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String effective action (here bosonic string as example)
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Recipe (effective field theory):

» enumerate terms build from V¢, H, R, and V

» fix their coefficients by matching with string amplitudes or S-functions [here Metsaev, Tseytlin 87]



Problem: Explosion of terms [Garousi, Razaghian 19; Garousi 20]
even after all possible:
> integrations by parts fd26x\/§V,-(e_2¢ Viy=0
> field redefinitions (using lower order field equation), like gi — 8 +ViVio

» Bianchi identities, like dH=d2B =0



Problem: Explosion of terms [Garousi, Razaghian 19; Garousi 20]

even after all possible:

> integrations by parts fd26x\/§V,-(e_2¢ Viy=0
> field redefinitions (using lower order field equation), like g — 8j +ViVj¢
> Bianchi identities, like dH =d?B =0
order ‘ 1 ‘ o/ ‘ a’? ‘ a3 ‘
coefficients / terms ‘ 3 ‘ 8 ‘ 60 ‘ 872 ‘ ?

Impossible to compute directly!

But still important for any application of string theory.



[Meissner, Veneziano 91; Garousi; Codina, Hohm,

Possible solutions: 1) T-duality constraints
Marques; Hornek, Wulff, Zacarias; ...]

sketch of the idea:

1. compactify on a d-dimensional torus

— Kaluza-Klein vector fields A% and scalars hoB

2. the resulting theory has to have a global O(d, d) symmetry (very complicated) [Sen 01]
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global B-field gauge tr. & diffeomorphisims on T¢



[Meissner, Veneziano 91; Garousi; Codina, Hohm,

Possible solutions: 1) T-duality constraints
Marques; Hornek, Wulff, Zacarias; ...]

sketch of the idea:

cT*M® Rd’d
1. compactify on a d-dimensional torus . ~ 0(d,d)
— Kaluza-Klein vector fields A% and scalars h*? O(d) x 0(d)

2. the resulting theory has to have a global O(d, d) symmetry (very complicated) [Sen 01]
T-duality
O(d, d) = RIND2xGL(d) o RII-1)/2

global B-field gauge tr. & diffeomorphisims on T¢

order ‘1‘0/‘04 ‘0/3‘

surviving coefficients ‘ 1 ‘ 1 ‘ 0 ‘ 1 ‘ ?



Possible solutions: 2) Bergshoeff-de Roo identification (sergshoefr, de Roo 89]

1. take the action of the heterotic string @ leading order
S = [d¥/ge ?*|R+ (V¢)? — LH? — LtrF?



Possible solutions: 2) Bergshoeff-de Roo identification (sergshoefr, de Roo 89]

1. take the action of the heterotic string @ leadi
S= [d¥,/ge ??|R + (V¢)? — %H2

F=dA+AANA

2. identify the non-Abelian gauge potential A with the spin connection w(~)

A= %w(f) w,g-;) = Wik — %H,jk




Possible solutions: 2) Bergshoeff-de Roo identification (sergshoefr, de Roo 89]

1. take the action of the heterotic string @ leadi
S= [d¥,/ge ??|R + (V¢)? —

142
i H

F=dA+AANA

2. identify the non-Abelian gauge potential A with the spin connection w(~)

A=

1

V2

3. new action with 4 derivative corrections in Riemann2-term

S = [d¥/ge ?*|R + (V§)? — HH? — LtrR(7)?

=) _, . _1ly.
Wij " = Wijk — 5 Hijk



Possible solutions: 2) Bergshoeff-de Roo identification (sergshoefr, de Roo 89]

1. take the action of the heterotic string @ leadi

S=[d¥ge 2R+ (Vo) — HH

F=dA+AANA

2. identify the non-Abelian gauge potential A with the spin connection w(~)

A= \%w(f) w,g-;) = Wik — %Hijk

3. new action with 4 derivative corrections in Riemann2-term

S = [ d¥xyge R+ (Vo)? - HH? — GrR?]

4. Green-Schwarz anomaly cancellation requires H-flux correction

H=dB — %/Q(_) Q) = tr (w(_)dw(_) + %w(_) Aw) A w(_))




Possible solutions: 2) Bergshoeff-de Roo identification (sergshoefr, de Roo 89]

1. take the action of the heterotic string @ leadi

S=[d¥ge 2R+ (Vo) — HH

F=dA+AANA

2. identify the non-Abelian gauge potential A with the spin connection w(~)

A= %w(f) w,g-;) = Wik — %Hijk

3. new action with 4 derivative corrections in Riemann?-te

S = [d¥%/ge > |R+ (V¢)? — &

4. Green-Schwarz anomal cellation requires H-flux correction

ALL ORDER



A new approach

generality

A

Bergshoeff-de Roo ident.

-+ simple recursion
— only heterotic string
— not all corrections

T-duality constraints

4 all corrections
— very complicated
— structure obfuscated

complexity
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A new approach

‘ T-duality constraints

——— -+ allcorrections

— very complicated

o’-bootstrap

— structure obfuscated

gen. Bergshoeff-de Roo ident.

[Marques, Nunez 15; Baron, Lescano,

generality

Marques 18; Marques, Baron 20]

Bergshoeff-de Roo ident.

-+ simple recursion
— only heterotic string
— not all corrections

complexity



Idea: The best of both worlds

1. take a gauged, two-derivative action (similar to the heterotic string)
S = [dxP /ge2 [R + (V)2 — LH? — LF@FPhyy 4+ 1D;hos D'HeP — V(h)

with D = 26 for bosonic- and D = 10 for super-strings and
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1. take a gauged, two-derivative action (similar to the heterotic string)
S = [dxP,/ge 2 [R +4(Ve)? — LH? — LF@FiBhy s+ 1Dih,sD'hP — V(h)
with D = 26 for bosonic- and D = 10 for super-strings and
» vectors A® with non-Abelian field strength Fj® = 20,A% + A}BA]fm“
» scalars hyp in the coset O(p, q)/(O(p)xO(q))
» H-flux, corrected by Chern-Simons term, ITI,-jk = Hjj + 33[,-AJ?‘Af]na5 + A?‘AfAZ fasy



Idea: The best of both worlds

1. take a gauged, two-derivative action (similar to the heterotic string)
S= fde\/Ee_zd’ [R +4(Ve)? — %/:P — %F,-J-O‘F"fﬁhag + %D;hanghaﬁ — V(h)

with D = 26 for bosonic- and D = 10 for super-strings and

> vectors A® with non-Abelian field strength Fi® = 20;Aq + A?A]fm“
» scalars hyp in the coset O(p, q)/(O(p)xO(q))
» H-flux, corrected by Chern-Simons term, ITI,-jk = Hjj + 33[,-AJ?‘Af]na5 + A?‘AfAZ fasy

2. with scalar the potential V/(h) = %faﬁwﬂse)\haéhﬁ€h7)‘ + %fm‘;fgﬂho‘ﬁ

3. index range for ., 3,---=1,...,p+q



Idea: The best of both worlds

1. take a gauged, two-derivative action (similar to the heterotic string)
S= fde\/Ee_2¢ R+ 4(V¢)? — %/:P — %FUO‘F"fﬁhag + %D;hanghaﬁ — V(h)

with D = 26 for bosonic- and D = 10 for super-strings and

> vectors A® with non-Abelian field strength Fi® = 20;Aq + A?A]fm“
» scalars hyp in the coset O(p, q)/(O(p)xO(q))
» H-flux, corrected by Chern-Simons term, I%-k = Hjj + 33[,-AJ?‘Af]na5 + A?‘AfAZ fasy

2. with scalar the potential V/(h) = %faﬁwﬂse)\haahﬁ€h7)‘ + %fw‘;fgﬂho‘f@

3. index range for ., 3,---=1,...,p+q

» only gjj, Bjj and ¢ are physical
Problems:
» How to choose f,3” and k,g7



Stage 1: Bye bye A? and h,s (the identification)

> hag = ﬂ7a%75H55 is valued in the coset O(p, q)/(0(p)*x0(q))
— p - g independent components hOtB
after splitting o = (¢ @), a=1,...,panda=1,...,q

> A% is not constraint, we need both A,g and A,-a
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> A% is not constraint, we need both A,g and A,-a
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example of identification: Ai£> = %eij F,.J@I'I% (similar for other components)
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Stage 1: Bye bye A? and h,s (the identification)

> hag = ﬂ7a%75H55 is valued in the coset O(p, q)/(0(p)*x0(q))
— p - g independent components hOtB
after splitting o = (¢ @), a=1,...,panda=1,...,q

> A% is not constraint, we need both A,g and A,-a

example of identification: A§ﬂ> = %eij F,.J@I'I% (similar for other components)

> we split indices Q
~

(a1a2) /<31061>\\ (a102)
(a1{a2as))  (ar{amae)) (ar(a2az))  ((..)(..)



Stage 2: Fixing the gauge group

» combine tangent space and gauge group into V4 = (VA Va) | Wy = (WA WO‘)
where A splits like a: A= (g 5),g: 1,...,Danda=1,...,D
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» combine tangent space and gauge group into V4 = (VA Va) | Wy = (WA WO‘)
where A splits like a: A= (g 5),g: 1,...,Danda=1,...,D

> gauge group's structure constants are given by
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Stage 2: Fixing the gauge group
» combine tangent space and gauge group into V4 = (VA Va) | Wy = (WA WO‘)
where A splits like a: A= (g 5),@2 1,...,Danda=1,...,D

> gauge group's structure constants are given by

f<A1A2)(l’>’132><Clcz> — 25[[élq7v42][3256321]] _ 25[[54;1 f<13132>|A2162] + 25{?11 f<A1A2)|Bz]02]
with
original O(D,D) of T-duality
AB _ <77AB
= 0 . .
Kap still needs to be fixed

» Kqp has to be invariant, fa(57/€5)7 =0, and chiral, KB = FBo = 0

> an obvious choice is the Killing metric scaled by a for Kagp and by b for K43



The Killing metric

> defined by kA4 (BiB2) — £(A1A2)(CiC2) f(B1B2)(D1 D)

(D1D2) (C1C2)

» infinite because A =1,...,N with N' = oo



The Killing metric

> defined by kA4 (BiB2) — £(A1A2)(CiC2) f(B1B2)(D1 D)

(D1D2) (C1C2)

» infinite because A =1,...,N with N' = oo

— regularize through |im J%/lﬁ;<“41“42><8132>

= 0 gives
N—=oo

ko (ALA2) (B1B2) — 77A1[5177v42\32] + f(A1A2>[31DnD|Bz] + f<5’132>[¢41D D|Az]

n



The Killing metric

> defined by kA4 (BiB2) — £(A1A2)(CiC2) f(B1B2)(D1 D)

(D1D2) (C1C2)

» infinite because A =1,...,N with N' = oo

— regularize through |im /%/lﬁ;<“41“42><8182> = 0 gives

N—o0

i (Auka) (BiBa) _ 2 (,,Zl[&nﬁzlﬁzl + fAad) By DIBa] | f<Eléz>[ﬂ15n5|Zzl)

2

» and a — —b for K<A1A2><§1§2)



The Killing metric

. D
> defined by Ii<A1A2><BlB2> — f(A1A2>(C102><D1D2>f<3132><D1 2><C1C2>
» infinite because A =1,...,N with N' = oo
— regularize through |im /%/lﬁ;<“41“42><8182> = 0 gives

N—o0

nﬂgz] + f<3132> [jl5

jo(ArA2) (B1B2) _ g (nﬁl[&nzz@z] n f<Z1Z2>[Elﬁ

n@%])

» and a — —b for K<A1A2><§1§2)

> example: k (3B (cd) = %775[?778]5



Bootstrapping the identification

» like in the Bergsheoff-de Roo identification, start with
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1



Bootstrapping the identification
» like in the Bergsheoff-de Roo identification, start with

A (@b)

i

_ w(—)ab, and A§1)<a—b> _ _wl(—&-)ab

> everything else is fixed by recursion, like

and P 5hi

N(2){ab)(ed) — L p(+)edab and M(2)(ab){cd) _ _%R(—)cdab



Bootstrapping the identification

» like in the Bergsheoff-de Roo identification, start with

A @b) _ ()b

and A (ab) — —w(+)ab

) i

> everything else is fixed by recursion, like

(2)(b(cd)) 1 ()bd (2)(bled)) _ 1 p(+)bed
Al SR\ be and Al = LRMbe

or

@)@k (@) = LR(H)edab  and  NE)EB)ed) — _1R(-)edab

N

» spin connections only appear in

1. covariant derivatives
2. Riemann tensors, or

3. Chern-Simons terms



Plugging everything into the action (here 6 derivatives)

a ijin(— 2ij -)o- 3~ (2)jky(-)i
L(6):_§ [3HU’<R( )il Q£IH)+3R( )Jklvl(, )Qj('k/)+§QE )ik )jk]

b2 . . ) .

i = |:_3HUkR(+)Uan$:I;) + 3R(+)Uk1v1(+)QJ(Z) _ SQE+)ij(+)ljk:|
b1l (- ; 1

4 37 [3:‘?,(77 )skuR(—)JsluR(—)mjkl _ gR(—)rskIR( Jeukl ()

_ }R(—)mnrsR(—)tu ngurg + = H qR( )rsuQ( )
8 a b ‘ theory
3 3 _ _ / / b .
+ 2H 9RO | 2 p(=)mnpay (-)q(+) o' o | bosonic
4" "4 Pa o 0 | heterotic
0 0 | typell

3 mn + - 3 nQbt
~ 2R pqvg,)QE,,,?,JrZQ( vrgiH)
X .

8(V(+)R(+)ab“’ 2H; LRI (VORI — 2H 1, RU )



Towers of corrections
> all information about a/-corrections are contained in K,z

» Question: What are allowed choices ? Kap = Kap(a, b, c,d e f,...)

should be there

are definitely there



Towers of corrections
> all information about a/-corrections are contained in K,z
» Question: What are allowed choices ? Kap = Kap(a, b, c,d, e f,...)
» each parameter creates an infinite tower of o/-corrections

> no gO theorem for C(3) [Wulff, Hronek, Zacarias, Hsia, Kamal 20-24]

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, ,1
a, b
,,,,,,,,,,,,,,,,,,,,,,, ,3
cd ‘theories
’ a0 | all
o f a1 | bos., het.
’ a2 | bos., het.
N 3
¢3) ¢(5) o C o | all




Conclusions

» much more concise way to approach higher derivative corrections:

1. only certain combinations of building blocks are allowed

Corrections arise from highly constraints combinations of the funda-
mental building blocks (Riemann tensor, H-flux, and their covariant
derivatives). Like in chemistry, where molecules are not just some
random combinations of atoms.

2. all remaining freedom is contained in choosing ad-invariant K.z



Conclusions

» much more concise way to approach higher derivative corrections:

1. only certain combinations of building blocks are allowed

Corrections arise from highly constraints combinations of the funda-
mental building blocks (Riemann tensor, H-flux, and their covariant
derivatives). Like in chemistry, where molecules are not just some
random combinations of atoms.

2. all remaining freedom is contained in choosing ad-invariant K.z
» TODO: classify all allowed kg

» Can gg corrections be captured in a similar way?
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A quick introduction to (generalized) Cartan geometry

» idea: build geometry from a group Poincare generators
., " P,  translations
§=E§"Pa+ N"Myp M,, Lorentz transformations
3
g £ ——— T° — BI(T?)

////

Ny —— w? —— R — BI(R?)

—

C2, — BI(C?)




A quick introduction to (generalized) Cartan geometry

» idea: build geometry from a group

§=E7Pat+ NP Map,

Iy

AN

& =P+ WMy

g? T2 — 5 BI(T?) ——
wiy —— R —— BI(R?) ——

//

Cb *)BIC“’
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A quick introduction to (generalized) Cartan geometry

» idea: build geometry from a group
£ =8Py + NPMyp,  E=Py+wM,yp,

» and use exterior derivative

A

d=d+ éAn with

é = e P,dx' + WM., Cartan connection

» substituting £ — € in the chain

T —— BI(T) ——

|
|



A quick introduction to (generalized) Cartan geometry

» idea: build geometry from a group

E=EP,+NPM,,,  E=eP, 4 wM,,,

» and use exterior derivative

d=d+ eén with

é = e?P,dx' + w®M,, Cartan connection

» substituting £ — € in the chain

» only input is model space G/H



We deal with generalized Cartan geometry [polacek, Siegel 13; Butter, FH, Pope, Zhang 23; FH, Hulik, Osten 24]

/\ A

L - P, £ — 5 7T — 5B(T) ——

/\ /1N

¢ AN E A T

» new connection [1 with corresponding curvature



We deal with generalized Cartan geometry [polscek, Siegel 13; Butter, FH, Pope, Zhang 23; FH, Hulik, Osten 24]

)2—>§AL>E—>7A'—>BI(7A')—>

/N N

¢ N E A T /‘T;M

» new connection [1 with corresponding curvature

» model space is double quotient H\G/H generated by

FABC) FAB) Py tiagy  tiascy
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fixed by index splitting prescription



We deal with generalized Cartan geometry [polacek, Siegel 13; Butter, FH, Pope, Zhang 23; FH, Hulik, Osten 24]

» new connection [1 with corresponding curvature
» model space is double quotient H\G/H generated by

FABC) FAB) Py tiagy  tiascy

fixed by index splitting prescription ‘

> specified by a symmetric, invariant bilinear form « on Lie(H)



	Appendix

