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Review of bounds in classical
gravity



Introduction

Black hole entropy: SBH =
AH

4G
Bekenstein ’72

I Classically→ second law of black hole mechanics: dSBH ≥ 0
Hawking ’71

Assumes the Null Energy Condition (NEC): Tkk ≡ Tµνkµkν ≥ 0,∀kµ
null

I Quantum matter: black holes evaporate→ violation of the
second law

• Generalized entropy: Sgen =
AH

4G
+ Sout,

with Sout = entropy of matter outside the black hole in the
semiclassical description

• Generalized second law (GSL): dSgen ≥ 0 Bekenstein ’72
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Classical focusing theorem

Congruence of light rays emanating orthogonally from a
codimension-2 spacelike hypersurface.

I Classical expansion: θ =
1
A

dA
dλ

I Raychaudhuri equation:

dθ
dλ

= − 1
d − 2

θ2 − σµνσµν − 8πGTµνkµkν

I Null Energy Condition (NEC): Tµνkµkν ≥ 0,∀kµ null

Classical focusing theorem
dθ
dλ
≤ 0

NEC violated in QFT→ ∃ counterexamples of the Classical focusing
theorem
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Classical Bousso entropy bound

I Codimension-2 spacelike surface σ
I Light-sheet L(σ) of σ → codimension

1 surface generated by light rays:
• Begin at σ
• Extend orthogonally away from σ
• Non-positive expansion: θ ≤ 0

I Bousso bound: Bousso ’99

SL(σ) ≤
Area(σ)

4G

x

y

t

σ

L(σ)

L(σ)

I Generalization when the lightrays end at another codimension 2
spacelike surface σ′:

SL(σ−σ′) ≤
1

4G
(Area(σ)−Area(σ′))
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Classical Bousso entropy bound

Proven using the NEC in the hydrodynamic approximation
Flanagan,Marolf,Wald ’00, Bousso,Flanagan,Marolf ’03

• Matter entropy←→ local entropy current sµ

• Entropy flux through any point of L(σ): s = −kµsµ
with kµ future-directed normal to L(σ)





SL(σ) =

∫

L(σ)

s

Hypothesis:

1. |kµ∇µs| ≤ 2πkµkνTµν

• Hydrodynamic regime

• Implies the NEC

2. s(0) ≤ −θ(0)

4G
• Bousso bound valid close to σ

• Implies θ(0) ≤ 0

But the NEC is violated by quantum matter...

Can we generalize classical statements that rely on the NEC?
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Constraints beyond the classical limit

Bekenstein strategy:

I Start with a statement in classical gravity

I Make the replacement
Acl

4G
→ Acl

4G
+ Sout

Equivalently, define the quantum area as Aqu = Acl + 4G Sout

Goal of the talk
Investigate this strategy in two conjectures of semiclassical gravity:

• Strominger-Thompson Quantum Bousso Bound (QBB)

• Quantum Focusing Conjecture (QFC)
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Semiclassical extensions



Strominger-Thompson quantum Bousso bound

Strominger & Thompson ’03

I Classical Bousso bound:
Classical light-sheet Lcl of σ ←→ classical area is decreasing

SLcl(σ) ≤
Acl(σ)

4G
I Quantum Bousso bound:

Quantum light-sheet Lqu of σ ←→ quantum area (or generalized
entropy) is decreasing

SLqu(σ) ≤
Aqu(σ)

4G
=

Acl(σ)

4G
+ Sout

• Checked in one vacuum state of the Russo, Susskind,
Thorlacius (RST) model (2d model of evaporating BH)

• More general proof, especially in cosmology?
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Quantum focusing conjecture

R. Bousso, Z. Fisher, S. Leichenauer, A. C. Wall ’15

• Codimension-2 spacelike surface σ

• Sgen(σ) = A(σ)
4G + Sout

• Codimension-1 null hypersurface N
emanating from σ

J +

J
−

i0

i+

i−

J +

J −

Figure 6:
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σ
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• Coordinate system (y , λ) on N

• Slice of N ←→ function V (y) ≥ 0

• Sgen[V (y)] = A[V (y)]
4G + Sout[V (y)]
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i+

i−
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15

I Quantum expansion: Θ[V (y); y1] ≡ 4G√
hV

δSgen[V ]

δV (y1)

Quantum focusing conjecture (QFC)
δ

δV (y2)
Θ[V (y); y1] ≤ 0
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Quantum focusing conjecture

R. Bousso, Z. Fisher, S. Leichenauer, A. C. Wall ’15

I Many implications:

• Generalized Second Law
• Quantum Null Energy Condition (QNEC)

θ = 0⇒ 2πA Tkk ≥ S′′out

→ Proven in QFT Bousso, Fisher, Koeller, Leichenauer, Wall ’15,

Balakrishnan, Faulkner, Khandker, Wang ’17

• Properties in AdS/CFT (entanglement wedge nesting, quantum
maximin surfaces⇔ quantum extremal surfaces,
causal wedge ⊂ entanglement wedge...)

I What is really needed:

Θ[0, y ] ≤ 0 =⇒ Θ[V , y ] ≤ 0
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Restricted Quantum focusing conjecture

A. Shahbazi-Moghaddam ’22

Weaker conjecture with the same implications:

Restricted Quantum focusing conjecture (rQFC)

Θ[V (y); y1] = 0 ⇒ δ

δV (y2)
Θ[V (y); y1] ≤ 0

→ Θ can increase, but cannot become positive

Proven in braneworld holography

• Does the rQFC hold in all reasonable theories?

• Are there violations of the (original) QFC?
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Investigations in semiclassical
JT gravity



Jackiw-Teitelboim gravity

I Dilaton/gravity theory:

IJT =
1

16πG

∫
d2x
√−g φ0R +

1
16πG

∫
d2x
√−g φ(R − 2Λ) + GHY

= Topological term + Dynamical dilaton field + Boundary term

• Vary wrt φ: R = 2Λ→ AdS or dS solution

• Vary wrt gµν : (gµν∇2 −∇µ∇ν + gµνΛ)φ = 0

I Higher dimensional origin: pure Einstein gravity with Λ in d > 2
on:

ds2 = gµν(x)dxµdxν + `2
d−1Φ2/(d−2)(x)dΩ2

d−2
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Jackiw-Teitelboim gravity

Kruskal coordinates (x+, x−): ds2 = −e2ωdx+dx−

Classical solutions:

• e2ω =
4

(1− Λx+x−)2

• Φ = φ0 + φr
1 + Λx+x−

1− Λx+x−

Φ
=
∞

Φ
=
∞

Φ
=
ϕ
0 +
ϕ
r

Φ
=
ϕ 0
+
ϕ r

Figure 6.3: Relevant portion of an eternal black hole in AdS JT gravity. The dotted lines indicate
that the Penrose diagram is incomplete. The vertical lines correspond to conformal boundaries while
the diagonal lines are the past and future horizons.

Defining the normal ordered stress tensor [279]

: T±±(x
±) : ≡ T±±(x

±)− ⟨0x|T±±(x
±) |0x⟩ , (6.2.6)

where |0x⟩ is the vacuum state with respect to x± coordinates, we find : T±±(x±) :=
T±±(x±)− τ±±(x±), and

⟨: T±±(x
±) :⟩ = − c

24π
t±(x

±). (6.2.7)

These expressions hold only in x± coordinates, since the stress-energy tensor trans-
forms non-trivially under the conformal transformation x± → y±(x±). In particular,
τ±± transforms as a rank-2 tensor,

τ±±(y
±) =

(
dx±

dy±

)2

τ±±(x
±), (6.2.8)

while the functions t± satisfy the anomalous transformation law:

t±(y
±) =

(
dx±

dy±

)2

t±(x
±) + {x±, y±}, (6.2.9)

where {x±, y±} is the Schwarzian derivative defined by

{x±, y±} =
...
x ±

ẋ±
− 3

2

(
ẍ±

ẋ±

)2

, (6.2.10)

with ẋ± = dx±/dy±. This results in the following transformation law for the stress
tensor:

⟨T±±(y
±)⟩ =

(
dx±

dy±

)2

⟨T±±(x
±)⟩ − c

24π
{x±, y±}. (6.2.11)
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Figure 2. Penrose diagram for two-dimensional de Sitter space in the full reduction model. The left
and right edges are identified, so that any complete spacelike slice is topologically a circle. The two
vertical dashed lines depict the pode and the antipode where the dilaton takes the constant value
Φ = ϕ0, and the two blue shaded regions their associated static patches. The red shaded regions are
the “black hole” interiors, with past and future singularities depicted by the wavy lines, where Φ = 0.
The white regions are the exterior regions of de Sitter. The white and blue regions are covered by
Kruskal coordinates x±. The geometry contains two horizons associated with an observer sitting at
the pode/antipode: a cosmological horizon between the static patch and the de Sitter exterior region,
where the dilaton takes the constant value Φ = ϕ0 + ϕr, and a black hole horizon between the static
patch and the black hole interior, where the dilaton takes the constant value Φ = ϕ0 − ϕr.

cosmological horizon located at x+x− = 0, which bounds their respective causal patches. The
Penrose diagram for two-dimensional de Sitter space in the half reduction model is depicted
in figure 1, which can be seen as a Z2-orbifold of dS2.5

In the full reduction case, x+x− is still bounded from above by 1/Λ, corresponding to
J ±. However, it is no longer bounded from below, with x+x− → −∞ corresponding to
the black hole horizons. In fact, the full reduction model can be maximally extended such
that it is periodic in space and includes the black hole region of the Schwarzschild-de Sitter
space [39], see figure 2. The Kruskal coordinates (x+, x−) cover the entire dS2 spacetime in
the half reduction model, and the blue and white region of figure 2 in the full reduction model.
As we will see in the next section, coupling matter to JT gravity induces a backreaction
on the dilaton, hence changing the effective geometry.

We will highlight in section 2.3 the importance of distinguishing between the half and full
reduction models in de Sitter space when considering entanglement entropies. On the other
hand, the interest towards Anti de Sitter JT gravity is older and has been extensively studied in
the literature. In particular, Anti-de Sitter JT gravity follows from the dimensional reduction
of the action 2.6 describing near-extremal AdS black hole, similarly to the full reduction
model of de Sitter JT gravity obtained from the dimensional reduction of Schwarzschild-dS
black hole. Hence, as one can see from equations (2.2) and (2.3), the AdS and dS JT gravity
actions only differ by the sign of the cosmological constant Λ, and so does the dilaton

5This comes from the condition Φ ≥ 0 [36].

– 8 –

(b) Λ > 0
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Semiclassical Jackiw-Teitelboim gravity

JT gravity coupled to a 2d CFT with central charge c: I = IJT + ICFT

• Exact solutions for the geometry
• Exact expressions for the CFT entropy

J +

J
−

i0

i+

i−

J +

J −

Figure 6:

σ

Σin ΣoutN

Figure 7:

y
σ

V (y)

λ

A

Figure 8:

x1
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Σ

Figure 9:

15

S(Σ) =
c
6

(ω(x1) + ω(x2)) +
c
6

log

[
(x+

2 − x+
1 )(x−2 − x−1 )

δ1δ2

]

⇒ Semiclassical JT gravity as a testing ground for semiclassical
conjectures
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Strominger-Thompson Quantum Bousso bound in JT gravity

V. Franken & FR ’24

I QBB in JT gravity:
∫ 1

0
dλ s(λ) ≤ 1

4G
(Aqu(0)− Aqu(1))

with Aqu =
Φ

4G
+ Sout

I Hydrodynamic regime + JT eom→ sufficient condition

2πk±k± 〈: T±± :〉 − S′′out ≥ 0

Strategy of the proof:

1. Show that the quantity

Q ≡ 2πk±k±
〈
: T±±(x±) :

〉
− S′′out −

6
c

(S′out)
2

is invariant under a change of conformal vacuum x± → y±(x±)

2. Show that Q = 0 in one vacuum
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Strominger-Thompson Quantum Bousso bound in JT gravity

V. Franken & FR ’24

Q ≡ 2πk±k±
〈
: T±±(x±) :

〉
− S′′out −

6
c

(S′out)
2

Sout(Σ) =
c
6

(ω(x1) + ω(x2)) +
c
6

log

[
(x+

2 − x+
1 )(x−2 − x−1 )

δ1δ2

]

1. Change of conformal vacuum x± → y±(x±)

• 〈
: T±±(x±) :

〉
→

(
dx±

dy±

)2 〈
: T±±(x±) :

〉
− c

24π
{x±, y±}

• S′′out +
6
c

(S′out)
2 → S′′out +

6
c

(S′out)
2 − c

12
{y±, x±}

(
∂x±

∂λ

)2

Q = 2πk±k±
〈
: T±±(x±) :

〉
− S′′out −

6
c

(S′out)
2

is invariant under a conformal transformation
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Strominger-Thompson Quantum Bousso bound in JT gravity

V. Franken & FR ’24

2. Hartle-Hawking/Bunch-Davies vacuum: defined with respect to
the Kruskal coordinates (x+, x−)

• 〈
: T±±(x±) :

〉
= 0

• e2ω =
4

(1− Λx+x−)2 =⇒ S′′out +
6
c

(S′out)2 = 0




QHH/BD = 0

Q = 2πk±k±
〈
: T±±(x±) :

〉
− S′′out −

6
c

(S′out)
2 = 0

in any vacuum state
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Restricted Quantum Focusing in JT gravity

V. Franken, S. Kaya, FR, A. Shahbazi-Moghaddam, P. Tran ’26

I Quantum expansion: Θ =
4G
Φ

d
dλ

(
Φ

4G
+ Sout

)
=

Φ′

Φ
+

4G
Φ

S′out

Θ′ =
Φ′′

Φ
−
(

Φ′

Φ

)2

− 4G
Φ′

Φ2 S′out +
4G
Φ

S′′out

= −8πG
〈Tkk 〉

Φ
−θ2 − 4G

θS′out

Φ︸ ︷︷ ︸
−θΘ

+
4G
Φ

S′′out

I 2D Quantum Null Energy Condition (QNEC): 2π 〈Tkk 〉 ≥ S′′out

Upper bound on Θ′

Θ′ ≤ −θΘ

• Θ = 0⇒ Θ′ ≤ 0→ Restricted QFC valid in JT gravity
• Necessary condition for violations of the QFC: θΘ < 0 17/21



QFC violations

V. Franken, S. Kaya, FR, A. Shahbazi-Moghaddam, P. Tran ’26

I Unruh-de Sitter state: evaporating dS horizon

• Metric in Kruskal coordinates: ds2 = − 4
(1−x+x−)2 dx+dx−

• T−−(x−) = 0, T++(x+) = − c
48π(x+)2

• ΦUdS(x+, x−) = φ0 + φr
1+x+x−
1−x+x− + cG

6

(
1− 1+x+x−

1−x+x− log x+
)

QFC violations
[VF,Kaya,Rondeau,Shahbazi-Moghaddam,Tran, to appear]

AdS extremal black hole Evaporating dS horizon

θΘ ≤ 0

Θ′￼ > 0

28

Region where θΘ < 0

Region where Θ′ > 0

Θ'

ΦUdS

1.36 1.38 1.40 1.42
x
+

-2

2

4

6

8

Θ′ and ΦUdS along x+, at fixed
x− = 0.5, for φ0 = 10, φr = 1,
cG = 100. 18/21



QFC violations

V. Franken, S. Kaya, FR, A. Shahbazi-Moghaddam, P. Tran ’26

I Poincaré vacuum: extremal AdS2 black hole

• Metric in Poincaré coordinates: ds2 = − 4
(U−V )2 dUdV

• TUU(U) = TVV (V ) = 0
• Φ(U,V ) = φ0 + 2φr

U−V

QFC violations
[VF,Kaya,Rondeau,Shahbazi-Moghaddam,Tran, to appear]

AdS extremal black hole Evaporating dS horizon

θΘ ≤ 0

Θ′￼ > 0

28

Region where θΘ < 0

Region where Θ′ > 0

2.5 5 7.5 100

10

20

Θ′ along −V , at fixed U = 1, for φ0 = 1,
φr = 100, cG = 1000.
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Restricted Quantum Focusing in JT gravity

V. Franken, S. Kaya, FR, A. Shahbazi-Moghaddam, P. Tran ’26

2 dimensional bound

Θ′ ≤ −θΘ

• Shows the restricted QFC

• Allows violations of the original QFC

• Reduces to the 2d classical focusing theorem in the classical
limit

• Higher dimensional equivalent?
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Conclusion

Investigate semiclassical gravity conjectures in 2d
semiclassical Jackiw-Teitelboim gravity

Results in 2d:

• Proof of the Strominger-Thompson Quantum Bousso Bound X
• Proof of the restricted Quantum Focusing Conjecture X
• Counterexamples to the original Quantum Focusing Conjecture 7

Outlook:

• Higher dimensional analog of the 2d bound Θ′ ≤ −θΘ?
• Higher dimensional examples of violations of the Quantum

Focusing Conjecture?
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Thank you for your attention
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