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PART 1: Third-way extension of
massive gravity in AdS3
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Massive modes in 3D gravity

Three-dimensional gravity provides a tractable laboratory for quantum gravity and holography,
notably through AdS3/CFT2

1 . . .

. . . with the caveat:

Pure Einstein gravity in three dimensions has no local propagating bulk degrees of freedom.

If one wants local gravitational excitations, mimicking higher-dimensional setups, Einstein
gravity must be modified.

Local dynamics without breaking diffeomorphism invariance

Fully nonlinear theories such as TMG, NMG, GMG and MMG have linearized spectra
containing massive spin-2 modes.
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The massive gravity theories
The relevant massive-gravity theories are obtained by supplementing the Einstein–Hilbert
action with topological or higher-derivative terms:

LGMG =

NMG︷ ︸︸ ︷
1

µ

(
ΓdΓ +

2

3
Γ3

)
+ LEH︸ ︷︷ ︸

TMG

+
1

m2

(
RµνR

µν − 3

8
R2

)
︸ ︷︷ ︸

GMG

.

theory modification derivative order

TMG1, (MMG∗2) Lorentz–Chern–Simons∗ 3

NMG3 curvature-squared 4

GMG 4 TMG + NMG 4
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1 [Deser et al., 1982] 2 [Bergshoeff et al., 2014]
3 [Bergshoeff et al., 2009a] 4 [Bergshoeff et al., 2009b]
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What makes massive gravity theories unitary?

bulk unitarity boundary unitarity

(one for each massive mode) (two conditions)

no-ghost
positive central charges

no-tachyon

Most known massive gravity theories can be made unitary only either in the bulk or at
boundary.
This applies to TMG, NMG and GMG and is commonly referred to as the bulk-boundary
clash.
MMG is the only known fully (bulk+boundary) unitary theory!

What sets MMG apart?

MMG has a special property – third-way consistency.
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The nonlinear structure of MMG – third-way consistency

MMG’s equation of motion Eµν is third-way consistent1, meaning that it is only
covariantly-conserved on-shell:

∇µEµν = Aν
ρσEρσ .

Such equations cannot arise from metric-only actions.

MMG can be understood as a third-way extension of Einstein’s theory:

LMMG = LEinstein Gravity[e] + L3rd-way[e, $] .
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The nonlinear structure of MMG – third-way extension

Similarly, one can third-way extend any metric-only theory L0[e] 1:

Lthird-way extended = L0[e] + τεµνρeµ
aD[$]νeρa + κLCS[$]︸ ︷︷ ︸
≡L3rd-way[e,$]

.

The extension introduces two coupling constants: τ and κ.

The additional connection $µ
a cannot be integrated out of the Lagrangian

Increases the derivative order of the theory by one, adding an additional propagating mode.

This is a mechanism to generate third-way consistent theories.
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Why third-way extend?
The third-way extension enlarges both the parameter space and the propagating spectrum:

new couplings: (τ, κ) −→ larger parameter space, new field: $µ
a −→ additional bulk DOF

... and what theory do we third-way extend?

TMG
m2→∞←−−−−− GMG(Λ0, σ, µ,m

2)
µ→∞−−−−→ NMG.

theory massive modes unitarity conditions parameter space Unitary?

MMG 1 2+(1+1) 4 X

GMG 2 2+(2+2) 4 bulk only

3rd-way GMG 3 2+(3+3) 6 ?
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GMG in first-order formalism
Third-way extended GMG is best formulated in first-order form:

L3rd-GMG(e, ω, h, f , $) = LGMG(e, ω, h, f ) + L3rd-way(e, $) ,

with ω, h and f as auxiliary fields.
Using the auxiliary fields, the Lagrangian can be cast into Chern-Simons-like form1

Ldiag
3rd-GMG = KABX

A · dXB +MAB e̊ · XB × XC , (Xµ
a)A = (eµ

a, ωµ
a, hµ

a, fµ
a, $µ

a) .

Diagonalization then yields the masses

{1

`
, −1

`
, m1, m2, m3} ,

with ± 1
` as the two massless Einstein modes, and mi the three real solutions of a cubic

polynomial–the massive propagating bulk modes.
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Unitarity conditions for 3rd-GMG

The diagonalized linearized Lagrangian reads:

Ldiag
3rd-GMG = a+L+1/` + a−L−1/` +

3∑
i=1

biLmi

Bulk unitarity

No tachyons

m2
i >

1
`2 , i = 1, 2, 3

No ghosts

bimi < 0, i = 1, 2, 3

Boundary unitarity

Positive central charges

c± > 0 ⇐⇒ ∓a± > 0

All three sets of conditions must be satisfied simultaneously.
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The unitarity conditions cannot be satisfied simultaneously

Performing the parameter analysis of the full 3rd-GMG theory then leads to the conclusions:

Result

3rd-GMG admits a unitary linearized bulk spectrum and is the first fifth-order
three-dimensional gravity model to do so.

Throughout the bulk-unitary region, the two boundary central charges cannot both be
positive. Third-way extension does not improve the unitarity properties of GMG.

Let’s stay positive though, part 2 is coming up!
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PART 2: Nonrelativistic limits of
self-dual theories

11 / 24



Third-way massive gravity Nonrelativistic self-dual limits Conclusion Backup

What is a self-dual theory, and why nonrelativistic?

Self-dual modes appear precisely in the generic linearized massive gravity Lagrangian:

Ldiag
3rd-GMG = a+L+1/` + a−L−1/` +

3∑
i=1

bi Lmi ,

LSD,2 ≡ Lmi ←→ one massive spin-2 mode of definite helicity.

Nonrelativistic motivation: Certain solid-state fQHE setups effectively described by planar
Schrödinger equations, satisfied by higher-spin fields, containing exactly one degree of freedom.
This effect has been experimentally verified for spin-2, in the form of the Girvin-MacDonald-Plazman
mode1, with higher-spin variants (p-atic Hall phases) predicted theoretically2.

Driving question: How to get spin-s Schrödinger from a Lagrangian formulation?

12 / 24
1 [Girvin et al., 1986] 2 [Bergshoeff et al., 2018, Bergshoeff et al., 2024]
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The bottom-up approach

The target is clearly defined:

Start from a self-dual spin-s Lagrangian, and obtain:

A Schrödinger equation,

acting on a nonrelativistic spin-s field

propagating exactly one degree of freedom.

To begin, let’s warm up with spin-2!
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Spin-2: The nonrelativistic limit

Spin-2: The nonrelativistic limit
Anticipating the Schrödinger equation, a complexified self-dual Lagrangian is taken:

LSD,2 = εµνρ
(
Ēµ

σ∂νEρσ + MεµαβĒν
αEρ

β
)
.

Upon splitting the spacetime indices µ→ {0, i}, the field content becomes:

{E00,E0i ,Ei0,Eij} .

To proceed with the nonrelaivistic limit c →∞, powers of c need to be reinstated by
prescribing scalings:

E00 →
1

c2
e−imc2te00 , Ei0 →

1

c
e−imc2tei0 , E0i →

1

c
e−imc2te0i ,

Eij → e−imc2teij , M → mc , ∂0 →
1

c
∂0

... although there is some freedom here.
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Spin-2: The nonrelativistic limit

Taking the c →∞ and computing equations of motion eliminates all field components, in favor

of the symmetric-traceless field e{ij}, which satisfies:

iė{ij} +
1

2m
∇2e{ij} = 0 ,

giving exactly one spin-2 DOF, satisfying a Schrödinger equation.

How does this generalize to higher spins?
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Spin-3: The prototype for generalization

Spin-3 self-dual theory

For higher spins, auxiliary fields are necessary for relativistic consistency. Concretely, for
spin-3: Uµ and Φ1 must appear:

LSD,3 = L3[E ] + L31[E ,U] + L10[U,Φ] , with Eµαβ

How to assign scalings to the auxiliary fields?

Ui −→ c−Ni e−imc2tui , U0 −→ c−(1+N0)e−imc2tu0, Φ −→ c−(1+Nφ)e−imc2tφ.

Default scaling Ni ,N0,Nφ = 0

The auxiliary fields remain in the
nonrelativistic Lagrangian and participate
in the limit.

Maximal scaling Ni ,N0,Nφ �

The auxiliary fields are suppressed by powers
of c and disappear in the nonrelativistic
limit.

16 / 24
1 [Aragone and Khoudeir, 1993]
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Spin-3: The prototype for generalization

The auxiliary fields can be scaled out
Both choices lead to the same outcome in the nonrelativistic limit:

iė{abc} +
1

2m
∇2e{abc} = 0,

after performing a full equation of motion analysis, with the caveat of differing
gauge-symmetry structures.

The key takeaway:

L(3)
NR

∣∣∣
default

' L(3)
NR

∣∣∣
maximal

,

The self-dual spin-3 nonrelativistic limit is insensitive to the scalings of auxiliary fields.

Auxiliary field structures are not known for arbitrary spin self-dual theories.
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Arbitrary spin: Success!

Arbitrary spin gives one Schrödinger mode

The lower-spin examples justify scaling out:

the unknown auxiliary-field tower;

the trace and mixed-symmetry components ,

giving the simple Lagrangian form:

LSDs = εµνρ
(
Ēµσ1···σs−1∂νEρ

σ1···σs−1 + MεµαβĒν
ασ1...σs−2Eρ

β
σ2...σs−2

)
.

The calculation then proceeds analogously to the lower-spin cases, and ...

... only a single degree of freedom survives, obeying:

iė{i1...is} + 1
2m
∇2e{i1...is} = 0.
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Conclusions

Third-way massive gravity

3rd-GMG propagates three massive
modes.

It admits bulk-unitary regions, but not
simultaneous bulk and boundary
unitarity.

TODO: Critical points in the parameter
space, where some of the mass
eigenvalues happen to be equal, lead to
logarithmic CFTs 1, which remain to be
explored.

Nonrelativistic self-dual theories

Nonrelativistic limits of self-dual
theories are insensitive to the content of
the auxiliary field sector.

The nonrelativistic limit yields a planar
Schrödinger mode for the highest-spin
field, for any spin s.

TODO: Explore more direct contact
with p-atic and W∞ descriptions of
higher-spin collective modes in fQHE.
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1 [Li et al., 2008, Skenderis et al., 2009, Grumiller et al., 2011]
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Thank you for your attention!
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Spin-2: The nonrelativistic limit

Spin-2: The nonrelativistic limit

Step 1: The spacetime indices µ, ν, ρ... are split into timelike and spacelike components
{0, i}, giving the Lagrangian:

LSD,2 = εij
(
Ē00∂iEj0 + E00∂i Ēj0 − Ē0k∂iEjk − E0k∂i Ējk − Ēi0∂0Ej0 + Ēik∂0Ejk

)
+ M

(
Ē0iEi0 + Ēi0E0i − Ē00Eii − ĒiiE00 − ĒijEji + ĒiiEjj

)
.

Step 2: To take the c →∞ limit, powers of c should be reinstated in the Lagrangian,
according to dimensional analysis:

E00 →
1

c2
e−imc2te00 , Ea0 →

1

c
e−imc2tea0 , E0a →

1

c
e−imc2te0a ,

Eab → e−imc2teab , M → mc , ∂0f →
1

c
∂0f
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Spin-2: The nonrelativistic limit

The Lagrangian then becomes:

cLSD,2 =

mc2ēOe≡cL(2)
SD,2︷ ︸︸ ︷

mc2ēij [iεikδjl + δilδjk − δijδkl ] ekl +cL(0)
SD,2 +O(c−2) .

Step 3: The divergent c2 algebraic term can be transported to subleading order:

mc2ē O e ⇐⇒ λ̄Oe + ēOλ− 1

mc2
λ̄Oλ

using a Hubbard-Stratonovich (HS) transformation, and permitting a dynamical
c →∞ limit.
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Spin-2: The nonrelativistic limit

The Lagrangian, after performing the HS transformation, and taking c →∞ reads:

LNR,2 = λ̄ijOijklekl + ēijOijklλkl + L(0)
SD,2 +O(c−2)

Step 4: The total field content present in the Lagrangian reads:

{e00, ei0, e0i , eij , λij} .

After computing and using all equations of motion, all field components are
algebraically set to zero, or determined as functions of

e{ij} ≡ e(ij) −
1

2
δijekk .
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Spin-2: The nonrelativistic limit

Step 5: The only independent, dynamical field component appearing in the theory is then
e{ij}, satisfying the planar Schrödinger equation:

iė{ij} +
1

2m
∂2e{ij} = 0

with a proper counting giving exactly one complex degree of freedom.

To summarize the success of spin-2:

1 Split indices

2 Assign scalings to fields and constants

3 Apply the HS transformation and take c →∞
4 Account for all field components and use equations of motion to eliminate all but the

highest-spin symmetric-traceless one

5 Obtain the Schrödinger equation for the highest-spin field
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