z

S
��

@L

@�
+ d��

@L

@(d�)

<latexit sha1_base64="Nq42RswRh39DljaXKY3VX9yqmUM="></latexit>

• field equations: 
@L

@�
+ d

@L

@(d�)
= 0

<latexit sha1_base64="Z0No4SCHUTBPWviWvhLg9Ad6e+w=">AAACQXicfVC7SgNBFJ31bXxFLW0Gg6AIYVcC2giijYWCgkmEbAh3J1cdnN0dZu4KYclX+Ql+hYWNVnZia+NsDOILb3U459zXibSSlnz/3hsZHRufmJyaLs3Mzs0vlBeXGjbNjMC6SFVqziOwqGSCdZKk8FwbhDhS2IyuDwq9eYPGyjQ5o57GdgyXibyQAshRnfIxz0MNhiQofsTD1Hn5JxHqK9nnm7z7j2e9W7g2+nzXL/FOueJX/UHx3yAYggob1kmn/BB2U5HFmJBQYG0r8DW182K2UNgvhZlFDeIaLrHlYAIx2nY+eLvP1zILlHLtzpGKD0j82pFDbG0vjpwzBrqyP7WC/EtrZXSx085lojPCRBSLSCocLLLCSPc/8q40SATF5chlwgUYIEIjOQjhyMwFXHJ5BD+//w0aW9WgVq2d1ip7+8NkptgKW2XrLGDbbI8dshNWZ4Ldsnv2yJ68O+/Ze/FeP6wj3rBnmX0r7+0dqliuqg==</latexit>

(d-1)- form equations in G

=)

<latexit sha1_base64="qKGHxjjLVnxUYOoDIT7X6u5uEiQ=">AAACBXicbVA9TwJBEN3DL8Qv0NJmIzGxIneGREuijYUFJvKRACFzywAb9vYuu3MSQqj9FbZa2Rlbf4eF/8UDr1DwVS/vzWTePD9S0pLrfjqZtfWNza3sdm5nd2//IF84rNswNgJrIlShafpgUUmNNZKksBkZhMBX2PBH13O/8YDGylDf0yTCTgADLftSACVSN1/g7dtQD4wcDAmMCce8my+6JXcBvkq8lBRZimo3/9XuhSIOUJNQYG3LcyPqTMGQFApnuXZsMQIxggG2EqohQNuZLqLP+GlsgUIeoeFS8YWIvzemEFg7CfxkMgAa2mVvLv7ntWLqX3amUkcxoRbzQyQVLg5ZYWTSCfKeNEgE8+TIpeYCDBChkRyESMQ4KSmX9OEtf79K6uclr1wq35WLlau0mSw7ZifsjHnsglXYDauyGhNszJ7YM3txHp1X5815/xnNOOnOEfsD5+Mb2geYVg==</latexit>



•  NB: since variation of S can be compensated
    by variation (diff) on the fields, on shell the action
    is invariant under small changes in S. Then

                              dL = 0 on shell 

    because of Stokes theorem 



4. Building rules for the Lagrangian L(d)  

• Choose a Lie (super)algebra G, containing d translations
Pa  that can be associated to d spacetime dimensions, 
and a Lorentz-like subalgebra H.
For ex: superPoincaré in d dim, OSp(N |2[d/2]), …

• Construct the most general d - form on G , by multiplying
(exterior product) 1 - form vielbeins        and 2 - form 
curvatures        , without bare Lorentz connection     
and contracting indices with H - invariant tensors.

�A

<latexit sha1_base64="7i7xGwlvjzsDaPgcwKIE05kHpDY=">AAAB+nicdVDLTgJBEJz1ifhCPXqZSEw8kWVBwBvqxSMm8kgASe/Q4ITZR2Z6TQjyE1715M149Wc8+C/uIiZqtE6Vqu50dbmhkoZs+81aWFxaXllNraXXNza3tjM7uw0TRFpgXQQq0C0XDCrpY50kKWyFGsFzFTbd0XniN29RGxn4VzQOsevB0JcDKYBiqdUxcujB9Wkvk7VzJ5WSc+xwO2fbZadQSohTLjoFno+VBFk2R62Xee/0AxF56JNQYEw7b4fUnYAmKRRO053IYAhiBENsx9QHD013Mss75YeRAQp4iJpLxWcift+YgGfM2HPjSQ/oxvz2EvEvrx3RoNKdSD+MCH2RHCKpcHbICC3jIpD3pUYiSJIjlz4XoIEIteQgRCxGcTPpuI+vp/n/pOHk8sVc8bKYrZ7Nm0mxfXbAjlielVmVXbAaqzPBFLtnD+zRurOerGfr5XN0wZrv7LEfsF4/AAGjlKY=</latexit>

RA

<latexit sha1_base64="ddikhC4HOKzHZlCcg4Vb/SfCzoE=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxRJZlBbyhXjziAySBlcwODU6YfWSmV0M2fIJXPXkzXv0eD/6Lu4iJGq1Tpao7XV1uKIVG03wzMnPzC4tL2eXcyura+kZ+c6ulg0hxaPJABqrtMg1S+NBEgRLaoQLmuRKu3NFJ6l/dgtIi8C9xHILjsaEvBoIzTKSL8+ujXr5gFg9rFevAombRNKtWuZISq2pbZVpKlBQFMkOjl3/v9gMeeeAjl0zrTskM0YmZQsElTHLdSEPI+IgNoZNQn3mgnXgadUL3Is0woCEoKiSdivB9I2ae1mPPTSY9hjf6t5eKf3mdCAc1JxZ+GCH4PD2EQsL0kOZKJB0A7QsFiCxNDlT4lDPFEEEJyjhPxCgpJZf08fU0/Z+0rGLJLtpndqF+PGsmS3bILtknJVIldXJKGqRJOBmSe/JAHo0748l4Nl4+RzPGbGeb/IDx+gH2LJJZ</latexit>

• Require vacuum solution (R = 0      rigid G), 
correct scaling and parity.     

!

<latexit sha1_base64="d/45Xx9s1jITapmQEFReKhO7pCM=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJRJCgjaCiDRB5SYkXryyYcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe55YFDJANskSWEv0gi+p7DrTa8yv/uA2sgwuKVZhK4Pk0COpQBKpc4g9HECw2rNrts5+DJxClJjBVrD6tdgFIrYx4CEAmP6jh2Rm4AmKRTOK4PYYARiChPspzQAH42b5Gnn/CQ2QCGPUHOpeC7i740EfGNmvpdO+kB3ZtHLxP+8fkzjCzeRQRQTBiI7RFJhfsgILdMakI+kRiLIkiOXAReggQi15CBEKsZpL5W0D2fx+2XSOas7jXrjplFrXhbNlNkRO2anzGHnrMmuWYu1mWD37Ik9sxfr0Xq13qz3n9GSVewcsj+wPr4BSC2Tpw==</latexit>



Example: N=1 supergravity in d=4

L = ⇤(4) +RA⌫(2)A +RARB⌫(0)AB

<latexit sha1_base64="8h1bF+UHavEPKD15eQdPIpWwfrE="></latexit>

• Most general 4 - form made out of super Poincaré
curvatures                          and vielbeins

⇤(4) = CABCD �A�B�C�D

<latexit sha1_base64="8Pt5O0qa2nweTk1hpoA0odyMwT8="></latexit>

⌫(2)A = CABC �B�C

<latexit sha1_base64="hOulYUI4o7Dmpy5ZrL223Heeu/Y=">AAACHHicbVDLSgNBEJz1GeMr6tHLYBDiJeyGgF4Ek1w8RjBRSOLSO7ZxyOzsMtMryBI/wU/wK7zqyZt4FTz4L25iBF91Kqq66a4KYiUtue6bMzU9Mzs3n1vILy4tr6wW1tbbNkqMwJaIVGROA7CopMYWSVJ4GhuEMFB4EgwaI//kCo2VkT6m6xh7IfS1vJACKJP8QqmrE792lpYqO0O+zxt+Wqs3hje8a2U/hLP6F2n4haJbdsfgf4k3IUU2QdMvvHfPI5GEqEkosLbjuTH1UjAkhcJhvptYjEEMoI+djGoI0fbScaIh304sUMRjNFwqPhbx+0YKobXXYZBNhkCX9rc3Ev/zOgld7PVSqeOEUIvRIZIKx4esMDKrCvm5NEgEo8+RS80FGCBCIzkIkYlJ1l0+68P7nf4vaVfKXrVcPaoWD+qTZnJsk22xEvPYLjtgh6zJWkywW3bPHtijc+c8Oc/Oy+folDPZ2WA/4Lx+AN8doDU=</latexit>

⌫(0)AB = CAB

<latexit sha1_base64="bqOLhmDdqMMA2mCOOM/IepD1PgU=">AAACDHicbVA9TwJBEN3DL8Qv1MbEZiMxwYbcGRJtTBAaS0zkIwEke8uAG/b2LrtzJuSCP8FfYauVnbH1P1j4X7w7KRR81Zv3ZjIzzw2kMGjbn1ZmaXlldS27ntvY3Nreye/uNY0fag4N7ktft11mQAoFDRQooR1oYJ4roeWOa4nfugdthK9ucBJAz2MjJYaCM4ylfv6AdlXYjy6r09uoaJ9M6QWtpWU/X7BLdgq6SJwZKZAZ6v38V3fg89ADhVwyYzqOHWAvYhoFlzDNdUMDAeNjNoJOTBXzwPSi9IMpPQ4NQ58GoKmQNBXh90TEPGMmnht3egzvzLyXiP95nRCH571IqCBEUDxZhEJCushwLeJogA6EBkSWXA5UKMqZZoigBWWcx2IYZ5WL83Dmv18kzdOSUy6Vr8uFSnWWTJYckiNSJA45IxVyReqkQTh5IE/kmbxYj9ar9Wa9/7RmrNnMPvkD6+Mb6FiZ0Q==</latexit>

with

RA = (Ra, Rab, ⇢↵)

<latexit sha1_base64="/nx5/P78Gwmfr9m5oMb5bj0B4eE=">AAACFHicbVA9SwNBEN3zM8avqKXNYhAihHAnAW2EqI2lijGBXBLmNqNZsvfB7pwQjrT+BH+FrVZ2Ymtv4X/xLqZQ46se780w854XKWnItj+smdm5+YXF3FJ+eWV1bb2wsXltwlgLrItQhbrpgUElA6yTJIXNSCP4nsKGNzjN/MYdaiPD4IqGEbZ9uA3kjRRAqdQt8MvOMT/ipcsOlFOegDcqc1f3w44LKurDXrdQtCv2GHyaOBNSZBOcdwufbi8UsY8BCQXGtBw7onYCmqRQOMq7scEIxABusZXSAHw07WScZMR3YwMU8gg1l4qPRfy5kYBvzND30kkfqG/+epn4n9eK6eawncggigkDkR0iqXB8yAgt04qQ96RGIsg+Ry4DLkADEWrJQYhUjNPO8mkfzt/00+R6v+JUK9WLarF2Mmkmx7bZDisxhx2wGjtj56zOBLtnj+yJPVsP1ov1ar19j85Yk50t9gvW+xdFhZyv</latexit>

�A = (V a,!ab, ↵)

<latexit sha1_base64="t572ipPRwye4cNVyGQvY54ePhsQ=">AAACHnicbVDLSgNBEJz1GeMr6tHLYBBUJOxKQC+Cj4vHCCYK2ST0jm0cMrM7zPQKsuQf/AS/wquevIlXPfgvbmIOvupUXdVNd1dklHTk++/e2PjE5NR0YaY4Oze/sFhaWm64JLUC6yJRib2IwKGSMdZJksILYxF0pPA86h0P/PMbtE4m8RndGmxp6MbySgqgXOqUtkInuxrah3yfbzTasM3DRGMX2hlE/bwwTrZDUOYaNjulsl/xh+B/STAiZTZCrVP6CC8TkWqMSShwrhn4hloZWJJCYb8Ypg4NiB50sZnTGDS6Vjb8qc/XUweUcIOWS8WHIn6fyEA7d6ujvFMDXbvf3kD8z2umdLXXymRsUsJYDBaRVDhc5ISVeVjIL6VFIhhcjlzGXIAFIrSSgxC5mObpFfM8gt/f/yWNnUpQrVRPq+WDo1EyBbbK1tgGC9guO2AnrMbqTLA79sAe2ZN37z17L97rV+uYN5pZYT/gvX0C2H+hSA==</latexit>

• All terms bilinear in curvatures are topological
 terms (Euler and Pontryagin) or reduce to 
 terms linear in curvatures after integration by parts and
 use of Bianchi identities



• Applying the building rules yields the group manifold L:

L = RabV cV d"abcd + 4 ̄�5�a⇢V
a

<latexit sha1_base64="0bNGLXVuQ/4YU1IvXQs9mGHgG6M="></latexit>

• All fields are forms in G and depend on all G coordinates
x yab ✓↵ ,     , 

• The spacetime restriction of L coincides with the usual 
d = 4 SG Lagrangian, found in 1976. 

Ferrara, Friedman, van Nieuwenhuizen 1976
Deser, Zumino 1976



In the group manifold construction: 

• spacetime restriction gives correct L

• spacetime diff. invariance and Lorentz invariance
are automatic from the building rules

• supersymmetry variations can be found as
diff.s in the fermionic directions, via Lie derivative 
on the vielbeins

• but is the group manifold action invariant under
fermionic diff.s ? (supersymmetry)



5. Symmetries
Z

S
L(d)

<latexit sha1_base64="NbUr16Cq6xP3PAR9ToWJ417NDr0=">AAACAHicbVC7TsNAEDyHVwivACXNiQgpNJGNIkEZQUNBEQR5SIkTnS+bcMr5bN2tkSIrDV9BCxUdouVPKPgXbOMCAlONZna1s+OFUhi07Q+rsLS8srpWXC9tbG5t75R399omiDSHFg9koLseMyCFghYKlNANNTDfk9Dxphep37kHbUSgbnEWguuziRJjwRkm0qAvFA5v6NUgro6O58Nyxa7ZGehf4uSkQnI0h+XP/ijgkQ8KuWTG9Bw7RDdmGgWXMC/1IwMh41M2gV5CFfPBuHGWek6PIsMwoCFoKiTNRPi5ETPfmJnvJZM+wzuz6KXif14vwvGZGwsVRgiKp4dQSMgOGa5FUgfQkdCAyNLkQIWinGmGCFpQxnkiRkk/paQPZ/H7v6R9UnPqtfp1vdI4z5spkgNySKrEIaekQS5Jk7QIJ5o8kifybD1YL9ar9fY9WrDynX3yC9b7F0/ZlmI=</latexit>

is not, in general, invariant under       diff.s                        G

 Indeed the diff. variation of L is

`"L
(d) = ◆"dL+ d◆"L

<latexit sha1_base64="ATxESmkDi5FAKwFQZYW7uhwJ72I="></latexit>

When L = top form, this variation is a total derivative since dL = 0. 
But here L is a d-form, with d < dimG, so that            survives                ◆"dL

<latexit sha1_base64="sXmCpajXf2sU4sRXnfyVuhznmiE=">AAACCHicbVC7TsNAEDzzDOEVHh3NiQiJKrJRJCgjaCgogkQeUhJF68smnHI+W3frSCHKD/AVtFDRIVr+goJ/wTEuIGGq0cyudnb8SElLrvvpLC2vrK6t5zbym1vbO7uFvf26DWMjsCZCFZqmDxaV1FgjSQqbkUEIfIUNf3g18xsjNFaG+o7GEXYCGGjZlwIokbqFw7YMCbrtERiMrFSh5r2bbqHoltwUfJF4GSmyDNVu4avdC0UcoCahwNqW50bUmYAhKRRO8+3YYgRiCANsJVRDgLYzSdNP+UlsgUIeoeFS8VTE3xsTCKwdB34yGQDd23lvJv7ntWLqX3QmUkcxoRazQyQVpoesMDKpBXlPGiSCWXLkUnMBBojQSA5CJGKc9JRP+vDmv18k9bOSVy6Vb8vFymXWTI4dsWN2yjx2zirsmlVZjQn2wJ7YM3txHp1X5815/xldcrKdA/YHzsc3jHCZ1g==</latexit>

 Therefore              is invariant under        diff.s along     if and only if

◆"dL = 0

<latexit sha1_base64="JwooqbiBLVNa6pgJhzH+fU33bSM=">AAACDHicbVC7SgNBFJ2NrxhfURvBZjAIVmFXAtoIQRsLiwjmAUkIdyc3ccjs7DJzNxBC/AS/wlYrO7H1Hyz8F3djCk081eGce7n3HD9S0pLrfjqZpeWV1bXsem5jc2t7J7+7V7NhbARWRahC0/DBopIaqyRJYSMyCIGvsO4PrlK/PkRjZajvaBRhO4C+lj0pgBKpkz9oyZCg0xqCwchKFWreveEX3O3kC27RnYIvEm9GCmyGSif/1eqGIg5Qk1BgbdNzI2qPwZAUCie5VmwxAjGAPjYTqiFA2x5PE0z4cWyBQh6h4VLxqYi/N8YQWDsK/GQyALq3814q/uc1Y+qdt8dSRzGhFukhkgqnh6wwMqkGeVcaJIL0c+RScwEGiNBIDkIkYpx0lUv68ObTL5LaadErFUu3pUL5ctZMlh2yI3bCPHbGyuyaVViVCfbAntgze3EenVfnzXn/Gc04s5199gfOxzdPY5qr</latexit>

up to a total derivative. This condition entails constraints on curvature 
components             

Z

S
L(d)

<latexit sha1_base64="NbUr16Cq6xP3PAR9ToWJ417NDr0=">AAACAHicbVC7TsNAEDyHVwivACXNiQgpNJGNIkEZQUNBEQR5SIkTnS+bcMr5bN2tkSIrDV9BCxUdouVPKPgXbOMCAlONZna1s+OFUhi07Q+rsLS8srpWXC9tbG5t75R399omiDSHFg9koLseMyCFghYKlNANNTDfk9Dxphep37kHbUSgbnEWguuziRJjwRkm0qAvFA5v6NUgro6O58Nyxa7ZGehf4uSkQnI0h+XP/ijgkQ8KuWTG9Bw7RDdmGgWXMC/1IwMh41M2gV5CFfPBuHGWek6PIsMwoCFoKiTNRPi5ETPfmJnvJZM+wzuz6KXif14vwvGZGwsVRgiKp4dQSMgOGa5FUgfQkdCAyNLkQIWinGmGCFpQxnkiRkk/paQPZ/H7v6R9UnPqtfp1vdI4z5spkgNySKrEIaekQS5Jk7QIJ5o8kifybD1YL9ar9fY9WrDynX3yC9b7F0/ZlmI=</latexit>

G

◆"R
A

<latexit sha1_base64="BT1Aa+IagbnIt2S8QqQp2WIO8c0=">AAACCXicbVDLTgJBEJzFF+ILNZ68TCQmnsiuIdEj6sUjGnkkgKR3aHDC7OxmppeEbPgCv8KrnrwZr36FB//FBTkoWKdKVXe6uvxISUuu++lklpZXVtey67mNza3tnfzuXs2GsRFYFaEKTcMHi0pqrJIkhY3IIAS+wro/uJr49SEaK0N9R6MI2wH0texJAZRKnfxBS4YEndYQDEZWqlDz2/uLTr7gFt0p+CLxZqTAZqh08l+tbijiADUJBdY2PTeidgKGpFA4zrViixGIAfSxmVINAdp2Mo0/5sexBQp5hIZLxaci/t5IILB2FPjpZAD0YOe9ifif14ypd95OpI5iQi0mh0gqnB6ywsi0F+RdaZAIJsmRS80FGCBCIzkIkYpxWlQu7cOb/36R1E6LXqlYuikVypezZrLskB2xE+axM1Zm16zCqkywhD2xZ/biPDqvzpvz/jOacWY7++wPnI9vHseaIQ==</latexit>

"

<latexit sha1_base64="0eRZWKyqPJIWPa9D1zs+nOEg1T0=">AAAB/XicbVA9SwNBEN2LXzF+RS1tFoNgFe4koGXQxjKC+YDkCHObSVyyt3fszgXCEfwVtlrZia2/xcL/4l1MoYmverw3w7x5QaykJdf9dApr6xubW8Xt0s7u3v5B+fCoZaPECGyKSEWmE4BFJTU2SZLCTmwQwkBhOxjf5H57gsbKSN/TNEY/hJGWQymAMqnbm4DB2EoV6X654lbdOfgq8RakwhZo9MtfvUEkkhA1CQXWdj03Jj8FQ1IonJV6icUYxBhG2M2ohhCtn84jz/hZYoEiHqPhUvG5iL83UgitnYZBNhkCPdhlLxf/87oJDa/8VOo4IdQiP0RS4fyQFUZmXSAfSINEkCdHLjUXYIAIjeQgRCYmWTmlrA9v+ftV0rqoerVq7a5WqV8vmimyE3bKzpnHLlmd3bIGazLBIvbEntmL8+i8Om/O+89owVnsHLM/cD6+AYqAlhM=</latexit>



Reminder: curvature components and contractions

RA = RA
BC �B�C

<latexit sha1_base64="gCK3LnZ/lwBMTrG2Nmdd4LS6OAY=">AAACFnicbVC7SgNREL3rM8ZX1NLmkiBYhV0JaCNo0lhGMQ/Ii9mbSbx498G9s4IsSe0n+BW2WtmJra2F/+ImbqGJpxgO58wwM8cNlTRk25/WwuLS8spqZi27vrG5tZ3b2a2bINICayJQgW66YFBJH2skSWEz1Aieq7Dh3lYmfuMOtZGBf033IXY8GPpyIAVQIvVy+avuOT/lSe3F43JlxMdtI4cedMs8JZVermAX7Sn4PHFSUmApqr3cV7sfiMhDn4QCY1qOHVInBk1SKBxl25HBEMQtDLGVUB88NJ14+suIH0QGKOAhai4Vn4r4eyIGz5h7z006PaAbM+tNxP+8VkSDk04s/TAi9MVkEUmF00VGaJmEhLwvNRLB5HLk0ucCNBChlhyESMQoSS2b5OHMfj9P6kdFp1QsXZYKZ+U0mQzbZ3l2yBx2zM7YBauyGhPsgT2xZ/ZiPVqv1pv1/tO6YKUze+wPrI9vzy6eHQ==</latexit>

For ex. super Poincaré curvatures:

Expansion of the 2-form       on the vielbein basis:RA

<latexit sha1_base64="mb0DpZtr6pSNUnyjBuscpbirpqA=">AAAB9nicbVC7TsNAEDzzDOEVoKQ5ESFRRTaKBGWAhjIg8pCSEK0vm+SU80N3a0Rk5RdooaJDtPwOBf+CbVxAwlSjmV3t7LihkoZs+9NaWl5ZXVsvbBQ3t7Z3dkt7+00TRFpgQwQq0G0XDCrpY4MkKWyHGsFzFbbcyVXqtx5QGxn4dzQNsefByJdDKYBS6fb+gvdLZbtiZ+CLxMlJmeWo90tf3UEgIg99EgqM6Th2SL0YNEmhcFbsRgZDEBMYYSehPnhoenGWdcaPIwMU8BA1l4pnIv7eiMEzZuq5yaQHNDbzXir+53UiGp73YumHEaEv0kMkFWaHjNAyKQH5QGokgjQ5culzARqIUEsOQiRilLRSTPpw5r9fJM3TilOtVG+q5dpl3kyBHbIjdsIcdsZq7JrVWYMJNmZP7Jm9WI/Wq/Vmvf+MLln5zgH7A+vjG+gbkj8=</latexit>

Ra = Ra
bcV

bV c +Ra
b↵V

b ↵ +Ra
↵� 

↵ � + terms containing !ab

<latexit sha1_base64="lCHjO8nidO+ppbqD2dV8D5OQetY="></latexit>

Rab = Rab
cdV

cV d +Rab
c↵V

c ↵ +Rab
↵� 

↵ � + terms containing !ab

<latexit sha1_base64="PztFU/SqWfKm0mLvrADeh0yNXYc="></latexit>

⇢↵ = ⇢↵ cdV
cV d + ⇢↵ c�V

c � + ⇢↵ �� 
� � + terms containing !ab

<latexit sha1_base64="8SYdABj26joLCGFMwW0jVsOzRZY="></latexit>

Contractions along tangent vectors       :

◆AR
B = 2RB

AC �C

<latexit sha1_base64="j6+Hwajz1KZcO40tF2eW/aiwMh0=">AAACGHicbVC7TsNAEDyHd3gFKGlOBCSqyI4iQYMUSEMZEAlIeVjrYxNOOT90t0aKrPABfAJfQQsVHaKlo+BfsEMKIEyzo5ld7e54kZKGbPvDys3Mzs0vLC7ll1dW19YLG5tNE8ZaYEOEKtRXHhhUMsAGSVJ4FWkE31N46Q1qmX95i9rIMLigYYQdH/qB7EkBlEpuYbctQwL3mJ93T/gRL2fVTe6OayN+1zay70O3xt1C0S7ZY/Bp4kxIkU1Qdwuf7etQxD4GJBQY03LsiDoJaJJC4Sjfjg1GIAbQx1ZKA/DRdJLxNyO+FxugkEeouVR8LOLPiQR8Y4a+l3b6QDfmr5eJ/3mtmHqHnUQGUUwYiGwRSYXjRUZomcaE/FpqJILscuQy4AI0EKGWHIRIxTjNLZ/m4fz9fpo0yyWnUqqcVYrVk0kyi2yb7bB95rADVmWnrM4aTLB79sie2LP1YL1Yr9bbd2vOmsxssV+w3r8ARIGeQA==</latexit>

inner outer outer

tA

<latexit sha1_base64="mCAJrC4mzN4LIUSpHXf/kYDmElo=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRTaKBGWAhjII8pASK1pfNuGU80N3a1Bk5RNooaJDtHwPBf+CbVxAwlSjmV3t7HiRkoZs+9NaWl5ZXVsvbZQ3t7Z3dit7+20TxlpgS4Qq1F0PDCoZYIskKexGGsH3FHa8yVXmdx5QGxkGdzSN0PVhHMiRFECpdEuDi0GlatfsHHyROAWpsgLNQeWrPwxF7GNAQoExPceOyE1AkxQKZ+V+bDACMYEx9lIagI/GTfKoM34cG6CQR6i5VDwX8fdGAr4xU99LJ32gezPvZeJ/Xi+m0bmbyCCKCQORHSKpMD9khJZpB8iHUiMRZMmRy4AL0ECEWnIQIhXjtJRy2ocz//0iaZ/WnHqtflOvNi6LZkrskB2xE+awM9Zg16zJWkywMXtiz+zFerRerTfr/Wd0ySp2DtgfWB/fxymSOA==</latexit>



 Thus when                  the G diff variation of L is a total derivative

`"L
(d)

<latexit sha1_base64="vg4beihxJJk4XgBt+eHJd2d14t8=">AAACDXicbVA9SwNBEN2L3/Hr1EpsFoMQm3AnAS2DNhYWCkYDSQxzm0lcsrd37M4FwhH8Cf4KW63sxNbfYOF/8RJTaOKrHu/NMPNeECtpyfM+ndzc/MLi0vJKfnVtfWPT3dq+sVFiBFZFpCJTC8CikhqrJElhLTYIYaDwNuidjfzbPhorI31NgxibIXS17EgBlEktd7eBSrUafTAYW6kizS/u0mL7cMhbbsEreWPwWeJPSIFNcNlyvxrtSCQhahIKrK37XkzNFAxJoXCYbyQWYxA96GI9oxpCtM10HGHIDxILFPEYDZeKj0X8vZFCaO0gDLLJEOjeTnsj8T+vnlDnpJlKHSeEWowOkVQ4PmSFkVk3yNvSIBGMPkcuNRdggAiN5CBEJiZZWfmsD386/Sy5OSr55VL5qlyonE6aWWZ7bJ8Vmc+OWYWds0tWZYI9sCf2zF6cR+fVeXPef0ZzzmRnh/2B8/ENhjubXw==</latexit>

The G diff variation of L can be computed also using the
    diff. variation of the fields        in L :

`"

<latexit sha1_base64="3sRTCTL7nCC5GYHoKHji/ddwLYw=">AAACBXicbVA9TwJBEN3DL8Qv0NJmIzGxIneGREuijSUm8pHA5TK3DLhhb++yO4chhNpfYauVnbH1d1j4XzyQQsFXvbw3k3nzwkRJS6776eTW1jc2t/LbhZ3dvf2DYumwaePUCGyIWMWmHYJFJTU2SJLCdmIQolBhKxxez/zWCI2Vsb6jcYJ+BAMt+1IAZVJQLHVRqaA7AoOJlSrWPCiW3Yo7B18l3oKU2QL1oPjV7cUijVCTUGBtx3MT8idgSAqF00I3tZiAGMIAOxnVEKH1J/PoU36aWqCYJ2i4VHwu4u+NCUTWjqMwm4yA7u2yNxP/8zop9S/9idRJSqjF7BBJhfNDVhiZdYK8Jw0SwSw5cqm5AANEaCQHITIxzUoqZH14y9+vkuZ5xatWqrfVcu1q0UyeHbMTdsY8dsFq7IbVWYMJ9sCe2DN7cR6dV+fNef8ZzTmLnSP2B87HN0XNmJg=</latexit>

and using the Leibniz rule for 

`"�
A = (rG")

A + i"R
A

<latexit sha1_base64="nIUNpg/L+yBsCAmlA3KcozowyTY="></latexit>

 Inserting the values for            determined by   ◆"R
A

<latexit sha1_base64="BT1Aa+IagbnIt2S8QqQp2WIO8c0=">AAACCXicbVDLTgJBEJzFF+ILNZ68TCQmnsiuIdEj6sUjGnkkgKR3aHDC7OxmppeEbPgCv8KrnrwZr36FB//FBTkoWKdKVXe6uvxISUuu++lklpZXVtey67mNza3tnfzuXs2GsRFYFaEKTcMHi0pqrJIkhY3IIAS+wro/uJr49SEaK0N9R6MI2wH0texJAZRKnfxBS4YEndYQDEZWqlDz2/uLTr7gFt0p+CLxZqTAZqh08l+tbijiADUJBdY2PTeidgKGpFA4zrViixGIAfSxmVINAdp2Mo0/5sexBQp5hIZLxaci/t5IILB2FPjpZAD0YOe9ifif14ypd95OpI5iQi0mh0gqnB6ywsi0F+RdaZAIJsmRS80FGCBCIzkIkYpxWlQu7cOb/36R1E6LXqlYuikVypezZrLskB2xE+axM1Zm16zCqkywhD2xZ/biPDqvzpvz/jOacWY7++wPnI9vHseaIQ==</latexit>

◆"dL = 0

<latexit sha1_base64="JwooqbiBLVNa6pgJhzH+fU33bSM=">AAACDHicbVC7SgNBFJ2NrxhfURvBZjAIVmFXAtoIQRsLiwjmAUkIdyc3ccjs7DJzNxBC/AS/wlYrO7H1Hyz8F3djCk081eGce7n3HD9S0pLrfjqZpeWV1bXsem5jc2t7J7+7V7NhbARWRahC0/DBopIaqyRJYSMyCIGvsO4PrlK/PkRjZajvaBRhO4C+lj0pgBKpkz9oyZCg0xqCwchKFWreveEX3O3kC27RnYIvEm9GCmyGSif/1eqGIg5Qk1BgbdNzI2qPwZAUCie5VmwxAjGAPjYTqiFA2x5PE0z4cWyBQh6h4VLxqYi/N8YQWDsK/GQyALq3814q/uc1Y+qdt8dSRzGhFukhkgqnh6wwMqkGeVcaJIL0c+RScwEGiNBIDkIkYpx0lUv68ObTL5LaadErFUu3pUL5ctZMlh2yI3bCPHbGyuyaVViVCfbAntgze3EenVfnzXn/Gc04s5199gfOxzdPY5qr</latexit>

 we find the infinitesimal transformations on the fields 
 under which L varies into a total derivative.  

�"�
A

<latexit sha1_base64="NpBgR7DRYq7tf+zC5NXwGRNX4d4=">AAACEHicbVC7TgJBFJ3FF+ILtdRiIjGxIruGREvUxhITeSQskrvDBSfMzm5m7pIQQuMn+BW2WtkZW//Awn9xQQoFT3Vyzr2595wgVtKS6346maXlldW17HpuY3Nreye/u1ezUWIEVkWkItMIwKKSGqskSWEjNghhoLAe9K8mfn2AxspI39IwxlYIPS27UgClUjt/6HdQEbT9ARiMrVSR5r6VvRDuLng7X3CL7hR8kXgzUmAzVNr5L78TiSRETUKBtU3Pjak1AkNSKBzn/MRiDKIPPWymVEOItjWaphjz48QCRTxGw6XiUxF/b4wgtHYYBulkCHRv572J+J/XTKh73hpJHSeEWkwOkVQ4PWSFkWk9yDvSIBFMPkcuNRdggAiN5CBEKiZpX7m0D28+/SKpnRa9UrF0UyqUL2fNZNkBO2InzGNnrMyuWYVVmWAP7Ik9sxfn0Xl13pz3n9GMM9vZZ3/gfHwDcLCc/w==</latexit>

◆"dL = 0

<latexit sha1_base64="JwooqbiBLVNa6pgJhzH+fU33bSM=">AAACDHicbVC7SgNBFJ2NrxhfURvBZjAIVmFXAtoIQRsLiwjmAUkIdyc3ccjs7DJzNxBC/AS/wlYrO7H1Hyz8F3djCk081eGce7n3HD9S0pLrfjqZpeWV1bXsem5jc2t7J7+7V7NhbARWRahC0/DBopIaqyRJYSMyCIGvsO4PrlK/PkRjZajvaBRhO4C+lj0pgBKpkz9oyZCg0xqCwchKFWreveEX3O3kC27RnYIvEm9GCmyGSif/1eqGIg5Qk1BgbdNzI2qPwZAUCie5VmwxAjGAPjYTqiFA2x5PE0z4cWyBQh6h4VLxqYi/N8YQWDsK/GQyALq3814q/uc1Y+qdt8dSRzGhFukhkgqnh6wwMqkGeVcaJIL0c+RScwEGiNBIDkIkYpx0lUv68ObTL5LaadErFUu3pUL5ctZMlh2yI3bCPHbGyuyaVViVCfbAntgze3EenVfnzXn/Gc04s5199gfOxzdPY5qr</latexit>

�A

<latexit sha1_base64="MZ+J49yUQQIJ96IHPOGhoy2iIlo=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTaKBGWAhjJI5CElJlpfNuGU80N3a6TI5CdooaJDtPwMBf+CbVxAwlSjmV3t7HiRkoZs+9NaWl5ZXVsvbZQ3t7Z3dit7+20TxlpgS4Qq1F0PDCoZYIskKexGGsH3FHa8yVXmdx5QGxkGtzSN0PVhHMiRFECp1O0bOfbh7mJQqdo1OwdfJE5BqqxAc1D56g9DEfsYkFBgTM+xI3IT0CSFwlm5HxuMQExgjL2UBuCjcZM874wfxwYo5BFqLhXPRfy9kYBvzNT30kkf6N7Me5n4n9eLaXTuJjKIYsJAZIdIKswPGaFlWgTyodRIBFly5DLgAjQQoZYchEjFOG2mnPbhzH+/SNqnNadeq9/Uq43LopkSO2RH7IQ57Iw12DVrshYTTLEn9sxerEfr1Xqz3n9Gl6xi54D9gfXxDZu/lGI=</latexit>

= d◆"L

<latexit sha1_base64="bylqA9rsFvspoRJ+w5CeEfSuxkI=">AAACC3icbVC7SgNBFJ31GeNr1cLCZjAIVmFXAtoIQRsLiwjmAUkIdyc3ccjs7DJzNxCWfIJfYauVndj6ERb+i5uYQhNPdTjnXu49J4iVtOR5n87S8srq2npuI7+5tb2z6+7t12yUGIFVEanINAKwqKTGKklS2IgNQhgorAeD64lfH6KxMtL3NIqxHUJfy54UQJnUcQ8veZe3ZETQaQ3BYGylijS/7bgFr+hNwReJPyMFNkOl4361upFIQtQkFFjb9L2Y2ikYkkLhON9KLMYgBtDHZkY1hGjb6TTAmJ8kFijiMRouFZ+K+HsjhdDaURhkkyHQg533JuJ/XjOh3kU7lTpOCLWYHCKpcHrICiOzZpB3pUEimHyOXGouwAARGslBiExMsqryWR/+fPpFUjsr+qVi6a5UKF/NmsmxI3bMTpnPzlmZ3bAKqzLBxuyJPbMX59F5dd6c95/RJWe2c8D+wPn4Bsl3mnE=</latexit>



 The restriction of the d-form L on S, i.e. the spacetime Lagrangian 
   (i.e. the spacetime restriction of the d-form L, depending only on    
   spacetime coordinates x), is then invariant under the 
   spacetime restriction of the transformation rules �"�A

<latexit sha1_base64="NpBgR7DRYq7tf+zC5NXwGRNX4d4=">AAACEHicbVC7TgJBFJ3FF+ILtdRiIjGxIruGREvUxhITeSQskrvDBSfMzm5m7pIQQuMn+BW2WtkZW//Awn9xQQoFT3Vyzr2595wgVtKS6346maXlldW17HpuY3Nreye/u1ezUWIEVkWkItMIwKKSGqskSWEjNghhoLAe9K8mfn2AxspI39IwxlYIPS27UgClUjt/6HdQEbT9ARiMrVSR5r6VvRDuLng7X3CL7hR8kXgzUmAzVNr5L78TiSRETUKBtU3Pjak1AkNSKBzn/MRiDKIPPWymVEOItjWaphjz48QCRTxGw6XiUxF/b4wgtHYYBulkCHRv572J+J/XTKh73hpJHSeEWkwOkVQ4PWSFkWk9yDvSIBFMPkcuNRdggAiN5CBEKiZpX7m0D28+/SKpnRa9UrF0UyqUL2fNZNkBO2InzGNnrMyuWYVVmWAP7Ik9sxfn0Xl13pz3n9GMM9vZZ3/gfHwDcLCc/w==</latexit>

 All equations being form equations…

 This protocol provides a systematic method to find 
 geometric (diff. invariant) actions with local Lorentz and 
 supersymmetry invariances



Note:

◆"dL = 0

<latexit sha1_base64="JwooqbiBLVNa6pgJhzH+fU33bSM=">AAACDHicbVC7SgNBFJ2NrxhfURvBZjAIVmFXAtoIQRsLiwjmAUkIdyc3ccjs7DJzNxBC/AS/wlYrO7H1Hyz8F3djCk081eGce7n3HD9S0pLrfjqZpeWV1bXsem5jc2t7J7+7V7NhbARWRahC0/DBopIaqyRJYSMyCIGvsO4PrlK/PkRjZajvaBRhO4C+lj0pgBKpkz9oyZCg0xqCwchKFWreveEX3O3kC27RnYIvEm9GCmyGSif/1eqGIg5Qk1BgbdNzI2qPwZAUCie5VmwxAjGAPjYTqiFA2x5PE0z4cWyBQh6h4VLxqYi/N8YQWDsK/GQyALq3814q/uc1Y+qdt8dSRzGhFukhkgqnh6wwMqkGeVcaJIL0c+RScwEGiNBIDkIkYpx0lUv68ObTL5LaadErFUu3pUL5ctZMlh2yI3bCPHbGyuyaVViVCfbAntgze3EenVfnzXn/Gc04s5199gfOxzdPY5qr</latexit>

usually relates outer components of the curvatures 
to inner components (“rheonomic constraints”)

Inner components are usually left free       
and only the eq. of motion will constrain them to satisfy 
differential conditions.



• Using curvature definitions and Bianchi identities:

6. Symmetries of d=4 N=1 Supergravity

dL = 2RabRcV d"abcd + 4⇢̄�5�a⇢V
a � 4 ̄�5�a⇢R

a

<latexit sha1_base64="uUBdBhaqPoHzPTkOkS9cV4BxgMU="></latexit>

• requesting invariance of L under all G diff.s, i.e.               
for all tangent vectors    , implies the constraints on

Ra = Ra
bcV

bV c

<latexit sha1_base64="IulMULKQvPTpnwfNcsWE68j8QQE=">AAACC3icbVC7SkNBEN0bXzG+ohYWNotBsAr3SkAbIWhjGcU8IC/mbiZxyd4Hu3OFcIl/4FfYamUntn6Ehf/iJqbQ6IFdDufMMDPHj5U05LofTmZhcWl5JbuaW1vf2NzKb+/UTJRogVURqUg3fDCoZIhVkqSwEWuEwFdY94cXE79+h9rIKLyhUYztAAah7EsBZKVufu+6A/yM27+b3vtizGsd3z7RzRfcojsF/0u8GSmwGSrd/GerF4kkwJCEAmOanhtTOwVNUigc51qJwRjEEAbYtDSEAE07nR4w5oeJAYp4jJpLxaci/uxIITBmFPi2MgC6NfPeRPzPaybUP22nMowTwlBMBpFUOB1khJY2GeQ9qZEIJpsjlyEXoIEIteQghBUTG1XO5uHNX/+X1I6LXqlYuioVyuezZLJsnx2wI+axE1Zml6zCqkywMXtkT+zZeXBenFfn7bs048x6dtkvOO9ftLCZww==</latexit>

⇢↵ = ⇢↵ cdV
cV d

<latexit sha1_base64="vaaKWtfigw8zLadWqPTZfLwp+H8=">AAACIXicbVDJSgNBEO2JW4xb1KOXxiB4McxIQC9C0IvHCGaBbNR0KkmTnoXuGiEMyU/4CX6FVz15E28i/ouTmINJfNDw6r0qquu5oZKGbPvTSq2srq1vpDczW9s7u3vZ/YOKCSItsCwCFeiaCwaV9LFMkhTWQo3guQqr7uBm4lcfUBsZ+Pc0DLHpQc+XXSmAEqmdPWvoftCKG6DCPoz4FZ+r2/F4LDojXmmJ5HV4O5uz8/YUfJk4M5JjM5Ta2e9GJxCRhz4JBcbUHTukZgyapFA4yjQigyGIAfSwnlAfPDTNeHrWiJ9EBijgIWouFZ+K+HciBs+YoecmnR5Q3yx6E/E/rx5R97IZSz+MCH0xWURS4XSREVomeSHvSI1EMPk5culzARqIUEsOQiRilASYSfJwFq9fJpXzvFPIF+4KueL1LJk0O2LH7JQ57IIV2S0rsTIT7JE9sxf2aj1Zb9a79fHbmrJmM4dsDtbXD3jVo9k=</latexit>

Rab = Rab
cdV

cV d + ✓̄abc  V
c

<latexit sha1_base64="aF4hOJmaj0VUqjABHmOswNhwlX0="></latexit>

where ✓̄abc = "abef ⇢̄ef�5�c + "efg[a⇢̄ef�5�g�
b]
c

<latexit sha1_base64="qkOSXlT+6piTEzwUys+aXix4gFU="></latexit>

outer

◆"dL = 0

<latexit sha1_base64="JwooqbiBLVNa6pgJhzH+fU33bSM=">AAACDHicbVC7SgNBFJ2NrxhfURvBZjAIVmFXAtoIQRsLiwjmAUkIdyc3ccjs7DJzNxBC/AS/wlYrO7H1Hyz8F3djCk081eGce7n3HD9S0pLrfjqZpeWV1bXsem5jc2t7J7+7V7NhbARWRahC0/DBopIaqyRJYSMyCIGvsO4PrlK/PkRjZajvaBRhO4C+lj0pgBKpkz9oyZCg0xqCwchKFWreveEX3O3kC27RnYIvEm9GCmyGSif/1eqGIg5Qk1BgbdNzI2qPwZAUCie5VmwxAjGAPjYTqiFA2x5PE0z4cWyBQh6h4VLxqYi/N8YQWDsK/GQyALq3814q/uc1Y+qdt8dSRzGhFukhkgqnh6wwMqkGeVcaJIL0c+RScwEGiNBIDkIkYpx0lUv68ObTL5LaadErFUu3pUL5ctZMlh2yI3bCPHbGyuyaVViVCfbAntgze3EenVfnzXn/Gc04s5199gfOxzdPY5qr</latexit>

"
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transforms into a total derivative.

under these transformations the group manifold
lagrangian

Considering now all fields and variation parameters 
as only x-dependent, the spacetime restriction of L
is invariant under the spacetime restriction of the 
variations.

The spacetime restriction of L is the 
d=4 N=1 SG Lagrangian found in 1976
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A combined spin 2 - spin 3/2 extension of general relativity is given which is both free of the usual higher spin m- 
conststencms and mvarmnt under local supersymmetry transformatmns. 

The unification of  the gravitational field with a 
spin 3/2 system is a natural goal within the framework 
of  supersymmetry [1 ] .  In constructing such a theory 
one faces obvious problems due to the highly non-h- 
near nature of  general relativity [2] and to the well- 
known difficultms encountered in coupling higher 
spin fields in a consistent way. We shall show here 
that the simplest candidate, namely the sum of  the 
Einstein action and that for a massless, minimally 
coupled, Rarlta-Schwinger [3] Majorana field fulfils 
the consistency criteria. As we shall also see, this fact 
is related to the invariance of the theory under local 
supersymmetry transformations #1 . 

The key to our result_ ~ lies in the use of  the first or- 
der formalism for gravitation, in which vierbeins and 
connection coefficients are treated independently (a 
convenient description of the first order formalism 
can be found in a paper by Kibble [5] ). Minimal cou- 
pling in this sense lmphes the existence of  torsion, or 
of  non-minimal contact  interactions m second order 
language. The first order formulation with torsion is 
closely related to the description of  supergravlty in su- 
perspace [1, 6] .  

The combined Lagrangian has the form ¢2 

* On leave from Brandeis University Waltham, MA, USA; sup- 
ported in part by the U.S. National Science Foundation. 

¢1 Local supersymmetry transformations, with parameters de- 
pending arbitrarily upon the space-time co-ordinates were 
f'trst discussed m ref. [4 ], where their existence was stated 
for two space-time dimensions and conjectured for four di- 
mensmns. The commutato~ of two local supersymmetry 
transformations contains a general co-ordinate transforma- 
tion. 

¢2 We choose units in which r = 1. Our gamma matrices satis- 
fy (3,0) 2 = (3,5) 2 = -1.  If we use the Majorana representa- 
tion the matrices 3,tt and 3,s are real and the field Ca 
Hermitean, with t~j~ = ~ '3 ,0  We also take e 0123 = -'e0123 
= 1 .  

L = -  5 e R  - e xuvo ~ x 7 5 7 u D v t ~  o O) 

where 

e = det eva , R = eaUebVRuv, ab . (2) 

The covariant derivative on Cu is defined according to 
its spin 1/2 content only 

= i ~ab ,  ~ab = ¼ [U ,  ~/b I (3) D u a u - -~ 6Ou,ab 

and satisfies 

[ D u , D v ] =  L o  vab (4) 
- -  2J,t~u,ab,~ • 

This form for D u is strongly suggested by the Maxwell- 
like gauge invariance of  the flat space action uncer 6 flu 
= 2aua  and preserves the simplest definition of  the 
curl. This results in a particularly simple form of  the 
torsion. The vierbeins eua,  the connection coefficients 
cola,a b and the Majorana vector-spinor ~k u are to be 
varied independently.  Note that we have not intro- 
duced any auxiliary fields. They wdl be useful, how- 
ever, when coupling to matter is included. The equa- 
tions of  motion are 

R x  = eXUVo(?uDv~ ; 1 r - ~ c ~ .  %)  = 0 (5) 
1 

Cur r = ~ ~ u T r ~ v  (6) 

and 

i 
GrU = ~ e x u u o ~ x  T s T r D v $  - (7) 

Here 

1 T Gra = R r  a - - £ e  a R ,  Rra  = R r h ,  a x 

is the (non-symmetric)Einstein tensor and 

(8) 
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 7. Equations of motion of d=4 N=1 Supergravity
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= 0
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• Expanding the field equations
(3-form equations) on a complete G basis  

�A = (V a,!ab, ↵)

<latexit sha1_base64="t572ipPRwye4cNVyGQvY54ePhsQ=">AAACHnicbVDLSgNBEJz1GeMr6tHLYBBUJOxKQC+Cj4vHCCYK2ST0jm0cMrM7zPQKsuQf/AS/wquevIlXPfgvbmIOvupUXdVNd1dklHTk++/e2PjE5NR0YaY4Oze/sFhaWm64JLUC6yJRib2IwKGSMdZJksILYxF0pPA86h0P/PMbtE4m8RndGmxp6MbySgqgXOqUtkInuxrah3yfbzTasM3DRGMX2hlE/bwwTrZDUOYaNjulsl/xh+B/STAiZTZCrVP6CC8TkWqMSShwrhn4hloZWJJCYb8Ypg4NiB50sZnTGDS6Vjb8qc/XUweUcIOWS8WHIn6fyEA7d6ujvFMDXbvf3kD8z2umdLXXymRsUsJYDBaRVDhc5ISVeVjIL6VFIhhcjlzGXIAFIrSSgxC5mObpFfM8gt/f/yWNnUpQrVRPq+WDo1EyBbbK1tgGC9guO2AnrMbqTLA79sAe2ZN37z17L97rV+uYN5pZYT/gvX0C2H+hSA==</latexit>

with                                  
�A�B�C

<latexit sha1_base64="iToNrR/TmCz7FxI8qwKFa+NjNo4=">AAACDnicbZC7SgNREIbPxluMt6idNgeDYBV2JaBlTBrLCOYCSQyzJ5N4yNkL58wKIQR8BJ/CVis7sfUVLHwXd+MKmjjVx//PMDO/GyppyLY/rMzS8srqWnY9t7G5tb2T391rmCDSAusiUIFuuWBQSR/rJElhK9QInquw6Y6qid+8Q21k4F/TOMSuB0NfDqQAiqVe/qBj5NCDmwueQuUHqr18wS7as+KL4KRQYGnVevnPTj8QkYc+CQXGtB07pO4ENEmhcJrrRAZDECMYYjtGHzw03cnshyk/jgxQwEPUXCo+E/H3xAQ8Y8aeG3d6QLdm3kvE/7x2RIPz7kT6YUToi2QRSYWzRUZoGYeDvC81EkFyOXLpcwEaiFBLDkLEYhSnlYvzcOa/X4TGadEpFUtXpUK5kiaTZYfsiJ0wh52xMrtkNVZngt2zR/bEnq0H68V6td6+WzNWOrPP/pT1/gUFupui</latexit>

Ra = Ra
bcV

bV c

<latexit sha1_base64="IulMULKQvPTpnwfNcsWE68j8QQE=">AAACC3icbVC7SkNBEN0bXzG+ohYWNotBsAr3SkAbIWhjGcU8IC/mbiZxyd4Hu3OFcIl/4FfYamUntn6Ehf/iJqbQ6IFdDufMMDPHj5U05LofTmZhcWl5JbuaW1vf2NzKb+/UTJRogVURqUg3fDCoZIhVkqSwEWuEwFdY94cXE79+h9rIKLyhUYztAAah7EsBZKVufu+6A/yM27+b3vtizGsd3z7RzRfcojsF/0u8GSmwGSrd/GerF4kkwJCEAmOanhtTOwVNUigc51qJwRjEEAbYtDSEAE07nR4w5oeJAYp4jJpLxaci/uxIITBmFPi2MgC6NfPeRPzPaybUP22nMowTwlBMBpFUOB1khJY2GeQ9qZEIJpsjlyEXoIEIteQghBUTG1XO5uHNX/+X1I6LXqlYuioVyuezZLJsnx2wI+axE1Zml6zCqkywMXtkT+zZeXBenFfn7bs048x6dtkvOO9ftLCZww==</latexit>

⇢↵ = ⇢↵ cdV
cV d

<latexit sha1_base64="vaaKWtfigw8zLadWqPTZfLwp+H8=">AAACIXicbVDJSgNBEO2JW4xb1KOXxiB4McxIQC9C0IvHCGaBbNR0KkmTnoXuGiEMyU/4CX6FVz15E28i/ouTmINJfNDw6r0qquu5oZKGbPvTSq2srq1vpDczW9s7u3vZ/YOKCSItsCwCFeiaCwaV9LFMkhTWQo3guQqr7uBm4lcfUBsZ+Pc0DLHpQc+XXSmAEqmdPWvoftCKG6DCPoz4FZ+r2/F4LDojXmmJ5HV4O5uz8/YUfJk4M5JjM5Ta2e9GJxCRhz4JBcbUHTukZgyapFA4yjQigyGIAfSwnlAfPDTNeHrWiJ9EBijgIWouFZ+K+HciBs+YoecmnR5Q3yx6E/E/rx5R97IZSz+MCH0xWURS4XSREVomeSHvSI1EMPk5culzARqIUEsOQiRilASYSfJwFq9fJpXzvFPIF+4KueL1LJk0O2LH7JQ57IIV2S0rsTIT7JE9sxf2aj1Zb9a79fHbmrJmM4dsDtbXD3jVo9k=</latexit>

Rab = Rab
cdV

cV d + ✓̄abc  V
c

<latexit sha1_base64="aF4hOJmaj0VUqjABHmOswNhwlX0="></latexit>

where ✓̄abc = "abef ⇢̄ef�5�c + "efg[a⇢̄ef�5�g�
b]
c

<latexit sha1_base64="qkOSXlT+6piTEzwUys+aXix4gFU="></latexit>

outer
1) determines the outer components of the curvatures 

2) yields the propagation equations
Ra

bc = 0

<latexit sha1_base64="RQghszx0AY/XipR3uaapcktLl7I=">AAAB/XicbVC7TsNAEDzzDOEVoKQ5ESFRRTaKBA1SBA1lQOQhJSZaXzbhlPNDd2ukyAp8BS1UdIiWb6HgX7BNCkiYajSzq50dL1LSkG1/WguLS8srq4W14vrG5tZ2aWe3acJYC2yIUIW67YFBJQNskCSF7Ugj+J7Clje6yPzWPWojw+CGxhG6PgwDOZACKJU617fQSx48MTmze6WyXbFz8HniTEmZTVHvlb66/VDEPgYkFBjTceyI3AQ0SaFwUuzGBiMQIxhiJ6UB+GjcJI884YexAQp5hJpLxXMRf28k4Bsz9r100ge6M7NeJv7ndWIanLqJDKKYMBDZIZIK80NGaJl2gbwvNRJBlhy5DLgADUSoJQchUjFOyymmfTiz38+T5nHFqVaqV9Vy7XzaTIHtswN2xBx2wmrsktVZgwkWsif2zF6sR+vVerPef0YXrOnOHvsD6+MbtquVjA==</latexit>

Rac
bc �

1

2
�ab Rcd

cd = 0

<latexit sha1_base64="vxPtERtomxzIQisdIped24lCy6o="></latexit>

�a⇢ab = 0

<latexit sha1_base64="yvs/WsckIo24JDzQHOlhlLUNzho=">AAACCnicbVDLSgNBEJz1GeMrKnjxMhgCnsKuBPQiBL14jGAekMTQO+kkQ2Z2l5leIaz5A7/Cq568iVd/woP/4ibmoIl1Kqq66eryIyUtue6ns7S8srq2ntnIbm5t7+zm9vZrNoyNwKoIVWgaPlhUMsAqSVLYiAyC9hXW/eHVxK/fo7EyDG5pFGFbQz+QPSmAUqmTO2z1QWu4A94yg7CTgD/mF9zt5PJu0Z2CLxJvRvJshkon99XqhiLWGJBQYG3TcyNqJ2BICoXjbCu2GIEYQh+bKQ1Ao20n0/xjXogtUMgjNFwqPhXx90YC2tqRTqMVNNDAznsT8T+vGVPvvJ3IIIoJAzE5RFLh9JAVRqbFIO9Kg0QwSY5cBlyAASI0koMQqRinTWXTPrz57xdJ7bTolYqlm1K+fDlrJsOO2DE7YR47Y2V2zSqsygR7YE/smb04j86r8+a8/4wuObOdA/YHzsc3mpKZvQ==</latexit>

(torsion eq.)
(Einstein eq.)
(gravitino eq.)



7. Equations of motion of d=4 N=1 Supergravity

@L

@�
+ d

@L

@(d�)
= 0

<latexit sha1_base64="Z0No4SCHUTBPWviWvhLg9Ad6e+w=">AAACQXicfVC7SgNBFJ31bXxFLW0Gg6AIYVcC2giijYWCgkmEbAh3J1cdnN0dZu4KYclX+Ql+hYWNVnZia+NsDOILb3U459zXibSSlnz/3hsZHRufmJyaLs3Mzs0vlBeXGjbNjMC6SFVqziOwqGSCdZKk8FwbhDhS2IyuDwq9eYPGyjQ5o57GdgyXibyQAshRnfIxz0MNhiQofsTD1Hn5JxHqK9nnm7z7j2e9W7g2+nzXL/FOueJX/UHx3yAYggob1kmn/BB2U5HFmJBQYG0r8DW182K2UNgvhZlFDeIaLrHlYAIx2nY+eLvP1zILlHLtzpGKD0j82pFDbG0vjpwzBrqyP7WC/EtrZXSx085lojPCRBSLSCocLLLCSPc/8q40SATF5chlwgUYIEIjOQjhyMwFXHJ5BD+//w0aW9WgVq2d1ip7+8NkptgKW2XrLGDbbI8dshNWZ4Ldsnv2yJ68O+/Ze/FeP6wj3rBnmX0r7+0dqliuqg==</latexit>

• Expanding the field equations
(3-form equations) on a complete G basis  

�A = (V a,!ab, ↵)

<latexit sha1_base64="t572ipPRwye4cNVyGQvY54ePhsQ=">AAACHnicbVDLSgNBEJz1GeMr6tHLYBBUJOxKQC+Cj4vHCCYK2ST0jm0cMrM7zPQKsuQf/AS/wquevIlXPfgvbmIOvupUXdVNd1dklHTk++/e2PjE5NR0YaY4Oze/sFhaWm64JLUC6yJRib2IwKGSMdZJksILYxF0pPA86h0P/PMbtE4m8RndGmxp6MbySgqgXOqUtkInuxrah3yfbzTasM3DRGMX2hlE/bwwTrZDUOYaNjulsl/xh+B/STAiZTZCrVP6CC8TkWqMSShwrhn4hloZWJJCYb8Ypg4NiB50sZnTGDS6Vjb8qc/XUweUcIOWS8WHIn6fyEA7d6ujvFMDXbvf3kD8z2umdLXXymRsUsJYDBaRVDhc5ISVeVjIL6VFIhhcjlzGXIAFIrSSgxC5mObpFfM8gt/f/yWNnUpQrVRPq+WDo1EyBbbK1tgGC9guO2AnrMbqTLA79sAe2ZN37z17L97rV+uYN5pZYT/gvX0C2H+hSA==</latexit>

with                                  
�A�B�C

<latexit sha1_base64="iToNrR/TmCz7FxI8qwKFa+NjNo4=">AAACDnicbZC7SgNREIbPxluMt6idNgeDYBV2JaBlTBrLCOYCSQyzJ5N4yNkL58wKIQR8BJ/CVis7sfUVLHwXd+MKmjjVx//PMDO/GyppyLY/rMzS8srqWnY9t7G5tb2T391rmCDSAusiUIFuuWBQSR/rJElhK9QInquw6Y6qid+8Q21k4F/TOMSuB0NfDqQAiqVe/qBj5NCDmwueQuUHqr18wS7as+KL4KRQYGnVevnPTj8QkYc+CQXGtB07pO4ENEmhcJrrRAZDECMYYjtGHzw03cnshyk/jgxQwEPUXCo+E/H3xAQ8Y8aeG3d6QLdm3kvE/7x2RIPz7kT6YUToi2QRSYWzRUZoGYeDvC81EkFyOXLpcwEaiFBLDkLEYhSnlYvzcOa/X4TGadEpFUtXpUK5kiaTZYfsiJ0wh52xMrtkNVZngt2zR/bEnq0H68V6td6+WzNWOrPP/pT1/gUFupui</latexit>

Ra = Ra
bcV

bV c

<latexit sha1_base64="IulMULKQvPTpnwfNcsWE68j8QQE=">AAACC3icbVC7SkNBEN0bXzG+ohYWNotBsAr3SkAbIWhjGcU8IC/mbiZxyd4Hu3OFcIl/4FfYamUntn6Ehf/iJqbQ6IFdDufMMDPHj5U05LofTmZhcWl5JbuaW1vf2NzKb+/UTJRogVURqUg3fDCoZIhVkqSwEWuEwFdY94cXE79+h9rIKLyhUYztAAah7EsBZKVufu+6A/yM27+b3vtizGsd3z7RzRfcojsF/0u8GSmwGSrd/GerF4kkwJCEAmOanhtTOwVNUigc51qJwRjEEAbYtDSEAE07nR4w5oeJAYp4jJpLxaci/uxIITBmFPi2MgC6NfPeRPzPaybUP22nMowTwlBMBpFUOB1khJY2GeQ9qZEIJpsjlyEXoIEIteQghBUTG1XO5uHNX/+X1I6LXqlYuioVyuezZLJsnx2wI+axE1Zml6zCqkywMXtkT+zZeXBenFfn7bs048x6dtkvOO9ftLCZww==</latexit>

⇢↵ = ⇢↵ cdV
cV d

<latexit sha1_base64="vaaKWtfigw8zLadWqPTZfLwp+H8=">AAACIXicbVDJSgNBEO2JW4xb1KOXxiB4McxIQC9C0IvHCGaBbNR0KkmTnoXuGiEMyU/4CX6FVz15E28i/ouTmINJfNDw6r0qquu5oZKGbPvTSq2srq1vpDczW9s7u3vZ/YOKCSItsCwCFeiaCwaV9LFMkhTWQo3guQqr7uBm4lcfUBsZ+Pc0DLHpQc+XXSmAEqmdPWvoftCKG6DCPoz4FZ+r2/F4LDojXmmJ5HV4O5uz8/YUfJk4M5JjM5Ta2e9GJxCRhz4JBcbUHTukZgyapFA4yjQigyGIAfSwnlAfPDTNeHrWiJ9EBijgIWouFZ+K+HciBs+YoecmnR5Q3yx6E/E/rx5R97IZSz+MCH0xWURS4XSREVomeSHvSI1EMPk5culzARqIUEsOQiRilASYSfJwFq9fJpXzvFPIF+4KueL1LJk0O2LH7JQ57IIV2S0rsTIT7JE9sxf2aj1Zb9a79fHbmrJmM4dsDtbXD3jVo9k=</latexit>

Rab = Rab
cdV

cV d + ✓̄abc  V
c

<latexit sha1_base64="aF4hOJmaj0VUqjABHmOswNhwlX0="></latexit>

where ✓̄abc = "abef ⇢̄ef�5�c + "efg[a⇢̄ef�5�g�
b]
c

<latexit sha1_base64="qkOSXlT+6piTEzwUys+aXix4gFU="></latexit>

outer
1) determines the outer components of the curvatures 

2) yields the propagation equations
Ra

bc = 0

<latexit sha1_base64="RQghszx0AY/XipR3uaapcktLl7I=">AAAB/XicbVC7TsNAEDzzDOEVoKQ5ESFRRTaKBA1SBA1lQOQhJSZaXzbhlPNDd2ukyAp8BS1UdIiWb6HgX7BNCkiYajSzq50dL1LSkG1/WguLS8srq4W14vrG5tZ2aWe3acJYC2yIUIW67YFBJQNskCSF7Ugj+J7Clje6yPzWPWojw+CGxhG6PgwDOZACKJU617fQSx48MTmze6WyXbFz8HniTEmZTVHvlb66/VDEPgYkFBjTceyI3AQ0SaFwUuzGBiMQIxhiJ6UB+GjcJI884YexAQp5hJpLxXMRf28k4Bsz9r100ge6M7NeJv7ndWIanLqJDKKYMBDZIZIK80NGaJl2gbwvNRJBlhy5DLgADUSoJQchUjFOyymmfTiz38+T5nHFqVaqV9Vy7XzaTIHtswN2xBx2wmrsktVZgwkWsif2zF6sR+vVerPef0YXrOnOHvsD6+MbtquVjA==</latexit>

Rac
bc �

1

2
�ab Rcd

cd = 0

<latexit sha1_base64="vxPtERtomxzIQisdIped24lCy6o="></latexit>

�a⇢ab = 0

<latexit sha1_base64="yvs/WsckIo24JDzQHOlhlLUNzho=">AAACCnicbVDLSgNBEJz1GeMrKnjxMhgCnsKuBPQiBL14jGAekMTQO+kkQ2Z2l5leIaz5A7/Cq568iVd/woP/4ibmoIl1Kqq66eryIyUtue6ns7S8srq2ntnIbm5t7+zm9vZrNoyNwKoIVWgaPlhUMsAqSVLYiAyC9hXW/eHVxK/fo7EyDG5pFGFbQz+QPSmAUqmTO2z1QWu4A94yg7CTgD/mF9zt5PJu0Z2CLxJvRvJshkon99XqhiLWGJBQYG3TcyNqJ2BICoXjbCu2GIEYQh+bKQ1Ao20n0/xjXogtUMgjNFwqPhXx90YC2tqRTqMVNNDAznsT8T+vGVPvvJ3IIIoJAzE5RFLh9JAVRqbFIO9Kg0QwSY5cBlyAASI0koMQqRinTWXTPrz57xdJ7bTolYqlm1K+fDlrJsOO2DE7YR47Y2V2zSqsygR7YE/smb04j86r8+a8/4wuObOdA/YHzsc3mpKZvQ==</latexit>

(torsion eq.)
(Einstein eq.)
(gravitino eq.)

same as from
◆"dL = 0

<latexit sha1_base64="JwooqbiBLVNa6pgJhzH+fU33bSM=">AAACDHicbVC7SgNBFJ2NrxhfURvBZjAIVmFXAtoIQRsLiwjmAUkIdyc3ccjs7DJzNxBC/AS/wlYrO7H1Hyz8F3djCk081eGce7n3HD9S0pLrfjqZpeWV1bXsem5jc2t7J7+7V7NhbARWRahC0/DBopIaqyRJYSMyCIGvsO4PrlK/PkRjZajvaBRhO4C+lj0pgBKpkz9oyZCg0xqCwchKFWreveEX3O3kC27RnYIvEm9GCmyGSif/1eqGIg5Qk1BgbdNzI2qPwZAUCie5VmwxAjGAPjYTqiFA2x5PE0z4cWyBQh6h4VLxqYi/N8YQWDsK/GQyALq3814q/uc1Y+qdt8dSRzGhFukhkgqnh6wwMqkGeVcaJIL0c+RScwEGiNBIDkIkYpx0lUv68ObTL5LaadErFUu3pUL5ctZMlh2yI3bCPHbGyuyaVViVCfbAntgze3EenVfnzXn/Gc04s5199gfOxzdPY5qr</latexit>

to be expected 
since dL=0 on shell



8. Free differential algebras (FDA)

•  generalize Cartan-Maurer eq.s of group manifold G 
    1-form vielbeins      ,  by including p-forms      

•  convenient algebraic setting for field theories 
    with antisymmetric tensors (p-forms)

dBi + Ci
Aj �ABj +

1

(p+ 1)!
Ci

A1...Ap+1
�A1 ...�Ap+1 = 0

rBi

�A Bi

•  example : ordinary Cartan-Maurer 1-forms       supplemented
    by a single p-form       in a representation            of GDi

j

�A

Bi

D’Auria, Fré 1982
Sullivan, 1977

suggests a multibracket

Ci

d�A +
1

2
CA

BC �B�C = 0

<latexit sha1_base64="4yKFBXngBu8vVlG8wxopPxoC1pY="></latexit>

•  dual formulation:  L∞ algebras 



• In the multibracket formulation, L∞ algebras were first 
introduced in Stasheff 1992, Lada and Stasheff 1993

   and later recognized to be dual to FDA’s
   Fiorenza, Sati and Schreiber 2014; D’ Auria, LC 2026



• There are instances where                   implies constraints also
on inner (VV) components of the curvatures. This happens notably
when selfdual p-forms are present, as in d=6 or d=10 SG
(there constraints are selfduality conditions)

• In this case L varies into a total derivative only modulo the selfduality 
condition. In particular L is not supersymmetric, only the e.o.m are.

• The e.o.m derived by varying the group manifold lagrangian
  include the selfduality condition on the p-form curvatures
  (in their outer projections)

9. Selfdual forms

◆"dL = 0

<latexit sha1_base64="JwooqbiBLVNa6pgJhzH+fU33bSM=">AAACDHicbVC7SgNBFJ2NrxhfURvBZjAIVmFXAtoIQRsLiwjmAUkIdyc3ccjs7DJzNxBC/AS/wlYrO7H1Hyz8F3djCk081eGce7n3HD9S0pLrfjqZpeWV1bXsem5jc2t7J7+7V7NhbARWRahC0/DBopIaqyRJYSMyCIGvsO4PrlK/PkRjZajvaBRhO4C+lj0pgBKpkz9oyZCg0xqCwchKFWreveEX3O3kC27RnYIvEm9GCmyGSif/1eqGIg5Qk1BgbdNzI2qPwZAUCie5VmwxAjGAPjYTqiFA2x5PE0z4cWyBQh6h4VLxqYi/N8YQWDsK/GQyALq3814q/uc1Y+qdt8dSRzGhFukhkgqnh6wwMqkGeVcaJIL0c+RScwEGiNBIDkIkYpx0lUv68ObTL5LaadErFUu3pUL5ctZMlh2yI3bCPHbGyuyaVViVCfbAntgze3EenVfnzXn/Gc04s5199gfOxzdPY5qr</latexit>



• The e.o.m derived by varying the spacetime lagrangian do not include 
the selfduality condition, and the spacetime lagrangian is supersymmetric
only modulo the selfduality condition. In this case the e.o.m. are 
not supersymmetric, since they do not include selfduality.

• Strategies to find supersymmetric spacetime Lagrangians containing self-
dual forms: Siegel 1984, Pasti Sorokin Tonin 1995, Sen 2015



D = 10 supergravity (2b)
FDA

LC 1987



The group manifold lagrangian 
of 2b supergravity

Pesando, LC 1993



D = 6 supergravity

Action

FDA

+2
p
3

<latexit sha1_base64="05CyFmZ6EVG8sBxe82YmiwEBxss=">AAAB/nicbVDLSsNAFJ34rPVVdelmsAiCUJJa0GXRjcsK9gFNKJPpbR06mcSZG6GEgl/hVlfuxK2/4sJ/MYlZaOtZHc65l3vu8SMpDNr2p7W0vLK6tl7aKG9ube/sVvb2OyaMNYc2D2Woez4zIIWCNgqU0Is0sMCX0PUnV5nffQBtRKhucRqBF7CxEiPBGaaSe0rr1DX3GpOz2aBStWt2DrpInIJUSYHWoPLlDkMeB6CQS2ZM37Ej9BKmUXAJs7IbG4gYn7Ax9FOqWADGS/LMM3ocG4YhjUBTIWkuwu+NhAXGTAM/nQwY3pl5LxP/8/oxji68RKgoRlA8O4RCQn7IcC3SMoAOhQZEliUHKhTlTDNE0IIyzlMxTtspp304898vkk695jRqjZtGtXlZNFMih+SInBCHnJMmuSYt0iacROSJPJMX69F6td6s95/RJavYOSB/YH18A5ZolWw=</latexit>

D’Auria, Fré, Regge 1983



Some advantages of the group geometric approach

• all fields have a group-geometric origin

• all (super)symmetries originate from diff.s on G

• systematic procedure to construct locally 
supersymmetric actions

• closer contact with usual component approach 
(wrt. superfield formalism)

• the group manifold action interpolates between the
component and the superfield actions of the same 
supergravity theory Catenacci, Grassi, LC 2014

• in d=6 and d=10 SG the selfdual conditions on the 3-form
and 5-form curvatures are a yield of the e.o.m. on G
D’ Auria, Fré, Regge 1984; LC 1987; Pesando, LC 1993



Thank you !



Supplementary slides



Note on the closure of (super) symmetry algebra

• algebra of Lie derivatives closes:

[`"A1 tA , `"B2 tB ] = `"C3 tC

<latexit sha1_base64="3pGHWyj5OS8T7hYzefPk27v5lM0="></latexit>

"C3 = "A1 @A"
C
2 � "A2 @A"

C
1 + "A1 "

B
2 (C

C
AB � 2RC

AB)

<latexit sha1_base64="p4P4cpSfieFYb51soUQ1MxpoC2Q="></latexit>

with

provided        satisfies Bianchi identities.

RA

<latexit sha1_base64="nqPE3z3NFgy2AgMOmcnfDE7GRJU=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrJRJCgDNJThkYeUmOh82YRTzg/drUGRlU+ghYoO0fI9FPwLtkkBgalGM7va2fEiJQ3Z9odVWFhcWl4prpbW1jc2t8rbOy0TxlpgU4Qq1B2PG1QywCZJUtiJNHLfU9j2xueZ375HbWQY3NAkQtfno0AOpeCUStdXt6f9csWu2jnYX+LMSAVmaPTLn71BKGIfAxKKG9N17IjchGuSQuG01IsNRlyM+Qi7KQ24j8ZN8qhTdhAbTiGLUDOpWC7iz42E+8ZMfC+d9DndmXkvE//zujENT9xEBlFMGIjsEEmF+SEjtEw7QDaQGol4lhyZDJjgmhOhlowLkYpxWkop7cOZ//4vaR1VnVq1dlmr1M9mzRRhD/bhEBw4hjpcQAOaIGAEj/AEz9aD9WK9Wm/fowVrtrMLv2C9fwGQV5IV</latexit>

• Thus if curvatures are unconstrained, Bianchi id.s
    hold because of        definition. If the curvatures
    are constrained (for ex. their outer components are given 
    in terms of their inner components), Bianchi id.s may imply
    further constraints on the inner components        e.o.m

RA

<latexit sha1_base64="nqPE3z3NFgy2AgMOmcnfDE7GRJU=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrJRJCgDNJThkYeUmOh82YRTzg/drUGRlU+ghYoO0fI9FPwLtkkBgalGM7va2fEiJQ3Z9odVWFhcWl4prpbW1jc2t8rbOy0TxlpgU4Qq1B2PG1QywCZJUtiJNHLfU9j2xueZ375HbWQY3NAkQtfno0AOpeCUStdXt6f9csWu2jnYX+LMSAVmaPTLn71BKGIfAxKKG9N17IjchGuSQuG01IsNRlyM+Qi7KQ24j8ZN8qhTdhAbTiGLUDOpWC7iz42E+8ZMfC+d9DndmXkvE//zujENT9xEBlFMGIjsEEmF+SEjtEw7QDaQGol4lhyZDJjgmhOhlowLkYpxWkop7cOZ//4vaR1VnVq1dlmr1M9mzRRhD/bhEBw4hjpcQAOaIGAEj/AEz9aD9WK9Wm/fowVrtrMLv2C9fwGQV5IV</latexit>



• In this case symmetry transformations on the fields 
close only on shell. 

• To have off shell closure we need auxiliary fields, thus
 enlarging the set of Cartan-Maurer eq.s and curvatures.

• This can be exploited to find the propagation eq.s by 
postulating constraints on the outer components 
of      , which is equivalent to postulate the field variations. 
The closure of these variations then imply the propagation 
equations for the inner components. In this case
even if L is not known, the e.o.m. can be deduced from the 
symmetry algebra, see for ex 2b supergravity in d=10
Green, Schwarz 1982.

RA
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• For ex. auxiliary fields for N=1, d=4 SG  
Ferrara, van Nieuwenhuizen 1978; Sohnius, West 1981



6. Free differential algebras (FDA)

•  generalize Cartan-Maurer eq.s of group manifold G 
    1-form vielbeins      ,  by including p-forms      

•  convenient algebraic setting for field theories 
    with antisymmetric tensors (p-forms)

dBi + Ci
Aj �ABj +

1

(p+ 1)!
Ci

A1...Ap+1
�A1 ...�Ap+1 = 0

�A Bi

•  example : ordinary Cartan-Maurer 1-forms       supplemented
    by a single p-form       in a representation            of GDi

j

�A

Bi

•  taking      of l.h.s. and requiring                    d d2 = 0

D’Auria, Fré 1982
Sullivan, 1977

d�A +
1

2
CA

BC �B�C = 0
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dBi + Ci
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•  example : ordinary Cartan-Maurer 1-forms       supplemented
    by a single p-form       in a representation            of GDi

j

�A

Bi

D’Auria, Fré 1982
Sullivan, 1977

p+1 cocycle in G

d�A +
1

2
CA

BC �B�C = 0
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CA
B[CC

B
DE] = 0

Ci
AjC

j
Bk � Ci

BjC
j
Ak = CC

ABC
i
Ck

2 Ci
A1jC

j
A2...Ap+2]

� (p+ 1)Ci
B[A1...Ap

CB
Ap+1Ap+2]

= 0

Generalized Jacobi identities

usual Jacobi id.s

representation condition

cocycle condition

•  representation condition: the constants           must be a 
    representation of the Lie algebra

dBi + Ci
Aj�

ABj = rGB
i

<latexit sha1_base64="F63/yzQjg5KYz+Yw3EQ15pae2ZU="></latexit>

Ci
Aj
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•  then  

•  cocycle condition: expresses the closure under          of   
Ci = Ci

A1...Ap+1
�A1 ...�Ap+1

rG
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(p+1 cocycle in G)

is the G-covariant derivative



6. Free differential algebras (FDA)

•  generalize Cartan-Maurer eq.s of group manifold G 
    1-form vielbeins      ,  by including p-forms      

•  convenient algebraic setting for field theories 
    with antisymmetric tensors (p-forms)

dBi + Ci
Aj �ABj +

1

(p+ 1)!
Ci

A1...Ap+1
�A1 ...�Ap+1 = 0

rBi

�A Bi

•  example : ordinary Cartan-Maurer 1-forms       supplemented
    by a single p-form       in a representation            of GDi

j

�A

Bi

D’Auria, Fré 1982
Sullivan, 1977

suggests a multibracket

Ci

d�A +
1

2
CA

BC �B�C = 0
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•  To extend a Lie algebra to a FDA: need a 
    covariantly closed (p+1)-form  

•  given such a form       ,        +  covariantly closed (p+1)-form 
        still yields a FDA.  But if this cov. closed form is cov. exact  (=          )  
                         leads to an equivalent FDA via the redefinition 

Ci

Ci Ci

r�i

Ci +r�i

Bi ! Bi + �i

•  Thus inequivalent FDA’s are classified by nontrivial cohomology 
    classes of the covariant derivative     , i.e. by Chevalley cohomologyr

Construction of FDA’s

•  given a FDA, construct a Lagrangian with the p-forms  
    and G vielbeins as fundamental fields, using the building rules
    for group manifold actions



 Example: FDA of d=11 supergravity

d!ab � !a
c!

cb = 0 [= Rab]

dV a � !a
bV

b � i

2
 ̄�a = 0 [= Ra]

d � 1

4
!ab�ab = 0 [= ⇢]

dA� 1

2
 ̄�ab V

aV b = 0 [= R(A)]

 ̄�ab  ̄�
a = 0•  the d=11 Fierz identity                               ensures 

   FDA closure  (             )
                           

d2 = 0

•  extends the superPoincaré Lie algebra in d=11 with a 3-form A
    in the identity representation 

Ci
A1...Ap+1• C ↵�ab = �12(C�ab)↵�

nontrivial 4-cocycle

D’Auria, Fré 1982



•  The lagrangian of d =11 supergravity can be written as a 11- form,
    made out of (exterior) products of fields and curvatures, therefore
    invariant by construction under diff.s.  D’Auria, Fré 1982

•  Original construction (in components) by  Cremmer, Julia, Scherk 1978

d=11 (first order) supergravity Lagrangian 


