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Canonical infinitesimal isometry

Consider vect. space (V/, h) with h of signature (p, q).
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Canonical infinitesimal isometry

Consider vect. space (V/, h) with h of signature (p, g). For each
h + €d, there is a canonical isometry b,’3+65 (V,v) = (V,v+€d):

1
bi,s(v) = v—eih_15(v) VveV
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Canonical infinitesimal isometry

Consider vect. space (V/, h) with h of signature (p, g). For each
h + €d, there is a canonical isometry b,’3+65 (V,v) = (V,v+€d):

1
bi,s(v) = v—eih_15(v) VveV

Induced map between orthonormal bases:

{ei} — {bh (e}
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Lie derivative as a vector field lift

1-1 correspondence between tensor fields on M and
GL(n,R)-equivariant functions on FrM:

T:FrM = V
T : Raf — p(A"HT(f)
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Lie derivative as a vector field lift

1-1 correspondence between tensor fields on M and
GL(n,R)-equivariant functions on FrM:

T:FrM = V
T : Raf — p(A"HT(f)

For X € X(M) having flow ¢;: M — M, Lie derivative of T is
given as Ly T = XT
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Lie derivative as a vector field lift

1-1 correspondence between tensor fields on M and
GL(n,R)-equivariant functions on FrM:

T:FrM =V

T . Raf = p(A™1)T(f)

For X € X(M) having flow ¢;: M — M, Lie derivative of T is
given as Lx T := X T where:

d
XFr= —|  ¢uf € TeFrtM
dt|,_,
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Lie derivative as a vector field lift

1-1 correspondence between tensor fields on M and
GL(n,R)-equivariant functions on FrM:

T:FrM = V
T : Raf — p(A"HT(f)

For X € X(M) having flow ¢;: M — M, Lie derivative of T is
given as Lx T := X T where:

d
XFr= —|  ¢uf € TeFrtM
dt|,_,

On (M, g) with g of signature (p, q),
pinor fields are equivariant functions ¢: PM — ¥,

Goal: define a lift of X to X € X(PM).
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Vector field lifts via 7 : PM — O, M

There is a smooth surjection 7 : PM — OgM:

Pin(p, q)C PM

lw

O(p,q) ( OgM

'

M
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Vector field lifts via 7 : PM — O, M

There is a smooth surjection 7 : PM — OgM:

Pin(p, q)C PM %(PTM)
O(p,q) ( OgM X(0yM)




Vector field lifts via 7 : PM — O, M

There is a smooth surjection 7 : PM — OgM:

Pin(p, q)C PM %(PTM)
O(p,q) ( OgM X(0yM)




Metric Lie derivative

Defining X© € X(OgM) at f €

OgM:

FrM

0,M
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Metric Lie derivative

Defining X© € X(OgM) at f € O M:

|
| FrM

0,M
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Metric Lie derivative

Defining X© € X(OgM) at f € O M:

FrM

; O¢t*gM
O, M
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Metric Lie derivative

Defining X© € X(OgM) at f € O M:

I
| | |
|
w-op9af| | || FrM

B i Og,.gM
0,M
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Metric Lie derivative

Defining X© € X(OgM) at f € O M:

I
| | |
|
w-op9af| | || FrM

n i Og,.gM
0,M

m ¢t(m) M

XP = L), by"E 0 ppf € TrOeM
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Metric Lie derivative

Defining X© € X(OgM) at f € O M:

|
i
{f FrM

| w
I ]
f,%'dmf
\ [
T 06,0 M
O, M
\/ \/ M

m ¢t(m)

XP = L), by"E 0 puf € TrOeM
Then 7, X" := X© defines X € X(PM)
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Courant algebroids

Definition: a CAis (E,p, (., )¢, [, 1g):
o E—-M
e p:E—-TM
° (., )p:T(E)xT(E) = C>(M) of signature (p,q)
o [.,.Jg:T(E)xT(E)—=T(E)
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Courant algebroids

Definition: a CAis (E,p, (., )¢, [, 1g):
o E—-M
e p:E—-TM
° (., )p:T(E)xT(E) = C>(M) of signature (p,q)
o [.,.Jg:T(E)xT(E)—=T(E)

Lie derivative £, Yu € ['(E):

Lyo=plu)p Yoe C(M) ; Lyv=Iuv] VveT(E)
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Courant algebroids

Definition: a CAis (E,p, (., )¢, [, 1g):
o E—-M
e p:E—-TM
° (., )p:T(E)xT(E) = C>(M) of signature (p,q)
o [.,.Jg:T(E)xT(E)—=T(E)

Lie derivative £, Yu € I'(E):
Lyp=plu)p Yoe C(M) ; Lyv=][uv] Vvel(E)

A generalized metric is a splitting E = V. & V_ s.t. (,) ‘Vi are
non-degenerate.
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Courant algebroids

Definition: a CAis (E,p, (., )¢, [, 1g):
o E—-M
e p:E—-TM
° (., )p:T(E)xT(E) = C>(M) of signature (p,q)
o [.,.Jg:T(E)xT(E)—=T(E)

Lie derivative £, Yu € I'(E):
Lyp=plu)p Yoe C(M) ; Lyv=][uv] Vvel(E)

A generalized metric is a splitting E = V. & V_ s.t. (,) ‘Vi are

non-degenerate.
A generalized LC connection isa map D : T(E) x '(E) — T'(E)
s.t. its generalized torsion vanishes and D,(V4) C Vi
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Lift to the Pin bundle

Consider V4 with (, ) |v, of signature (r,s).

O(r,s) x O(p—1,q — 8) COViM
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Lift to the Pin bundle

Consider V4 with (, ) |v, of signature (r,s).

Pin(r,s) x O(p —r,q — s) C Py . M

lw

O(r,s) x O(p—1,q — 8) COViM

'

M
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Lift to the Pin bundle

Consider V4 with (, ) |v, of signature (r,s).

Pin(r,s) x O(p — r,q — s) CPViM %(PViM)

)

O(r,s) x O(p—r1,9— ) COViM %(OViM)




Lift to the Pin bundle

Consider V4 with (, ) |v, of signature (r,s).

Pin(r,s) x O(p — r,q — s) CPViM %(PViM)

)

O(r,s) x O(p—r1,9— ) COViM %(OViM)

N

M I'(E)




Generalised metric Lie derivative

Each u € T'(E) generates a CA automorphism ¢} : E — E:

(Prv,dfw) = (v,w)
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Generalised metric Lie derivative

Each u € T'(E) generates a CA automorphism ¢} : E — E:

(Prv,dfw) = (v,w)

Canonical infinitesimal isometry for generalized metrics:

%
bvz {ea, et = {pviea, pvrey}
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Generalised metric Lie derivative

Each u € T'(E) generates a CA automorphism ¢} : E — E:

(Prv,dfw) = (v,w)

Canonical infinitesimal isometry for generalized metrics:

by; :{es. ey} = {pviea, pvr ey}
For u € T(E) define u® € X(Oy, M) as
(0] . d bc)t Vj: ¢t

u = —
Frdt|,_y v
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Generalised metric Lie derivative

Each u € T'(E) generates a CA automorphism ¢} : E — E:

(Prv,dfw) = (v,w)

Canonical infinitesimal isometry for generalized metrics:

%
bvz {ea, et = {pviea, pvrey}

For u € T(E) define u® € X(Oy, M) as

d
(0] C) Vi
ug = b t 71)

f t . t

Define u” € X(Py, M) as: m.u” := u©.
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Generalised metric Lie derivative

Action of £9 on ¢ € S(V4) @ T(V_):

Metric Lie derivative of ¢ € S(V4) @ [(V-)
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