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Supergravity primer

Supergravity: S(g , ψ, . . . ) =
∫
M Rgvolg + ψ̄µγ

µνρ∇νψρ + . . .

Symmetries:

◦ diffeomorphisms δg = Lxg , δψ = Lxψ, . . . (for x a vector field)

◦ local supersymmetry δgµν ∼ ϵ̄γ(µψν), δψµ = ∇µϵ+ . . . (for ϵ a spinor)

Symmetry algebra: [susy, susy] = diffeo + susy + stuff · eom ⇝ for quantisation need BV

BV formalism:

SBV (g , ψ, . . . ,

ghosts︷ ︸︸ ︷
ξ, e, . . .,

antifields︷ ︸︸ ︷
g∗, ψ∗, . . . , ξ∗, e∗, . . .)

= S(g , ψ, . . . ) +

∫
M
g∗(Lξg + ēγψ) + · · ·+ ξ∗Lξξ + · · ·+ ψ∗ψ∗ · stuff + . . .

such that {SBV ,SBV } = 0
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Example: type I/heterotic supergravity [Kupka–Strickland-Constable–FV ’25]

Fields: metric g , 2-form B, gauge field A︸ ︷︷ ︸
G

, scalar φ︸ ︷︷ ︸
σ

, gravitino Ψµ, gaugino χ︸ ︷︷ ︸
ψ

, dilatino λ︸ ︷︷ ︸
ρ

SBV =

∫
M
Rσ2 + ψ̄α /Dψ

α + ρ̄ /Dρ+ 2ρ̄Dαψ
α

− 1
768σ

−2(ψ̄αγabcψ
α)(ρ̄γabcρ)− 1

384σ
−2(ψ̄αγabcψ

α)(ψ̄βγ
abcψβ)

+ σ∗[Lξσ − 1
8σ

−1(ρ̄e)] +G∗
aβ[(LξG)aβ + 1

2σ
−2(ēγaψβ)]

+ ρ̄∗[Lξρ+ /De + 1
192σ

−2(ψ̄βγabcψ
β)γabce]

+ ψ̄∗
β[(Lξψ)

β + Dβe + 1
8σ

−2(ψ̄βρ)e − 1
8σ

−2(ψ̄βγae)γ
aρ]

+ ē∗[Lξe +
1
16σ

−2(ēγae)γ
aρ] + ⟨ξ∗,Df + 1

2Lξξ⟩ −
1
8ξ

∗
aσ

−2(ēγae)

+ 1
2 f

∗(Lξf +
1
8σ

−2(ēγae)ξ
a − 1

6⟨ξ,Lξξ⟩)
− 1

64σ
−2(ēγae)(ψ̄

∗
βγ

aψ∗β)− 1
32σ

−2(ēψ∗
β)(ēψ

∗β)− 1
64σ

−2(ēγae)(ρ̄
∗γaρ∗)
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Twist of supergravity [Costello–Li ’16, ’19]

Twist of supergravity = theory (L∞ algebra) obtained by expanding the BV action of
supergravity around a critical configuration with nonzero susy ghost
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Twist of type I supergravity

Twist conditions:

∇µe = 1
4
/Hµe,

1
2
/He = ( /∇φ)e, /Fe = 0, dH = Tr(F ∧ F ), e pure spinor

=⇒ complex structure, holomorphic volume form Ω, holomorphic principal bundle

Costello–Li conjecture: the twist on a Kähler Calabi–Yau (B = φ = A = 0) can be
identified with the (minimal) type I BCOV theory

Conjecture: the twist in the general case is given by the Courant contact model
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Courant contact model [KSSCV ’26, JKSSCV ’26]

Field space = Ω0,•[2]×Ω0,•(T 1,0M⊕ ad(PC)⊕ T ∗1,0M)[1]×(Ω5,•)× ∋ (f , (x , s, α), λ)

ω = δ

∫
M
λ(δf + 1

2 ixδα+ 1
2 iδxα+ 1

2 Tr(sδs))

S =

∫
M
λ(L∂x f +

1
2 ixL

∂
xα+ 1

2 Tr(s∇
C
x s) +

1
6 Tr(s[s, s]) + ∂̄f + 1

2 ix ∂̄α+ 1
2 i∂̄xα

+ 1
2 Tr(s∇

C
0,1s)− Tr(sixF

1,1
C )− ix ix(i∂ω))

Can be regarded as “resolved” version of [Ashmore–Ibarra–Strickland-Constable–Svanes ’25].

Claim: In the Kähler Calabi–Yau case this recovers the (minimal) type I BCOV theory.
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Generalised geometry

Courant algebroid [Liu–Weinstein–Xu ’95, Ševera ’98]: vector bundle E → M with fibrewise
inner product ⟨·, ·⟩, bracket [·, ·] on sections, and map ρ : E → TM, such that Jacobi, . . .

Courant contact model [KSSCV ’26]:

Field space = C∞(M)[2]× Γ(E )[1]× Dens(M)× ∋ (f , ξ, λ)

ω = δ

∫
M
λ

(
δf +

1

2
⟨ξ, δξ⟩

)
, S =

∫
M
λ

(
ρ(ξ)f +

1

6
⟨ξ, [ξ, ξ]⟩

)

Generalisation: replace (C∞(M), Γ(E )) by a sheaf of dg rings O and module E

O = holomorphic functions ⇝ holomorphic Courant algebroids

O = Ω0,• ⇝ “Dolbeault” Courant algebroids
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Geometry of N = 1 supergravity

Setup: transitive Courant algebroid E = TM ⊕ ad(P)⊕ T ∗M associated to a principal bundle

Twist conditions:
ēγae = /De = Dαe = 0

=⇒ L := annih(e) ⊂ EC isotropic involutive

=⇒ L⊥/L is a holomorphic Courant algebroid (reduction)

=⇒ E := Ω0,•(L⊥/L) is a Dolbeault Courant algebroid (resolution)

Conjecture

The Courant contact model for E is (a holomorphic realisation of) the supergravity twist.

Thank you for your attention
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ēγae = /De = Dαe = 0

=⇒ L := annih(e) ⊂ EC isotropic involutive

=⇒ L⊥/L is a holomorphic Courant algebroid (reduction)

=⇒ E := Ω0,•(L⊥/L) is a Dolbeault Courant algebroid (resolution)

Conjecture

The Courant contact model for E is (a holomorphic realisation of) the supergravity twist.

Thank you for your attention

8 / 8



Geometry of N = 1 supergravity

Setup: transitive Courant algebroid E = TM ⊕ ad(P)⊕ T ∗M associated to a principal bundle

Twist conditions:
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ēγae = /De = Dαe = 0

=⇒ L := annih(e) ⊂ EC isotropic involutive

=⇒ L⊥/L is a holomorphic Courant algebroid (reduction)

=⇒ E := Ω0,•(L⊥/L) is a Dolbeault Courant algebroid (resolution)

Conjecture

The Courant contact model for E is (a holomorphic realisation of) the supergravity twist.

Thank you for your attention

8 / 8


