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Vector Fields on Z-graded Manifolds

Let M = (M, CR3). Whatis f € CRg(U)? If Uis a
coordinate patch with coordinates {x*}7; and

{2}, then

f=) folx)e
7
where f5 are smooth functions on U, and

& = () (™)
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x* are honest coordinates on U C M. These
have degree zero |x*| = 0.

&2 are formal coordinates or “indeterminates”.
Each carries a non-zero degree |£?| € Z \ {0}.

In the formal power series
F= Y )
P

each term has the same degree. This is the
degree |f| € Z of the graded function
fe CyU).

There is |fg| = |f| + |g|, fg = (—1)/fllélgf .
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Vector Fields on M
Derivations of CR. X € Zm(U),

X(f + 2g) = X(f) + \X(g),
X(fg) = X(f)g + (—1)XIIf X(g),

for f,g e Cy(U), UC M open.
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» Vector fields on M form a sheaf of Cij-modules
S AVE

» 2\ is locally freely and finitely generated by
coordinate vector fields,

X = X(x“)i + X(&? )

o

» |52 = 0 and |a§a = —|&2].

» 2\ is the sheaf of sections of a graded vector
bundle T M.
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Tangent Vectors

For p € M, what is the tangent space T, M?
Several equivalent ways - one is to set

T,M = Der,(Ciy (M), R).

> Let X € Zm(M), then X|, € T, M is given by

Xp(f) = [X(F)](p).
Or in coordinates,

9 N
X|P:Xﬂ( )a M‘P + X (p)a€a|P
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Value of Graded Function
The value of f € C3y(M) at p € M is defined as

f(p) == f5(p),

in any coordinate chart.

» In particular, |[f| #0 = f(p) =0 for all
pe M.
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Example: Graded Euler Vector Field

On every M there is a vector field E given by
Ef .= |f|f

- i
> In coordinates, E = [£7[{%55.

» Thus E|, =0 for all p e M.
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A graded smooth map ¢ : M — N consists
of

e The underlying smooth map o M — N.
e The pullback sheaf morphism " : 7 — ¢ C3}.

Tpp : TpM — Ty N is given by
[(To@)Xlpl £ := Xl [¢"(F)] -
t: S — M is an immersion if T is injective

for all p € S. The pair (S, ) is then called an
immersed submanifold of M.
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Distributions

A distribution & on M is a locally freely and finitely
generated subsheaf 2 C 2. Equivalently, it is a
subbundle of T M.

» Let Xi,..., X, be aframe for Z(U). Then
(r;)jez given by

rii=#{k  |X«| =J}, (1)

is the rank of 9.
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closed under the commutator

[X,Y]=XoY —(—1)XIVyox.

» What is a good notion of an integral
submanifold of 7
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Integral Submanifold

An integral submanifold of & is any immersed

submanifold (S, ¢) of M such that
(To)(TpS) = D)
forany p € S.

» This definition clearly generalizes the non-graded
one. But there are other possibilities.
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Tangent Vector Fields

Let ¢ : § — M be an immersed submanifold and
consider X € Z\(M). We say that X is tangent
to S if there exists a vector field Y € Z5(S) such

that
Y ~, X,

ie. Yo =1 0X.
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Strongly Integral Submanifold

A strongly integral submanifold of Z is an integral
submanifold (S, ¢) of & such that every X € 2(M)
is tangent to S.

» Not every integral submanifold is strongly
integral.
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Example

Let S, M both be 1-point manifolds with graded
coordinates 01, 62, 63 of degree 1 on S and ¢!, €2, €3
of degree 1 and 7 of degree 3 on M.

» Anyt:S — M is fully given by

(€7 = A%0°,  f(n) = BAH?HR.

+, hence ¢ is an immersion

> (T*L)(% *) = Aabaga
<= A% is invertible <= (S,¢) is integral.
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» For B = 0 there is

—1\a Y Y
() ~ s
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I
» For B = 0 there is

—1\a Y Y
((A ) b%) ~ 8_5[”

so (S,¢) is strongly integral.
» For B # 0, consider

fom 1263 _ det(A)n
B

Then *(f) =0, but

(tFo a_gl)(f) AZiA3j9i9j # 0, hence (S,¢) is
not strongly integral.
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Frobenius Theorem

» Definition of integrable distribution via integral
submanifolds unclear.

» Standard approach (e.g. [1], [2]) - go around.

Integrable Distribution

A distribution 2 on M is called integrable if every
point p € M has a neighborhood p € U such that
there exist coordinates x*, £? for M in which Z(U)
is spanned by % and aiga for y <rpand a <7



Local Frobenius Theorem

A distribution is involutive if and only if it is
integrable.




Local Frobenius Theorem

A distribution is involutive if and only if it is
integrable.

» Valid for several different “gradings”.



Local Frobenius Theorem

A distribution is involutive if and only if it is
integrable.

» Valid for several different “gradings”.
e Z35-manifolds (Covolo, Kwok & Poncin 2016 [1]).



Local Frobenius Theorem

A distribution is involutive if and only if it is
integrable.

» Valid for several different “gradings”.

e 7Z5-manifolds (Covolo, Kwok & Poncin 2016 [1]).
e N-manifolds (Bursztyn, Cueca & Mehta 2025 [2]).



Local Frobenius Theorem

A distribution is involutive if and only if it is
integrable.

» Valid for several different “gradings”.
e Z35-manifolds (Covolo, Kwok & Poncin 2016 [1]).
e N-manifolds (Bursztyn, Cueca & Mehta 2025 [2]).
e For Z-manifolds it seems to work as well.
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» The idea is to first introduce a suitable notion of
equivalence of submanifolds.

Similarly Immersed Submanifolds

Let S = (S,1) and § = (S, ) be two immersed
submanifolds of M. We say that they are similarly
immersed if S = S as smooth manifolds, and there
exists a graded diffeomorphism ¥ : S — S such that
¥ =1idg and ¢t =T o ¥.




Global Frobenius Theorem

Let & be an involutive distribution on a Z-manifold
M. Then every point p € M is contained within a
unique (upto similar immersion) strongly integral

submanifold of 9.
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