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•Sine-Liouville gravity = sine-Gordon matter 
coupled to 2D gravity: studied for 30+ years 
(Moore '92; Hsu–Kutasov ’93) 	

•Related (for  or ) by the FZZ 
duality to the Euclidean black hole (cigar) CFT,  a 
rare solvable window on black-hole backgrounds 
in string theory.	

•Holographic dual for Sine-Liouville gravity: Matrix 
Quantum Mechanics (MQM) perturbed by 
winding or momentum condensates (Toda 
integrability). Claim [KKK, 2001]: Euclidean black 
hole emerges at the extremity of the flow 
generated by  the perturbation.	

• This work: an alternative holographic dual with a 
neat statistical interpretation — the 7-vertex 
model on dynamical planar graphs. Main 
observation: the compactification radius 
renormalises along the flaw. E.g. 

. ==> The KKK 
proposal must be reconsidered.

R = 3/2 Rdual = 2/3

R = 2/3 → Rend−of−flow = 1/3

Plan:
1.  sine-Gordon & sine-Liouville phases
2.  the 7-vertex model & its matrix dual
3.  spectral curve, EOS, phase diagram
4.  disk amplitudes: new kind of branes
5.  comparison with MQM / 2D strings

Intro 

Asymptotically flat 
cylinder of radius R

tip= 
Euclidean 
horizon

Euclidean 2D  BH:
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The 7-vertex model on flat/random lattice = solvable discretisation of the 
Sine-Gordon model without/with coupling to gravity. 

The 7-vertex model unveils a connection we have missed in 2001: 

The flow from Liouville gravity to Sine-Liouville theory is the gravitational 
analogue of the massless RG flow in the Sine-Gordon theory for 
purely imaginary mass coupling constant 
[Fendley–Saleur–Al. Zamolodchikov ’93]. 

This analogy leads to new understanding with important consequences 
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RG flows in Sine-Gordon QFT
SG model= free compactified boson  ( ) perturbed by a pair of exponentials:φ = φ + π

𝒜SG[φ] = ∫
d2x
4π [(∂μφ)

2
+ t cos ( 2

R
φ)]

  Coulomb gas of positive and negative charges,  	
perturbation is relevant: dimension  < 2.	

      :     massive RG flow to a trivial plasma phase with 	
                           finite correlation length (zero central charge). 	

    :  massless flow between two  fixed points 	
[Nienhuis’84] [Fendley–Saleur–Al. Zamolodchikov ’93]:                                  	
free bosons at two different radii,           	
                                  	
                      ;            	

  — Non-unitary flow: the c-theorem does not apply	

 xSG = 2 × 2/R2 − 2

 
t > 0

 
t < 0 c = 1

R = RSG

UV
→ RSG

IR
(RSG

IR
)2 = 2 − (RSG

UV
)2

βSG = 8π /R

UV IR

ceff

cUV = 1

cIR = 0

1 ≤ R ≤ 2

ceff

UV IR

cUV = 1 cIR = 1

Rs.d = 1



Sine-Liouville gravity= gravitational SG model
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Couple the sine-Gordon matter to 2D gravity; in conformal gauge (Liouville field ):ϕ

 = hermal coupling;    = cosmological constant;   scaling:   .t μ t ∼ μ2−1/R

Gravitational massless flow: connects two Liouville + compactified-boson theories.	

                                  :    ;        :   	

Our main result: 	
Exact renormalisation of the compactification radius along the flow:   	

(Compare with     for the SG)	

KPZ-like scaling:    	

t = 0 RSL
UV = R t → ∞ RSL

IR < RSL
UV

RSL
IR = 1 − RSL

UV

(RSG

IR
)2 = 2 − (RSG

UV
)2

2RSL = (2RSG)2

(the relation will be 
derived from the 
matrix model)

𝒜
SL

[ϕ, φ] =
1

4π ∫
ℳ

d2z ̂g [( ∇̂ϕ)2 + ( ∇̂φ)2 + 2ϕR̂] + ghosts

+μ ∫ d2z ̂g e2ϕ + t ∫ d2z ̂g e(2− 1
R )ϕ cos (φ/R)
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𝒵 = ∑ TVvac n#loops

The partition function of the 
vertex model is a sum over all 
configurations of self and 
mutually avoidant oriented 
polymers (loops) on the lattice

(   = volume non-occupied by loops)Vvac

#[left turns] - #[right turns = .   weight [loop] =  .     With , .±6 ⇒ w6 + w−6 = n w = eiπ/6p n = 2 cos(π/p)

B. Nienhuis’84, R. Baxter’87, 
M. Batchelor & H. Blöte’89, 
H. Blöte’89& B. Nienhuis,  
N. Reshetikhin’91 (for T=0)

Partition function:

The 7-vertex model on a honeycomb lattice

w1 w7w6w5w4w3w2

w1 = T, w2 = w3 = w4 = w, w5 = w6 = w7 = w−1

Dual view: 	

SOS height model on the dual triangular lattice; loops = 
domain walls, heights jump by ±1.
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T
massive polymersdense polymers

dilute polymers

t ∼ T − Tc

Phase diagram of the 7-vertex model

The 7-vertex model = solvable discretisation of 
the Sine-Gordon model [B. Nienhuis’84] 

Tc = (2 + 2 − n)1/2



7v model on dynamical planar graphs
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The 7v model can be defined on an arbitrary trivalent planar graph  . 𝒢

Dual view: 	
SOS height model on random 
triangulations; loops = domain walls, 
heights jump by ±1.

• On a lattice curvature defects   the loop weights are NOT 

topological — the phase of a loop is a holonomy of a lattice spin connection	

• Discrete geometrical phase = geodesic curvature: with   , 	

• 	

•  Gauss–Bonnet ties it to the curvature inside the loop:                                       
,   	

• Partition function:                                                  

R̂i =
2π
3

(6 − Ci)

w = eiπλ/2

Phase =
1
2

πλ [(left turns) − (right  turns)] =
3
2

λ K̂ℒ;

R̂ℒ + 2K̂ℒ = 4π R̂ℒ ≡ ∑
i∈𝒯ℒ

R̂i

R̂ℒ

ℱ0(κ, T ) = ∑
graphs 𝒢

κV𝒢 Z𝒢
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The scaling limit = Sine-Liouville gravity

μ ∼ κ∗ − κ
t ∼ T − T∗

Figure 11. Sketch of the phase diagram of the 7-vertex model. The blue region is the physical
region on the T -ω plane where the partition function converges; its boundary is a critical line with
three di!erent phases. In the two phases with large (negative or positive) temperature, the area
of the graph diverges but the average length of the loops does not, and we have pure gravity with
empty surfaces; this are massive phases of the loop gas. On the purple segment, the length of the
loops diverges and the surfaces become densely decorated; this is the dense phase of the loop gas.
Finally, at the tricritical point we have a new kind of critical behaviour with dilute but still critical
loops.

range of temperate temperatures, T→
c < T < T↑, the loops diverge together with the area

and densely fill the lattice. This pair of critical temperatures splits the critical line into two
three analytic branches defined by the functions

Massive loops: ω = ωI
c(T ), εωI

c/εϑ = 0, T↑ < T < → (5.32a)
Dense loops: ω = ωII

c (T ), b(ωII
c , T ) = 0, T→

c < T < T↑ (5.32b)
Massive loops: ω = ωIII

c (T ), T ↑ T→(ϑ(ω)) = 0, ↑→ < T < T→
c (5.32c)

The transition temperatures will be computed in Sect.8 below. The point with temperature
T↑ is a tricritical point of the model, as we will show presently, looking at the change in
behaviour of the spectral density.

5.3 Scaling of the spectral density

Each critical phase in (5.32) is characterised by a specific scaling law for the spectral density
near the two edges of its support.

In phase I, the near-edge behaviour is the usual one from pure discretised gravity:

ϖI
c(x) ↓

{
(↑a ↑ x)1/2 for x ↔ ↑a

(↑b ↑ x)3/2 for x ↔ ↑b
(5.33)

Recall that, here, it is ↑b that reaches the maximum of the potential, producing the critical
behaviour. Thus, near ↑a we have a standard “semi-circle law” square root, while at ↑b

– 32 –

T

κ

0 T∗

κ∗

Stands for the scale 
parameter along the RG flow 
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RSL
IR ≡ R

t→∞
=

1 − λ
2

RSL
UV ≡ R

t=0
=

1 + λ
2

— Follows also from the six-vertex model  result for   [IK, 1999] T = 0

Grand canonical ensemble:  ; Legendre  μ → μ̃ F̃0(μ̃) = − μ̃μ + F0(μ)

μ̃ = ∂μF0, ∂μ̃F̃0 = − μ

F̃0(μ̃) =
2

1 + λ
μ̃2

2
log μ̃

F̃0(μ̃) ≡
2

1 − λ
(μ̃/t)2

2
log | μ̃/t |t → − ∞: ⇒

t → 0 : ⇒

μ̃ =
1 + λ

2
e

1 + λ
2 ũ −

1 − λ
2

t e
1 − λ

2 ũEquation of state: ũ ≡
∂2F̃0

∂μ̃2

Solution of the in the scaling limit

Same equation of state as MQM with a sine-Liouville condensate (Kazakov–IK–Kutasov ’01)



 The 7-vertex matrix model
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Holographic dual: a one-parameter deformation of Ginsparg's 6-vertex matrix model, 	
 X Hermitian,  Z complex, N × N:

Planar Feynman graphs of this action 
= trivalent graphs with the seven 
vertices of fig. 1;  ħ ∼ 1/N organises 
the genus expansion.

Integrating out Z: eigenvalue integral with a dipole-like pairwise interaction,

T = 0 reproduces the 6v matrix model (Kostov '99; P. Zinn-Justin '99).

Xij XjkXki

i j

k

ii

kk

jj

Xij ZjkZ†
ki Xij Z†

jkZki
⟨Xij Xji⟩

i

j

i

j

⟨Z†
ij Zji⟩

𝒵N = ∫ dXdZdZ† exp (−
1
ℏ

𝒮) 𝒮 = Tr ( 1
2

X2 + ZZ† −
T
3

X3 − wXZZ† − w̄XZ†Z)

𝒵N ∼
∞

∫
−∞

N

∏
j=1

dxi e− 1
ℏ ( 1

2 x2
j − T

3 x3
j ) ∏k<j (xk − xj)2

∏k≠j (1 − wxk − w−1xj)

ℏ = κ /N



Grand ensemble, collective field, Virasoro constraint

9

Grand canonical ensemble (chemical potential  = lattice cosmological constant) 
— a Fredholm determinant of free fermions:

κ̃

Dyson–Schwinger equations  (Virasoro constraint) on the collective field 

Ω(x) = log ⟨
N

∏
i=1

(x − xi)⟩

𝒵(μ̄) =
∞

∑
N=1

e−Nκ̃/ℏ 𝒵N = Det (1 − K) K(x, x′￼) =
exp(− κ̃ + V′￼

ℏ )

wx + w−1x′￼

Classical Virasoro constraint  =  sewing condition across the eigenvalue cut:
κ̃ = V(x) − Ω(x + i0) − Ω(x − i0) + Ω(−iwx) + Ω(iw−1x) for x ∈ [−a, − b]

−q1/2a

−q1/2b

Rex−q−1/2b

−q−1/2a

Imx

A cycle

B cycle

B cycle

A cycle

 Can be formulated as a quasi-periodicity 
conditions on the B-cycle of the torus for 

Φ(x) =
Ω(−iwx) − Ω(iw−1x)

i
+ Pol



Classical spectral curve in the scaling limit
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General solution of the quasi-periodicity condition in terms of -functions	
 [M. da Silva Junca,a IK,  A. Alves Lima, arXiv: arXiv:2606.22651]

θ

y(s) ≡ ∂xΦ = e(1+λ)s M
1 + λ
1 − λ − t e−(1−λ)sM

1 − λ
1 + λ

x(s) = − 2Me−λs sinh(s)

In the scaling limit when the torus degenerates into a cylinder: μ̃ ∼ κ̃∗ − κ̃, t ∼ T − T∗

μ =
1 + λ

2
M

2
1 − λ −

1 − λ
2

t M
2

1 + λ

Same equation of state as MQM with a sine-Liouville condensate (Kazakov–IK–Kutasov ’01)

ũ ≡ ∂2
μ̃F̃ =

4
1 − λ2

log(Mϵ)
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Summary and outlook

•A microscopic, integrable realisation of sine-Liouville gravity: 
the 7-vertex model on dynamical planar graphs — a new 
class of models where loop weights couple to curvature.	

•Gravitational analogue of the sine-Gordon massless flow, 
with  	

•Disk amplitudes are given by a deformation (Krätzel) of 
Bessel-K functions- a new type of branes in 2D string theory.  

RIR = 1 − RUV

Thank you!


