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Introduction

4D gravity coupled to an axion and a dilaton fieldy NR “STRINGY” CRITICAL LIMIT

NR action

with the aim towards supergravity.



NR Critical Limit

• turns out to be decoupling
• example: nonrelativistic string theory [Gomis, Ooguri]
• local Lorentz transformations → Galilei-like transformations
• leads to new geometric perspectives → exploring the holographic

principle

[see talk by: Fontanella, Harmark, Yan]



NR Critical Limit: A toy model

The point particle action:

Spoint = −M

∫
dτ

√
−gµν ẋµẋν + Q

∫
dτMµẋµ

with
gµν = Eµ

ÂEν
B̂ηÂB̂ .

We foliate the spacetime: Â = 0, a

and redefine: Eµ
0 = cτµ, Eµ

a = eµ
a, Mµ = −cτµ + 1

c
mµ .

Tuning: M = mc, Q = −mc.



NR Critical Limit: A toy model

Plugging everything in:

Lpoint = −�����
mc2τµẋµ +m

2 eµ
aeν

bδab
ẋµẋν

τρxρ
+O(c−2)+ �����

mc2τµẋµ −mmµẋµ .

Finally, we take c → ∞ .

LNR point = m

2 eµ
aeν

bδab
ẋµẋν

τρxρ
− mmµẋµ.

[See e. g. Bergshoeff, Figueroa-O’Farrill, Gomis, for review; Blair, Lahnsteiner, Obers,
Yan ...]



NR Critical Limit

• splitting spacetime directions into longitudinal and transversal

• fine tuning (field redefinition, rescaling)

• cancellation of divergent terms

• taking c → ∞, for the nonrelativistic case



NR Critical Limit: Why does it work?

Expanding the action in powers of c:

S = cmS(m) + cm−2S(m−2) + cm−4S(m−4) + ...

Expanding the symmetry transformation in powers of c:

δ = cαδ(α) + cα−2δ(α−2) + ...

[Bergshoeff, Lahnsteiner, Romano, Rosseel, Şimşek]



NR Critical Limit: Why does it work?

By definition:

δS = 0 .

Therefore:

cα+mδ(α)S(m) + cα+m−2
(

δ(α)S(m−2) + δ(α−2)S(m)
)

+ ... = 0 .

Other approaches:

• Hubbard - Stratonovich transformation
• expansions [Van den Bleeken; Bidussi, Hansen, Hartong, Obers, Oling]
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“Stringy” NR Critical Limit

Foliation: Â = A, a where A = 0, 1 and a = 2, ..., d − 1

Rescaling: Eµ
A = cτµ

A , Eµ
a = eµ

a

[Bergshoeff, J. Gomis, Lahnsteiner, Romano Rosseel, Şimşek, Yan;...]
[Harmark, Hartong, Menculini, Obers, Oling; ...]



“Stringy” NR Critical Limit

Under local Lorentz:
δEµ

Â = ΛÂ
B̂Eµ

B̂

Upon taking:

ΛAB = λAB , Λab = λab , ΛAa = 1
c

λAa ,

we find:

δτµ
A = λA

Bτµ
B + c−2λA

aeµ
a

δeµ
a = −λA

aτµ
A + λa

beµ
b .
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(SO(1, 1) × SO(d − 2)) ⋉R2(d−2)



Obtaining the NR Action in 4D

Parent action (relativistic):

S =
∫

d4x
√

−ge−cΦ [R + aAµAµ + bϵµνρσ∂µBνρAσ + d∂µΦ∂µΦ]

Choosing the following profiles:

Aµ = c2ατµ
AϵabtabA + aµ

Bµν = βc2τµ
Aτν

BϵAB + bµν

Φ = ϕ + γ log c

makes it possible to cancel the divergence coming from R.



Obtaining the NR Action in 4D

The Lagrangian at order c2:

L ∝ 1
4 tabAtabA(−1 + 8aα2 + 8bαβ) .

where tab
A = 2∂[µτν]

Aeµ
aeν

b .



Obtaining the NR Action in 4D: Results

The sub-leading order action is

SNR =
∫

d4xeecϕ
[
eν

aeµaR(nr)
µν − 2∇(nr)

µ tνρAeµ
aeνaτρA − ...

]
The degenerate (co-)metrics:

τµν = τµ
AτνA , hµν = eµaeν

a .



Local Dilatation Symmetry of the Finite Action

The action is symmetric under the local transformations:

δDτµ
A = γτ λDτµ

A ,

δDeµ
a = 0 ,

δDϕ = γϕλD ,

δDbµν = 0 ,

δDaµ = γ′eµ
aϵab∂bλD .



Local Dilatation Symmetry of the Finite Action

• There is an emergent local target space scale invariance in the
limit.

• The consequence: SNR produces one e.o.m. less than S.

• The missing e.o.m. = Poisson equation of the Newton potential.

[Bergshoeff, Lahnsteiner, Romano, Rosseel, Şimşek]



Summary

• We obtained the stringy non-relativistic limit of the bosonic
action in 4D.

• The finite action is invariant under stringy Galilean
transformations and admits local dilatation symmetry.



Outlook

• The next step: supergravity.
[work in progress]

• In the meantime: Carrollian limit of NSNS in 10D.

[work in progress]

[Argandoña, Guijosa, Patiño-López; Blair, Obers, Yan; Fontanella, Payne; ...]



Thank you for your attention!


