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Canonical infinitesimal isometry

Consider vect. space (V , h) with h of signature (p, q).

For each
h + ϵδ, there is a canonical isometry bhh+ϵδ : (V , γ) → (V , γ + ϵδ):

bhh+ϵδ(v) := v − ϵ
1

2
h−1δ(v) ∀v ∈ V

Induced map between orthonormal bases:

{ei} 7→ {bhh+ϵδ(ei )}
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Lie derivative as a vector field lift

1-1 correspondence between tensor fields on M and
GL(n,R)-equivariant functions on FrM:

T : FrM → V

T : RAf 7→ ρ(A−1)T (f )

For X ∈ X(M) having flow ϕt : M → M, Lie derivative of T is
given as LXT := X FrT where:

X Fr
f :=

d

dt

∣∣∣∣
t=0

ϕt∗f ∈ Tf FrM

On (M, g) with g of signature (p, q),
pinor fields are equivariant functions ψ : PM → Σ.

Goal: define a lift of X to XP ∈ X(PM).
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Vector field lifts via π : PM → OgM

There is a smooth surjection π : PM → OgM:
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Metric Lie derivative

Defining XO ∈ X(OgM) at f ∈ OgM:

XO
f := d

dt |t=0 b
ϕt∗g
g ◦ ϕt∗f ∈ TfOgM

Then π∗X
P := XO defines XP ∈ X(PM)
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Courant algebroids

Definition: a CA is (E , ρ, ⟨. , .⟩E , [. , .]E ):
E → M

ρ : E → TM

⟨. , .⟩E : Γ(E )× Γ(E ) → C∞(M) of signature (p,q)

[. , .]E : Γ(E )× Γ(E ) → Γ(E )

Lie derivative Lu ∀ u ∈ Γ(E ):

Luφ = ρ(u)φ ∀φ ∈ C∞(M) ; Luv = [u, v ] ∀ v ∈ Γ(E )

A generalized metric is a splitting E = V+ ⊕ V− s.t. ⟨, ⟩
∣∣
V±

are

non-degenerate.
A generalized LC connection is a map D : Γ(E )× Γ(E ) → Γ(E )

s.t. its generalized torsion vanishes and Du(V±) ⊂ V±
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Lift to the Pin bundle

Consider V+ with ⟨ , ⟩ |V+ of signature (r , s).
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Generalised metric Lie derivative

Each u ∈ Γ(E ) generates a CA automorphism ϕut : E → E :

⟨ϕut v , ϕutw ⟩ = ⟨ v ,w ⟩

Canonical infinitesimal isometry for generalized metrics:

b
V±
V ′
±
: { ea , eḃ } 7→ { pV ′

+
ea , pV ′

−
eḃ }

For u ∈ Γ(E ) define uO ∈ X(OV±M) as:

uOf :=
d

dt

∣∣∣∣
t=0

b
ϕu
t (V±)

V±
◦ ϕut f

Define uP ∈ X(PV±M) as: π∗u
P := uO .
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Generalised metric Lie derivative

Action of LG on ψ ∈ S(V+)⊗ Γ(V−):

Metric Lie derivative of ψ ∈ S(V+)⊗ Γ(V−)

(LG
uψ)

ċ = (Duψ)
ċ +

1

2
(Daub)γ

abψċ + 2(D [ċuḋ ])ψḋ
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