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AdS/CFT correspondence

The fundamental dictionary of AdS/CFT is the GKPW relation1

Zgrav[ϕ]
∣∣
ϕ→ϕ(0)

= ZCFT[ϕ(0)] ,

where ϕ(0) is the boundary value of a bulk field.

In the semiclassical limit

Zgrav[ϕ(0)] ≈ e−Ion−shell[ϕ(0)] .

The gravitational action plays the role of the generating functional of con-
nected correlators in the dual CFT, e.g. the one-point function

⟨O(x)⟩ = δIon−shell

δϕ(0)(x)

∣∣∣∣
ϕ(0)=0

To have a meaningful result, the gravitational action must have a well-posed
variational principle for the holographic sources.

1
Maldacena, hep-th/9711200; Gubser, Klebanov, Polyakov, hep-th/9802109; Witten hep-th/9802150.
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Renormalization in AdS

In D = d+ 1 dimensions, AlAdS spacetimes admit the expansion2

ds2 =
ℓ2

z2

[
dz2 + dxidxj

(
g
(0)
ij (x) +

z

ℓ
g
(1)
ij (x) +

z2

ℓ2
g
(2)
ij (x) +

z3

ℓ3
g
(3)
ij (x) + . . .

)]
.

In the case of Einstein-AdS gravity

I[gµν ] =
1

16πG

∫
M

dd+1x
√
|g|

(
R+

d(d− 1)

ℓ2

)
+

1

8πG

∫
∂M

ddx
√

|h|K ,

the coefficients are obtained by solving the EOM order by order in z, i.e.

g
(1)
ij = 0 , g

(2)
ij = − ℓ2

d− 2

(
R(0)

ij − 1

2(d− 1)
R(0)g

(0)
ij

)
, ...

The on-shell action and variations thereof are divergent for AlAdS spaces.

2
Fefferman and Graham, Élie Cartan et les Mathématiques d’Aujourdui, Asterisque (1985), 95-116; and

arXiv:0710.0919.
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The action can be rendered finite by adding boundary counterterms3

Ict =
1

8πG

∫
∂M

ddx
√
|h|

[
d− 1

ℓ
+

ℓ

2(d− 2)
R

+
ℓ3

2(d− 4)(d− 2)2

(
RijRij − d

4(d− 1)
R2

)
+ . . .

]
,

where Rij = Rij(h) and R = hijRij (Kostas Skenderis’ talk).

The variational principle is then

δ(I + Ict)
∣∣
EOM

=

∫
∂M

ddx
√

|h| T ijδhij ,

is well-posed for δhij |∂M = 0, where

T ij =
1

8πG
(Kij − hijK) +

δIct
δhij

.

3
Henningson, Skenderis hep-th/9806087 ; Balasubramanian, Kraus hep-th/9902121; Emparan, Johnson,

Myers, hep-th/9903238; de Haro, Solodukhin, Skenderis, hep-th/0002230; Bianchi, Freedman, Skenderis,

hep-th/0112119; Skenderis, hep-th/0209067.
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Invariance under boundary diffeomorphisms implies DiTij = 0. Then,

Q[ξ] =

∫
∞

dd−1x
√
|σ| viT i

j ξ
i ,

where vi is a time-like unit normal, and ξi an asymptotic Killing vector.

The holographic responses can be obtained by taking z → 0, giving

lim
z→0

δ(I + Ict)
∣∣
EOM

=

∫
∂M

ddx
√

|g(0)| τ
ij δg

(0)
ij ,

where, for d odd, the holographic stress tensor is

τij = lim
z→0

(
ℓd−2

zd−2
Tij

)
=

d

16πGℓ
g
(d)
ij .

The same correlators can be obtained in an alternative way.
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Conformal Gravity

Four-dimensional gravity theory with Weyl symmetry gµν → g′µν = e2Ω(x)gµν

ICG[gµν ] = α

∫
M

d4x
√

|g|Wµν
λρW

λρ
µν ,

where the Weyl and Schouten tensors are respectively defined by

Wµν
λρ = Rµν

λρ + 4 δ
[µ
[λS

ν]
ρ] and Sµ

ν =
1

2

(
Rµ

ν − 1

6
δµνR

)
.

Dirichlet boundary conditions for the holographic sources.4

Reduces to Einstein gravity for Neumann boundary condition5 ∂zg|z=0 = 0.
On-shell equivalent to renormalized Einstein-AdS gravity.6

4
D. Grumiller, M. Irakleidou, I. Lovrekovic, and R. McNees, 1310.0819.

5
Maldacena, 1105.5632; Anastasiou and Olea, 1608.07826.

6
Mišković and Olea, 0902.2082.
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Arbitrary variations

δICG = 4α

∫
M

d4x
√
|g| δgµνBµν +

∫
M

d4x
√

|g|∇µΘ
µ ,

where, defining the Cotton tensor Cµνλ = 2∇[λSν]µ, we have

Bµ
ν = ∇λCµ

νλ + Sρ
λW

µλ
νρ ,

Θµ = −4α (δgνσC
σµν +W ρσµν∇ρδgνσ) .

The on-shell variation is finite for weakened AdS boundary conditions7

lim
z→0

δICG

∣∣
EOM

=

∫
∂M

d3x
√

|g(0)|
(
τ ijδg

(0)
ij + P ijδg

(1)
ij

)
.

Weyl and diffeomorphism invariance imply (ψ(n)
ij := g

(n)
ij − 1

3g
(0)
ij g

(n))

g
(0)
ij τ

ij +
1

2
ψ
(1)
ij P

ij = 0 , g
(0)
ij P

ij = 0 , D(0)
i

(
τ ij + P ikg

(1)
jk

)
= 1

2P
ikDj

(0)g
(1)
ik .

7
Grumiller, Irakleidou, Lovrekovic, McNees, 1310.0819
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The holographic responses are8

τij = −

[
2

ℓ

(
E

(3)
ij +

1

3
E

(2)
ij tr g(1)

)
− 4

ℓ
E

(2)
ij ψ

(1)k
j +

1

ℓ
g
(0)
ij E

(2)
kl ψ

kl
(1)

+
1

2ℓ3
ψ
(1)
ij ψ

(1)
kl ψ

kl
(1) −

1

ℓ3
ψ
(1)
kl

(
ψ
(1)k
j ψ

(1)l
j − 1

3
g
(0)
ij ψ

(1)k
m ψlm

(1)

)]
− 4Dk

(0)B
(1)
ijk + i↔ j ,

Pij =
4

ℓ
E

(2)
ij ,

where the electric and magnetic parts of the Weyl tensor are defined as

Eij = nαn
βWα

iβj = E
(2)
ij +

z

ℓ
E

(3)
ij + · · · ,

Bijk = nαW
α
ijk =

ℓ

z
B

(1)
ijk +B

(2)
ijk + · · · ,

whose specific form in terms of the FG coefficients are known.8

8
D. Grumiller, M. Irakleidou, I. Lovrekovic, and R. McNees, 1310.0819.
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Einstein-AdS spaces (Sµ
ν = − 1

2ℓ2 δ
µ
ν ) are Bach-flat, since

Bµ
ν = ∇λCµ

νλ + Sρ
λW

µλ
νρ

= − 1

2ℓ2
δρλW

µλ
νρ = 0 .

The Weyl tensor evaluated on Einstein spaces is

Wµν
λρ

∣∣
E
= Rµν

λρ +
1

ℓ2
δµνλρ .

Choosing the coupling α = ℓ2

64πG and using the identity

Wµν
λρW

λρ
µν =

1

4
δµ1...µ4
ν1...ν4 W

ν1ν2
µ1µ2

W ν3ν4
µ3µ4

,

the Conformal Gravity action evaluated on Einstein spaces becomes9

ICG

∣∣
E
=

1

16πG

∫
M

d4x
√
|g|

[
R+

6

ℓ2
+
ℓ2

4

(
R2 − 4Rµ

νR
ν
µ +Rµν

λρR
λρ
µν

)]
.

It is finite for AlAdS spaces (Nicolas Boulanger’s talk).10

9
Maldacena, 1105.5632; Anastasiou and Olea, 1608.07826.

10
Aros, Contreras, Olea, Troncoso, Zanelli, gr-qc/9909015 .
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It is finite for AlAdS spaces (Nicolas Boulanger’s talk).10

9
Maldacena, 1105.5632; Anastasiou and Olea, 1608.07826.

10
Aros, Contreras, Olea, Troncoso, Zanelli, gr-qc/9909015 .

Cristóbal Corral (UAI) Gravitational instantons with weakened AdS asymptotics Corfu, September 6 – 13, 2026



Einstein-AdS spaces (Sµ
ν = − 1

2ℓ2 δ
µ
ν ) are Bach-flat, since

Bµ
ν =�����∇λCµ

νλ + Sρ
λW

µλ
νρ = − 1

2ℓ2
δρλW

µλ
νρ = 0 .

The Weyl tensor evaluated on Einstein spaces is

Wµν
λρ

∣∣
E
= Rµν

λρ +
1

ℓ2
δµνλρ .

Choosing the coupling α = ℓ2

64πG and using the identity

Wµν
λρW

λρ
µν =

1

4
δµ1...µ4
ν1...ν4 W

ν1ν2
µ1µ2

W ν3ν4
µ3µ4

,

the Conformal Gravity action evaluated on Einstein spaces becomes9

ICG

∣∣
E
=

1

16πG

∫
M

d4x
√
|g|

[
R+

6

ℓ2
+
ℓ2

4

(
R2 − 4Rµ

νR
ν
µ +Rµν

λρR
λρ
µν

)]
.

It is finite for AlAdS spaces (Nicolas Boulanger’s talk).10

9
Maldacena, 1105.5632; Anastasiou and Olea, 1608.07826.

10
Aros, Contreras, Olea, Troncoso, Zanelli, gr-qc/9909015 .

Cristóbal Corral (UAI) Gravitational instantons with weakened AdS asymptotics Corfu, September 6 – 13, 2026



Einstein-AdS spaces (Sµ
ν = − 1

2ℓ2 δ
µ
ν ) are Bach-flat, since

Bµ
ν =�����∇λCµ

νλ + Sρ
λW

µλ
νρ = − 1

2ℓ2
δρλW

µλ
νρ = 0 .

The Weyl tensor evaluated on Einstein spaces is

Wµν
λρ

∣∣
E
= Rµν

λρ +
1

ℓ2
δµνλρ .

Choosing the coupling α = ℓ2

64πG and using the identity

Wµν
λρW

λρ
µν =

1

4
δµ1...µ4
ν1...ν4 W

ν1ν2
µ1µ2

W ν3ν4
µ3µ4

,

the Conformal Gravity action evaluated on Einstein spaces becomes9

ICG

∣∣
E
=

1

16πG

∫
M

d4x
√
|g|

[
R+

6

ℓ2
+
ℓ2

4

(
R2 − 4Rµ

νR
ν
µ +Rµν

λρR
λρ
µν

)]
.

It is finite for AlAdS spaces (Nicolas Boulanger’s talk).10

9
Maldacena, 1105.5632; Anastasiou and Olea, 1608.07826.

10
Aros, Contreras, Olea, Troncoso, Zanelli, gr-qc/9909015 .

Cristóbal Corral (UAI) Gravitational instantons with weakened AdS asymptotics Corfu, September 6 – 13, 2026



Einstein-AdS spaces (Sµ
ν = − 1

2ℓ2 δ
µ
ν ) are Bach-flat, since

Bµ
ν =�����∇λCµ

νλ + Sρ
λW

µλ
νρ = − 1

2ℓ2
δρλW

µλ
νρ = 0 .

The Weyl tensor evaluated on Einstein spaces is

Wµν
λρ

∣∣
E
= Rµν

λρ +
1

ℓ2
δµνλρ .

Choosing the coupling α = ℓ2

64πG and using the identity

Wµν
λρW

λρ
µν =

1

4
δµ1...µ4
ν1...ν4 W

ν1ν2
µ1µ2

W ν3ν4
µ3µ4

,

the Conformal Gravity action evaluated on Einstein spaces becomes9

ICG

∣∣
E
=

1

16πG

∫
M

d4x
√
|g|

[
R+

6

ℓ2
+
ℓ2

4

(
R2 − 4Rµ

νR
ν
µ +Rµν

λρR
λρ
µν

)]
.

It is finite for AlAdS spaces (Nicolas Boulanger’s talk).10

9
Maldacena, 1105.5632; Anastasiou and Olea, 1608.07826.

10
Aros, Contreras, Olea, Troncoso, Zanelli, gr-qc/9909015 .

Cristóbal Corral (UAI) Gravitational instantons with weakened AdS asymptotics Corfu, September 6 – 13, 2026



Einstein-AdS spaces (Sµ
ν = − 1

2ℓ2 δ
µ
ν ) are Bach-flat, since

Bµ
ν =�����∇λCµ

νλ + Sρ
λW

µλ
νρ = − 1

2ℓ2
δρλW

µλ
νρ = 0 .

The Weyl tensor evaluated on Einstein spaces is

Wµν
λρ

∣∣
E
= Rµν

λρ +
1

ℓ2
δµνλρ .

Choosing the coupling α = ℓ2

64πG and using the identity

Wµν
λρW

λρ
µν =

1

4
δµ1...µ4
ν1...ν4 W

ν1ν2
µ1µ2

W ν3ν4
µ3µ4

,

the Conformal Gravity action evaluated on Einstein spaces becomes9

ICG

∣∣
E
=

1

16πG

∫
M

d4x
√
|g|

[
R+

6

ℓ2
+
ℓ2

4

(
R2 − 4Rµ

νR
ν
µ +Rµν

λρR
λρ
µν

)]
.

It is finite for AlAdS spaces (Nicolas Boulanger’s talk).10

9
Maldacena, 1105.5632; Anastasiou and Olea, 1608.07826.

10
Aros, Contreras, Olea, Troncoso, Zanelli, gr-qc/9909015 .

Cristóbal Corral (UAI) Gravitational instantons with weakened AdS asymptotics Corfu, September 6 – 13, 2026



Using the Chern-Gauss-Bonnet theorem∫
M

d4x
√
|g| G = 32π2χ(M) +

∫
∂M

d3x
√

|h| B ,

where χ(M) is the Euler characteristic and B is the Chern form

B = 4 δi1i2i3j1j2j3
Kj1

i1

(
1

2
Rj2j3

i2i3
(h)− 1

3
Kj2

i2
Kj3

i3

)
,

one can show that, after a FG expansion, the holographic stress tensor is11

lim
z→0

δI
(ren)
EH

∣∣∣
EOM

=
1

2

∫
d3x

√
|g(0)| τijδg

ij
(0) , where τij =

3

16πGℓ
g
(3)
ij .

Embedding Einstein-AdS gravity in Conformal Gravity provides the
suitable counterterms to renormalize the action and variations thereof.

It has been shown up to 8D (Nicolas Boulanger’s talk).12

11
Mišković and Olea, 0902.2082; Anastasiou, Mišković, Olea, Papadimitriou 2003.06425.

12
Anastasiou, Araya, Olea 2010.15146; Anastasiou, Araya, Corral, Olea 2308.09140; Anastasiou, Araya,

Boulanger, Olea, Rovere 2607.03679.
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A conformally-Einstein space satisfies gµν = e2Ω(x)ḡµν , where R̄µν = − 3
ℓ2
ḡµν .

Theorem:13 A four-dimensional spacetime is conformally Einstein iff

Bµν = 0 and Cλµν + V ρWµνλρ = 0 ,

where ∇µΩ := Vµ = 4W λρ
σµCσ

λρ/W
2 and W 2 =WµνλρW

µνλρ ̸= 0.

For instance, the Riegert black hole14

ds2 = −f(r)dt2 + dr2

f(r)
+ r2dΩ2 , f(r) = 1− 3βγ − (2− 3βγ)β

r
+ γr − kr2 ,

with β, γ, k integration constants, is conformally related to Schwarzschild BH.15

Although they are locally related, their global properties may differ.16

Non-conformally Einstein spaces have been found.17

13
Kozameh, Newman, Tod, Gen.Rel.Grav. 17 (1985) 343-352.

14
Riegert, Phys.Rev.Lett. 53 (1984) 315-318.

15
Schmidt, gr-qc/9905103.

16
Flores-Alfonso, 2412.08734.

17
Nurowski and Plebanski, gr-qc/0007017; Liu, Lu, Pope, Vázquez-Poritz, 1303.5781.
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Flores-Alfonso, 2412.08734.
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Nurowski and Plebanski, gr-qc/0007017; Liu, Lu, Pope, Vázquez-Poritz, 1303.5781.
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Self duality in Conformal Gravity

The Euclidean Conformal Gravity action can be rewritten as18

ICG = α

∫
M

d4x
√

|g|Wµν
λρW

λρ
µν

=
α

2

∫
M

d4x
√

|g|
(
Wµν

λρ ± W̃µν
λρ

)2
∓ 16π2αP1[M] ,

where W̃µνλρ = 1
2εµναβW

αβ
λρ and the Chern-Pontryagin index is defined as

P1[M] =
1

16π2

∫
M

d4x
√

|g| R̃µν
λρR

λρ
µν ,

Therefore, (anti-)self-dual configurations saturate the bound

ICG ± 16π2αP1[M] =
α

2

∫
M

d4x
√
|g|

(
Wµν

λρ ± W̃µν
λρ

)2
≥ 0 .

18
Deser and Nepomechie, PLA 97 (1983) 329; Strominger, Horowitz, Perry, NPB 238 (1984) 653.

Cristóbal Corral (UAI) Gravitational instantons with weakened AdS asymptotics Corfu, September 6 – 13, 2026



Self duality in Conformal Gravity

The Euclidean Conformal Gravity action can be rewritten as18

ICG = α

∫
M

d4x
√

|g|Wµν
λρW

λρ
µν

=
α

2

∫
M

d4x
√
|g|

(
Wµν

λρ ± W̃µν
λρ

)2
∓ 16π2αP1[M] ,

where W̃µνλρ = 1
2εµναβW

αβ
λρ and the Chern-Pontryagin index is defined as

P1[M] =
1

16π2

∫
M

d4x
√

|g| R̃µν
λρR

λρ
µν ,

Therefore, (anti-)self-dual configurations saturate the bound

ICG ± 16π2αP1[M] =
α

2

∫
M

d4x
√
|g|

(
Wµν

λρ ± W̃µν
λρ

)2
≥ 0 .

18
Deser and Nepomechie, PLA 97 (1983) 329; Strominger, Horowitz, Perry, NPB 238 (1984) 653.

Cristóbal Corral (UAI) Gravitational instantons with weakened AdS asymptotics Corfu, September 6 – 13, 2026



Self duality in Conformal Gravity

The Euclidean Conformal Gravity action can be rewritten as18

ICG = α

∫
M

d4x
√

|g|Wµν
λρW

λρ
µν

=
α

2

∫
M

d4x
√
|g|

(
Wµν

λρ ± W̃µν
λρ

)2
∓ 16π2αP1[M] ,

where W̃µνλρ = 1
2εµναβW

αβ
λρ and the Chern-Pontryagin index is defined as

P1[M] =
1

16π2

∫
M

d4x
√
|g| R̃µν

λρR
λρ
µν ,

Therefore, (anti-)self-dual configurations saturate the bound

ICG ± 16π2αP1[M] =
α

2

∫
M

d4x
√
|g|

(
Wµν

λρ ± W̃µν
λρ

)2
≥ 0 .

18
Deser and Nepomechie, PLA 97 (1983) 329; Strominger, Horowitz, Perry, NPB 238 (1984) 653.

Cristóbal Corral (UAI) Gravitational instantons with weakened AdS asymptotics Corfu, September 6 – 13, 2026



Theorem:19 Let g be a Riemannian metric with (anti-)self-dual Weyl ten-
sor. Then, the conformal class of g contains a Ricci-flat metric iff

P := 4CµνλC
µνλ − VµV

µWαβγδW
αβγδ = 0 ,

Tµν := Sµν +∇µVν + VµVν −
1

2
gµνVλV

λ = 0.

In the following, an example beyond the LeBrun metric is presented.20

19
M. Dunajski, P. Tod, Commun. Math. Phys. 331 (2014) 351.

20
LeBrun, J. Diff. Geom. 34 (1991) 223.
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Taub-NUT with weakened AdS asymptotics

The Euclidean Taub-NUT in Conformal Gravity

ds2 = f(r) (dτ + 2n cos θdϕ)2 +
dr2

f(r)
+
(
r2 − n2

) (
dθ2 + sin2 θdϕ2

)
,

where the metric function determined by Bµν = 0 is21

f(r) =
r2 + n2

r2 − n2
− 2mr

r2 − n2
+
r4 − 6n2r2 − 3n4

ℓ2(r2 − n2)
+
a
(
r2 + n2

3

)
r2 − n2

+
br3

r2 − n2
.

Here, m, ℓ, a, and b being integration constants subject to

6bℓ2m+ ℓ2a2 + 2ℓ2a− 8an2 = 0 .

The asymptotic behavior as r → ∞ is

f(r) =
r2

ℓ2
+ br + 1− 5n2

ℓ2
+ a+

bn2 − 2m

r
+O

(
r−2

)
.

21
Liu, Lu, 1212.6264; CC, Giribet, Olea, 2105.10574.
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There is a curve in parameter space where Wµν
λρ = ±W̃µν

λρ , i.e.

m = ± n

G

(
1− 4n2

ℓ2
+
a

2

)
and a = ∓3bn .

Then, the metric becomes22

f(r) =
r − n

r + n
+
b(r − n)2

r + n
+

(3n+ r)(r − n)2

(r + n)ℓ2
,

which is regular at r = n as long as τ ∼ τ + 8πn.

The Euclidean on-shell action is I = ±16π2αP1[M], where

P1[M] = 2− 16n2

ℓ2

(
1− 2n2

ℓ2

)
+ 4b2n2 .

The metric is non-conformally Ricci-flat, since P = 0 and23

Tµν = − [(bn− 1)ℓ2 + 4n2][(bℓ2 + 4n2)2 − 4ℓ2]

2ℓ2[8n2 + 3bℓ2n− ℓ2(br + 2)]2
gµν .

22
CC, Giribet, Olea, 2105.10574.

23
CC, Diez, Papantonopoulos 2510.11854.
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There is a curve in parameter space where Wµν
λρ = ±W̃µν

λρ , i.e.

m = ± n

G

(
1− 4n2

ℓ2
+
a

2

)
and a = ∓3bn .

Then, the metric becomes22

f(r) =
r − n

r + n
+
b(r − n)2

r + n
+

(3n+ r)(r − n)2

(r + n)ℓ2
,

which is regular at r = n as long as τ ∼ τ + 8πn.

The Euclidean on-shell action is I = ±16π2αP1[M], where

P1[M] = 2− 16n2

ℓ2

(
1− 2n2

ℓ2

)
+ 4b2n2 .

The metric is non-conformally Ricci-flat, since P = 0 and23

Tµν = − [(bn− 1)ℓ2 + 4n2][(bℓ2 + 4n2)2 − 4ℓ2]

2ℓ2[8n2 + 3bℓ2n− ℓ2(br + 2)]2
gµν .

22
CC, Giribet, Olea, 2105.10574.

23
CC, Diez, Papantonopoulos 2510.11854.
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Holographic vorticity of Bach-flat Taub-NUT

Consider the Lorentzian Bach-flat Taub-NUT metric

ds2 = −f(r)(dt+ 2n(cosϑ+ C)dφ)2 +
dr2

f(r)
+ (r2 + n2)dΩ2

(2) ,

which can be obtained from the Euclidean metric via τ → it and n→ in,

f(r) =
r2 − n2

r2 + n2
− 2mr

r2 + n2
+
r4 + 6n2r2 − 3n4

ℓ2(r2 + n2)
+
a
(
r2 − n2

3

)
r2 + n2

+
br3

r2 + n2
.

We map this solution into the FG gauge via a radial diffeomorphism

r =
ℓ

z
+
bℓ2

2
+

[
5

4
n2 +

ℓ

16

(
b2ℓ2 − 4(a+ 1)

)]
z +

1

6

(
2m+ bn2ℓ2

)
z2

+ ℓ

[
n4 − bm

8
− n2

48

(
8a+ 3b2ℓ2 + 12

)]
z3 + . . .
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The FG coefficients, for n ≥ 1, can be written as24

g
(n)
ij = A(n) ui uj +B(n) hij ,

where u = ui∂i = ∂t is the 3-velocity, hij = γ
(0)
ij + uiuj is the transverse

projector, and, up to the holographic order, the coefficients are

A(1) = 0 , B(1) = −ℓ b

A(2) =
b2ℓ2

8
− a+ 1

2
− 5n2

2ℓ2
, B(2) =

3b2ℓ2

8
− a+ 1

2
− 3n2

2ℓ2
,

A(3) =
4m

3ℓ
+

2n2b

3ℓ
, B(3) =

2m

3ℓ
+
abℓ

4
− b3ℓ3

16
+

(3ℓ2 + 19n2)b

12ℓ
.

Notice that g(1)ij is nonvanishing as long as b ̸= 0.

24
CC, Diaz, Diez, Papantonopoulos, Sundell, 26XX.XXXXX.
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CC, Diaz, Diez, Papantonopoulos, Sundell, 26XX.XXXXX.
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The boundary metric (Nikolay Bobev’s talk)

ds2(0) = g
(0)
ij dxidxj = − (dt+ 2n(C + cosϑ)dφ)2 + ℓ2

(
dϑ2 + sin2 ϑdφ2

)
,

is not conformally flat, since its Cotton tensor is

C
(0)
ij :=

1

2
ε
(0)
ikl C

(0)kl
j =

n

ℓ4

(
1 +

4n2

ℓ2

)
(hij + 2uiuj) .

The Cotton tensor represents a conformal perfect fluid with vorticity,25

ωij := D(0)
[i uj] =

n

ℓ
ε
(0)
ijk u

k ̸= 0 ,

where ε(0)ijk is the Levi-Civita tensor of g(0)ij .

25
Leigh and Petkou, 0704.0531; Mansi, Petkou, Tagliabue, 0808.1212, 0808.1213; Leigh, Petkou, Petropoulos,

1108.1393 ; Bakas, 0809.4852, 0812.0152; Miskovic and Olea, 0902.2082; Caldarelli, Leigh, Petkou, Petropoulos,

Pozzoli, Siampos, 1206.4351; Mukhopadhyay, Petkou, Petropoulos, Pozzoli, Siampos, 1309.2310.
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The holographic response to g(0)ij is a non-ideal fluid26

τij = p (hij + 2uiuj)−
abℓ2

6n2
Πij ,

where the pressure and dissipative terms are given by

p =
4

ℓ4

[
m+

b

12

(
aℓ2 + 18n2

)]
and Πij = hmi h

n
j

(
ω k
m ωkn − 1

2
hmnωklω

kl

)
.

The partially massless response can be expressed as27

P i
j = − 2

ℓ3

[
ψi
(2)j −

1

4
g(1)ψ

i
(1)j + ℓ2

(
Ri

(0)j −
1

3
R(0)δ

i
j

)]
.

For the Bach-flat Taub-NUT metric, is

P i
j =

2a

3ℓ3

−2 0 −6n(C + cosϑ)
0 1 0
0 0 1

 .

26
CC, Diaz, Diez, Papantonopoulos, Sundell, 26XX.XXXXX.

27
Anastasiou, Araya, Olea, 2010.15146.
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Diffeomorphism invariance implies δξg(0)ij = Lξg
(0)
ij and δξg

(1)
ij = Lξg

(1)
ij , then

Q[ξ] =

∫
∞

d2x
√
|σ| viT i

j ξ
j , where T i

j = 2τ ij + 2P ikg
(1)
jk ,

For the Bach-flat Taub-NUT metric, conserved charges are28

Q[∂t] :=M = 16παℓ2p ,

Q[∂φ] := J = 32παℓ2Cnp = 2MCn ,

with p being the pressure of the holographic fluid, that is,

p =
4

ℓ4

[
m+

b

12

(
aℓ2 + 18n2

)]
.

28
CC, Diaz, Diez, Papantonopoulos, Sundell, 26XX.XXXXX.
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CC, Diaz, Diez, Papantonopoulos, Sundell, 26XX.XXXXX.

Cristóbal Corral (UAI) Gravitational instantons with weakened AdS asymptotics Corfu, September 6 – 13, 2026



Take-home messages

Gravitational instantons in Conformal Gravity provide an interesting sce-
nario for studying holographic vorticity of non-ideal fluids as a consequence
of their relaxed AdS boundary conditions.

Conformal Gravity is finite, and it has a well-posed variational principle
with Dirichlet boundary conditions for the two holographic sources, that is,
g(0)ij and g(1)ij .

The linear mode of non-Einstein Bach-flat metrics is captured by the con-
served charges, and it induces a dissipative term in the holographic stress
tensor.
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Thank you!
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