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Color algebras and color superalgebras

m color algebras and color superalgebras: Rittenberg and Wyler,
1978

m color algebras and color superalgebras: graded by some
abelian grading group I

m the simplest case not coinciding with a Lie algebra or Lie
superalgebra is for [ = Zy X Zj.

m for an algebra graded by Z, x Zy = Z%, there are already two
distinct choices for the Lie bracket: referred to as
Zo X Zop-graded Lie algebras and Zy x Zy-graded Lie
superalgebras
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m symmetries of Lévy—Leblond equations [Aizawa et al 2016,
2017]

m graded (quantum) mechanics and quantization [Bruce 2020;
Aizawa, Kuznetsova, Toppan 2020, 2021; Quesne 2021]

m Zy X Zp-graded two-dimensional models [Bruce 2021, Toppan
2021]

m parastatistics [Tolstoy 2014, Stoilova and Van der Jeugt
2018-2023]

m alternative descriptions of parabosons and parafermions
[Toppan 2021-2025]

m algebraic structute and representation theory [Aizawa
2018-2025, Issac 2019, 2024, Rui Lu 2023], Stoilova and Van
der Jeugt 2018-2025
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m g with bracket [.,.] is a Zy x Zy-graded Lie algebra, resp.
Zo X Zop-graded Lie superalgebra:

[xa, ¥b] € 9atb, grading

[Xa, v] = —(=1)2P[yp, xa], symmetry

[xa [¥b, ze]] = [[%as yol ze] + (—1)*®yp, [xa, 2], Jacobi identitie:
where

a+b=(a1+ bi,a2+ bp) € Zy X Zo,
a-b=ayby— axby - Zy X Zy-graded Lie algebra



The Z, X Zy-graded Lie algebras and Lie superalgebras

V. Rittenberg and D. Wyler (1978)

mg=G@,0a=00,0) Do) D10 DI
with @ = (a1, a2) an element of Zy X Zo.

m homogeneous elements of g,: x5 with degree deg x; = a

m g with bracket [.,.] is a Zy x Zy-graded Lie algebra, resp.
Zo X Zop-graded Lie superalgebra:

[xa, ¥b] € Ga+b, grading

[Xa, v] = —(=1)2P[yp, xa], symmetry

[xa [¥b, ze]] = [[%as yol ze] + (—1)*®yp, [xa, 2], Jacobi identitie:
where

a+b=(ar+ bi,ar+ b) € Zp x L,

a-b=ayby— axby - Zy X Zy-graded Lie algebra
a-b=aiby + axby - Zy x Zpr-graded Lie superalgebra
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General remarks

m Note: in general, a Z X Zy-graded Lie algebra is NOT a Lie
algebra, nor a Lie superalgebra.

m (Similarly: a Zy x Zp-graded Lie superalgebra is NOT a Lie
superalgebra.)

B g(0,0) is a Lie subalgebra;
9(0,1): 9(1,0) and g(1,1) are g(o,0)-modules.

® [9(0,0),0a] C 8a;  [8a,8a] C 8(0,0); acZyXZLy

m Let g be an associative Zy x Zjp-graded algebra, with a
product denoted by x - y:

%a - 9b C Gatb

then (g, [-,-]) is a Zy x Zy-graded Lie algebra, resp. a
Zo X Zp-graded Lie superalgebra, by defining

[[Xa’)/b]] =Xa-'Yp — (—1)a'b)/b * Xa,

with @ - b = a;by, — axby, resp. with a- b = a1b; + asby.



Construction of classical Z, x Z,-graded Lie algebras

(J.Math.Phys.64 (2023) 061702; Springer proceedings in
mathematics and statistics 473 (2025) 123)

m Now consider: Zy X Zy-graded Lie algebras

m Assume at least two nontrivial subspaces in
9(0,1) D 9(1,0) P 9(1,1)

® {ga,0p} C gc if @, b and c are mutually distinct elements of
{(1,0),(0,1),(1,1)}.

m Classes of Zy X Zy-graded Lie algebras analogues of the
classical Lie algebras (denining matrices)

m Natural to assume that g is generated by g(1,0) © g(0,1)-

m Then one can deduce

9(0,0) = [9(1,0) 8(1,0)] + [8(0,2)> 90,1)]
91,1) = [9¢1,0)» 80,1)]-



Construction of classical Z, x Z,-graded Lie algebras

Let V be a Zy x Zy-graded linear space of dimension n:
V= V(0,0 © Vio,1) ® V(1,00 D V(1,1), subspaces of dimension
p+q+r+s=n.
End(V) is then a Z, x Zp-graded associative algebra, and turned
into a Zp X Zp-graded Lie algebra by the bracket [-,-]. Denoted by
alp g.r.s(n). In matrix form:

p_q r s
4(0,0) 9(0,1) 9(1,0) 4(1,1)

0,1) ©(0,0) b(1,1) (1,0
(1) (1) (00) (o)

d(1,1) 9(1,0) d0,1) d(0,0)
The indices of the matrix blocks refer to the Z, x Zy-grading.
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Construction of classical Z, x Z,-graded Lie algebras

Let V be a Zy x Zy-graded linear space of dimension n:
V= Vio,0) ® V(0,1) ® V(1,00 @ V(1,1), subspaces of dimension
p+q+r+s=n.
End(V) is then a Z, x Zp-graded associative algebra, and turned
into a Zp X Zp-graded Lie algebra by the bracket [-,-]. Denoted by
alp g.r.s(n). In matrix form:

p_q r s
4(0,0) 9(0,1) 9(1,0) 4(1,1)

0,1) ©(0,0) b(1,1) (1,0
(1) (1) (00) (o)

d(1,1) 9(1,0) d(0,1) d(0,0)
The indices of the matrix blocks refer to the Z, x Zy-grading.
One can check: Tr[A, B] =0, hence g = sl, 4., s(n) is subalgebra
of traceless elements.

O Q9T



Graded transpose

If A€ sl,q,s(n) C End(V), then A* € End(V*) by requirement:

(A*yp, x) = (—1)7P(yp, Ax)

where (-, -) is natural pairing of V and V*.



Graded transpose

If A€ slpqrs(n) C End(V), then A* € End(V*) by requirement:

(A*yp, x) = (—1)7P(yp, Ax)

where (-, -) is natural pairing of V and V*.
In matrix form, this leads to the Z, x Zj,-graded transpose AT of

A:
t t t t
a(0,0) 3(0,1) 3(1,0) A(1.1) 3(0,0) bgo S _dc(}s”
A— | oy b(o 0 bany baoy ) AT [ %0 (o 0 ~%11) ~91,0)
CC,(l :0) d( 1) ch(o,o) 2(0’1) ’ 3(1.0) bg 1) (to 0 ~dou)
(1,1) 9(1,0) 9(0,1) 9(0,0) 3ty b(1 N C(o ) (to’o)
Property:

(AB)T — (_l)a-bBTAT




Subalgebra g = s0,, 4., s(n) C sl, 4.,5(n)

g=50pqrs(n) ={A€slpqrs(n)| Al + A= 0}
If A,B € g, then

[A B]T = (AB - (-1)bBA)T
= (-1)*PBTAT —ATBT = (-1)*"BA— AB = —[A, B]

Matrices of the form:

p q r s
9(0,0) (0,1) 4(1,0) 4(1,1)
~3(0.1) b(0,0) b(1.1) b(1,0)
_agl,o) b1.1) C(t070) ¢0.,1)
—a(1,1) b(1,0) S0,1) 90,0)

w QT

where a(0,0), b(0,0), 0,0y and d(o,0) are antisymmetric matrices.
Disadvantages: Cartan subalgebra? (classical choice not abelian)

50p.4,r,5(1)(0,0)



Different approach

Analogues of classical Lie algebras of type B, C, D?

G — sof2 1 n n 1l n
=s50(2n+1) < a th>n b and d antisymmetric;

dimG =2n?+ —ate
(dim mtn) —et —c'0/1
_ nn
(Gdi;sga(jngnz o) (i _gt>g b and ¢ symmetric;

G = s0(2 ) - i
(dimséo(:ngnz ) (i _bat)g b and ¢ antisymmetric,



Different approach

m start from a set of generators of the classical Lie algebra (in
the defining matrix form)

m associate a Zjp X Zp-grading on these generators

B compute new elements with these generators using the
Zo X Zo-graded bracket, and see which matrix structures and
algebras arise in this way.



Different approach

m start from a set of generators of the classical Lie algebra (in
the defining matrix form)

m associate a Zjp X Zp-grading on these generators

B compute new elements with these generators using the
Zo X Zo-graded bracket, and see which matrix structures and
algebras arise in this way.

How to do this systematically?

m Let generating subspace S of the classical Lie algebra G
correspond to the subspace g(1,0) @ g(0,1) of the associated
Zo X Zop-graded Lie algebra g, and generate g.

m Thus we are looking for generating subspaces S of a classical
Lie algebra G such that G = S + [S, S] (as vector space).

m Use all so-called 5-gradings G_o ® G_1 D Gy & G; b Gy of G
such that G is generated by S = G_1 & G;.



Different approach

Classification of those 5-gradings: [Stoilova and Van der Jeugt
2005]

Procedure:

m For each of the 5-gradings of G, let S = G_1 ® G; (as a
subspace of the vector space of G).

m Partition S in all possible ways in two subspaces g(1 o) © g(0,1)-

m Construct from here the matrix elements of the
Zo X Zop-graded Lie algebra g using the Z; x Zj-graded
bracket.

This construction process is straightforward but very elaborate.

For sl(n): same graded algebras sl,, ¢, s(n).
Results on following slides.



Zy X Zo-graded Lie algebras of type B

The Zy x Zy-graded Lie algebra g = so,(2n + 1) consists of all
matrices of the following block form:

p n—p p n-— 1
a0) 31 1 boo) ba, 1) o1\ P
3wy 300) | by boo) o) |- p

d(0,0) %m)l%&)(MMWM) p
,,(1,1),"(0’0) Ay _0)en) |1 P

) ~elo) ey ol 0 ) 1
where b ), B(o,o), d(o,0) and 3(0,0) are antisymmetric matrices.

dimg(o,0) = 2n% — n — 4p(n — p)?
dimg(o,1) =2p, dimg(,0)=2(n—p)
dimg(1,1) = 4p(n — p).

Note: dimso,(2n+ 1) = dimso(2n +1).



Zy X Zo-graded Lie algebras of type B

One can verify that g = s0,(2n + 1) consists of all matrices A of
sl2p.0,2n—2p,1(2n) that satisfy

|ATK + KA=0]

where

Note: KT = K, K1 = Kt.



Zy X Zo-graded Lie algebras of type B

m Cartan subalgebra is straightforward, as it consists of the set
of diagonal matrices

m basis for the Cartan subalgebra b is given by (ej, 1 in the
entry of row /i, column j and O elsewhere)

hi = ei i — enyinti i=1,...,n

m now b C g(o,0), i-e. the Cartan subalgebra is just the Cartan
subalgebra of the Lie algebra g(g,0), which makes further
structure theory feasible



Zy X Zo-graded Lie algebras of type B

m In terms of the dual basis ¢; (j = 1,...,n) of h* the roots and
corresponding root vectors of s04(2n + 1) are given by:

root deg root vector

€j (0, 1) 2011 — €ni1jinf =1,...,q

€j (1v 0) €j2n+1 — e‘2n+1,J+nJ =q+1,..

—€j (Oa 1) €ntj,2n+1 — e2n+1,JJ = ]-a ,q

—€j (1a 0) €ntj,2n+1 — e2n+ljj =q+1,...,

€j — €k (an)ejk €k4-n,j+n J?ék_]-a"vq rj#k:q—&—l, , N

€ —ex (1,1) ek + €xtn jtn i=1...,q. k=q+1,....no0r
j=q+1l,....n k=1,...,q

Ej+€k (O’O)ej,k+n*ek,j+n J<k:1a '7q0r./<k:q+17 N

€j + €k (1’ 1) €j k+n + €k,j+n .f = 17 » 4 k = q+ 17 , N

—€j — €k (0,0) €1k —€kyn; J<k=1.,qorj<k=q+1,.,n

—€j—ex(L,1)ernk+eksn; J=1,...,q; k=q+1,...,n



Zy X Zo-graded Lie algebras of type B

m the positive roots are given by
+:{6j (jzl,...,n);ej—ek,ej+ek (]. <j<k< n)}

m but note that there are four different types of roots, according
to the Zy x Zy degree:

Apy=1g(=1....,9)}
Abg={G=a+1,....,n)}

A$’O):{€J_€kaej+6k0<k:1’,qorJ<k:q_.|_]_”n)
Aal):{ej-—ek,ej—i—ek G=1,....,q;k=q+1,...,n)}

m a set of simple roots (with their degrees) is given by

€1 —€...€q1 — €q€q — €q+1€qt1 — €g42---€n—1 — €pn €p
(0,0) ... (0,0) (1,1 (0,0) ... (0,0) (1,0)



Zy X Zo-graded Lie algebras of type B

m for the Zy x Zp-graded Lie algebra so4(2n + 1) we have the
same root space decomposition as for the Lie algebra
so(2n+1)

m the main difference being the degree of the roots

m and the fact that both commutators and anti-commutators
appear among the brackets between root vectors.



Zo X Zo-graded Lie algebras of type C

The Zy x Zy-graded Lie algebra | g = sp,(2n) | (matrices):

p n—p p n-p
a,0) a0y by boi\ P
3(1,0) 4000, b1y by |n—p

(1) C(O,l)l_a((f,o)_"f({,o) P

*C(ot,l) €11~ 31,0y ~30,0)/n— p

where b 1, 5(1)1), €(1,1) and ¢(1,1) are symmetric matrices



Zo X Zo-graded Lie algebras of type D

The Zy x Zy-graded Lie algebra | g = s0,(2n) | (matrices):

p n—p p n-—p
(0,0) 4(1, 0)‘ b(1 1) b(o n\ P
301,0) 4(0,0), by 91) Cbay |n—b

) So.1) ~200 10 | P
€0,1) qa, 1)'79(1,0) _a(o 0/n—p

a

where b 1), 5(171), ¢(1,1) and ¢(1,1) are antisymmetric matrices

|ATK + KA =0]

where



Zy % Zy-graded Lie superalgebras (J.Phys.A 57 (2024)

095202)

m Now consider: Zy X Zy-graded Lie superalgebras

m Let g be an associative Zy x Zp-graded algebra, with a
product denoted by x - y:

9a - 0b C Gatb
then (g, [, -]) is a Zy x Zy-graded Lie superalgebra by defining
[[Xaa)/b]] =Xa'Yb — (—1)a'b)/b * Xa

with @- b = a1 b1 + azbs.



Zy X Zp-graded general linear Lie superalgebra

m Let V be a Z; x Zy-graded linear space,
V = V(O,O) ©) V(l,l) S5 V(l,O) S V(071), with subspaces of
dimension my, my, n1 and ny respectively. End(V) is then a
Zo X Zp-graded associative algebra.

m By the previous bracket: turned into a Zy X Zy-graded Lie
superalgebra. This algebra is usually denoted by
gl(my, ma|ny, no).
m In matrix form, the elements are written as:
my _m n m
9(0,0) 9(1,1) 4(1,0) 4(0,1) \ my

A= 1,1) ©(0,0) P(0,1) P(1,0) M2
C((170; Céo,lg Cgo,o; C§1,1§ m

d(0,1) d(1,0) d(1,1) 90,0y / "2

(the indices refer to the Zj x Zj-grading; the size of the blocks
is indicated in the lines above and to the right of the matrix.



Zo X Zp-graded special linear Lie superalgebra

my m m ny
4(0,0) 9(1,1) 9(1,0) 4(0,1) \ my

A= [ b1 bo,0) bo,1) b1,y \m>
651,0)) cfo,lf C%o,og Cgl,l)) m

d(o,1) d(1.0) d(11) d(0.0)/ ™
The matrices of the Lie algebra gl(my + my + n1 + ny), of the Lie
superalgebra gl(my + ma|ny + n2) and of the Zy x Zy-graded Lie
superalgebra gl(my, ma|ny, ny) are all the same, but of course the
bracket is different in all of these cases.
One can check that Str[A, B] = 0, where
Str(A) = tr(a(oao)) + tr(b(oyo)) — tl’(C(O,O)) — tr(d(om) is the graded
supertrace in terms of the ordinary trace tr. Hence
sl(my, ma|n1, n2) is defined as the subalgebra of elements of
gl(m1, ma|n1, np) with graded supertrace equal to 0.



Zo % Zo-graded supertranspose AT of A

Let A € sl(my, ma|n1, ny) C End(V) of degree a € Zy x Zp; V* -
dual to V/, inheriting the Zy X Zy-grading from V; (-,-) - the
natural pairing of V and V*. Then A* € End(V*) is determined
by:

(A'yp,x) = (-1)*P(yp, Ax),  Vyp€ Vg, W¥xe V.

This is extended by linearity to all elements of sl(m1, ma|n1, n2). In
matrix form, this yields the Z, x Z»-graded supertranspose A’ of
A:
ao 0) b{l 1) (1 0) d(o 1)
AT — agl 1) (o 0) C(to 1) (1 0)
gl 0) go 1) (o 0) _d(1 1)
201 ~P.0) 11 Y00)
a' - ordinary matrix transpose. One can check (case by case,
according to the Zy x Zy-grading) that the graded supertranspose
of matrices satisfies

(AB)T — (_1)a-bBTAT



Orthosymplectic Z, x Z,-graded Lie superalgebras of type B

The Zy x Zy-graded Lie superalgebra osp(2my + 1,2ms|2n1,2n5)
consists of the set of matrices A from sl(2my + 1,2my|2n1,2n5)
such that

ATJ+JA=0

where
0 O
g 970 8

0
0
0

0 0 0 0 lnin

0 0 O—lpyip O

(Explicit blocks of the matrices can be given, but technical.)



Orthosymplectic Z, X Z,-graded Lie superalgebras of type C and D

By deleting row 2my 4+ 2my + 1 and column 2my + 2my + 1 in the
matrix A of 0sp(2my + 1,2m5|2n1,2n;), one obtains the

Zy x Zp-graded Lie superalgebras osp(2my, 2m»|2n1,2n7), the

Zo X Zop-graded Lie superalgebras corresponding to the Lie
superalgebras of type C and D.



Zy X Zy-graded Lie algebra of type G, (J.Phys.A 58 (2025)

365201)

m the applied technique to the Zy x Zy-graded Lie
(super)algebras of type A, B, C, D did not lead to any results
for exceptional Lie (super)algebras

m first: a basis for the ordinary Lie algebra G, in terms of
7 x T-matrices; (E,-J- is the 7 x 7-matrix with a 1 at position
(7,j) and zeroes elsewhere)

m Matrix form of Chevalley basis, as 7 x 7-matrices.

hy = —E11 + 2Ex — B33 + Eaq — 2Es5 + Egs,  ho = E1n — Ezo — Eas + Ess
x1 = Ess — Exg + V2E;1 — V2Eg7,  xo = Eig — E3g + V2E7p — V/2Esy,
x3 = —Eis + Eoa + V2Er3 — V2Eg7, y1 = —Ess + Eso — V2Ei7 + V2Es

V2 = —Ee1 + Eg3 — V2B + V2Ezs, y3 = Es1 — Eap — V2E37 + V2Eqs,
ayp = E1p — Esa, a3 = Ep3 — Egs, a13 = E13 — Egs,

ary = Eo; — Eus, a3 = Ezp — Ess, a31 = Bz — Eue.



G, commutator table

[ “ hy [ hz‘ a12 1313‘ a3 [ a1 [ a31 [ a3 [ x1 [ X2 [ x3 [ n [ ¥2 [ v3
hi || 0|0 |—=3a12| 0 |3ax3 | 3ax1 0 —3az | x1 |—=2x| X3 -1 |20 -3
h 0| 2ajp |ai3|—ap3|—2ap1| —a3; ag | —xi| x 0 1 -2 0

arn 0 0 | a3 hy —azn 0 —Xxp 0 0 0 y1 0
a13 0 0 | —aw [m+2m]| an |—x3| O 0 0 0 v
a3 0 0 21 |m+h| 0 | —x3| O 0 0 I
ag) 0 0 —az; 0 —X1 0 ¥2 0 0
as) 0 0 0 0 —X1 ¥3 0 0
a3 0 0] 0 |-x]| o0 Vs 0
X1 0 2y3 | —2yp | h1+3hs |3an1 3az1
X2 0 2y1 3a1p hy 3azn
x3 0 3a13 |3an3 | —2h1 —3hy
Y1 0 2x3 —2x7
¥2 0 2x
3 0

Note that this is a Zp X Zy-graded basis of Gy, with the degree of the elements given as follows:

0,0) (0,1) (1,0) (1,1)
1, X1, Y1,323,83 X2, ¥2,213, 331 X3,¥3, 312, a1



Zy X Zy-graded (color) Lie algebra of type G,

Same principle as before: certain sign changes in defining matrices,

eg.
000001 0 00000-10
000000 0 000000 0
iy oo 188080 8
X2_000000—e{§ — X = 10000002
000000 000000 0
0v20 0 00 0O 020000 0

0.0 (0.1) (1,0) (11)
hi,hy  X1,%1,323,330 X2,¥0,313,331 X3, ¥3,312, 321

Zo x Zyp-graded Lie algebra of type Go,

aiby—azby

[[X37Yb]] :Xa'}/b_(_]-) Yb * Xa



Zy X Zp-graded (color) Lie algebra of type Gy: brackets

[-,1 “711‘772‘ a1 ‘513‘ a3 ‘ a1 ‘ 31 ‘ a3 ‘ g5 ‘ % ‘ 3 ‘ 7 ‘ 72 ‘ 73 ‘
(00) hy[[0]o[—3a02] 0 |3a;]| 35, 0 =3 | K |—2%| X —5 29> -3
(00) hy 0| 231 |&13|—8p3|—281| —d31 | d |—%| % 0 iz —¥2 0
(11) 0 | 0] 33 | M 3 0 | % | o 0 0 7 0
(10) 413 0] 0 | 53 |Mm+2h| 820 | %5 | O 0 0 0 “
0,1) 43 0 0 G |m+h| 0 | x5 0 0 0 —9
(11) & 0 0 G | 0 | 5 | 0 A 0 0
(1,0) &3 0 0 0 0 X1 —¥3 0 0
(0,1) 33 0 0 0 X 0 —¥y3 0
01) % 0 | 293 | =250 |hy+3ha| —3301| 3431
(1,0) % 0 [—251| 3500 | Ay 353,
(1L1) %3 0 | —3313 | —3423 |2k +3hy
01 5 0 2% | —2%
(1.0) 0 —2%
(11) s 0
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Z3-graded) Lie algebra Gy

(Z2 X Zz X Z2



Relation with Chevalley basis

One can now take as basis of a Cartan subalgebra of g:
hl = ie2 — iel, h2 = iel

and consider the following twelve root vectors with respect to this
Cartan subalgebra:

1 . i 1 . i
X1 =e+ e+ les+ -6, Xxp=e€11+ sep+ie3+ ses, X3=e€7+

2 2 2 2
+ L e ie e + 1e e ie +
= € —€4 — | —_ = = — — I _ , —
i 3 5 4 5 5 6, Y2 11 5 12 13 5 14, Y3 =¢€7
1 i 1 . i 1 . i

a = —€g — —-€ a = ——€ — € a = —€ — &
12 = 56 — 5€10; 13 5612 T €14, 23 = 56+ 5

1 i 1 i 1 i
a1 = — ;63— €10, a31 = €12+ S€14, a2 = —;€ + 6.

2 2 2 2 2 2



Zo X Zp X Zy-graded color Lie algebra of type Gy: case 1

m Sign factor
(, B) = a1fa + 2B, = (a1,a2,a3)

[xa ¥5] = Xa - y5 = (=1) " y5 - xa
m New basis elements & (old Gy basis ¢), i =1,...,14.

m Grading:

000 100 010 110 001 101 011 111
€1,€ €3,€, €5,€ €7,€3 €9,€10 €11,€12 €13, €14
€1,€2 €3,64 65,6 €7,€3 €9,€10 €11,€12 €13, €14

m Brackets: [ej, €] ~ ex — [&, ;] ~ &, e.g.

le1,€4] = —e6 [e1,e5] = €3 [e1,e6] = €4 [e1,e7] = €10 —
{61,8} =& {é1,6}) = —8&1{6é1,6}) = —6& [é,&]=¢ép
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(Z3-graded color Lie algebra of type Gy: case 1)



Zo X 4 X Zy-graded color Lie algebra of type Go:

Cases

Case 2: sign factor

(o, B) = a1f3 + azf

Case 3: sign factor

(o, B) = a2P3 + azf

All of type 35.

Note: type 3; is ordinary Lie algebra.

Type 33 ((—1)*%), type 34 ((—1)*""%%) and type 35
((—1)frtazfatasfs)y would correspond to I-graded color
superalgebras, so not surprising that they are missing.



Zy X Zp-graded A-statistics (J.Geom.Symmetry Phys. 71

(2025) 1)

m A - arbitrary
(my+my+ni+n+1x my+ mp+ np + np + 1)-matrix of
the following block form:

m+1 m nm m
4(0,0) 9(1,1) 4(1,0) 4(0,1) \ pp; + 1
A= (1,1) ©(0,0) P(0,1) P(1,0) |m»
(C(LO) ¢(0,1) €(0,0) €(1,1) )nl

d(0,1) d(1,0) d(1,1) d(0,0) / N2

[A(ar.30)s Atbrbo)] = Alaran) Ay by —(—1) P22 A VAG

m Graded supertrace
Str(A) = tr(a(0,0)) + tr(b(o,0)) — tr(co,0)) — tr(di,0))

m 7y X Zp-graded sl(my + 1, ma|ny, ny) is the subalgebra of
gl(m1 + 1, my|ny, np) with graded supertrace equal to 0.



Zo X Zp-graded A-statistics

m Let
0,0);i=0,...,m
di — 1,1;i:m1+1 ,mi+my=m
r 1,0;i:m1—|—m2+1 smi+m+n=m-+n
0,1;i=m1+m2+n1+1 ,mi+my+n +n=m+
mandletej, i,j=0,1,....,m +mo+n+n =m+n (where

mi+my=m,n +n=n)bethe(m+n+1xm+n+1)
matrix A with 1 in the entry of row i, column j and 0
elsewhere. These matrices are homogeneous and the grading
deg(ejj) is as follows:

deg(ej) = di + d;.
m A set of generators of sl(my + 1, ma|ny, no):

a?L = €0, 37 = €oi, = 17"'7m+ n, (deg(a?:) = dl)



Zo X Zp-graded A-statistics

m Denote these generators by

a?zbieg(om, i=1...,m,

I:tEb Eg(ll) i=m+1,...,m,
Iizfl €910, =m+1,....,m+n,
Iizfl m €001, =m+m+1....m+n.

m—

m 7y X Zp-graded sl(my + 1, ma|n1, n2) can be defined in terms
of the generators a,i, i=1,...,m+ n and the following
relations:
[a}, 8] =0, &=+, ij=1,...,m+n,
a7 a7 T a1 = djwa; + (=) 58],
[laf a1, a ] = —(~1)\ ) Sgyar — (~1)"4oa, ij,k=1,.



Fock representations

m assume that the corresponding representation space W,
contains (up to a multiple) a cyclic vector |0), such that
a; [0)=0, i=12,....,n+m,
[a;, a7 110) = 6;p|0), pEN, i,j=1,2,...,n4m.

m basis in the Fock space

(p—R)!

|p, rl,..,rml,/]_,...,lmz,el,.. .,0,,1,)\1,...,)\,,2) = m

(b)) .. (b, )™ (B )™ ... (B, )2 ()™ (£,0) P (AT (F)

my

mo n ny
riyli € Zy, 0;,0; €{0,1}, R = Z fi—l-z IH‘Z 9,'—1-2 Ai < p.
i=1 =1 =1

i=1



Fock representations

The transformation of the basis:

b,-+|p; e lic1y by big1s o) =/ (i + 1) (p—=R)|p; ..., ric1,ri + 1, rig1,..)
b+|p,.. I].alla/H—la"' \/ I‘I']- P R|p1-~ lla/+1ll+1a-")

P 0im1,0i,0i41,...) = (1 — 0;)(=1)Tlm (1)0r+F0iza
X p_R‘p;"'aei—laef—i_170i+1a"')7

f?+|p; e )\,' 1, )\,’, )\,‘+1, .. ) = (1 — )\,‘)(—1)11+“'+Im2(—1)>\1+"'+>\"*1

XA/ p ‘p,... i—1,0; + 1, 9,+1,...),



Fock representations

The transformation of the basis:

b lp;... ric1,fisrivt, - ) =rilp—=R+1)|p;... ric1,ri— 1, rig1,..)
b |p1 I 1allall+17"' \/ p R+1 |p1 l 17 1ali+17"')7

’pr ... I 1, 917 01—1—1, . ) - Qi(_l)l1+..-+lm2(_1)91—’_.”—’_9"_1

X Vp_R+ ’p;---aei—hgi_170i+17"')7

Folps s Xty Ay Mg, - ) = Ai(= 1)1t me ()i

X+y/p—R+1 ’p,... 0i_1,0; —|—19,+1,...).



Microscopic properties of the underlying statistics

m For simplicity assume that n = m.
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Microscopic properties of the underlying statistics

m For simplicity assume that n = m.

m Consider a “free” Hamiltonian

H:ZEI'( a; ,]]+[[a,7 ,]])

i=1

m then

[H,af] = +e;at.



Microscopic properties of the underlying statistics

interpretation:

m r;, l;, 6;, A;j, - the number of particles on the corresponding
orbital:

m then the operator afr increases this number by one, it

“creates” a particle in the one-particle state (= orbital) i

m a; diminishes this number by one, it “kills" a particle on the
i-th orbital
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Microscopic properties of the underlying statistics

interpretation:

m r;, l;, 6;, A;j, - the number of particles on the corresponding
orbital:

m then the operator af increases this number by one, it

“creates” a particle in the one-particle state (= orbital) i

m a; diminishes this number by one, it “kills" a particle on the
i-th orbital

m on every orbital there cannot be more than one f-particle,
whereas such restriction does not hold for the b-particles (no
restriction for the b-particles)

m these are, Fermi like (resp. Bose like) properties

m essential difference - if the order of the statistics is p then
no more than p “particles” can be accommodated in the

system, >0 i+ 300 i+ 0 0+ 22 N < p



Microscopic properties of the underlying statistics

consider some configurations for m = n = 6, assume p = 5; denote
by e a b—particle and by o an f—particle, and represent the six
orbibals by six boxes.

m the state [eee|@ce| | | | |isforbidden; itis not
possible to accommodate more than p = 5 particles
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Microscopic properties of the underlying statistics

consider some configurations for m = n = 6, assume p = 5; denote
by e a b—particle and by o an f—particle, and represent the six
orbibals by six boxes.

m the state [eee|@ce| | | | |isforbidden; itis not
possible to accommodate more than p = 5 particles

m the state [ece|oe| | | | |is completely filled. It
contains 5 particles; no more particles can be “loaded” even in
the empty “boxes” (orbitals)

m the state [ece|oo| | | | |isforbidden, because it
contains two f—particles in the second box

m consider the state |[eeo| e | | | | |;anew
b—particle can be accommodated in any box, whereas the
first box is “locked” for an f—particle; an f—particle can
however be accommodated in any other box

m this statistics - belongs to the class of the so-called
(fractional) exclusion statistics



(Fractional) exclusion statistics (FES)

first introduced by Haldane (Phys.Rev.Lett. 67 (1991) 937)

it has emerged as a unifying framework for describing
quantum systems whose quasiparticle excitations interpolate
between bosonic and fermionic behavior

prominent applications of FES arises in the study of
low-dimensional electron systems, particularly the fractional
quantum Hall effect, spin chains and integrable models such
as the Haldane—Shastry and Calogero—Sutherland systems

beyond condensed matter, FES has been employed in black
hole thermodynamics and quantum gravity, and to
thermodynamics of strongly correlated electron gases,
Luttinger liquids, and quantum wires (A. Khare, Fractional
Statistics and Quantum Theory, 2nd edn. (World Scientific,
Singapore, 2005))



Conclusions / summary

Zo X Zop-graded classical Lie algebras and basic classical Lie
superalgebras - definition, structure and representation theory;

Z3-grading of G, graded Chevalley basis

Can also be lifted to Z3-graded color Lie algebras of type G,
Graded basis labeled by points and lines of the Fano plane
Colorings: Zy x Zy X Zp-graded color Lie algebras of type G

Example: A-statistics: microscopic properties
Outlook: G(3)? F4 or F(4)?

https://users.ugent.be/~jvdjeugt/
http://theo.inrne.bas.bg/~stoilova/



