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Motivation

What’s your favourite symmetry principle?

SUPERSYMMETRY
INTEGRABILITY

CONFORMAL SYMMETRY

*~d

Here: Duality Symmetry (O(p,q), E; , SL(d), ...)

* geometrised by Generalised / Extended / Exceptional Geometry

 natural language for (super)gravity theories, constraining without supersymmetry!

 Other talks: Martin Cederwal this morning, Falk Hassler and Linus Wulff (quantum a’
corrections?), Alex Swash (graded differential geometry), ...

* Here: brane scan for p-brane actions, prediction of exotic brane dynamics
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Programme

1. Exotic branes and a conjecture for their dynamics
2. (Exceptional) generalised geometry and sigma models

3. Exotic branes frrom exceptional geometry
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Exotic branes

)

An exotic brane bc(l""d’c 1s a b-brane smeared along a + ¢ + d + --- circles with radii

Ri,, ) Ri , R/, e Ri., Ry s Ricys s

where a, b, c, ... describe the scaling of tension (or mass) with the respective radii
(and the 11D Planck length lp ) /de Boer, Shigemori '12]

3 2
o (Riy - Riy) (Ryy - Ry,) (Ry, - Ry,)
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Exotic branes

)

An exotic brane bc(l""d’c 1s a b-brane smeared along a + ¢ + d + --- circles with radii

Ri,, ) Ri , R/, e Ri., Ry s Ricys s

where a, b, c, ... describe the scaling of tension (or mass) with the respective radii
(and the 11D Planck length lp ) /de Boer, Shigemori '12]

3 2
o (Riy - Riy) (Ryy - Ry,) (Ry, - Ry,)

T —
(Rll Rla) lI]-:’ a+b+2c+3d+

* typically considered as non-perturbative objects, i.e. black brane solutions in supergravity
» related/predicted via U-duality /Obers, Pioline '98]
* unifying solution in exceptional geometry /Berman, Musaev, Otsuki '18 '19]

» as fundamental as string or membrane — how about exotic brane world-volume dynamics?
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A conjecture for exotic brane dynamics

Gauged sigma model for a brane b (%)

S=T, f dPtlovi . vEwd .. wj .. /detyaB .

With
]/aﬁ = guvD X”DﬁXV
Do X" = 9, X" +ZC(2” 3 +ZC(3‘)
where:
o Vl-” = (vf ) ...,vc” : Wf ) ...,Wg , ...) are the smearing / 1sometry directions.

° C g’i)are Lagrange multipliers, their equation of motions: constraints describing absence of
dynamics in gauged directions

VI DX gy = 0
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Comments:
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* Generalisation of gauged sigma model of Kaluza-Klein monopol the 6'-brane
[Bergshoeff, Janssen, Ortin, '97]
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A conjecture for exotic brane dynamics

Gauged sigma model for a brane b (%)

S=T, f dPtlovi . vEwd .. wj .. /detyaB .

- Radii are given by 2nR; = [ dz; V; . Scaling of T, with vectors
Vi” = (vlﬂ R vc” : W1” R Wc'f , ...) mirrors the one of brane tensions of exotic branes.

Comments:

* Hamiltonian analysis:

1 1 L
H = Epﬂpvg‘”’ -+ Evf L Etbeli-Ibg, XH1g; XV 0, XHP0;, XV gy v, e Gupyy, = 0

* Generalisation of gauged sigma model of Kaluza-Klein monopol the 6'-brane
[Bergshoeff, Janssen, Ortin, '97]
Evidence: coupling this sigma model to supergravity sources the black supergravity solutions

* Here: different approach — show that this form follows from exceptional geometry
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classical solutions «» minimal volumes in M,

symmetries of o-model «» symmetries of M,
for simple models B-functions < Ricci tensor to g, ...
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Geometry and non-linear o-models

geometric paradigm: __> which geometry?
physical properties of c-models <~ geometry of M

heterotic string

classical solutions <> minimal volumes in M, L~ /=77 gmn(x )aﬂxfaﬁx” +(p-1+..
symmetries of 6-model <> symmetries of M, Polyakov-type actions
for simple models B-functions < Ricci tensor to g, ... o-mo d Cl S

with diff inv.

Nambu-Goto type actions DBI type actions

Claims: L~ \/ —det (Yap +@'Fap)  Yap = gmn0aXx™px"

1. Generalised geometry unifying language of brane o-models /Dufrer al 90-, Siegel et al 92-,
Tseytlin 92, Hull 06-, Alekseev/Strobl 04, Hatsuda et al 12-, Sakatani/Uehara 16-, Arvanitakis/Blair 17-,D0O 19-]
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Geometry and non-linear o-models

geometric paradigm: __> which geometry?
physical properties of c-models <~ geometry of M

heterotic string
L~ x_qqﬂﬁgmn(x)aﬂxmaﬁx" +(p—1)+..

classical solutions «» minimal volumes in M,

symmetries of 6-model «<» symmetries of M, Polyakov-type actions
for simple models B-functions <> Ricci tensor to g,,,,, .- o-models
with diff inv.
Nambu-Goto type actions DBI type actions
Claims: L \/ —det (Yap + a'Fag)  Yap = gmuOax"Ipx"

1. Generalised geometry unifying language of brane o-models /Dufrer al 90-, Siegel et al 92-,
Tseytlin 92, Hull 06-, Alekseev/Strobl 04, Hatsuda et al 12-, Sakatani/Uehara 16-, Arvanitakis/Blair 17-,D0O 19-]

2. Covariance under exceptional generalised geometry restricts to 2-BPS branes
(string, M-branes, D-branes, non-perturbativesexotic branes, ...) in supergravity
[O’Connor, DO 26, DO 21,23,24, building on Arvanitakis/Blair 17-22]

- only considering bosonic part (7.e. no supersymmetry necessary)
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Examples:
Hamiltonian formulation of brane o-models

* eX. 1: 2dim o-models and O(d,d) generalised geometry S ~ [ (g,dx™ A xdx" + B,,,dx™ A dx")

[Siegel 92, Tseytlin 92]
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Examples:
Hamiltonian formulation of brane o-models

* eX. 1: 2dim o-models and O(d,d) generalised geometry S ~ [ (g,dx™ A xdx" + B,,,dx™ A dx")

* Currents tm(o) = (pm(c),0x™ (o))

[Siegel 92, Tseytlin 92]
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Examples:
Hamiltonian formulation of brane o-models

* eX. 1: 2dim o-models and O(d,d) generalised geometry S ~ [ (g,dx™ A xdx" + B,,,,dx™ A dx")

d canonical momenta IV d coordinate fields

¢ Currents tm(o) = (ﬁi(a),axm(fr))

[Siegel 92, Tseytlin 92]
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Examples:
Hamiltonian formulation of brane o-models

* eX. 1: 2dim o-models and O(d,d) generalised geometry S ~ [ (g,dx™ A xdx" + B,,,,dx™ A dx")

d canonical momenta IV d coordinate fields

+CUTENS 44 (0) = (pi(0), 357 (0))
* Poisson brackets  {tp (), tn(0")} = pund’ (0 —0’)

[Siegel 92, Tseytlin 92]
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Examples:
Hamiltonian formulation of brane o-models

* eX. 1: 2dim o-models and O(d,d) generalised geometry S ~ [ (g,dx™ A xdx" + B,,,,dx™ A dx")

d canonical m(;menta / d coordinate fields
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Examples:
Hamiltonian formulation of brane o-models

* eX. 1: 2dim o-models and O(d,d) generalised geometry S ~ [ (g,dx™ A xdx" + B,,,,dx™ A dx")

d canonical m(;menta / d coordinate fields
P Curents 4 () = (pm(0),0x™(0)) JE—

O(d,d)-inv. metric: 7 = ( 2 2 )
* Poisson brackets  {tp (), tn(0")} =mnd’ (o —0’)

1 0

* Hamiltonian H = %'HMN (g, B) tm(o) tn (o)

[Siegel 92, Tseytlin 92]
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Examples:
Hamiltonian formulation of brane o-models

* eX. 1: 2dim o-models and O(d,d) generalised geometry S ~ [ (g,dx™ A xdx" + B,,,,dx™ A dx")

d canonical m(;menta / d coordinate fields
P Currents (@) = (pm (o), 9x™(0)) JE—
* Poisson brackets  {tp (), tn(0")} =mnd’ (o —0’)

O(d,d)-inv. metric: 7 = ( ? [1] )

generalised metric: ’H:( 8 g B )

* Hamiltonian H = %?{MN(g,BﬁM(g) tn (o) Bg™' g—Bg'B

[Siegel 92, Tseytlin 92]
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Examples:
Hamiltonian formulation of brane o-models

* eX. 1: 2dim o-models and O(d,d) generalised geometry S ~ [ (g,dx™ A xdx" + B,,,,dx™ A dx")

d canonical m(;menta / d coordinate fields
P Currents (@) = (pm (o), 9x™(0)) JE—
* Poisson brackets  {tp (), tn(0")} =mnd’ (o —0’)

O(d,d)-inv. metric: 7 = ( ? [1] )

- e
L 1 - generalised metric: H = ( § & E )
* Hamiltonian H = EHMN (g, B)tm(0) tn(0) Bg™ g—Bg™'B

. . . . . _ MN t f_’
Diff. (Virasoro) constraint 0 =1y m(o) tn(o) [Siegel 92, Tsevtlin 927
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° €X. 2: membrane o-model (p=2) in ddim. S~ [ (gmndx"’ A*dx" 4 Cpppdx™ A dx" A dax? + % ¢ 1)

[Hatsuda/Kamimura 12, DO 21]
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[Hatsuda/Kamimura 12, DO 21]
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* eX. 1: 2dim o-models and O(d,d) generalised geometry S ~ [ (g,dx™ A xdx" + B,,,,dx™ A dx")
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° €X. 2: membrane o-model (p=2) in ddim. S~ [ (gmndx"’ A*dx" 4 Cpppdx™ A dx" A dax? + % ¢ 1)
* Currents  fy(0) = (pm(0),dx™ (o) Adx"(0),0,...)

* Poisson brackets  {tpm(0),tn(0")} = 7, Mndx? Adé(o — o)

[Hatsuda/Kamimura 12, DO 21]
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* eX. 1: 2dim o-models and O(d,d) generalised geometry S ~ [ (g,dx™ A xdx" + B,,,,dx™ A dx")

d canonical rn(;menta / d coordinate fields
P Currents (@) = (pm (o), 9x™(0)) JE—
* Poisson brackets  {tp (), tn(0")} =mnd’ (o —0’)

O(d,d)-inv. metric: 7 = ( ? [1] )

g—'l —g_lB
Bg™' g—Bg'B

— 1 - generalised metric: H = (
* Hamiltonian H = EHMN (g, BV tm(o) tn (o)

. . . . . _ MN t f_’
Diff. (Virasoro) constraint 0 =1y m(o) tn(o) [Siegel 92, Tsevtlin 927

° €X. 2: membrane o-model (p=2) in ddim. S~ [ (gmndx"’ A*dx" 4 Cpppdx™ A dx" A dax? + % ¢ 1)

* Currents  tm(0) = (pm(0), dx™ (o) Adx"(0),0,...) invariant of E,

* Poisson brackets  {tp(0), tn(0”)} =1, mpdx? Adé(o — o)
generalised metric of E

P
4

* Hamiltonian H = —;-’HMN(g, Chim(o) A tn(o)

* Spatial diff. constraints 0 = y?MN tp(0) A *tn(0)
[Hatsuda/Kamimura 12, DO 21]
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Generalised geometry (overview)

_ Riemannian geometry Generalised / Extended 7 Exceptional Geometry

physical objects metric g metric g, (p+1)form gauge fields C, ..., dilaton

,tensor‘ hierarchy of bundles

underlying st bl T4 * generalised :cangent bundle ,R-bundle*: 777 4 /\ PT*M & ...
bundle * ,R;bundle’: /\ Pl AL
. GL(a) : . G .
geometry metric g € o) generalised metric: H € T H,;: maximal compact subgroup of G
d
duality group G = O(d,d), Ey, ..., action on bundles

structure group Ll invariants of G describe algebraic structure of tensor hierarchy

connection Levi-Civita generalised Levi-Civita (not unique)

curvature Riemann tensor generalised Riemann tensor (not unique)
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* covariance under duality groups
¢.g. when interpreted as string/M-theory duality groups: hidden symmetry made explicit

G-invariant
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,tensor‘ hierarchy of bundles
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bundle * ,R;bundle’: /\ YL Vo
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structure group Ll invariants of G describe algebraic structure of tensor hierarchy
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curvature Riemann tensor not relevant generalised Riemann tensor (MOt oo —_____
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* two aims:
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Phase space approach to o-models

* phase space variables (currents) for a p-brane:

spatial (p — q + 1)-forms (for all q > 0): ¢l9) ({.T) & Rq

* Poisson brackets (realisation of *—product)

(10 (@), 47 ()} = pMeri 357 (0) A dd(o — )
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Phase space approach to o-models

* phase space variables (currents) for a p-brane:

spatial (p — q + 1)-forms (for all q > 0): ¢l9) ({.T) & Rq

* Poisson brackets (realisation of *—product)
() (r) _ : (q-+7)
{qu ([T)rfL, (e} = fi'M"+ Kquth+, (c) Adé(o —0)
* Hamiltonian and diff. constraints (extension to external space exists)
H = %'HMINI tﬁf} f\*fg)
1 1

0 = g, alrg) At
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Phase space approach to o-models

* phase space variables (currents) for a p-brane:

spatial (p — q + 1)-forms (for all q > 0): ¢l9) ({.T) & Rq

* Poisson brackets (realisation of *—product)
() (r) _ : (q-+7)
{qu ([T)rfL, (e} = ’I"M‘” Kquth+, (c) Adé(o —0)
* Hamiltonian and diff. constraints (extension to external space exists)
H = %'HMINI tﬁ) f\*fg)
1 1

1
U — ,?M;:KILII_( 1} A If(i)

tﬁ = (peeoda™ A dx’”',{), )
£5 = (dx™,0,...)
) = (1,0,.2), HY =0 forq>4
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The brane charge constraints

* All diff-invariant 6-models can be realised like that.
It turns that it is not a very strong statement, concrete choices of ) (¢) can break
G (duality) symmetry completely.
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* All diff-invariant 6-models can be realised like that.
It turns that it is not a very strong statement, concrete choices of ) (¢) can break
G (duality) symmetry completely.

* Stronger statement: G-covariance on phase space
For this, the generalised Lie bracket should be realised on phase space:
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* Lessons/Results for G = £, /DO, 21,23,24]
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* Lessons/Results for G = £, /DO, 21,23,24]
 Constraints are very restrictive:

only %2-BPS branes (string, membrane, D-branes, ...) are allowed.
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The brane charge constraints

* All diff-invariant 6-models can be realised like that.
It turns that it is not a very strong statement, concrete choices of ) (¢) can break
G (duality) symmetry completely.

* Stronger statement: G-covariance on phase space
For this, the generalised Lie bracket should be realised on phase space:

V= fVMI(x fM € R, ¢= /‘P P(x) t{p € Ry, {o,V} ;/(ﬁvq))MPtﬁi

* This requires a hierarchy of constraints:

tj[[( Pl A dxh aLl = D MF’thE}aL

P 1

* Lessons/Results for G = £, /DO, 21,23,24]
 Constraints are very restrictive:

only %2-BPS branes (string, membrane, D-branes, ...) are allowed.
* Remarkable only from bosonic part of 6-models!

* solutions break E,;— GL(d), or GL(d-1)
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The brane charge constraints

* All diff-invariant o-models can be realised like that.
It turns that it is not a very strong statement, concrete choices of ) (¢) can break
G (duality) symmetry completely.

* Stronger statement: G-covariance on phase space
For this, the generalised Lie bracket should be realised on phase space:

V= fVMI(x fM € R, ¢= /‘P P(x) f{p € Ry, {o,V} ;/(ﬁvq))MPfﬁi

/ This requires a hierarchy of constraints:

t;( Pl A dXLlaLl = D MP"thf&}aL

p 1

* Lessons/Results for G = £, /DO, 21,23,24]
 Constraints are very restrictive:

* Remarkable only from bosonic part of o-models!

\- solutions break E, ,;— GL(d), or GL(d-1)

N

only 2-BPS branes (string, membrane, D-branes, ...) are allowed.

/
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Exotic branes from exceptional geometry
[O’Connor/DO 26]

R, representation of E;in GL(d) decomposition

GL(d) component t,, t™2l ¢mlsl gml7ln ¢mi8ln(3] ¢mi8]nle] ¢mi8ln|slp
M—theory brane MO M2 M5 KKé6! 53 26 0(17)

tmlAlnlBLPICL i the decomposition characterises b(~%with

b=A-B, c=B-C, d=C-D,
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Exotic branes from exceptional geometry
[O’Connor/DO 26]

R, representation of E;in GL(d) decomposition

GL(d) component t,, t™2l ¢mlsl gml7ln ¢mi8ln(3] ¢mi8]nle] ¢mi8ln|slp
M—theory brane MO M2 M5 KKé6! 53 26 0(17)

tmlAlnlBLPICL i the decomposition characterises b(~%with

b=A-B, c=B-C, d=C-D,

Rearrange the isometry vectors:
m __ m my — m m m m
VI — (Vl ’ LA ) ’ VB ) : (vl , LN} , vc , W1 ’ LA ] ’ Wd , LN} ) -

Then tm[B],n[B],p[C],... _ Vl[ml "'VBmB] Vl[nl VBnB] Vl[pl VCpC]

solves the brane charge constraint ¢mBlniBlplclalDl... ®0|g,,, =0

(b+1)
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Exotic branes from exceptional geometry
[O’Connor/DO 26]

R, representation of E;in GL(d) decomposition

GL(d) component t, t™2l ¢mlsl ¢ml7ln

M—theory brane MO M2 M5 KKé6!
fmlaln|

gml8ln[3]  ¢m[8ln[6] tm[8]n[8]p
53 26 0(1,7)
B]plCl.in the decomposition characterises b %) with
b=A-B, c=B-C, d=C-D,
Rearrange the isometry vectors:
Vlm — (V]’.rn' rVBZn) = (vil:n, '")UZ‘n; Wj{n; ot

O WI ).
Then tm[B],n[B],p[C],... _ Vl[ml "'VBmB] Vl[nl VBnB] Vl[pl VCpC]

solves the brane charge constraint t?;LBl]jn[B]’p[C]’q[D]"" ®0|g,,, =0

- Structure of exceptional groups gives brane scan (kind of known)
- conjectured brane dynamics via H = HMV (g, C) tyty,
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The exotic 0-brane o conorpo 24

* Besides the M0 (or M-wave/gravitational wave), there is another fundamental
particle: the 0%7)-brane

* Requires 8 isometry directions = E; with d = 8, structure more complicated

* Comments for experts:
* existence of ancillary transformations

* extension of phase space approach by an additional field

* On the level of the action this corresponds to an additional (trivial coadjoint
orbit term.
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summary & outlook

Hamiltonian formulation
currents, Poisson structure &
Hamiltonian: data from
p-brane c-models (exceptional)
172—BPS branes \ / generalised geometry
including exotic branes exceptional covariance

generalised Lie derivative on phase space

* so far for £, for d<9, extension to higher d

* gauge symmetries: exceptional Cartan geometry, cf.
[Hassler, Hulik, DO 24, Hassler, DO, Swash 25/26 ]

* canonical quantisation, integrability , dualities, ...

* A-theory Hatsuds, Hulik, Linch, Siegel, Wang, Wang 23,25,26] : non-conventional brane theories,
without requiring exceptional covariance (brane charge constraints)
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Generalised geometry (slightly more formal)

* d-dimensional internal manifold in splitting D = (D-d)+d, coordinates YM = (}m,yﬁL

Internal coordinates external coordinates
(generalised geometry) (ord. geometry)

* duality group G: E g4, O(d,d), O(d,d+n), SL(d+1)

* tensor hierarchy (& associated bundles) — representations of G: g, R1, R2, R, ...

e algebraic structure: dot product e: R, x Ry = Rpiy
derivative - Ry = Ry with 92 =

* inindices A € Rp A% (AeB)Mpts = yMpta, | AKvBLs
plq

(0AYMr1t = Dy Mr21195, AMr
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* d-dimensional internal manifold in splitting D = (D-d)+d, coordinates YM = (}m,yﬁL

Internal coordinates external coordinates
(generalised geometry) (ord. geometry)

* duality group G: E g4, O(d,d), O(d,d+n), SL(d+1)

* tensor hierarchy (& associated bundles) — representations of G: g, R1, R2, R, ...

e algebraic structure: dot product e: R, x Ry = Rpiy
derivative - Ry — Ry with 92 =

* inindices A € Ry, AKXy (A @ B)YMp+s =gMp+a, “AKrBlg
(0A)YMr1t =Qp, Mr-1P05 AM

G-invariants
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* d-dimensional internal manifold in splitting D = (D-d)+d, coordinates YM = (}m,yﬁL

. : internal coordinates external coordinates
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derivative - Ry — Ry with 92 =

* inindices A € Rp A% (A e B)Mrts =Mpa, AKvBLs
(0A)YMr1t =Qp, Mr-1P05 AM

G-invariants

* consistency conditions: Rq @B Ry B ... together with * and g forms diff. graded Lie algebra
[Palmkvist, Cederwall/Palmkvist, Lavau/Palmkvist, Bonezzi/Hohm]

- extended internal coordinates: XM = (xmjml_‘_mp, i)
R . .. K ,L . . -
section condition: Dy, """, - d1,- =0 , solutions: 9y, = (9,0, ...)

* generalised Lie derivative Ly¢p, V = Rl,_cp € R, , algebra closes: [Ly;, Lv,]¢ = ﬁﬁ‘f[l Vy P
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* d-dimensional internal manifold in splitting D = (D-d)+d, coordinates YM = (}m,yﬁL

. : internal coordinates external coordinates
duality group G: E g4, O(d,d), O(d,d+n), SL(d+1) eneralised geometry)  (0rd. geometry)

* tensor hierarchy (& associated bundles) — representations of G: g, R1, R2, R, ...

e algebraic structure: dot product e: R, x Ry = Rpiy
derivative - Ry — Ry with 92 =

* inindices A € Rp A% (A e B)Mrts =Mpa, AKvBLs
(0A)YMr1t =Qp, Mr-1P05 AM

G-invariants

* consistency conditions: Rq @B Ry B ... together with * and g forms diff. graded Lie algebra
[Palmkvist, Cederwall/Palmkvist, Lavau/Palmkvist, Bonezzi/Hohm]

- extended internal coordinates: XM = (xmjml_‘_mp, i)
* section condition: DMEKhLlaKl - dr,- =0, solutions: dpg, = (9,0, ..)
- generalised Lie derivative Lyp, V € Ry, ¢ € R, , algebracloses: [Ly,, Ly,]¢ = ﬁEV[l Vy P

* geometry: generalised metric  HMM(g,C,..) €
external background A"":{’_ u, € Ry, §uv (ext. metric)
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