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String effective action (here bosonic string as example)

S =
∫

d26x
√
ge−2ϕ

[
R + (∇ϕ)2 − 1

12H
2+
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String effective action (here bosonic string as example)

S =
∫

d26x
√
ge−2ϕ

[
R + (∇ϕ)2 − 1

12H
2+

α′

4

( 1
24

Hi
lmH ijkHjl

nHkmn +
1
8
Hij

lH ijkHk
mnHlmn + RijklR

ijkl

− Hi
lmH ijkRjklm − Hi

lmH ijkRjlkm −∇[kHl ]ij∇lH ijk
)
+ . . .

]
0 pert. string theory

α′
higher-spin theory ∞

Recipe (effective field theory):

▶ enumerate terms build from ∇ϕ, H, R , and ∇

▶ fix their coefficients by matching with string amplitudes or β-functions [here Metsaev, Tseytlin 87]
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Problem: Explosion of terms [Garousi, Razaghian 19; Garousi 20]

even after all possible:

▶ integrations by parts
∫

d26x
√
g∇i (e

−2ϕV i ) = 0

▶ field redefinitions (using lower order field equation), like gij → gij +∇i∇jϕ

▶ Bianchi identities, like dH = d2B = 0
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Problem: Explosion of terms [Garousi, Razaghian 19; Garousi 20]

even after all possible:

▶ integrations by parts
∫

d26x
√
g∇i (e

−2ϕV i ) = 0

▶ field redefinitions (using lower order field equation), like gij → gij +∇i∇jϕ

▶ Bianchi identities, like dH = d2B = 0

order 1 α′ α′2 α′3 . . .

coefficients / terms 3 8 60 872 ?

Impossible to compute directly!

But still important for any application of string theory.
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Possible solutions: 1) T-duality constraints
[Meissner, Veneziano 91; Garousi; Codina, Hohm,

Marques; Hornek, Wulff, Zacarias; ...]

sketch of the idea:

1. compactify on a d-dimensional torus

→ Kaluza-Klein vector fields Aα
i and scalars hαβ

2. the resulting theory has to have a global O(d , d) symmetry (very complicated) [Sen 91]
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1. compactify on a d-dimensional torus

→ Kaluza-Klein vector fields Aα
i and scalars hαβ

2. the resulting theory has to have a global O(d , d) symmetry (very complicated) [Sen 91]

∈ T ∗M ⊗ Rd ,d

∈ O(d , d)
O(d)× O(d)

O(d , d) = Rd(d−1)/2⋊GL(d) ⋉ Rd(d−1)/2

global B-field gauge tr. & diffeomorphisims on T d

T-duality

order 1 α′ α′2 α′3 . . .

surviving coefficients 1 1 0 1 ?
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Possible solutions: 2) Bergshoeff-de Roo identification [Bergshoeff, de Roo 89]

1. take the action of the heterotic string @ leading order

S =
∫

d10x
√
ge−2ϕ

[
R + (∇ϕ)2 − 1

12H
2 − α′

4 trF 2
]

2. identify the non-Abelian gauge potential A with the spin connection ω(−)

A = 1√
2
ω(−) ω

(−)
ijk = ωijk − 1

2Hijk

3. new action with 4 derivative corrections in Riemann2-term

S =
∫

d10x
√
ge−2ϕ

[
R + (∇ϕ)2 − 1

12H
2 − α′

8 trR(−)2
]

4. Green-Schwarz anomaly cancellation requires H-flux correction

H = dB − α′

4 Ω
(−) Ω(−) = tr

(
ω(−)dω(−) + 2

3ω
(−) ∧ ω(−) ∧ ω(−)

)
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A new approach
ge

ne
ra
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y

complexity

Bergshoeff-de Roo ident.

+ simple recursion
− only heterotic string
− not all corrections

T-duality constraints

+ all corrections
− very complicated
− structure obfuscated
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+ all corrections
− very complicated
− structure obfuscated

gen. Bergshoeff-de Roo ident.
[Marques, Nunez 15; Baron, Lescano,

Marques 18; Marques, Baron 20]
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Idea: The best of both worlds

1. take a gauged, two-derivative action (similar to the heterotic string)

S =
∫

dxD√ge−2ϕ
[
R + 4(∇ϕ)2 − 1

12H̃
2 − 1

4Fij
αF ijβhαβ +

1
8DihαβD

ihαβ − V (h)
]

with D = 26 for bosonic- and D = 10 for super-strings and

2. with scalar the potential V (h) = 1
12 fαβγfδϵλh

αδhβϵhγλ + 1
4 fαγ

δfβδ
γhαβ

3. index range for α, β, · · · = 1, . . . , p + q
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[
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4Fij
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1
8DihαβD

ihαβ − V (h)
]

with D = 26 for bosonic- and D = 10 for super-strings and

▶ vectors Aα
i with non-Abelian field strength Fij

α = 2∂[iAα
j] + Aβ

i A
γ
j fβγ

α

▶ scalars hαβ in the coset O(p, q)/(O(p)×O(q))

▶ H-flux, corrected by Chern-Simons term, H̃ijk = Hijk + 3∂[iAα
j A

β
k]καβ + Aα

i A
β
j A

γ
k fαβγ

2. with scalar the potential V (h) = 1
12 fαβγfδϵλh

αδhβϵhγλ + 1
4 fαγ

δfβδ
γhαβ

3. index range for α, β, · · · = 1, . . . , p + q

Problems:
▶ only gij , Bij and ϕ are physical

▶ How to choose fαβ
γ and καβ?
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Stage 1: Bye bye Aα
i and hαβ (the identification)

▶ hαβ = Πγ
ακ̃γδΠ

δ
β is valued in the coset O(p, q)/(O(p)×O(q))

→ p · q independent components hαβ
after splitting α =

(
α α

)
, α = 1, . . . , p and α = 1, . . . , q

▶ Aα
i is not constraint, we need both A

α
i and Aα

i

example of identification: A
⟨aα⟩
i = 1√

2
eajF β

ij Π
α
β (similar for other components)

▶ we split indices α

⟨a1a2⟩ ⟨a1α1⟩

⟨a1⟨a2a3⟩⟩ ⟨a1⟨a2α2⟩⟩ ⟨a1⟨α2α3⟩⟩

⟨α1α2⟩

⟨⟨. . .⟩⟨. . .⟩⟩ . . .
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Stage 2: Fixing the gauge group

▶ combine tangent space and gauge group into VA =
(
VA Vα

)
/ WA =

(
W A W α

)
where A splits like α: A =

(
a a

)
, a = 1, . . . ,D and a = 1, . . . ,D

▶ gauge group’s structure constants are given by

f ⟨A1A2⟩⟨B1B2⟩
⟨C1C2⟩ = 2δ[A1

[C1
ηA2][B2δ

B1]
C2]

− 2δ[A1
[C1

f ⟨B1B2⟩|A2]
C2] + 2δ[B1

[C1
f ⟨A1A2⟩|B2]

C2]

with

ηAB =

(
ηAB 0
0 καβ

)
▶ καβ has to be invariant, fα(βγκδ)γ = 0, and chiral, καβ = κβα = 0

▶ an obvious choice is the Killing metric scaled by a for καβ and by b for καβ
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(
ηAB 0
0 καβ

)
▶ καβ has to be invariant, fα(βγκδ)γ = 0, and chiral, καβ = κβα = 0

▶ an obvious choice is the Killing metric scaled by a for καβ and by b for καβ

original O(D,D) of T-duality

still needs to be fixed
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The Killing metric

▶ defined by κ⟨A1A2⟩⟨B1B2⟩ = f ⟨A1A2⟩⟨C1C2⟩⟨D1D2⟩f
⟨B1B2⟩⟨D1D2⟩⟨C1C2⟩

▶ infinite because A = 1, . . . ,N with N → ∞

→ regularize through lim
N→∞

1
N κ⟨A1A2⟩⟨B1B2⟩ = 0 gives

κ⟨A1A2⟩⟨B1B2⟩ = ηA1[B1ηA2|B2] + f ⟨A1A2⟩[B1Dη
D|B2] + f ⟨B1B2⟩[A1Dη

D|A2]

▶ and a → −b for κ⟨A1A2⟩⟨B1B2⟩

▶ example: κ⟨ab⟩⟨cd⟩ =
a
2ηa[cηd ]b
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Bootstrapping the identification

▶ like in the Bergsheoff-de Roo identification, start with

A
(1)
i

⟨ab⟩ = ω
(−)ab
i , and A

(1)
i

⟨ab⟩ = −ω
(+)ab
i

▶ everything else is fixed by recursion, like

A
(2)⟨b⟨cd⟩⟩
i = 1√

2
R
(−)
i

bcd , and A
(2)⟨b⟨cd⟩⟩
i = 1√

2
R
(+)
i

bcd

or

Π(2)⟨ab⟩⟨cd⟩ = 1
2R

(+)cdab , and Π(2)⟨ab⟩⟨cd⟩ = −1
2R

(−)cdab

▶ spin connections only appear in
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Plugging everything into the action (here 6 derivatives)

L(6) =− a2

8

[
3Hij

kR(−)ijlnΩ
(−)
kln + 3R(−)ijkl∇(−)

i Ω
(−)
jkl +

3
2
Ω
(−)
i

jkΩ(−)i
jk

]
+

b2

8

[
−3Hij

kR(+)ijlnΩ
(+)
kln + 3R(+)ijkl∇(+)

i Ω
(+)
jkl − 3

2
Ω
(+)
i

jkΩ(+)i
jk

]
+

ab

2

[
1
3
R
(−)
m

skuR(−)j
s
l
uR

(−)m
jkl −

1
8
R(−)rs

klR
(−)tuklR

(−)
turs

− 1
8
R(−)mnrsR(−)tu

mnR
(−)
turs +

3
4
Hij

qR(−)rsijΩ
(−)
qrs

+
3
4
Hij

qR(−)ijrsΩ
(+)
qrs +

3
4
R(−)mnpq∇(−)

m Ω
(+)
npq

− 3
4
R(+)mnpq∇(+)

m Ω
(−)
npq +

3
4
Ω(−)jlnΩ

(+)
jln

− 1
8
(∇(+)

i R(+)abcd − 2Hie
[aR(+)b]ecd)(∇(+)iR

(+)
abcd − 2H i

f [aR
(+)
b]

f
cd)

]

a b theory
α′ α′ bosonic
α′ 0 heterotic
0 0 type II
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Towers of corrections

▶ all information about α′-corrections are contained in καβ

▶ Question: What are allowed choices ? καβ = καβ(a, b, c , d , e, f , . . .)

▶ each parameter creates an infinite tower of α′-corrections

▶ no go theorem for ζ(3) [Wulff, Hronek, Zacarias, Hsia, Kamal 20-24]

are definitely there

should be there
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a, b

1

3
c, d

ζ(3)

e, f
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′

theories
α′0 all
α′1 bos., het.
α′2 bos., het.
α′3 all
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Conclusions

▶ much more concise way to approach higher derivative corrections:

1. only certain combinations of building blocks are allowed

Corrections arise from highly constraints combinations of the funda-
mental building blocks (Riemann tensor, H-flux, and their covariant
derivatives). Like in chemistry, where molecules are not just some
random combinations of atoms.

α′-bootstrap

2. all remaining freedom is contained in choosing ad-invariant καβ

▶ TODO: classify all allowed καβ

▶ Can gS corrections be captured in a similar way?
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A quick introduction to (generalized) Cartan geometry

ξa εa T a BI(T a) · · ·

Λa
b ωa

b Ra
b BI(Ra

b) · · ·

C a
b BI(C a

b) · · ·

d

τ

▶ idea: build geometry from a group

▶ and use exterior derivative

d̂ = d + ê∧ with

ê = eai Padx i + ωabMab Cartan connection

▶ substituting ε̂ → ê in the chain

▶ only input is model space G/H
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d
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▶ idea: build geometry from a group

ξ̂ = ξaPa + ΛabMab

▶ and use exterior derivative

d̂ = d + ê∧ with

ê = eai Padx i + ωabMab Cartan connection

▶ substituting ε̂ → ê in the chain

▶ only input is model space G/H

Poincaré generators

Pa translations
Mab Lorentz transformations
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A quick introduction to (generalized) Cartan geometry

ξ̂ ê T̂ BI(T̂ ) · · ·d̂
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We deal with generalized Cartan geometry [Poláček, Siegel 13; Butter, FH, Pope, Zhang 23; FH, Hulik, Osten 24]

χ̂ ξ̂ Ê T̂ BI(T̂ ) · · ·D̂

ξ Λ E A Π

▶ new connection Π with corresponding curvature

▶ model space is double quotient H̃\G/H generated by

. . . t̃⟨A⟨BC⟩⟩ t̃⟨AB⟩ PA t⟨AB⟩ t⟨A⟨BC⟩⟩ . . .

▶ specified by a symmetric, invariant bilinear form κ on Lie(H)
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