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Introduction

It is clear that in AdAS/CFT the notion of a boundary
energy-momentum tensor is crucial.

This is usually defined in terms of holographic renormalisation
methods (see e.qg. [Balasubramanian, Kraus, 1999] and [de Haro, Solodukhin,
Skenderis, 2000]).

The goal is to do the same for asymptotically flat spacetimes near
future null infinity.

Null infinity is a conformal Carroll manifold [Duval, Gibbons, Horvathy, 2014].

Requires understanding asymptotic solutions with arbitrary Carroll
data at Z* (boundary covariance).

This work builds on [JH, 2015] where this was done in 3D. For related
work see [Freidel, Riello, 2024]. |
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Introduction

* BMS is a symmetry of the S-matrix [Strominger, 2013] and controls
the infrared triangle.

* S-matrix: two boundary problem, diagonal BMS symmetry

* Quite a few aspects can be studied as a single-boundary
problem: definition of BMS charges, Bondi loss equations etc.

* This talk:

o Algebraic and covariant description of metric near Z*

° Boundary covariant definition of radiation. Overlap with
[Fiorucci, Pekar, Petropoulos, Vilatte, last week]

° Boundary energy-momentum-news complex

o BMS currents from an action formalism
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Carroll geometry at Z*

* Minkowski space in spherical coordinates withu =% —r

ds®> = —2dudr — du® + r’>dQ?

* 77 is reached for large r keeping u fixed. Coordinates at Z+ are
r* = (u, x") with 2* coordinates on S~.

* We use a gauge with 9, tangent to a null geodesic (I';;. = 0):
ds® = —Qeﬁmdw“dr + g dxtdx”

7, 1S iIndependent of r.
* Boundary conditions:

B = (9(7“_1) : Ty = T2h,w + O(r)

where h,,, has signature (0,1,1): h,, = eie,{ + eie%.
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Carroll geometry at Z*

* Complete set of vielbeine at Z+: {7,, 6}“ 63}

* Inverse vielbeine: {—uv#, €Y, e} from boundary conditions for the
inverse metric

gt =400, g™ =rTR00TY), ¢ = =99 gpo
where W = el'el + elel.
 Carroll vector v* obeys: v*h,, =0 and v#1, = —1.

* r = cst hypersurfaces have no definite signature: ¢ has no
definite sign.

* Non-Lorentzian geometry: complete set of vielbeine that do not
transform under the Lorentz group. They feature in GR near
singularities, null hypersurfaces, infinities, approximations.
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Carroll geometry at Z*

ds® = —QGBTMCZI‘MCZT + g dxtdx”
* Residual bulk diffeomorphisms generated by £"0, + £#0,,:
=rAp+0(1), & =x"+r"""A+0(r?)
act on boundary vielbeine as
ity = T A AT A A Wy = ol A B
° pboundary diffeos: y*

° boundary Weyl: Ap

° Carroll boosts: A, with v#\, = 0 (lightcones collapse — Z)

* BMS transformations: boundary diffeos for which 67, = 0 = dh,
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Vacuum Einstein equations: —L,h,, = Khy,
Boundary geometry constraint solved by:

hudatde” = e*? (dX'dX' + dX?dX?)

where ¢, X!, X? are scalars.
The Einstein equations also tell us

hihy 9po = rhy + 10 + O(1)

C. is the shear (spatial and STF) and arbitrary.
Residual gauge transformations (bdry diffeos, Weyl and local
Carroll boosts):

WCuw = L0y I MOy 4 By

A/J,V — 2h€ﬂhg> (Dp R ap) )\O‘

D, is some Carroll covariant derivative and a, = £, 7,.
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Vacuum shear [Compére, Fiorucci, Ruzziconi, 2018]

 Start with Minkowski with a flat slicing of Z:
ds® = —2dUdR + 2 R*dww
* Construct the most general coordinate transformation such that
ds® = —27,dz"dr + €w2e?PdZd7 + rCdxtdx” + -
* Then we find
R=re*+0(1), U=e °F+0(r 1, w= f(Z)+0(r 1)

with @ = ¢ — Zlog f/(Z) + c.c. and ¢ regular.
* Vacuum shear (depends on 2 scalars F’, ®):

20 = 210 W%y (D0, F + F (Dy0,® + 8,80,P))
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‘Gauging’ the conformal Carroll algebra

* The conformal Carroll algebra in (2+1)D is (left out rotations)

P, B)] = 64H  [D,H = —H D,P)] = —P,
D, K] = K D, K] = K, K,P] = —-B,
P E T = A Ko, By = —0apD + Jap Ko, By = —0upK

* Define the Lie algebra-valued connection
1
A, = Hry + Poel + Baw,” + §Jabwuab + Db, + Kf, + Ko f,"

whose curvature is
Fuw = 0,A, —0,A,+ AL, A
— HR(H)yu + PuR(P)" + BuR(B)u" +  JuR(7)0™
DD SISO A i S G A
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Goal: impose curvature constraints such that the field content is
reduced to 7, ej; and C,..

The curvature constraints must be gauge invariant and
consistent with the Bianchi identities.

Split algebra m @& h where m = {H, P, }. Gauge transformations

oA, LA, +0,54+ A,
0Fuw = LyxFuw + [Fu, 2]

1
Y = B+ §Jab)\“b +DAp + Ko + K,c°

The appropriate curvature constraints are to set all curvatures to
zero except the K-curvatures:

Sy = IR )y A2 G IR ™

The shear is contained in the Carroll boost connection w,,“.
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* We now solve the curvature constraints for the connections
by wu® w, . £, .4 and observe that:

ds® = —2dr (1, + O(r—?)) da*+ (TQhW + ng—l) + gf}}) + O(T_l)) dxtdx”

g&;l) = =ty — Ty I ZG?Mwy)“
ngﬁg) = oF (_T,Lbfl/ - TI/fM)

* The K-curvatures measure the deviation from the vacuum shear:

WHR(K)we) = —Ly(Np — N
h*?Dy (Nov — Niy°)

20" R(K )
2R hg R(K) = hi hy [=2R77 (D + ay) (Dp — ap) (Cop — Cg))

[p
+hPe (N upCW - N Z/%CC\V%C)]

* News tensor N, = — (£, + 5K) Cp,, and vacuum news

Ny = 2h€ﬂh§> (D,05® + 0,20,P — Dya, — a,as)
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Hierarchy

* The K-curvatures are equal to 5 of the 10 leading order Weyl
tensor components (Newman—Penrose scalars 4, 13, Reys).

* There is a hierarchy under gauge transformations. 4 possibilities:

i). hohY!R(K), = 0 v"R(K), = 0 v'e?R(K),,* = 0
ii). hphYR(K)u, # 0 v"R(K), = 0 v elR(K),* = 0
ii1). hphgR(K)u # 0 oHR(K)u # 0 vlegR(K)w® = 0
). hphYR(K)u # 0 vMR(K), # 0 vHelR(K),* # 0

* Similar classification of (non-)radiative spaces in [Freidel, Pranzetti, 2021].

* Three types of non-radiative spacetimes: vacuum, strongly and
weakly non-radiative.

0C ;" = LyChy + ApCly + 2hfﬂh§> (Do + apAs)

. * The radiative shear C,, — C 27 is Carroll boost invariant.
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Boundary energy-momentum tensor

* Bulk metric
ds* = —2drV,dx" + (I, — SV,,V,) dz*dx”

where 11, = d,» EZE), has signature (0,1,1).
* Vielbeine on r = cst cutoff surface: V,, E}.

* Inverse metric g = 11", g"* = U*, ¢"" = S (horm of normal
1-form dr).

* Variation of the bulk action:
5SEH:"‘+/ dgl‘EJMNM, Ny = Oy
r=A

* IN BS gauge: FE := det (—VM,EZ) = ereP.

* Cutoff surface r = A has no definite character.
|
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* The generalisation of the GHY extrinsic counterterm is
Sext = 2 / d°zE (6p + VMV Np) Vi N"

VM = _(ar)M and Np = Opr [Parattu, Chakraborty, Padmanabhan, 2016].

* This removes normal derivatives of variations and leads to:

0 (SEH + Sext) = +/

1
D &Pz E (Tﬂ(svﬂ + 5T 0T + 2r tET1S (ES))

e 2r—1E~1§ (ES) dominates at LO in r and leads to a variation of
the Bondi mass at O(1). We cancel it by adding

Snorm = _2/ dSQL’E’I“_ls
r=A
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* Divergence at order r removed by adding intrinsic counterterm

1

Sint — —/dSZEET (R[C] — ZHMV['UVMLUVV)

* We obtain

) (SEH + Sext + Snorm + Sint)

1 1
3 1 v
= /d xe (T“(STM -+ §T” i = 53“ 5C’W>
Here, T* Is the energy current, T" the momentum-stress, and
S the news tensor.

1 1 1
uwv . T NTHV . T P UVo _
SH = N = —hh <L,U + 2K) Coo

* Finite counterterms make the on shell action Weyl invariant.
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The constraint —£,h,,, = Kh,,, is solved by

hudatde” = e*? (dX'dX' + dX?dX?)

We vary ¢, X!, X?. Fundamental ambiguity: T+ or TH’ + t*

v 1 vo V)o 1, PR
t’u == §h’u’0h LvXpa o /U('uh ) hp D[)XKJO'

The components of the energy-momentum tensor (EMT) are:

ke
£y = Mgy

PO _ v hELp hg)

—vpv“gg,) 4.

3 |
2V Mg & 37 DoXng -

1
§h'uph’/0[,vX,uJV + ...

Ambiguity in Bondi momentum aspect P,.

The dots are derivatives of boundary Carroll data and shear.
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Weyl invariance and anomalous Carroll boosts:

1
1

0

AL = vPhH R(K) o

Diffeo invariance leads to the Bondi loss equations

1 .
—e 19, (eT'™",) + T*8,7, + 51"y hyp = fluxin K-curvatures

Primed EMT T#, = TV, + T'"**h ,, is a standard Carroll EMT

" = —7.T"
1
T/’LW _ _2U(Mh1/)lipé L ih'LWT . T/ T t,“d/
/ o /! o
T-T° = UPU Crpra’(r)(r—s) 3 PK) — _UpHH:CTPTG‘O(r—?’)

See [Fiorucci, Pekar, Petropoulos, Vilatte, 2025] for a Carrollian field theory

description of Bondi loss.
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Consider a bulk diffeo generated by an asymptotic Killing vector

0 = o7
U= 0ty

LxT,+ ApTy + Ay
ﬁKh,uz/ -+ QADhW

Solutions for K* are super translations and super rotations.

Contract diffeo Ward identity with K"

Oy (eT™,K") =

BMS current is eT"#, K".

—eK"F,

Primed EMT from a variational argument? Vary C,, — C}5° (WIP)

Extend to global boundary consisting of Z— and spatial infinity?

Boundary effective theory
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