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Challenges for classical integrability

The induced world-volume metric 𝛾ெே = 𝜕ெ 𝑋ఓ𝜕ே𝑋ఔ𝑔ఓఔ is non-trivial 
and cannot simply be gauge-fixed to be flat.

Integrable interacting models in 3d are rare; known examples are often
non-Lorentzian or topological, and do have a flat world world-volume metric.

Goal: find a decoupling limit ( 𝛾ெே → 𝜂ெே) so that 
the effective dynamics becomes classically integrable.

David Osten, University of Wrocław
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Review: the MZW model

A decoupling limit for world-volume gravity

Deriving the MZW model from a toy-model membrane

Embedding into 11d supergravity and associated non-Lorentzian limit

David Osten, University of Wrocław
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A classically integrable 2+1-dimensional non-Lorentzian field theory
[Manakov/Zakharov ’81 /Ward ’87]

𝑑 ⋆ 𝑗 − 𝑗, 𝑗 ∧ 𝑣 = 0

𝑣 = d𝜎௬ is a fixed 3𝑑 one-form that breaks Lorentz invariance.

𝑦 = 0 timelike: Manakov/Zakharov, 𝑦 = 1,2 spacelike: Ward

David Osten, University of Wrocław

Equations of motion

Action 𝑆ெ௓ௐ = 𝑇଴ ∫
ଵ

ଶ
𝑡𝑟(𝑗 ∧⋆ 𝑗 +

ଵ

ଷ
𝜎୷𝑡𝑟 𝑗 ∧ 𝑗, 𝑗

g : Σ → G,        j = g⁻¹dg
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scattering, infinite tower of non-local conserved charges [Theodorou/Ward ’90s]

multi-soliton solutions, with trivial scattering for point solitons and non-
trivial scattering for line solitons. [… , Cole ’26]

One of the rare
interacting integrable

field theories in
3 dimensions.

Related hierarchy:
KP (dispersionless limit) matrix KP MZW

Open questions: quantisation and physical realisation
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Setup
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Aim

decouple world-volume gravity on the 
membrane so that 𝛾ெே → 𝜂ெே.

decouple membrane dynamics on 𝑀் and 𝑀ୌ.

membrane theory on 𝑀ு is MZW model
for 𝑀ୌ = Lie group

Choose an appropriate limit 
for R, R̄, ω and T0

David Osten, University of Wrocław
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Wrap the membrane around 𝑇ଶ (wrapping number 𝜔)
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[Blair/Zinnato ‚21]
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Wrap the membrane around 𝑇ଶ (wrapping number 𝜔)

Xఓ 𝜎 = 𝜔𝜎ெ + xெ 𝜎 , x௠ 𝜎

General ansatz for metric (introduce scales 𝑅 and 𝑅ത)

d𝑠² = 𝑅²𝜂ெேdXெdXே + 𝑅ത²𝐻௠௡dX௠dX௡

Could the MZW model be realised on the membrane in particular cases?

 𝑀 = 𝑀ఛ × 𝑀ு = (ℝ௧× 𝑇ଶ) × 𝑀ு

3d ‚longitudinal‘ space
with metric scale 𝑅
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with metric scale 𝑅 ഥ

𝜔 →  ∞, 𝑅 ഥ /(𝑅𝜔)  →  0,    𝑇 ~ 𝑇₀/(𝑅 ഥ ² 𝑅 𝜔)

𝑆 → 𝑆ு x௠ + 𝑅ଶ/𝑅 ഥ ଶ 𝑆ఛ xெ + ⋯

• longitudinal (𝑥ெ) and transverse (𝑥௠) modes 
decouple 

• large energy 𝑅𝜔  and small tension

• non-relativistic or Carrollian interpretation

• singular limit: 
does not commute with reparameterisations 
(e.g. choice of static gauge)

-> Membrane Non-Lorentzian Geometry?
[Blair/Zinnato ‚21]
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Choosing 𝑀ு = Lie group 𝐺, and an appropriate 𝐹ସ

𝑑𝑠ଶ = 𝑅ଶ𝜂ெே𝑑xெ𝑑xே + 𝑅 ഥ ଶ𝜅௔௕𝑒௔(𝑥௡)𝑒ୠ(𝑥௡)

𝐹ସ = −𝑅𝑅 ഥ ଶ𝑓௔௕௖𝑒௔ ∧ 𝑒௕ ∧ 𝑒௖ ∧ 𝑣

with Maurer-Cartan one-forms 𝑒௔, Killing form 𝜅௔ୠ. and structure constants 𝑓௔௕

The one-form 𝑣 = d𝑥଴,ଵ,ଶ corresponds to the choice of 𝑣 in the MZW model.
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Choosing 𝑀ு = Lie group 𝐺, and an appropriate 𝐹ସ

𝑑𝑠ଶ = 𝑅ଶ𝜂ெே𝑑xெ𝑑xே + 𝑅 ഥ ଶ𝜅௔௕𝑒௔(𝑥௡)𝑒ୠ(𝑥௡)

𝐹ସ = −𝑅𝑅 ഥ ଶ𝑓௔௕ 𝑒௔ ∧ 𝑒௕ ∧ 𝑒௖ ∧ 𝑣

𝑺𝑯 = 𝑺𝑴𝒁𝑾Tranversal fluctuations follow MZW dynamics:

with Maurer-Cartan one-forms 𝑒௔, Killing form 𝜅௔ୠ. and structure constants 𝑓௔௕

under 𝜔 →  ∞, 𝑅 ഥ /(𝑅𝜔)  →  0,    𝑇 ~ 𝑇₀/(𝑅 ഥ ² 𝑅 𝜔)

The one-form 𝑣 = d𝑥଴,ଵ,ଶ  corresponds to the choice of 𝑣 in the MZW model.
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Look for group manifolds supported by F₄ flux.
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Look for group manifolds supported by F₄ flux.

Example: 11d uplift of a pure-NSNS AdS₃ × S³ × T⁴

AdS₃ × S³ × T4 × S¹

David Osten, University of Wrocław

𝐹 = 2𝑅𝑅തଶ 𝑉𝑜𝑙 𝐴𝑑𝑆ଷ + 𝑉𝑜𝑙 𝑆ଷ ∧ d𝑧

longitudinal

transversal space

ℝ௧ T2
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Look for group manifolds supported by F₄ flux.

Example: 11d uplift of a pure-NSNS AdS₃ × S³ × T⁴

AdS₃ × S³ × T4 × S¹

Truncation to membrane fluctuations around (ℝ௧× 𝑇ଶ) × SU(2)

   →     SU(2) MZW model.

David Osten, University of Wrocław

𝐹 = 2𝑅𝑅തଶ 𝑉𝑜𝑙 𝐴𝑑𝑆ଷ + 𝑉𝑜𝑙 𝑆ଷ ∧ d𝑧

longitudinal

transversal space

ℝ௧ T2



outlook
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• MZW conserved charges and solitons on the membrane?

• holographic dual of membranes in 𝐴𝑑𝑆ଷ × 𝑆ଷ × 𝑇ହ?

• generalisations:

• supermembrane (super MZW model?)

• homogeneous spaces
(gauged MZW model, a la gauged WZW?)

• deformations (re-introducing dispersive KP term?)

• MZW line soliton scattering, quantisation, …
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