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WHAT’S MISSING IN NOETHER’S THEOREMS?

Idea: Discretization + Quantization = Classical symmetries/reps are “deformed” (Lie groups = quantum groups)

[Dupuis, Freidel, Girelli, Osumanu, Rennert, 2020]
[Han, Pan, Riello, Haggard, 2015]

Example: “quantum group spin networks” SU(2) — U,(su(2))

Question: Noether’s theorems don’t tell us when or how such deformations will occur. Why?




WHAT’S MISSING IN NOETHER’S THEOREMS?

Idea: Discretization + Quantization = Classical symmetries/reps are “deformed” (Lie groups = quantum groups)

[Dupuis, Freidel, Girelli, Osumanu, Rennert, 2020]
[Han, Pan, Riello, Haggard, 2015]

Example: “quantum group spin networks” SU(2) — U,(su(2))

Question: Noether’s theorems don’t tell us when or how such deformations will occur. Why?

Answer: Lie group/Noether symmetries and reps are NOT the classical signature of quantum groups. The classical
signature of a quantum group is a Poisson-Lie (PL) group. [Chari, Pressley, 1995]




WHAT’S MISSING IN NOETHER’S THEOREMS?

Idea: Discretization + Quantization = Classical symmetries/reps are “deformed” (Lie groups = quantum groups)

[Dupuis, Freidel, Girelli, Osumanu, Rennert, 2020]
[Han, Pan, Riello, Haggard, 2015]

Example: “quantum group spin networks” SU(2) — U,(su(2))

Question: Noether’s theorems don’t tell us when or how such deformations will occur. Why?

Answer: Lie group/Noether symmetries and reps are NOT the classical signature of quantum groups. The classical
signature of a quantum group is a Poisson-Lie (PL) group. [Chari, Pressley, 1995]

L Poisson-Lie GI‘OUDS [Lu, Weinstein ,1990], [Chari, Pressely, 1995] A
1. Lie group G with “compatible” Poisson structure g : 2. Canonical non-Abelian notion of 8* and G*: =
g = (RB, -I—) with {IE»,;,mj} = €ijkTk (g,’ﬂ'g) = (915) a€g, X; € g*
\_ =:>{£C3‘—|—CL?;,$5; -|—ij} = e@jk(mk—l—ak) ==>-<5((I),X1®X2) - ((]{, [Xl:XQ]*)




WHAT’S MISSING IN NOETHER’S THEOREMS?

Idea: Discretization + Quantization = Classical symmetries/reps are “deformed” (Lie groups = quantum groups)

[Dupuis, Freidel, Girelli, Osumanu, Rennert, 2020]
[Han, Pan, Riello, Haggard, 2015]

Example: “quantum group spin networks” SU(2) — U,(su(2))

Question: Noether’s theorems don’t tell us when or how such deformations will occur. Why?

Answer: Lie group/Noether symmetries and reps are NOT the classical signature of quantum groups. The classical
signature of a quantum group is a Poisson-Lie (PL) group. [Chari, Pressley, 1995]

. . [Lu, Weinstein ,1990], [Chari, Pressely, 1995]
 Poisson-Lie Groups - )y
1. Lie group G with “compatible” Poisson structure 7g : 2. Canonical non-Abelian notion of 8 and G*: '
G =(R>+) with {zi,z;} = €;jnTh (G,mg) = (8,0) aecg, X;eg
“,2 \ ::}{:EZ —I—qu;,mj -|—a,j} = e@jk(:c;g —I—G,;g) ::><6(a)!X1 ®X2) = ((]{, [Xl:XQ]*)

~ Recall: Noether always says g* is Abelian ([-,-], = 0 < g = 0)




WHAT’S MISSING IN NOETHER’S THEOREMS?

Idea: Discretization + Quantization = Classical symmetries/reps are “deformed” (Lie grou ps@quantum groups)

[Dupuis, Freidel, Girelli, Osumanu, Rennert, 2020]
[Han, Pan, Riello, Haggard, 2015]

Example: “quantum group spin networks” SU(2) — U,(su(2))

Question: Noether’s theorems don’t tell us when or how such deformations will occur. Why?

Answer: Lie group/Noether symmetries and reps are NOT the classical signature of quantum groups. The classical
signature of a quantum group is a Poisson-Lie (PL) group. [Chari, Pressley, 1995]

. . [Lu, Weinstein ,1990], [Chari, Pressely, 1995]
 Poisson-Lie Groups - )y
1. Lie group G with “compatible” Poisson structure 7g : 2. Canonical non-Abelian notion of 8 and G*: '
G =(R>+) with {zi,z;} = €;jnTh (G,mg) = (8,0) aecg, X;eg
“,2 \ ::}{:EZ —I—qu;,mj -|—a,j} = e@jk(:c;g —I—G,;g) ::><6(a)!X1 ®X2) = ((]{, [Xl:XQ]*)

~ Recall: Noether always says g* is Abelian ([-,-], = 0 < g = 0)

Extend Noether to PL groups — new charges & new symmetries!




BEYOND NOETHER: POISSON-LIE SYMMETRIES

[Blohmann, 2023] [Wald, Zoupas, 2000]

Input /[ Cov. Phase Space N
[Takens, 1979]

cF -
2 dL = Egrdp + db 0= / n’udaﬂ
L(p,0p,...) E—) )y

Q: g X(F) (@, L) L o2 = <Q,a>j




BEYOND NOETHER: POISSON-LIE SYMMETRIES
[Blohmann, 2023] [Wald, Zoupas, 2000] 7
nou Cov. Phase Space Q=d¢ = [9(99) = Q } @
et /[ = /[Lg(a)z — V. (R*,a) /m

[Takens, 1979]

peF dl = Egrdyp + db ) = / n“dé”"’
E(Sﬁ,a‘P: » ) > by

Q: g X(F) (@, L) L o2 = <Q,a>j




BEYOND NOETHER: POISSON-LIE SYMMETRIES

Input

peF

L(p,0p,...)
C:gr— X(F)

[Blohmann, 2023] [Wald, Zoupas, 2000]

[Takens, 1979]
dL = Egrdp + db

——
(d, 8, L)

/[ Cov. Phase Space

Q=/n“d6”"
>

N

i aQZ y
_ fe@ (Q Of)/

®
Q=‘dq==>[q(99)= Q}
/H_Q(Q‘)L:V.u,<R'u,O[> /990 @

Lo(a)€EL = 0

\Q =Q'dQ = [Q(w) = Pexp(/w Q)}@




BEYOND NOETHER: POISSON-LIE SYMMETRIES

[Blohmann, 2023] [Wald, Zoupas, 2000]

Input /[ Cov. Phase Space

[Takens, 1979]

cF -
2 dL = Egrdp + db 0= / n“daﬂ
L(p,0p,...) E—) )y

\

Q: g X(F) (@, L) L o2 = <Q,a>j

Q: When Does Case @ Occur?

Lo(a)€EL = 0

\Q — Q0 ldQ =

52
Q=‘dq==>[q(<ﬁ)= Q}
/"-G(GOLZV,L(R“,OJ) /<P0 @

[Q(w) — Pexp( / ’ Q)}@




BEYOND NOETHER: POISSON-LIE SYMMETRIES

Input /[ Cov. Phase Space

[Takens, 1979]

cF -
2 dL = Egrdp + db 0= / n“daﬂ
L(p,0p,...) E—) )y

\

Q: g X(F) (@, L) L o2 = <Q,a>j

Q: When Does Case @ Occur?

@ — ﬂ_@(a)Q =0| q:FeL = ¢" V.S.

[Blohmann, 2023] [Wald, Zoupas, 2000] 7
/Q=dq==>[q(w)=/ Q}@
Loyl = V. (R*, @) £

Lo(a)€EL = 0

\Q =Q'dQ = [Q(w) = Pexp(/(p Q)}@

@ = [[L@(Q)Q = —;([Q,Q]*,aﬂ Q: FeL = G




BEYOND NOETHER: POISSON-LIE SYMMETRIES
[Blohmann, 2023] [Wald, Zoupas, 2000] 7
nou Cov. Phase Space Q=d¢ = {Q(W) = Q ] @
et /[ = /[Lg(a)z — V. (R*,a) /m

[Takens, 1979]

e F dL = Egrdyp + db _
' ELdp + (= / n“dﬁ”"’
L(p,0p,...) E—) by Lo(a)&rr = 0

" o Y
0:gm X(F)| Ot | @@= (R ) \Q = Q ldQ = [Q((p) = Pexp([oo Q)]@
Q: When Does Case @ Occur?

. 1
@ — ﬂ_@(a)Q =0 q:FgL — ¢ V.S. @ = [ﬂ—@(a)Q = _2<[Q:Q]*:aﬂ Q:FeL =G

A: Need g" non-Abelian!

(need Poisson-Lie groups!)




BEYOND NOETHER: POISSON-LIE SYMMETRIES

[Blohmann, 2023] [Wald, Zoupas, 2000]

Input /[ Cov. Phase Space

[Takens, 1979]

cF -
2 dL = Egrdp + db 0= / n“daﬂ
L(p,0p,...) E—) ¥

R

Q: g X(F) (@, L) L o2 = <Q,a)j

Q: When Does Case @ Occur?
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[Blohmann, 2023] [Wald, Zoupas, 2000] 7
Input /[ Cov. Phase Space R/ Q=d¢g = [Q(W) :f Q} @

[Takens, 1979] Loe)£ = V(R 0) 2
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Q: When Does Case @ Occur?

. 1
@ — ﬂ_@(a)Q =0 q:FgL — ¢ V.S. @ = [ﬂ—@(a)Q = _2<[Q:Q]*:a’ﬂ Q:FeL =G

A: Need g* non-Abelian! (Girelli, C.P., Riello, 2025]

(need Poisson-Lie groups!) Poisson-Lie Symmetry

1. ﬂ—@(a)gEL ~ 0

Punchline: Poisson-Lie symmetries
genuinely extend Noether’s notions!

2. ﬁ@(a)Q — (Q—ldQ: Oé) "—@(a)f’ 7& V;L(Rﬂt(l")

Remark: If 8" is Abelian, Noether’s
notions are recovered!

— Q=Q 'dQ=dg




2 D D I I- AT O N G R A V I T Y P T e 1 [Girelli, C.P., Riello, 2025]

«  Many well known field theories have PL symmetries! ("2ticles strings, 3D gravity, spin chains, etc...) el severs, 907
y y *  (curved/non-cotangent phase space) [Babelon, Bernard, 1991]

[Many more...]
(dual to Schwarzian/conformal particle)

* Focus on 2D Dilaton Gravity: Topological, holographic, describes near horizon physics of near extremal
BH’s in higher dimensions,

Spclg, ®;U(®)] = — :
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«  Many well known field theories have PL symmetries! ("2ticles strings, 3D gravity, spin chains, etc...) el severs, 907
y y *  (curved/non-cotangent phase space) [Babelon, Bernard, 1991]

[Many more...]
(dual to Schwarzian/conformal particle)

* Focus on 2D Dilaton Gravity: Topological, holographic, describes near horizon physics of near extremal
BH’s in higher dimensions,
Spclg, ®;U(®)] = —

[Mertens, Turiaci, 2023], [Ikeda, 1993]
* Change to first order formalism:

Spclg, @;U(®)] = SisX, A4;n(X)] (X)) = (X% X, @) (A1) = (eo,€1,w)

1
167G N

/ (2R +U(@)) + bdry terms
M

where 77 (X) is a Poisson bracket encoding U (®):

[WOII{XO,XI}: U(Zq:)), ﬂ_a2:{Xa,q)}:€abXb]

Remark: **Choices of U(®), equivalently 777 (X) , define the model (e.g. JT gravity, Liouville, etc)**

So which of them have Poisson-Lie symmetries?
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qy = XIyI, {XI, XJ} = ’ﬂ'IJ(X), dC(X) ~ 0 | (note special case 7'/ (X) = &'/ g X¥)

* Holds for any ’H'IJ(X) (any U(®)), but only certainU(®) have “physical” properties:iGireli, C.P., Riello, zwikel, 20Xx]
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* Punchline 1: Only 2 non-trivial classes of compatible models:* *—— and a Jordanian “twist” case

U(®) = —AD

(Flat A =0,JTA = —2, or De-Sitter A = 2 Gravity)

{U(@) ) isinh(27r52¢>) }

b2

(Liouville gravity, g-schwarzian)
[Blommaert, Mertens, Yao, 2023]

* Punchline 2: Demand @® is also the defining property of PL groups, so these Dilaton gravity models
will have Poisson-Lie symmetries!
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* Q: Should we guantize this symmetry?
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* Q: Should we guantize this symmetry?
* Yes? Because the PL symmetry is global, not gauge, and admits an exact
Ward identity in the JT path integral.
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Example (JT Gravity): U ((I)) — 2P [Mertens, Turiaci, 2023], [Girelli, C.P., Riello, Zwikel, 20XX]
e JT gravity< SL(2,R) BF theory (+boundary terms). EOM have solutions:

A ~ —(dEE_l)I, EE COO(M, SL(2, |R)), X1~ (EI> X(O))I, dX(O) =0

. . . . 1 .
e Su perselectlon sectors arise accordlng to value of gauge Casimir C = —XIXI (ru mass of spacetlme)
[Constantinidis, Piguet, Perez, 2009] 2

* However, there’s an additional (global) symmetry of the PL type, which can change the magnitude and

sign of the mass, hence moving us between these “distinct” solution sectors: X, C(X) = ma
6§XI — (E > a)I: acg, 62‘41 =0 X', C(X") =mg y
0 1 ~ 15 Local geometry ‘
i ~ B is unchanged!
IgR (a) 87TGN s (Of, 4 tdg) is unchange X ) —

* Q: Should we guantize this symmetry?

* Yes? Because the PL symmetry is global, not gauge, and admits an exact
Ward identity in the JT path integral.

 No? Because what is the physical meaning of such a transformation?



POISSON-LIE SYMMETRIES IN JT GRAVITY PT. 2

Example (JT Gravity): U(®) =2 (Girelii P, Riello, zwikel, 20xX] Poisson-Lie Symmetry

0BXT = (I>a) :=al,acg, 6FA; =0

1. l]—@(a)gEL ~ 0

2. B(a)2 = (Q@7dQ, @)

[Girelli, C.P., Riello, 2025]
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Example (JT Gravity): U (cI)) — 2@ [Girelli, C.P., Riello, Zwikel, 20XX]

0BXT = (I>a) :=al,acg, 6FA; =0

e Path integral (Euclidean), with some gauge fixing procedure on A:

Z = f DXDAe S HATXA [ A]

Poisson-Lie Symmetry

1. l]—@(a)gEL ~ 0

2. B(a)2 = (Q@7dQ, @)

[Girelli, C.P., Riello, 2025]
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Example (JT Gravity): U(®) =2 (Girelii P, Riello, zwikel, 20xX] Poisson-Lie Symmetry

SEXT =(U>a) :=al,aeg, 6FA; =0
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1. l]—@(a)gEL ~ 0

SEXT =(U>a) :=al,aeg, 6FA; =0
e Path integral (Euclidean), with some gauge fixing procedure on A: 2. ﬁ@(a)Q = (Q_lan @)
Z = / DXDAe S1etPOATOIA ([ A] (Girelli, C.P., Riello, 2025]

* Want to calculate Ward identity. Measure is invariant under PL symmetry:
XT:=XxT+al, A}:=A; = DX'DA' =DXDA
e So, for operators supported on the boundary, we find

O.’I

(6RO[X, A]) = (01X, A)6ES 1| X, A; n(X)]) = [<5§ OlX, A) =  8rGy o4 f{aM

d'r(flarf);ﬂ

* Conjecture,

(6EO[X, A]) x x(M){O[X, A]) + corrections?

. . . . [Mertens, Turiaci, 2023]
from saddle-approximation evidence, the relation between X and the mass, and classical results.
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* Result 1: Demanding a good notion of charge “addition” in 2D dilaton gravity is equivalent to demanding

some PL group structure, and only 2 classes of models were compatible V.

* Result 2: Such models (e.g., JT) possess a global PL symmetry in addition to their usual gauge symmetry V.
* InJT, the PL symmetry can shift the mass of the spacetime without changing the local geometry. In y
other words, the gauge Casimir is not invariant under the PL symmetry.
* Q: What does this mean for the “structure” of the theory, classically? Quantum? Stability?
Implications for no hair and no global symmetry conjectures?

e Outlook: Can these methods be used to derive from the action, instead of taking as an ansatz, the right

non-commutative structure of GR? (1+1d and 2+1d “well” understood, look forward to 3+1d).
[Girelli, C.P., Riello, Zwikel, 20XX] [Dupuis, Girelli, Freidel, Osumanu, Rennert, 2020]
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o, POISSON-LIE GROUPS

[Babelon, Bernard, 1992] —

Definition: A Poisson-Lie group is a Lie group G with a Poisson bracket mg that is compatible (equivariant)

with respect to the group structure. (Deformation quantization of a PL group gives quantum group [Chari, Pressley, 1994])
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== So where does (g%, [, *].) non-Abelian come from? Look infinitesimally!
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l [This picture is symmetric G g*!] I — g =0 [*a *]* =0
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Note: PL groups are extremely common, e.g. when configuration space/phase space has a group structure.
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