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Motivation

1-loop 4-point graviton amplitude for           SUGRA
from low energy limit of type II string theory on 

<latexit sha1_base64="QnF7WG2dwM4OU/CHbdFyyuTIC9Q=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKxFyEoBdPEsE8MFlC72SSDJmdXWZmhbDkL7x4UMSrf+PNv3GS7EGjBQ1FVTfdXUEsuDau++XkVlbX1jfym4Wt7Z3dveL+QVNHiaKsQSMRqXaAmgkuWcNwI1g7VgzDQLBWML6e+a1HpjSP5L2ZxMwPcSj5gFM0VnpIuxQFuZ1eVnvFklt25yB/iZeREmSo94qf3X5Ek5BJQwVq3fHc2PgpKsOpYNNCN9EsRjrGIetYKjFk2k/nF0/JiVX6ZBApW9KQufpzIsVQ60kY2M4QzUgvezPxP6+TmEHVT7mME8MkXSwaJIKYiMzeJ32uGDViYglSxe2thI5QITU2pIINwVt++S9pnpW9Srlyd16qXWVx5OEIjuEUPLiAGtxAHRpAQcITvMCro51n5815X7TmnGzmEH7B+fgGuZiQUA==</latexit>

N = 8
<latexit sha1_base64="F50VoeEAvPX7tqG9EN5F3p+sq3I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4j5gXJGmYnvcmQ2dllZlYIIZ/gxYMiXv0ib/6Nk2QPmljQUFR1090VJIJr47rfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfmtJ1Sax7Juxgn6ER1IHnJGjZUe6o+VXrHklt05yCrxMlKCDLVe8avbj1kaoTRMUK07npsYf0KV4UzgtNBNNSaUjegAO5ZKGqH2J/NTp+TMKn0SxsqWNGSu/p6Y0EjrcRTYzoiaoV72ZuJ/Xic14bU/4TJJDUq2WBSmgpiYzP4mfa6QGTG2hDLF7a2EDamizNh0CjYEb/nlVdK8KHuVcuX+slS9yeLIwwmcwjl4cAVVuIMaNIDBAJ7hFd4c4bw4787HojXnZDPH8AfO5w/eao2L</latexit>

T 6

[Brink, Green, Schwarz 1982]: 

[Dunbar, Norridge 1994]:
Contribution to 1-loop 4-point graviton amplitude from
arbitrary matter field in loop (i.e. arbitrary     ) via
string based worldline methods [Bern, Dunbar, Shimada 1993]

<latexit sha1_base64="aWlN7oiw0ldgjqGDDVV1KEcU5kc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjQgyepYD+gDWWz3bRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdD31W09cGxGrBxwn3I/oQIlQMIpWamddRiW5m/RKZbfizkCWiZeTMuSo90pf3X7M0ogrZJIa0/HcBP2MahRM8kmxmxqeUDaiA96xVNGIGz+b3Tshp1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nzpC80ZyjHllCmhb2VsCHVlKGNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQg1uoQwMYSHiGV3hzHp0X5935mLeuOPnMEfyB8/kDuMiPyQ==</latexit>

N

However: Used spinor helicity methods



Spinor helicity formalism

Only physical on-shell states used

Much more compact formulas

Lose contact to local Lagrangian (i.e. low energy EFT)

However: 

Dimension dependent



Motivation cont'd.

[Tourkine, Vanhove 2013]: 

1-loop 4-point graviton amplitude for           SUGRA
from low energy limit of type II orbifolds 

<latexit sha1_base64="OtO9sXRGRxeQ/uOV9LDABF1Smic=">AAAB83icbVBNSwMxEJ3Ur1q/qh69BIvgqexKqV6EihdPUsF+QHcp2TTbhmazS5IVytK/4cWDIl79M978N6btHrT1wcDjvRlm5gWJ4No4zjcqrK1vbG4Vt0s7u3v7B+XDo7aOU0VZi8YiVt2AaCa4ZC3DjWDdRDESBYJ1gvHtzO88MaV5LB/NJGF+RIaSh5wSYyUv8ygR+H6Kr3GtX644VWcOvErcnFQgR7Nf/vIGMU0jJg0VROue6yTGz4gynAo2LXmpZgmhYzJkPUsliZj2s/nNU3xmlQEOY2VLGjxXf09kJNJ6EgW2MyJmpJe9mfif10tNeOVnXCapYZIuFoWpwCbGswDwgCtGjZhYQqji9lZMR0QRamxMJRuCu/zyKmlfVN16tf5QqzRu8jiKcAKncA4uXEID7qAJLaCQwDO8whtK0Qt6Rx+L1gLKZ47hD9DnD2TZkJ8=</latexit>

N = 4

However: Result still given in spinor helicity formalism

[Bern, Edison, Kosower, Parra-Martinez 2017]: 

Covariant result for pure            SUGRA using double 
copy 

<latexit sha1_base64="OtO9sXRGRxeQ/uOV9LDABF1Smic=">AAAB83icbVBNSwMxEJ3Ur1q/qh69BIvgqexKqV6EihdPUsF+QHcp2TTbhmazS5IVytK/4cWDIl79M978N6btHrT1wcDjvRlm5gWJ4No4zjcqrK1vbG4Vt0s7u3v7B+XDo7aOU0VZi8YiVt2AaCa4ZC3DjWDdRDESBYJ1gvHtzO88MaV5LB/NJGF+RIaSh5wSYyUv8ygR+H6Kr3GtX644VWcOvErcnFQgR7Nf/vIGMU0jJg0VROue6yTGz4gynAo2LXmpZgmhYzJkPUsliZj2s/nNU3xmlQEOY2VLGjxXf09kJNJ6EgW2MyJmpJe9mfif10tNeOVnXCapYZIuFoWpwCbGswDwgCtGjZhYQqji9lZMR0QRamxMJRuCu/zyKmlfVN16tf5QqzRu8jiKcAKncA4uXEID7qAJLaCQwDO8whtK0Qt6Rx+L1gLKZ47hD9DnD2TZkJ8=</latexit>

N = 4
<latexit sha1_base64="Y2E7u3yBtJNiCtFGHIx5Y8usUIQ=">AAACCnicbVA9SwNBEJ2LXzF+nVrarAbBKtxJiDZCxMZKIpgPyB1hb7NJluzdHrt7QjhS2/hXbCwUsfUX2Plv3CRXxMQHA4/3ZpiZF8ScKe04P1ZuZXVtfSO/Wdja3tnds/cPGkokktA6EVzIVoAV5Syidc00p61YUhwGnDaD4c3Ebz5SqZiIHvQopn6I+xHrMYK1kTr2ceoRzNHdGF2hMvKEZiFVaE50OnbRKTlToGXiZqQIGWod+9vrCpKENNKEY6XarhNrP8VSM8LpuOAlisaYDHGftg2NsNnop9NXxujUKF3UE9JUpNFUnZ9IcajUKAxMZ4j1QC16E/E/r53o3qWfsihONI3IbFEv4UgLNMkFdZmkRPORIZhIZm5FZIAlJtqkVzAhuIsvL5PGecmtlCr35WL1OosjD0dwAmfgwgVU4RZqUAcCT/ACb/BuPVuv1of1OWvNWdnMIfyB9fULzXWYbg==</latexit>

N = 4⌦N = 0



IR divergence from graviton 
running in the loop

<latexit sha1_base64="wZyULYAvBUwF9gV2ROlbQPSqJVs=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXExsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhUYfDDzem2FmXpAIro3rfjmFldW19Y3iZmlre2d3r7x/0NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hrmtx9RaR7LBzNJ0I/oUPKQM2qsdH/b5/1yxa26c5C/xMtJBXI0+uXP3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkxCoDEsbKljRkrv6cyGik9SQKbGdEzUgvezPxP6+bmvDSz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt++S9pnVW9WrV2d16pX+VxFOEIjuEUPLiAOtxAA5rAYAhP8AKvjnCenTfnfdFacPKZQ/gF5+MbIM2Ntg==</latexit>

Li on next 
slide

2 independent     -terms in D=4:
<latexit sha1_base64="LfmPfKasT+yL8SdWuKgHTDRnCfU=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY8YLx7xwSOBlcwOvTBhdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnIrq2vrG/nNwtb2zu5ecf+goeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9dRvPqHSPJYPZpSgH9G+5CFn1Fjp/u7xvFssuWV3BrJMvIyUIEOtW/zq9GKWRigNE1Trtucmxh9TZTgTOCl0Uo0JZUPax7alkkao/fHs1Ak5sUqPhLGyJQ2Zqb8nxjTSehQFtjOiZqAXvan4n9dOTXjpj7lMUoOSzReFqSAmJtO/SY8rZEaMLKFMcXsrYQOqKDM2nYINwVt8eZk0zspepVy5PS9Vr7I48nAEx3AKHlxAFW6gBnVg0IdneIU3RzgvzrvzMW/NOdnMIfyB8/kD2AmNhg==</latexit>

R4 [Fulling, King, Wybourne, 
Cummins 1992] 

<latexit sha1_base64="eFpUnrxpq9egFoAAkoUaCjwObHM=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwVZJSYrorunFZxT6gjWEynbZDJw9mbgol9E/cuFDErX/izr9x0lZQ0QMXDufcy733BIngCizrwyisrW9sbhW3Szu7e/sH5uFRW8WppKxFYxHLbkAUEzxiLeAgWDeRjISBYJ1gcpX7nSmTisfRHcwS5oVkFPEhpwS05Jsm+C7O+jLEIOf49r7mm2WrYmk4Ds6J7Vq2JvW6W63Wsb2wLKuMVmj65nt/ENM0ZBFQQZTq2VYCXkYkcCrYvNRPFUsInZAR62kakZApL1tcPsdnWhngYSx1RYAX6veJjIRKzcJAd4YExuq3l4t/eb0Uhq6X8ShJgUV0uWiYCgwxzmPAAy4ZBTHThFDJ9a2YjokkFHRYJR3C16f4f9KuVmyn4tzUyo3LVRxFdIJO0Tmy0QVqoGvURC1E0RQ9oCf0bGTGo/FivC5bC8Zq5hj9gPH2CYlAkvs=</latexit>

t8trR
4 &

<latexit sha1_base64="1If2vwOtUEDIt23RZhxDeKgKf60=">AAAB/XicdVDJSgNBEO2JW4xbXG5eGoMQL2FmkDi5BXLxGMUskExCT6eTNOlZ6K4R4hD8FS8eFPHqf3jzb+xJIqjog4LHe1VU1fMiwRWY5oeRWVldW9/Ibua2tnd29/L7B00VxpKyBg1FKNseUUzwgDWAg2DtSDLie4K1vEkt9Vu3TCoeBjcwjZjrk1HAh5wS0FI/fwR9BxeTrvQxyBm+7tlnPbufL5glU6NcximxHNPSpFJxbLuCrbllmgW0RL2ff+8OQhr7LAAqiFIdy4zATYgETgWb5bqxYhGhEzJiHU0D4jPlJvPrZ/hUKwM8DKWuAPBc/T6REF+pqe/pTp/AWP32UvEvrxPD0HETHkQxsIAuFg1jgSHEaRR4wCWjIKaaECq5vhXTMZGEgg4sp0P4+hT/T5p2ySqXylfnhWptGUcWHaMTVEQWukBVdInqqIEoukMP6Ak9G/fGo/FivC5aM8Zy5hD9gPH2CYSclAM=</latexit>

t8(trR
2)2

<latexit sha1_base64="Ni/UAcBzSN4PBRsFdlJ03WmYZVU="></latexit>

2

↵0Riµ⌫⇢� = (kiµ✏i⌫ � ki⌫✏iµ)(ki⇢✏i� � ki�✏i⇢)

<latexit sha1_base64="enQIPnrNfdyKZKbLAmah/+BPBd4="></latexit>
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<latexit sha1_base64="JyemJ0gJIE/vXFFAsU8JnN/Dwl4="></latexit>
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<latexit sha1_base64="CYU1sviS+5HWWjzndQQTKHX+9qU="></latexit>
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<latexit sha1_base64="wlaAA+PapW2cM3tWVeXje4MQ7Mw="></latexit>
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(Euclidean region                )
<latexit sha1_base64="JfnUTOWGCcmz1XsBp3YB2LqOu8s=">AAAB8nicbVA9SwNBEN2LXzF+RS1tFoNgEcKdSLSwCGhhGcF8wOUIe5u9ZMne7rE7J4QjP8PGQhFbf42d/8ZNcoUmPhh4vDfDzLwwEdyA6347hbX1jc2t4nZpZ3dv/6B8eNQ2KtWUtagSSndDYpjgkrWAg2DdRDMSh4J1wvHtzO88MW24ko8wSVgQk6HkEacErOSbKoYqTvENdvvliltz58CrxMtJBeVo9stfvYGiacwkUEGM8T03gSAjGjgVbFrqpYYlhI7JkPmWShIzE2Tzk6f4zCoDHCltSwKeq78nMhIbM4lD2xkTGJllbyb+5/kpRNdBxmWSApN0sShKBQaFZ//jAdeMgphYQqjm9lZMR0QTCjalkg3BW355lbQval69Vn+4rDTu8jiK6ASdonPkoSvUQPeoiVqIIoWe0St6c8B5cd6dj0VrwclnjtEfOJ8/rzyPlQ==</latexit>

s, t, u < 0



Here: 

Covariant result from low energy limit of type II on
<latexit sha1_base64="Ejyyc3jn6KEoFnPyi93qOHK5+w4=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqialVJcVN66kQl/YpGEynbZDJ5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HuPHzEqlWV9G7mV1bX1jfxmYWt7Z3fP3D9oyTAWmDRxyELR8ZEkjHLSVFQx0okEQYHPSNsfX6d++4EISUPeUJOIuAEacjqgGCkteeZxo1eB59AJkBr5fnI/9W6ho2hAJGz0yp5ZtErWDHCZ2Bkpggx1z/xy+iGOA8IVZkjKrm1Fyk2QUBQzMi04sSQRwmM0JF1NOdKL3GT2xhSeaqUPB6HQxRWcqb8nEhRIOQl83ZmeKxe9VPzP68ZqcOkmlEexIhzPFw1iBlUI00xgnwqCFZtogrCg+laIR0ggrHRyBR2CvfjyMmmVS3a1VL2rFGtXWRx5cAROwBmwwQWogRtQB02AwSN4Bq/gzXgyXox342PemjOymUPwB8bnDwXWl5c=</latexit>

T 4/ZN ⇥ T 2

Related to symmetric double copy 
<latexit sha1_base64="Igcw6jhadrFSybrWLEHhusL51ns=">AAACCnicbVA9SwNBEJ2LXzF+nVrarAbBKtwFiTZCxMZKIpgPyB1hb7NJluztHbt7QjhS2/hXbCwUsfUX2Plv3CRXxMQHA4/3ZpiZF8ScKe04P1ZuZXVtfSO/Wdja3tnds/cPGipKJKF1EvFItgKsKGeC1jXTnLZiSXEYcNoMhjcTv/lIpWKReNCjmPoh7gvWYwRrI3Xs49QjmKO7MbpCZeRFmoVUoXmxYxedkjMFWiZuRoqQodaxv71uRJKQCk04VqrtOrH2Uyw1I5yOC16iaIzJEPdp21CBzUY/nb4yRqdG6aJeJE0Jjabq/ESKQ6VGYWA6Q6wHatGbiP957UT3Lv2UiTjRVJDZol7CkY7QJBfUZZISzUeGYCKZuRWRAZaYaJNewYTgLr68TBrlklspVe7Pi9XrLI48HMEJnIELF1CFW6hBHQg8wQu8wbv1bL1aH9bnrDVnZTOH8AfW1y/NS5hu</latexit>

N = 2⌦N = 2

<latexit sha1_base64="OtO9sXRGRxeQ/uOV9LDABF1Smic=">AAAB83icbVBNSwMxEJ3Ur1q/qh69BIvgqexKqV6EihdPUsF+QHcp2TTbhmazS5IVytK/4cWDIl79M978N6btHrT1wcDjvRlm5gWJ4No4zjcqrK1vbG4Vt0s7u3v7B+XDo7aOU0VZi8YiVt2AaCa4ZC3DjWDdRDESBYJ1gvHtzO88MaV5LB/NJGF+RIaSh5wSYyUv8ygR+H6Kr3GtX644VWcOvErcnFQgR7Nf/vIGMU0jJg0VROue6yTGz4gynAo2LXmpZgmhYzJkPUsliZj2s/nNU3xmlQEOY2VLGjxXf09kJNJ6EgW2MyJmpJe9mfif10tNeOVnXCapYZIuFoWpwCbGswDwgCtGjZhYQqji9lZMR0QRamxMJRuCu/zyKmlfVN16tf5QqzRu8jiKcAKncA4uXEID7qAJLaCQwDO8whtK0Qt6Rx+L1gLKZ47hD9DnD2TZkJ8=</latexit>

N = 4 SUGRA coupled to vector 

Develop methods which might be applicable more 
widely



String integrand for type II on                  :
<latexit sha1_base64="Ejyyc3jn6KEoFnPyi93qOHK5+w4=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqialVJcVN66kQl/YpGEynbZDJ5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HuPHzEqlWV9G7mV1bX1jfxmYWt7Z3fP3D9oyTAWmDRxyELR8ZEkjHLSVFQx0okEQYHPSNsfX6d++4EISUPeUJOIuAEacjqgGCkteeZxo1eB59AJkBr5fnI/9W6ho2hAJGz0yp5ZtErWDHCZ2Bkpggx1z/xy+iGOA8IVZkjKrm1Fyk2QUBQzMi04sSQRwmM0JF1NOdKL3GT2xhSeaqUPB6HQxRWcqb8nEhRIOQl83ZmeKxe9VPzP68ZqcOkmlEexIhzPFw1iBlUI00xgnwqCFZtogrCg+laIR0ggrHRyBR2CvfjyMmmVS3a1VL2rFGtXWRx5cAROwBmwwQWogRtQB02AwSN4Bq/gzXgyXox342PemjOymUPwB8bnDwXWl5c=</latexit>

T 4/ZN ⇥ T 2

<latexit sha1_base64="o0yIXI/O+H7qmpS6DYWPGUfqKrg="></latexit>

+
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Im⌧
(X23C

m
1|23,4 +X24C

m
1|24,3 +X34C

m
1|34,2)(X̄23C̃

m
1|23,4 + X̄24C̃

m
1|24,3 + X̄34C̃

m
1|34,2)

<latexit sha1_base64="h7ssnrlu8yMkTzhp8XBb8MlH+O8=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVI8VLx4r2A9oQ9lsN+3SzSbsToQa+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791iPXRsTqAccJ9yM6UCIUjKKVWk/npIs07ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7d0JOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm099JX2jOUI4toUwLeythQ6opQ5tQ0YbgLb68TJoXFa9aqd5flms3eRwFOIYTOAMPrqAGd1CHBjAYwTO8wpuTOC/Ou/Mxb11x8pkj+APn8wfDlY82</latexit>z, ⌧ kinematics (Berends-Giele currents)
<latexit sha1_base64="2Gw0KBMIrILBdrInVHYMz6NcGnI="></latexit>h ���X23,4C1|234 +X24,3C1|243 + [s12(f

(2)
12 + f (2)

34 )P1|2|3,4 + (2 $ 3, 4)]� 2F (2)
1/2(�)t8(1, 2, 3, 4)

���
2

Starting point

[Berg, Buchberger, 
Schlotterer 2016] 

<latexit sha1_base64="K3/FyTc/Xzrb0wDbl/g6NUYy3n8="></latexit>
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i
<latexit sha1_base64="SOoZPv+5ORT8/Yool4IYby7Yuxo=">AAAB6XicdVBNSwMxEJ31s9avqkcvwSJ4Ktkia3uRghdBkCr2A9qlZNNsG5rNLklWKKX/wIsHRbz6j7z5b8y2FVT0wcDjvRlm5gWJ4Npg/OEsLa+srq3nNvKbW9s7u4W9/aaOU0VZg8YiVu2AaCa4ZA3DjWDtRDESBYK1gtFF5rfumdI8lndmnDA/IgPJQ06JsdLt1XWvUMQlbOF5KCNuBbuWVKuVcrmK3JmFcREWqPcK791+TNOISUMF0brj4sT4E6IMp4JN891Us4TQERmwjqWSREz7k9mlU3RslT4KY2VLGjRTv09MSKT1OApsZ0TMUP/2MvEvr5OasOJPuExSwySdLwpTgUyMsrdRnytGjRhbQqji9lZEh0QRamw4eRvC16fof9Isl1yv5N2cFmvnizhycAhHcAIunEENLqEODaAQwgM8wbMzch6dF+d13rrkLGYO4Aect0+XHo1r</latexit>

KN

<latexit sha1_base64="NE/tQ7Jcq8XpEf0BqR+gYWytcXc="></latexit>

sij =
1
2 (ki + kj)

2 = ki · kj

<latexit sha1_base64="9qRFBYZyee2w12LQfAgTojE2lxA="></latexit>

KN = exp
⇣ 4X

1i<j

sijG(zij)
⌘
,

<latexit sha1_base64="TNRJKHK87uQv9oEcJZfhDiraD2M=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj1JwIvHCOYhybLMTmaTMTOzy8yskCz5Ci8eFPHq53jzb5w8DppY0FBUddPdFSacaeO6305uZXVtfSO/Wdja3tndK+4fNHScKkLrJOaxaoVYU84krRtmOG0limIRctoMBzcTv/lElWaxvDfDhPoC9ySLGMHGSg+jgKEzNAoeg2LJLbtToGXizUkJ5qgFxa9ONyapoNIQjrVue25i/Awrwwin40In1TTBZIB7tG2pxIJqP5sePEYnVumiKFa2pEFT9fdEhoXWQxHaToFNXy96E/E/r52a6MrPmExSQyWZLYpSjkyMJt+jLlOUGD60BBPF7K2I9LHCxNiMCjYEb/HlZdI4L3uVcuXuolS9nseRhyM4hlPw4BKqcAs1qAMBAc/wCm+Ocl6cd+dj1ppz5jOH8AfO5w/dCI/N</latexit>zi � zj
<latexit sha1_base64="66fbbjJbmgRAxEtTcOAMCy/GvJQ="></latexit>

X12,3 = s12f
(1)
12 (s13f

(1)
13 + s23f

(1)
23 ) , f (1)

ij = @ ln#1(zij , ⌧) + 2⇡i
Im(zij)

Im(⌧)



Take field theory limit

Regulate (in particular IR divergences)

Map to integrals known from field theory



Field theory limit
<latexit sha1_base64="CNdb5nLhLvMQioWoGBR+hRhHUFM=">AAACHnicbVBNS8NAEN34bf2KevSyWEQPUpKi1WPFi0cFq0ITwmS7aRc3m7A7UUrpL/HiX/HiQRHBk/4btx8Hqz4YeLw3w8y8OJfCoOd9OVPTM7Nz8wuLpaXlldU1d33jymSFZrzBMpnpmxgMl0LxBgqU/CbXHNJY8uv49nTgX99xbUSmLrGb8zCFthKJYIBWitzDAGTegV0aaNHuIGid3VOPBnTfVoBQRNUJKxAqwW7klr2KNwT9S/wxKZMxziP3I2hlrEi5QibBmKbv5Rj2QKNgkvdLQWF4DuwW2rxpqYKUm7A3fK9Pd6zSokmmbSmkQ/XnRA9SY7ppbDtTwI757Q3E/7xmgclx2BMqL5ArNlqUFJJiRgdZ0ZbQnKHsWgJMC3srZR3QwNAmWrIh+L9f/kuuqhW/VqldHJTrJ+M4FsgW2SZ7xCdHpE7OyDlpEEYeyBN5Ia/Oo/PsvDnvo9YpZzyzSSbgfH4DU5uhaw==</latexit>

↵0 ! 0 , ⌧2 ! 1 with 
<latexit sha1_base64="3xUqSPTFvtuxhREsZ5Rh6Pk2FoQ=">AAACB3icbVDJSgNBEO1xjXEb9ShIYxA9hZkg0YsQ8eIxglkgE0JNpydp0rPQXSOEITcv/ooXD4p49Re8+Td2loMmPih4vFdFVT0/kUKj43xbS8srq2vruY385tb2zq69t1/XcaoYr7FYxqrpg+ZSRLyGAiVvJopD6Eve8Ac3Y7/xwJUWcXSPw4S3Q+hFIhAM0Egd+8gLAfuBgkGGI3pFPZBJH06ph5B2SrRjF5yiMwFdJO6MFMgM1Y795XVjloY8QiZB65brJNjOQKFgko/yXqp5AmwAPd4yNIKQ63Y2+WNET4zSpUGsTEVIJ+rviQxCrYehbzrHV+t5byz+57VSDC7bmYiSFHnEpouCVFKM6TgU2hWKM5RDQ4ApYW6lrA8KGJro8iYEd/7lRVIvFd1ysXx3Xqhcz+LIkUNyTM6ISy5IhdySKqkRRh7JM3klb9aT9WK9Wx/T1iVrNnNA/sD6/AGKEJh0</latexit>

t = ↵0⌧2 finite

<latexit sha1_base64="OhjP19lwaHAEK2qIpY//Vdqvlbg=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQEUpSpLoRKm5cVrEPaEKYTCft0MkkzEyENnTnxl9x40IRt/6CO//GaZuFth64cDjnXu69x48Zlcqyvo3c0vLK6lp+vbCxubW9Y+7uNWWUCEwaOGKRaPtIEkY5aSiqGGnHgqDQZ6TlD64nfuuBCEkjfq+GMXFD1OM0oBgpLXnm4QhewtQRIbwj49LoBJ5CCh2FEq8CHZ54ZtEqW1PARWJnpAgy1D3zy+lGOAkJV5ghKTu2FSs3RUJRzMi44CSSxAgPUI90NOUoJNJNp3+M4bFWujCIhC6u4FT9PZGiUMph6OvOEKm+nPcm4n9eJ1HBhZtSHieKcDxbFCQMqghOQoFdKghWbKgJwoLqWyHuI4Gw0tEVdAj2/MuLpFkp29Vy9fasWLvK4siDA3AESsAG56AGbkAdNAAGj+AZvII348l4Md6Nj1lrzshm9sEfGJ8/inWXNw==</latexit>

z = Re(z) + i⌧2⌫

E.g.
<latexit sha1_base64="353whQGG/baSeu8dA0s1aPvnrvc="></latexit>

G(z; ⌧) =
↵0

2

⇣
ln

���
#1(z; ⌧)

#0
1(0; ⌧)

���
2
� 2⇡

Im⌧
Im2(z)

⌘

<latexit sha1_base64="sUVFGVA1FTpg2uHVUoBI2WoE9z4="></latexit>

f.t.�! �⇡t(⌫2 � |⌫|)

<latexit sha1_base64="ZetxErGZJl2DAbWmPJECnpnU/sk=">AAAB+HicbVA9SwNBEJ3zM8aPnFraLAbBKtyJRMuIjYVFBPMByRH2NpvLkr3dY3dPiUd+iY2FIrb+FDv/jZvkCk18MPB4b4aZeWHCmTae9+2srK6tb2wWtorbO7t7JXf/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjq6nfuuBKs2kuDfjhAYxjgQbMIKNlXpuqXsrRaRYNDRYKfnYc8texZsBLRM/J2XIUe+5X92+JGlMhSEca93xvcQEGVaGEU4nxW6qaYLJCEe0Y6nAMdVBNjt8gk6s0kcDqWwJg2bq74kMx1qP49B2xtgM9aI3Ff/zOqkZXAYZE0lqqCDzRYOUIyPRNAXUZ4oSw8eWYKKYvRWRIVaYGJtV0YbgL768TJpnFb9aqd6dl2tXeRwFOIJjOAUfLqAGN1CHBhBI4Rle4c15cl6cd+dj3rri5DOH8AfO5w9DXZOA</latexit>

=) integral over         becomes trivial
<latexit sha1_base64="Gdxaq56PIQk8l17GMZSbC1C+Ftw=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSLUS9kVqR4rXjxWsR+wXUo2zbah2WRJskJd+jO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3Uz99iNVmknxYMYJDWI8ECxiBBsr+VlXxeieTipPZ71S2a26M6Bl4uWkDDkavdJXty9JGlNhCMda+56bmCDDyjDC6aTYTTVNMBnhAfUtFTimOshmJ0/QqVX6KJLKljBopv6eyHCs9TgObWeMzVAvelPxP89PTXQVZEwkqaGCzBdFKUdGoun/qM8UJYaPLcFEMXsrIkOsMDE2paINwVt8eZm0zqterVq7uyjXr/M4CnAMJ1ABDy6hDrfQgCYQkPAMr/DmGOfFeXc+5q0rTj5zBH/gfP4AiOGQxw==</latexit>

Re(z)

singularity at collision points          lost
<latexit sha1_base64="p91FQYslkXD80klRET+HRMm5ySI=">AAAB+HicbVBNSwMxEJ31s9aPrnr0EiyCp7IrUj1WvHisYD+gXUo2zbah2WRJskq79Jd48aCIV3+KN/+NabsHbX0w8Hhvhpl5YcKZNp737aytb2xubRd2irt7+wcl9/CoqWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBWObmd+65EqzaR4MOOEBjEeCBYxgo2Vem5pgrqKDYYGKyWfkNdzy17FmwOtEj8nZchR77lf3b4kaUyFIRxr3fG9xAQZVoYRTqfFbqppgskID2jHUoFjqoNsfvgUnVmljyKpbAmD5urviQzHWo/j0HbG2Az1sjcT//M6qYmug4yJJDVUkMWiKOXISDRLAfWZosTwsSWYKGZvRWSIFSbGZlW0IfjLL6+S5kXFr1aq95fl2k0eRwFO4BTOwYcrqMEd1KEBBFJ4hld4cybOi/PufCxa15x85hj+wPn8AUYskto=</latexit>

z ! 0

<latexit sha1_base64="9v5baUTxxUv/BWgPd5tuZ/4iXE8=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHqsePFYwX5AEspmu2mXbjZxd1Moob/DiwdFvPpjvPlv3KY5aOuDgcd7M8zMCxLOlLbtb6u0tr6xuVXeruzs7u0fVA+POipOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNxndzvzuhUrFYPOppQv0IDwULGcHaSL4nUuQxgVz7wvH71Zpdt3OgVeIUpAYFWv3qlzeISRpRoQnHSrmOnWg/w1Izwums4qWKJpiM8ZC6hgocUeVn+dEzdGaUAQpjaUpolKu/JzIcKTWNAtMZYT1Sy95c/M9zUx3e+BkTSaqpIItFYcqRjtE8ATRgkhLNp4ZgIpm5FZERlphok1PFhOAsv7xKOpd1p1FvPFzVmrdFHGU4gVM4BweuoQn30II2EHiCZ3iFN2tivVjv1seitWQVM8fwB9bnDwvakP0=</latexit>

⌫ 2 [0, 1]with



Treat collisions separately using
<latexit sha1_base64="ZetxErGZJl2DAbWmPJECnpnU/sk=">AAAB+HicbVA9SwNBEJ3zM8aPnFraLAbBKtyJRMuIjYVFBPMByRH2NpvLkr3dY3dPiUd+iY2FIrb+FDv/jZvkCk18MPB4b4aZeWHCmTae9+2srK6tb2wWtorbO7t7JXf/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjq6nfuuBKs2kuDfjhAYxjgQbMIKNlXpuqXsrRaRYNDRYKfnYc8texZsBLRM/J2XIUe+5X92+JGlMhSEca93xvcQEGVaGEU4nxW6qaYLJCEe0Y6nAMdVBNjt8gk6s0kcDqWwJg2bq74kMx1qP49B2xtgM9aI3Ff/zOqkZXAYZE0lqqCDzRYOUIyPRNAXUZ4oSw8eWYKKYvRWRIVaYGJtV0YbgL768TJpnFb9aqd6dl2tXeRwFOIJjOAUfLqAGN1CHBhBI4Rle4c15cl6cd+dj3rri5DOH8AfO5w9DXZOA</latexit>

=)

before field theory limit

no collisio
n

<latexit sha1_base64="fEUCYZ/ZxIfMlM9H5noIH1YNl7o=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SQFLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlBu+Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqx41Uq1cVWu3eZxFOAUzuACPLiGGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucP0duM9A==</latexit>

i

<latexit sha1_base64="GjGQd9hP/NTHLnh0ZsTaq0IIdFU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRE8S8OIxAfOAZAmzk95kktnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6fNHWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwvp/7rSdUmsfy0UwS9CM6kDzkjBor1Ue9YsktuwuQdeJlpAQZar3iV7cfszRCaZigWnc8NzH+lCrDmcBZoZtqTCgb0wF2LJU0Qu1PF4fOyIVV+iSMlS1pyEL9PTGlkdaTKLCdETVDverNxf+8TmrCW3/KZZIalGy5KEwFMTGZf036XCEzYmIJZYrbWwkbUkWZsdkUbAje6svrpHlV9irlSv26VL3L4sjDGZzDJXhwA1V4gBo0gAHCM7zCmzNyXpx352PZmnOymVP4A+fzB9NfjPU=</latexit>

j

1 collision

2 collisions
<latexit sha1_base64="fEUCYZ/ZxIfMlM9H5noIH1YNl7o=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SQFLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlBu+Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqx41Uq1cVWu3eZxFOAUzuACPLiGGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucP0duM9A==</latexit>

i

<latexit sha1_base64="GjGQd9hP/NTHLnh0ZsTaq0IIdFU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRE8S8OIxAfOAZAmzk95kktnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6fNHWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwvp/7rSdUmsfy0UwS9CM6kDzkjBor1Ue9YsktuwuQdeJlpAQZar3iV7cfszRCaZigWnc8NzH+lCrDmcBZoZtqTCgb0wF2LJU0Qu1PF4fOyIVV+iSMlS1pyEL9PTGlkdaTKLCdETVDverNxf+8TmrCW3/KZZIalGy5KEwFMTGZf036XCEzYmIJZYrbWwkbUkWZsdkUbAje6svrpHlV9irlSv26VL3L4sjDGZzDJXhwA1V4gBo0gAHCM7zCmzNyXpx352PZmnOymVP4A+fzB9NfjPU=</latexit>

j
<latexit sha1_base64="7bxrWkM7ehf0U1JiO9YMLwFkcf4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SQFLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxrhfKrsVdw6ySryclCFHvV/66g1ilkYoDRNU667nJsbPqDKcCZwWe6nGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynaELzll1dJ67LiVSvVxlW5dpvHUYBTOIML8OAaanAPdWgCA4RneIU359F5cd6dj0XrmpPPnMAfOJ8/1OOM9g==</latexit>

k

<latexit sha1_base64="+1g0301dFAoRAm0IzOfW6lA4T/Y="></latexit>Z
d2z|z|s�2g(z) =

⇡

s
g(0)

<latexit sha1_base64="+ZkWo2+ArSf6clVztxz8dtU7jE8=">AAAB/nicbVDLSgMxFM3UV62vqrhyEyyCqzIjUl1W3LisYB/QGYZMmmljk8yQZIQSBvwVNy4Ucet3uPNvTNtZaOuBC4dz7uXee6KUUaVd99sprayurW+UNytb2zu7e9X9g45KMolJGycskb0IKcKoIG1NNSO9VBLEI0a60fhm6ncfiVQ0Efd6kpKAo6GgMcVIWymsHvmKcujHEmHj5UaFhj7keVituXV3BrhMvILUQIFWWP3yBwnOOBEaM6RU33NTHRgkNcWM5BU/UyRFeIyGpG+pQJyowMzOz+GpVQYwTqQtoeFM/T1hEFdqwiPbyZEeqUVvKv7n9TMdXwWGijTTROD5ojhjUCdwmgUcUEmwZhNLEJbU3grxCNkotE2sYkPwFl9eJp3zuteoN+4uas3rIo4yOAYn4Ax44BI0wS1ogTbAwIBn8ArenCfnxXl3PuatJaeYOQR/4Hz+ALttlgI=</latexit>

⇠ 1

sij

<latexit sha1_base64="TkggCQfSkZTIeURSw7oOi+UCr/0=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUSkuqy4cVnBPqAJYTKdtGNnJmFmIpSQlRt/xY0LRdz6De78G6dpFtp64HIP59zLzD1hwqjSjvNtLS2vrK6tVzaqm1vbO7v23n5HxanEpI1jFsteiBRhVJC2ppqRXiIJ4iEj3XB8PfW7D0QqGos7PUmIz9FQ0IhipI0U2Eeeohx6kUQ4c/NMBRm9z2HRxnke2DWn7hSAi8QtSQ2UaAX2lzeIccqJ0Jghpfquk2g/Q1JTzEhe9VJFEoTHaEj6hgrEifKz4owcnhhlAKNYmhIaFurvjQxxpSY8NJMc6ZGa96bif14/1dGln1GRpJoIPHsoShnUMZxmAgdUEqzZxBCEJTV/hXiETCTaJFc1IbjzJy+SzlndbdQbt+e15lUZRwUcgmNwClxwAZrgBrRAG2DwCJ7BK3iznqwX6936mI0uWeXOAfgD6/MH+uKZeg==</latexit>

⇠ 1

sijsijk

cancelled by similar 
term in numerator

on-shell, momentum conservation 

<latexit sha1_base64="+fl6upa6K0lJmOKDeO+ggteuf+g=">AAACE3icdVDLSgMxFM3UV62vqks3wSJUhZIZpLYLoeLGZQX7gLYOmTTTppN5kGSEMvQf3Pgrblwo4taNO//GdFpBRQ/cy+Gce0nucSLOpELow8gsLC4tr2RXc2vrG5tb+e2dpgxjQWiDhDwUbQdLyllAG4opTtuRoNh3OG053sXUb91SIVkYXKtxRHs+HgTMZQQrLdn5I2knbORN4BnsKldgYlqw6NkMHkPPHqXdO7yxtI3sfA GVkEa5DKfErCBTk2q1YllVaKYWQgUwR93Ov3f7IYl9GijCsZQdE0Wql2ChGOF0kuvGkkaYeHhAO5oG2Keyl6Q3TeCBVvrQDYWuQMFU/b6RYF/Kse/oSR+rofztTcW/vE6s3EovYUEUKxqQ2UNuzKEK4TQg2GeCEsXHmmAimP4rJEOsk1E6xpwO4etS+D9pWiWzXCpfnRRq5/M4smAP7IMiMMEpqIFLUAcNQMAdeABP4Nm4Nx6NF+N1Npox5ju74AeMt0/w3JsK</latexit>

sijk = 1
2 (ki + kj + kk)

2 = 0

<latexit sha1_base64="ZetxErGZJl2DAbWmPJECnpnU/sk=">AAAB+HicbVA9SwNBEJ3zM8aPnFraLAbBKtyJRMuIjYVFBPMByRH2NpvLkr3dY3dPiUd+iY2FIrb+FDv/jZvkCk18MPB4b4aZeWHCmTae9+2srK6tb2wWtorbO7t7JXf/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjq6nfuuBKs2kuDfjhAYxjgQbMIKNlXpuqXsrRaRYNDRYKfnYc8texZsBLRM/J2XIUe+5X92+JGlMhSEca93xvcQEGVaGEU4nxW6qaYLJCEe0Y6nAMdVBNjt8gk6s0kcDqWwJg2bq74kMx1qP49B2xtgM9aI3Ff/zOqkZXAYZE0lqqCDzRYOUIyPRNAXUZ4oSw8eWYKKYvRWRIVaYGJtV0YbgL768TJpnFb9aqd6dl2tXeRwFOIJjOAUfLqAGN1CHBhBI4Rle4c15cl6cd+dj3rri5DOH8AfO5w9DXZOA</latexit>

=) Need regularization

<latexit sha1_base64="NKFZ5Ezq+PCZFS2VnIkGPiXtvSk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1ZMUvHisYD+gDWWznbRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPpg4PHeDDPzwoQzbTzvyymtrW9sbpW3Kzu7e/sH1cOjjo5TRbFNYx6rXkg0ciaxbZjh2EsUEhFy7IbT29zvPqLSLJYPZpZgIMhYsohRYnJpgJwPqzWv7i3g/iV+QWpQoDWsfg5GMU0FSkM50brve4kJMqIMoxznlUGqMSF0SsbYt1QSgTrIFrfO3TOrjNwoVrakcRfqz4mMCK1nIrSdgpiJXvVy8T+vn5roOsiYTFKDki4XRSl3Tezmj7sjppAaPrOEUMXsrS6dEEWosfFUbAj+6st/Seei7jfqjfvLWvOmiKMMJ3AK5+DDFTThDlrQBgoTeIIXeHWE8+y8Oe/L1pJTzBzDLzgf3w/EjkI=</latexit>

`

<latexit sha1_base64="NKFZ5Ezq+PCZFS2VnIkGPiXtvSk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1ZMUvHisYD+gDWWznbRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPpg4PHeDDPzwoQzbTzvyymtrW9sbpW3Kzu7e/sH1cOjjo5TRbFNYx6rXkg0ciaxbZjh2EsUEhFy7IbT29zvPqLSLJYPZpZgIMhYsohRYnJpgJwPqzWv7i3g/iV+QWpQoDWsfg5GMU0FSkM50brve4kJMqIMoxznlUGqMSF0SsbYt1QSgTrIFrfO3TOrjNwoVrakcRfqz4mMCK1nIrSdgpiJXvVy8T+vn5roOsiYTFKDki4XRSl3Tezmj7sjppAaPrOEUMXsrS6dEEWosfFUbAj+6st/Seei7jfqjfvLWvOmiKMMJ3AK5+DDFTThDlrQBgoTeIIXeHWE8+y8Oe/L1pJTzBzDLzgf3w/EjkI=</latexit>

`

<latexit sha1_base64="7bxrWkM7ehf0U1JiO9YMLwFkcf4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SQFLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxrhfKrsVdw6ySryclCFHvV/66g1ilkYoDRNU667nJsbPqDKcCZwWe6nGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynaELzll1dJ67LiVSvVxlW5dpvHUYBTOIML8OAaanAPdWgCA4RneIU359F5cd6dj0XrmpPPnMAfOJ8/1OOM9g==</latexit>

k



Regularization

Add 5th momentum

<latexit sha1_base64="VuhE2pkE8zFOdwUQSJZsgh5KD+I=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiuCqJSHUjVNy4rGAv0MQwmU7aoZPJMDMRSujCja/ixoUibn0Id76NkzYLbf1h4OM/53Dm/KFgVGnH+bZKK6tr6xvlzcrW9s7unr1/0FFJKjFp44QlshciRRjlpK2pZqQnJEFxyEg3HF/n9e4DkYom/E5PBPFjNOQ0ohhpYwV21VNpHGQUXkJ3en8Gx0GO3hgJgQK75tSdmeAyuAXUQKFWYH95gwSnMeEaM6RU33WE9jMkNcWMTCteqohAeIyGpG+Qo5goP5sdMYXHxhnAKJHmcQ1n7u+JDMVKTeLQdMZIj9RiLTf/q/VTHV34GeUi1YTj+aIoZVAnME8EDqgkWLOJAYQlNX+FeIQkwtrkVjEhuIsnL0PntO426o3bs1rzqoijDKrgCJwAF5yDJrgBLdAGGDyCZ/AK3qwn68V6tz7mrSWrmDkEf2R9/gBnxZat</latexit>

4X

i=1

ki =  [Minahan 1987] 

<latexit sha1_base64="aialkkRrjhpnX5oFPTpyXtXmGvk=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqewWqV6EihePFewHdNcym2bb0Gw2JFmhLP0bXjwo4tU/481/Y9ruQVsfDDzem2FmXig508Z1v53C2vrG5lZxu7Szu7d/UD48auskVYS2SMIT1Q1BU84EbRlmOO1KRSEOOe2E49uZ33miSrNEPJiJpEEMQ8EiRsBYyffHICU81vA1dvvlilt158CrxMtJBeVo9stf/iAhaUyFIRy07nmuNEEGyjDC6bTkp5pKIGMY0p6lAmKqg2x+8xSfWWWAo0TZEgbP1d8TGcRaT+LQdsZgRnrZm4n/eb3URFdBxoRMDRVksShKOTYJngWAB0xRYvjEEiCK2VsxGYECYmxMJRuCt/zyKmnXql69Wr+/qDRu8jiK6ASdonPkoUvUQHeoiVqIIIme0St6c1LnxXl3PhatBSefOUZ/4Hz+AGnSkKI=</latexit>

2 = 0 <latexit sha1_base64="ZetxErGZJl2DAbWmPJECnpnU/sk=">AAAB+HicbVA9SwNBEJ3zM8aPnFraLAbBKtyJRMuIjYVFBPMByRH2NpvLkr3dY3dPiUd+iY2FIrb+FDv/jZvkCk18MPB4b4aZeWHCmTae9+2srK6tb2wWtorbO7t7JXf/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjq6nfuuBKs2kuDfjhAYxjgQbMIKNlXpuqXsrRaRYNDRYKfnYc8texZsBLRM/J2XIUe+5X92+JGlMhSEca93xvcQEGVaGEU4nxW6qaYLJCEe0Y6nAMdVBNjt8gk6s0kcDqWwJg2bq74kMx1qP49B2xtgM9aI3Ff/zOqkZXAYZE0lqqCDzRYOUIyPRNAXUZ4oSw8eWYKKYvRWRIVaYGJtV0YbgL768TJpnFb9aqd6dl2tXeRwFOIJjOAUfLqAGN1CHBhBI4Rle4c15cl6cd+dj3rri5DOH8AfO5w9DXZOA</latexit>

=) Modular invariance

Possible interpretation via addition of low momentum
dilaton vertex operator in the amplitude? 

[Dine, Ichinose, Seiberg 1987] 

<latexit sha1_base64="SKlo8uhF1AZgzZHIjPBeNi0nIU4="></latexit>

sijk = 1
2 (ki + kj + kk)

2 = 1
2 (�k` � )2 = k` ·  6= 0

<latexit sha1_base64="vW5PjWykLWy8jRvOsCnDKPpMInY=">AAAB6XicdVBNSwMxEJ2tX7V+VT16CRbBU8kWWdtbxYvHKtYW2qVk02wbms0uSVYoS/+BFw+KePUfefPfmG0rqOiDgcd7M8zMCxLBtcH4wymsrK6tbxQ3S1vbO7t75f2DOx2nirI2jUWsugHRTHDJ2oYbwbqJYiQKBOsEk8vc79wzpXksb800YX5ERpKHnBJjpZt+NihXcBVbeB7KiVvHriWNRr1WayB3bmFcgSVag/J7fxjTNGLSUEG07rk4MX5GlOFUsFmpn2qWEDohI9azVJKIaT+bXzpDJ1YZojBWtqRBc/X7REYiradRYDsjYsb6t5eLf3m91IR1P+MySQ2TdLEoTAUyMcrfRkOuGDViagmhittbER0TRaix4ZRsCF+fov/JXa3qelXv+qzSvFjGUYQjOIZTcOEcmnAFLWgDhRAe4AmenYnz6Lw4r4vWgrOcOYQfcN4+AfYOjaw=</latexit> { but
small

Also regularizing IR divergences in field theory 
integrals (see below)

<latexit sha1_base64="uGpapbWPwGLHGkHVnNonr+2OVuY=">AAAB+nicdVDJSgNBEO2JW4zbRI9eGoPgKcwEickt4sVjBLNAMg49nUrSpGehu0YJMZ/ixYMiXv0Sb/6NnUVQ0QcFj/eqqKoXJFJodJwPK7Oyura+kd3MbW3v7O7Z+f2mjlPFocFjGat2wDRIEUEDBUpoJwpYGEhoBaOLmd+6BaVFHF3jOAEvZINI9AVnaCTfzoe+vinRLg4Bmd8FKX274BQdg3KZzohbcVxDqtVKqVSl7txynAJZou7b791ezNMQIuSSad1xnQS9CVMouIRprptqSBgfsQF0DI1YCNqbzE+f0mOj9Gg/VqYipHP1+8SEhVqPw8B0hgyH+rc3E//yOin2K95EREmKEPHFon4qKcZ0lgPtCQUc5dgQxpUwt1I+ZIpxNGnlTAhfn9L/SbNUdMvF8tVpoXa+jCNLDskROSEuOSM1cknqpEE4uSMP5Ik8W/fWo/VivS5aM9Zy5oD8gPX2CSLok/U=</latexit>

m2
s✓`



Integration contour

<latexit sha1_base64="LeqlDvdin4xj4lHg7qwyxD3mmBo=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgxjJTZGw3UnDjsoJ9QDuUTJppYzOZMckUytDvcONCEbd+jDv/xkxbQUUPXO7hnHvJzfFjzpS27Q8rt7K6tr6R3yxsbe/s7hX3D1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sdXmd+eUKlYJG71NKZeiIeCBYxgbSSvJ5I+Q2co63f9Ysku2wauizLiVG3HkFqtWqnUkDO3bLsESzT6xffeICJJSIUmHCvVdexYeymWmhFOZ4VeomiMyRgPaddQgUOqvHR+9AydGGWAgkiaEhrN1e8bKQ6Vmoa+mQyxHqnfXib+5XUTHVS9lIk40VSQxUNBwpGOUJYAGjBJieZTQzCRzNyKyAhLTLTJqWBC+Pop+p+0KmXHLbs356X65TKOPBzBMZyCAxdQh2toQBMI3MMDPMGzNbEerRfrdTGas5Y7h/AD1tsnLHORvA==</latexit>⌫i � ⌫j

<latexit sha1_base64="2DxJFpRWMYpsYT0NCxIoLQklgNw="></latexit>

KN = exp
⇣
�

4X

1i<j

⇡t sij(⌫
2
ij � |⌫ij |)

⌘

integrated from   to <latexit sha1_base64="dA4vn7Myo+r8uc6dVpIFM4Oq28s=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPFi8cK9gPaUDbbTbt2sxt2J0Io/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHzBIWxGQoecQpQSu1elxGmPXLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIMJ0cipYNNSLzUsIXRMhqxrqSQxM8Fkfu3UPbPKwI2UtiXRnau/JyYkNiaLQ9sZExyZZW8m/ud1U4yugwmXSYpM0sWiKBUuKnf2ujvgmlEUmSWEam5vdemIaELRBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzVHOi/PufCxaC04+cwx/4Hz+AMV0j0Y=</latexit>1<latexit sha1_base64="fhXOLnHWAoSQWmfqyWjvwgr27K0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjx4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfF6Mvg==</latexit>

0

No choice of external kinematics with                
for which KN damped for all orders of <latexit sha1_base64="cWyEf8PcUbDz/C1a1f9OaFbMpBk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmGPosEYnqhlSj4BJ9w43AbqqQxqHATji5nfudR1SaJ/LBTFMMYjqSPOKMGiv5fZkN+KBac+vuAuQv8QpSgwKtQfWzP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni2Bk5s8qQRImyJQ1ZqD8nchprPY1D2xlTM9ar3lz8z+tlJroOci7TzKBky0VRJohJyPxzMuQKmRFTSyhT3N5K2JgqyozNp2JD8FZf/kvaF3WvUW/cX9aaN0UcZTiBUzgHD66gCXfQAh8YcHiCF3h1pPPsvDnvy9aSU8wcwy84H9/eU46+</latexit>⌫i

<latexit sha1_base64="wg/Nb78VxhhO68yIrbYcuE7eQ6w=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0VwIWVSJLa7ohuXFewDkhAm00k7dDIJMxOhln6JGxeKuPVT3Pk3TtoKKnrgwuGce7n3nijjTGmEPqyV1bX1jc3SVnl7Z3evYu8fdFWaS0I7JOWp7EdYUc4E7WimOe1nkuIk4rQXja8Kv3dHpWKpuNWTjAYJHgoWM4K1kUK74os8ZNBnAnrozAlCu4pqyMB1YUGcBnIMaTYb9XoTOnMLoS pYoh3a7/4gJXlChSYcK+U5KNPBFEvNCKezsp8rmmEyxkPqGSpwQlUwnR8+gydGGcA4laaEhnP1+8QUJ0pNksh0JliP1G+vEP/yvFzHjWDKRJZrKshiUZxzqFNYpAAHTFKi+cQQTCQzt0IywhITbbIqmxC+PoX/k2695rg19+a82rpcxlECR+AYnAIHXIAWuAZt0AEE5OABPIFn6956tF6s10XrirWcOQQ/YL19Al8Gkkg=</latexit>

⌫i 2 [0, 1]

E.g.
<latexit sha1_base64="Pe7+9ZglBVaWSfzPAym9DwXAmOY=">AAAB+XicbVBNS8NAEN34WetX1KOXxSLUS0lEqseiF48V7Ac0IWy2k3bpZhN3N4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8MOVMacf5ttbWNza3tks75d29/YND++i4rZJMUmjRhCeyGxIFnAloaaY5dFMJJA45dMLR3czvjEEqlohHPUnBj8lAsIhRoo0U2HbVE1ngYg+eMjbGzkVgV5yaMwdeJW5BKqhAM7C/vH5CsxiEppwo1XOdVPs5kZpRDtOylylICR2RAfQMFSQG5efzy6f43Ch9HCXSlNB4rv6eyEms1CQOTWdM9FAtezPxP6+X6ejGz5lIMw2CLhZFGcc6wbMYcJ9JoJpPDCFUMnMrpkMiCdUmrLIJwV1+eZW0L2tuvVZ/uKo0bos4SugUnaEqctE1aqB71EQtRNEYPaNX9Gbl1ov1bn0sWtesYuYE/YH1+QOzdJJs</latexit>

(⌫1 ⌘ 0) <latexit sha1_base64="dfyo13Ip2ux7ghCUU7+fHoZpFFs=">AAAB6XicdVBNSwMxEJ2tX7V+VT16CRbBU8kWWduLFLx4rGJtoV1KNs22odnskmSFsvQfePGgiFf/kTf/jdm2goo+GHi8N8PMvCARXBuMP5zCyura+kZxs7S1vbO7V94/uNNxqihr01jEqhsQzQSXrG24EaybKEaiQLBOMLnM/c49U5rH8tZME+ZHZCR5yCkxVrrpZ4NyBVexheehnLh17FrSaNRrtQZy5xbGFViiNSi/94cxTSMmDRVE656LE+NnRBlOBZuV+qlmCaETMmI9SyWJmPaz+aUzdGKVIQpjZUsaNFe/T2Qk0noaBbYzImasf3u5+JfXS01Y9zMuk9QwSReLwlQgE6P8bTTkilEjppYQqri9FdExUYQaG07JhvD1Kfqf3NWqrlf1rs8qzYtlHEU4gmM4BRfOoQlX0II2UAjhAZ7g2Zk4j86L87poLTjLmUP4AeftE/Unjak=</latexit>

{<latexit sha1_base64="4c/5Xr0KbUL1SpcX8XnSPMYYnXk=">AAACK3icdZDLSgMxFIYz3q23qks3B4ugC8vMILUFlaIblxVsFTp1yKQZjWYyY5IRytj3ceOruNCFF9z6HqYXQUUPBL78/zkk5w8SzpS27VdrZHRsfGJyajo3Mzs3v5BfXGqoOJWE1knMY3kaYEU5E7Sumeb0NJEURwGnJ8HVQc8/uaFSsVgc605CWxE+FyxkBGsj+fl9T4cSE8cFT6WRnzngcXoNDHbgsnu2BcrP2GUX1j2R9u nMhU24/brdbsAu+PmCXbRNlUrQA6dsOwYqlbLrVsDpW7ZdQMOq+flHrx2TNKJCE46Vajp2olsZlpoRTrs5L1U0weQKn9OmQYEjqlpZf9curBmlDWEszREa+ur3iQxHSnWiwHRGWF+o315P/MtrpjostzImklRTQQYPhSkHHUMvOGgzSYnmHQOYSGb+CuQCm+y0iTdnQvjaFP6Hhlt0SsXS0VahujeMYwqtoFW0jhy0jaroENVQHRF0hx7QM3qx7q0n6816H7SOWMOZZfSjrI9PMsal3A==</latexit>

1
2

4X

1i<j

sij(⌫
2
ij � |⌫ij |) =

<latexit sha1_base64="uCtMZj62xb+6DkmBW4tliSKrj2c="></latexit>

s12(⌫3 � ⌫2)(1� ⌫4) + s14⌫2(⌫4 � ⌫3) +O(m2
s)

<latexit sha1_base64="8kGy07NFMuPkSaSAeG0H0dPHhz0="></latexit>

s13(⌫2 � ⌫3)(1� ⌫4) + s14⌫3(⌫4 � ⌫2) +O(m2
s)

<latexit sha1_base64="lkDB/ohu0bwNDYvDTU6N1Nq5Ugs=">AAACDXicbZDLSsNAFIYn9VbrLerSzWAV6qYktVRXUnDjsoK9QBPCZDpth04mcWYilNAXcOOruHGhiFv37nwbJ20K2vrDwMd/zuHM+f2IUaks69vIrayurW/kNwtb2zu7e+b+QUuGscCkiUMWio6PJGGUk6aiipFOJAgKfEba/ug6rbcfiJA05HdqHBE3QANO+xQjpS3PPClZDiP3Do+9yhzO51BNAdpnnlm0ytZUcBnsDIogU8Mzv5xeiOOAcIUZkrJrW5FyEyQUxYxMCk4sSYTwCA1IVyNHAZFuMr1mAk+104P9UOjHFZy6vycSFEg5DnzdGSA1lIu11Pyv1o1V/9JNKI9iRTieLerHDKoQptHAHhUEKzbWgLCg+q8QD5FAWOkACzoEe/HkZWhVynatXLutFutXWRx5cASOQQnY4ALUwQ1ogCbA4BE8g1fwZjwZL8a78TFrzRnZzCH4I+PzB/Akmtc=</latexit>

(0  ⌫2  ⌫3  ⌫4  1)

<latexit sha1_base64="bo8do50Jf6bPLugIzi9S9Df8bAw=">AAACDXicbZDLSsNAFIYn9VbrLerSzWAV6qYktVRXUnDjsoK9QBPCZDpth04mcWYilNAXcOOruHGhiFv37nwbJ20K2vrDwMd/zuHM+f2IUaks69vIrayurW/kNwtb2zu7e+b+QUuGscCkiUMWio6PJGGUk6aiipFOJAgKfEba/ug6rbcfiJA05HdqHBE3QANO+xQjpS3PPClZDiP3Do+98zlU5lBNAdpnnlm0ytZUcBnsDIogU8Mzv5xeiOOAcIUZkrJrW5FyEyQUxYxMCk4sSYTwCA1IVyNHAZFuMr1mAk+104P9UOjHFZy6vycSFEg5DnzdGSA1lIu11Pyv1o1V/9JNKI9iRTieLerHDKoQptHAHhUEKzbWgLCg+q8QD5FAWOkACzoEe/HkZWhVynatXLutFutXWRx5cASOQQnY4ALUwQ1ogCbA4BE8g1fwZjwZL8a78TFrzRnZzCH4I+PzB/Atmtc=</latexit>

(0  ⌫3  ⌫2  ⌫4  1)

<latexit sha1_base64="4ufPpeoGHXTY0jJu4v/JweHJc/8=">AAAB+HicbVA9SwNBEJ3zM8aPnFraLAbBKtyJRCsJ2FhYRDAfkBxhb7O5LNnbPXb3lHjkl9hYKGLrT7Hz37hJrtDEBwOP92aYmRcmnGnjed/Oyura+sZmYau4vbO7V3L3D5paporQBpFcqnaINeVM0IZhhtN2oiiOQ05b4eh66rceqNJMinszTmgQ40iwASPYWKnnlrq3UkSKRUODlZKPPbfsVbwZ0DLxc1KGHPWe+9XtS5LGVBjCsdYd30tMkGFlGOF0UuymmiaYjHBEO5YKHFMdZLPDJ+jEKn00kMqWMGim/p7IcKz1OA5tZ4zNUC96U/E/r5OawWWQMZGkhgoyXzRIOTISTVNAfaYoMXxsCSaK2VsRGWKFibFZFW0I/uLLy6R5VvGrlerdebl2lcdRgCM4hlPw4QJqcAN1aACBFJ7hFd6cJ+fFeXc+5q0rTj5zCH/gfP4AQnaTfQ==</latexit>

=) <latexit sha1_base64="TT7BhCCKCTMSrtqZBlAJ8M61sVE=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgQkpSpbqSghuXFewD2lgm00k7dDIJMxOlhPyHGxeKuPVf3Pk3TtostPXA5R7OuZe5c7yIM6Vt+9sqrKyurW8UN0tb2zu7e+X9g7YKY0loi4Q8lF0PK8qZoC3NNKfdSFIceJx2vMlN5nceqVQsFPd6GlE3wCPBfEawNtKDGiROLT1DWT9PB+WKXbVnQMvEyUkFcjQH5a/+MCRxQIUmHCvVc+xIuwmWmhFO01I/VjTCZIJHtGeowAFVbjK7OkUnRhkiP5SmhEYz9fdGggOlpoFnJgOsx2rRy8T/vF6s/Ss3YSKKNRVk/pAfc6RDlEWAhkxSovnUEEwkM7ciMsYSE22CKpkQnMUvL5N2rerUq/W7i0rjOo+jCEdwDKfgwCU04Baa0AICEp7hFd6sJ+vFerc+5qMFK985hD+wPn8AP2eRtA==</latexit>s12, s13 and <latexit sha1_base64="V36v2eDaWjV4D6TdBJl40kQFLPI=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKqZ6k4MVjBVsL7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxnreNyqsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6ExLDBJesZbkVrJNoRuJQsIdwfDPzH56YNlzJeztJWBCToeQRp8Q6qW36mV+b9ssVr+rNgVeJn5MK5Gj2y1+9gaJpzKSlghjT9b3EBhnRllPBpqVealhC6JgMWddRSWJmgmx+7RSfOWWAI6VdSYvn6u+JjMTGTOLQdcbEjsyyNxP/87qpja6CjMsktUzSxaIoFdgqPHsdD7hm1IqJI4Rq7m7FdEQ0odYFVHIh+Msvr5L2RdWvV+t3tUrjOo+jCCdwCufgwyU04Baa0AIKj/AMr/CGFHpB7+hj0VpA+cwx/AH6/AFAeY7s</latexit>s14 all need to be positive, but 

[e.g. D'Hoker, Phong 1993] 

<latexit sha1_base64="xgCi4KODnfheCfmMipvxKiF10+w=">AAAB+3icbVDLTsMwEHTKq5RXKEcuFhUSpyqpUOFYxIVjkehDakPkuE5rajuR7SCqNL/ChQMIceVHuPE3uG0O0DLSSqOZXe3uBDGjSjvOt1VYW9/Y3Cpul3Z29/YP7MNyW0WJxKSFIxbJboAUYVSQlqaakW4sCeIBI51gfD3zO49EKhqJOz2JicfRUNCQYqSN5Ntl7qv7GuwzBqfKT+lDNvXtilN15oCrxM1JBeRo+vZXfxDhhBOhMUNK9Vwn1l6KpKaYkazUTxSJER6jIekZKhAnykvnt2fw1CgDGEbSlNBwrv6eSBFXasID08mRHqllbyb+5/USHV56KRVxoonAi0VhwqCO4CwIOKCSYM0mhiAsqbkV4hGSCGsTV8mE4C6/vEratapbr9ZvzyuNqzyOIjgGJ+AMuOACNMANaIIWwOAJPINX8GZl1ov1bn0sWgtWPnME/sD6/AG2gJRB</latexit>

m2
s ⌧ |sij |

<latexit sha1_base64="v+8UVqsaF3aVeXYPwA1eeY9IAfE=">AAACHnicbVDLSgMxFM3UV62vqks3wSK0DJaZWqsbpeDGnRXsA9o6ZNJMG5rJDElGKMN8iRt/xY0LRQRX+jemj4W2Hgj3cM693NzjhoxKZVnfRmppeWV1Lb2e2djc2t7J7u41ZBAJTOo4YIFouUgSRjmpK6oYaYWCIN9lpOkOr8Z+84EISQN+p0Yh6fqoz6lHMVJacrKn0ontUmKOy8m0lBN4AY/z0lRmVNDUgiaMOxgxeJPkfUfelwpONmcVrQngIrFnJAdmqDnZz04vwJFPuMIMSdm2rVB1YyQUxYwkmU4kSYjwEPVJW1OOfCK78eS8BB5ppQe9QOjHFZyovydi5Es58l3d6SM1kPPeWPzPa0fKO+/GlIeRIhxPF3kRgyqA46xgjwqCFRtpgrCg+q8QD5BAWOlEMzoEe/7kRdIoFe1KsXJbzlUvZ3GkwQE4BHlggzNQBdegBuoAg0fwDF7Bm/FkvBjvxse0NWXMZvbBHxhfP7Ilnnw=</latexit>

s12 + s13 + s14 = �(s+ t+ u) = 0 +O(m2
s)



Solution in analogy with QFT [Witten 2013] 

<latexit sha1_base64="PPhpCb3y7w5qHtTXyD32X/zyUsA="></latexit>

1

p2 +m2
=

Z 1

0
dtE exp

⇣
� tE(p

2 +m2)
⌘

Euclidean 
propagator:

Lorentzian 
propagator:

<latexit sha1_base64="Qw+eVAYTsTJdOZV97NvcwhqrcAI="></latexit>

�i

p2 +m2 � i✏
=

Z 1

0
dtL exp

⇣
� itL(p

2 +m2 � i✏)
⌘

Euclidean Schwinger 
parameter         in ST

<latexit sha1_base64="2QMjnASomwIP8L0A94XgOT6QpH4=">AAACBXicbVBNS8NAEN34WetX1KMeFovgqSQi1ZMUvHisYD+gCWWz3bRLN5uwO1FK6MWLf8WLB0W8+h+8+W/ctDlo64OBx3szzMwLEsE1OM63tbS8srq2Xtoob25t7+zae/stHaeKsiaNRaw6AdFMcMmawEGwTqIYiQLB2sHoOvfb90xpHss7GCfMj8hA8pBTAkbq2UeeYCEoPhgCUSp+wF5EYBgqMspg0rMrTtWZAi8StyAVVKDRs7+8fkzTiEmggmjddZ0E/Iwo4FSwSdlLNUsIHZEB6xoqScS0n02/mOATo/RxGCtTEvBU/T2RkUjrcRSYzvxGPe/l4n9eN4Xw0s+4TFJgks4WhanAEOM8EtznilEQY0MIVdzciumQKELBBFc2IbjzLy+S1lnVrVVrt+eV+lURRwkdomN0ilx0geroBjVQE1H0iJ7RK3qznqwX6936mLUuWcXMAfoD6/MHpMWZUA==</latexit>$ t

only convergent for 
<latexit sha1_base64="xqdB+jSOIxFJlRo2JoDfRL2ASDo=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRZBEMpukeqpFLx4rGA/oN2WbJptQ5PNkmSFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeUHMmTau++3kNja3tnfyu4W9/YPDo+LxSUvLRBHaJJJL1QmwppxFtGmY4bQTK4pFwGk7mNzN/fYTVZrJ6NFMY+oLPIpYyAg2VurG/cqV6FdQDbmDYsktuwugdeJlpAQZGoPiV28oSSJoZAjHWnc9NzZ+ipVhhNNZoZdoGmMywSPatTTCgmo/XZw8QxdWGaJQKluRQQv190SKhdZTEdhOgc1Yr3pz8T+vm5jw1k9ZFCeGRmS5KEw4MhLN/0dDpigxfGoJJorZWxEZY4WJsSkVbAje6svrpFUpe9Vy9eG6VK9lceThDM7hEjy4gTrcQwOaQEDCM7zCm2OcF+fd+Vi25pxs5hT+wPn8AQE+j8U=</latexit>

p2 +m2 > 0

Lorentzian proper time

converges for arbitrary 
values of              , due
to factor 

<latexit sha1_base64="hcyzM3yj751bLl6HifKM3H9lI/o=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSIIQtktUj1JwYvHCvYD2m3Jptk2NMmGJCuU0h/hxYMiXv093vw3pu0etPXBwOO9GWbmRYozY33/21tb39jc2s7t5Hf39g8OC0fHDZOkmtA6SXiiWxE2lDNJ65ZZTltKUywiTpvR6G7mN5+oNiyRj3asaCjwQLKYEWyd1FTd8qXolnuFol/y50CrJMhIETLUeoWvTj8hqaDSEo6NaQe+suEEa8sIp9N8JzVUYTLCA9p2VGJBTTiZnztF507pozjRrqRFc/X3xAQLY8Yicp0C26FZ9mbif147tfFNOGFSpZZKslgUpxzZBM1+R32mKbF87AgmmrlbERlijYl1CeVdCMHyy6ukUS4FlVLl4apYvc3iyMEpnMEFBHANVbiHGtSBwAie4RXePOW9eO/ex6J1zctmTuAPvM8fXACO7w==</latexit>

p2 +m2
<latexit sha1_base64="4y4ohNOdqE3bCehtUx2y6AL59rw=">AAACBXicbVA9SwNBEN3zM8avqKUWi0GwMdyJRCsJ2FhYRDAfkMRjbzOXLNnbPXb3hHCksfGv2FgoYut/sPPfuJek0MQHA4/3ZpiZF8ScaeO6387C4tLyympuLb++sbm1XdjZrWuZKAo1KrlUzYBo4ExAzTDDoRkrIFHAoREMrjK/8QBKMynuzDCGTkR6goWMEmMlv3AA9+lJOyKmHyoySM3Iv8FtiDXjUoz8QtEtuWPgeeJNSRFNUfULX+2upEkEwlBOtG55bmw6KVGGUQ6jfDvREBM6ID1oWSpIBLqTjr8Y4SOrdHEolS1h8Fj9PZGSSOthFNjO7F4962Xif14rMeFFJ2UiTgwIOlkUJhwbibNIcJcpoIYPLSFUMXsrpn2iCDU2uLwNwZt9eZ7UT0teuVS+PStWLqdx5NA+OkTHyEPnqIKuURXVEEWP6Bm9ojfnyXlx3p2PSeuCM53ZQ3/gfP4AAkyY6Q==</latexit>

e�tL✏

<latexit sha1_base64="4ufPpeoGHXTY0jJu4v/JweHJc/8=">AAAB+HicbVA9SwNBEJ3zM8aPnFraLAbBKtyJRCsJ2FhYRDAfkBxhb7O5LNnbPXb3lHjkl9hYKGLrT7Hz37hJrtDEBwOP92aYmRcmnGnjed/Oyura+sZmYau4vbO7V3L3D5paporQBpFcqnaINeVM0IZhhtN2oiiOQ05b4eh66rceqNJMinszTmgQ40iwASPYWKnnlrq3UkSKRUODlZKPPbfsVbwZ0DLxc1KGHPWe+9XtS5LGVBjCsdYd30tMkGFlGOF0UuymmiaYjHBEO5YKHFMdZLPDJ+jEKn00kMqWMGim/p7IcKz1OA5tZ4zNUC96U/E/r5OawWWQMZGkhgoyXzRIOTISTVNAfaYoMXxsCSaK2VsRGWKFibFZFW0I/uLLy6R5VvGrlerdebl2lcdRgCM4hlPw4QJqcAN1aACBFJ7hFd6cJ+fFeXc+5q0rTj5zCH/gfP4AQnaTfQ==</latexit>

=)
<latexit sha1_base64="wiEtrQo//DDrLVYKTLZdoZA3AWs="></latexit>

KN = exp
⇣
� t

�
. . .

�⌘
�! exp

⇣
� itL

�
. . .� i✏

�⌘

[cf. also Eberhardt, Mizera 2022; Baccianti, Eberhardt, Mizera 2025] 



Mapping to field theory integrals

integration
<latexit sha1_base64="2ERIfh+QEwz2kqfWjaSmCYXNYHk=">AAAB9XicbVDLSsNAFL2pr1pfVZdugkVwVRKR6rLoxoWLCvYBbSyT6aQdOpmEmRulhP6HGxeKuPVf3Pk3TtostPXAwOGce7lnjh8LrtFxvq3Cyura+kZxs7S1vbO7V94/aOkoUZQ1aSQi1fGJZoJL1kSOgnVixUjoC9b2x9eZ335kSvNI3uMkZl5IhpIHnBI00kMvJDgKFBmnOO3f9ssVp+rMYC8TNycVyNHol796g4gmIZNIBdG66zoxeilRyKlg01Iv0SwmdEyGrGuoJCHTXjpLPbVPjDKwg0iZJ9Geqb83UhJqPQl9M5ml1IteJv7ndRMMLr2UyzhBJun8UJAIGyM7q8AecMUoiokhhCpustp0RBShaIoqmRLcxS8vk9ZZ1a1Va3fnlfpVXkcRjuAYTsGFC6jDDTSgCRQUPMMrvFlP1ov1bn3MRwtWvnMIf2B9/gDypJLS</latexit>

tL
<latexit sha1_base64="lbKfcjZ4BwXJ14FyV69oFnrwdLY=">AAACKHicbZBNS8NAEIY39avWr6pHL4tFEJSStKV6EYtePFawH9CEsNlu26WbTdjdiCX053jxr3gRUaRXf4mbtGBtHdjh5ZkZZuf1QkalMs2JkVlZXVvfyG7mtrZ3dvfy+wdNGUQCkwYOWCDaHpKEUU4aiipG2qEgyPcYaXnD26TeeiRC0oA/qFFIHB/1Oe1RjJRGbv7a5pFbglfwybVseA5tmIDyFMAznUu/uDKP01x28wWzaKYBl4U1EwUwi7qbf7e7AY58whVmSMqOZYbKiZFQFDMyztmRJCHCQ9QnHS058ol04vTQMTzRpAt7gdCPK5jS+YkY+VKOfE93+kgN5GItgf/VOpHqXTox5WGkCMfTRb2IQRXAxDXYpYJgxUZaICyo/ivEAyQQVtrbnDbBWjx5WTRLRatarN5XCrWbmR1ZcASOwSmwwAWogTtQBw2AwTN4BR/g03gx3owvYzJtzRizmUPwJ4zvH2pMoBM=</latexit>

⌫2 = x1 , ⌫3 = x1 + x2 , ⌫4 = x1 + x2 + x3

[Montag, Weisberger 1991] 
<latexit sha1_base64="4ufPpeoGHXTY0jJu4v/JweHJc/8=">AAAB+HicbVA9SwNBEJ3zM8aPnFraLAbBKtyJRCsJ2FhYRDAfkBxhb7O5LNnbPXb3lHjkl9hYKGLrT7Hz37hJrtDEBwOP92aYmRcmnGnjed/Oyura+sZmYau4vbO7V3L3D5paporQBpFcqnaINeVM0IZhhtN2oiiOQ05b4eh66rceqNJMinszTmgQ40iwASPYWKnnlrq3UkSKRUODlZKPPbfsVbwZ0DLxc1KGHPWe+9XtS5LGVBjCsdYd30tMkGFlGOF0UuymmiaYjHBEO5YKHFMdZLPDJ+jEKn00kMqWMGim/p7IcKz1OA5tZ4zNUC96U/E/r5OawWWQMZGkhgoyXzRIOTISTVNAfaYoMXxsCSaK2VsRGWKFibFZFW0I/uLLy6R5VvGrlerdebl2lcdRgCM4hlPw4QJqcAN1aACBFJ7hFd6cJ+fFeXc+5q0rTj5zCH/gfP4AQnaTfQ==</latexit>

=) Field theory integrals (with external masses but 
massless internal lines)

<latexit sha1_base64="xJgpsKrxxEYbE7XjG26r3MqceZY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWekj6Xr9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdK6qHq1au3+slK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8B3o2f</latexit>p1

<latexit sha1_base64="qiVu9qXU9kj1DoGVYfPEKogYpEg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6kkKXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlh6Rf7ZfKbsWdg6wSLydlyNHol756g5ilEUrDBNW667mJ8TOqDGcCp8VeqjGhbEyH2LVU0gi1n81PnZJzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0ijYEb/nlVdKqVrxapXZ/Wa7f5HEU4BTO4AI8uII63EEDmsBgCM/wCm+OcF6cd+dj0brm5DMn8AfO5w8DYo2g</latexit>p2

<latexit sha1_base64="SjDPYCw608AS3f1KEMlnId4C0V0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqicpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GNzO//YhK81g+mEmCfkSHkoecUWOl+6R/3i9X3Ko7B/lLvJxUIEejX/7sDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUpOrDIgYaxsSUPm6s+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWX/5LWWdWrVWt3F5X6dR5HEY7gGE7Bg0uowy00oAkMhvAEL/DqCOfZeXPeF60FJ585hF9wPr4BBOaNoQ==</latexit>p3

<latexit sha1_base64="xJgpsKrxxEYbE7XjG26r3MqceZY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWekj6Xr9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdK6qHq1au3+slK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8B3o2f</latexit>p1 <latexit sha1_base64="qiVu9qXU9kj1DoGVYfPEKogYpEg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6kkKXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlh6Rf7ZfKbsWdg6wSLydlyNHol756g5ilEUrDBNW667mJ8TOqDGcCp8VeqjGhbEyH2LVU0gi1n81PnZJzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0ijYEb/nlVdKqVrxapXZ/Wa7f5HEU4BTO4AI8uII63EEDmsBgCM/wCm+OcF6cd+dj0brm5DMn8AfO5w8DYo2g</latexit>p2

<latexit sha1_base64="xJgpsKrxxEYbE7XjG26r3MqceZY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWekj6Xr9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdK6qHq1au3+slK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8B3o2f</latexit>p1

<latexit sha1_base64="qiVu9qXU9kj1DoGVYfPEKogYpEg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6kkKXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlh6Rf7ZfKbsWdg6wSLydlyNHol756g5ilEUrDBNW667mJ8TOqDGcCp8VeqjGhbEyH2LVU0gi1n81PnZJzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0ijYEb/nlVdKqVrxapXZ/Wa7f5HEU4BTO4AI8uII63EEDmsBgCM/wCm+OcF6cd+dj0brm5DMn8AfO5w8DYo2g</latexit>p2
<latexit sha1_base64="SjDPYCw608AS3f1KEMlnId4C0V0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqicpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GNzO//YhK81g+mEmCfkSHkoecUWOl+6R/3i9X3Ko7B/lLvJxUIEejX/7sDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUpOrDIgYaxsSUPm6s+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWX/5LWWdWrVWt3F5X6dR5HEY7gGE7Bg0uowy00oAkMhvAEL/DqCOfZeXPeF60FJ585hF9wPr4BBOaNoQ==</latexit>p3

<latexit sha1_base64="W7EfOvznZnviK0v9ohAhB+FPxn4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD0n/sl+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrourVqrX7y0r9Jo+jCCdwCufgwRXU4Q4a0AQGQ3iGV3hzhPPivDsfi9aCk88cwx84nz8Gao2i</latexit>p4

<latexit sha1_base64="SNyuObY2yGWRnytYBBTER/1tI8I=">AAAB/nicdZDLSgMxFIYz9VbrbVRcuQkWwY0lU2RsF0LFjcsK9gJtLZk0bUOTzJhkhDIUfBU3LhRx63O4821MpxVU9EDg4//P4Zz8QcSZNgh9OJmFxaXllexqbm19Y3PL3d6p6zBWhNZIyEPVDLCmnElaM8xw2owUxSLgtBGMLqZ+444qzUJ5bcYR7Qg8kKzPCDZW6rp7UZfdFOEZPBYptCW9hajr5lEB2fJ9OAWvhDwL5XKpWCxDL7UQyoN5Vbvue7sXklhQaQjHWrc8FJlOgpVhhNNJrh1rGmEywgPasiixoLqTpOdP4KFVerAfKvukgan6fSLBQuuxCGynwGaof3tT8S+vFZt+qZMwGcWGSjJb1I85NCGcZgF7TFFi+NgCJorZWyEZYoWJsYnlbAhfP4X/Q71Y8PyCf3WSr5zP48iCfXAAjoAHTkEFXIIqqAECEvAAnsCzc+88Oi/O66w148xndsGPct4+AatVlAs=</latexit>

p2i = �m2
i 6= 0

elementary (needs dim. reg.) can be evaluated in 
<latexit sha1_base64="+8nHa0apVMc65bSxg0Un0tXV//U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9KQA8eI5oHJEuYnfQmQ2Znl5lZIYR8ghcPinj1i7z5N06SPWhiQUNR1U13V5AIro3rfju5ldW19Y38ZmFre2d3r7h/0NBxqhjWWSxi1QqoRsEl1g03AluJQhoFApvB8GbqN59QaR7LRzNK0I9oX/KQM2qs9HB7dd4tltyyOwNZJl5GSpCh1i1+dXoxSyOUhgmqddtzE+OPqTKcCZwUOqnGhLIh7WPbUkkj1P54duqEnFilR8JY2ZKGzNTfE2MaaT2KAtsZUTPQi95U/M9rpya89MdcJqlByeaLwlQQE5Pp36THFTIjRpZQpri9lbABVZQZm07BhuAtvrxMGmdlr1Ku3J+XqtdZHHk4gmM4BQ8uoAp3UIM6MOjDM7zCmyOcF+fd+Zi35pxs5hD+wPn8AY+pjVQ=</latexit>

D = 4



FT triangle and box integrals can all be obtained from

with

with
<latexit sha1_base64="pDv/JfPfXUAebdqcPyWU9mo6KGU="></latexit>

F4 = �ŝx1x3 � t̂x2x4 �m2
1x1x2 �m2

2x2x3 �m2
3x3x4 �m2

4x1x4

<latexit sha1_base64="UY+e/yZBDVMnjXk6Rb2k3kSjePg="></latexit>

F3 = �m2
1x1x2 �m2

2x2x3 �m2
3x1x3

<latexit sha1_base64="pL/KXecMQEyaNWHqSiQC3LdLCa0="></latexit>

I3[1](m
2
1,m

2
2,m

2
3) =

⇣ 3Y

i=1

Z 1

0
dxi

⌘�(x1 + x2 + x3 � 1)

F3 � i✏

<latexit sha1_base64="jjNvWhfUkpPvz1m6qGtDCZ4jj1g="></latexit>

I4[1](ŝ, t̂,m
2
1,m

2
2,m

2
3,m

2
4) =

⇣ 4Y

i=1

Z 1

0
dxi

⌘�(x1 + x2 + x3 + x4 � 1)

(F4 � i✏)2

<latexit sha1_base64="L1/U2XVMk/xs2BH8wk95fcLpRXM=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgopSkSHUlBTcuK9gHtDFMppN26GQSZm6EEgr+ihsXirj1O9z5N07TLrT1wOUezrmXuXOCRHANjvNtrayurW9sFraK2zu7e/v2wWFLx6mirEljEatOQDQTXLImcBCskyhGokCwdjC6mfrtR6Y0j+U9jBPmRWQgecgpASP59nFvSADrMs47lHHk84eqb5ecipMDLxN3TkpojoZvf/X6MU0jJoEKonXXdRLwMqKAU8EmxV6qWULoiAxY11BJIqa9LD9/gs+M0sdhrExJwLn6eyMjkdbjKDCTEYGhXvSm4n9eN4Xwysu4TFJgks4eClOBIcbTLHCfK0ZBjA0hVHFzK6ZDoggFk1jRhOAufnmZtKoVt1ap3V2U6tfzOAroBJ2ic+SiS1RHt6iBmoiiDD2jV/RmPVkv1rv1MRtdseY7R+gPrM8f/7uUOg==</latexit>

ŝ, t̂,m2
iField theory parameters           are functions of string theory

kinematic variables <latexit sha1_base64="AEou8yIgB2RhuK5xhB9Z04VJPNw=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjMi0WPEi8cIZoFkCD2dnqSTXobuHiEMAT/BiwdFvPo/3vwbO8tBEx8UPN6roqpelHBmrO9/e7m19Y3Nrfx2YWd3b/+geHjUMCrVhNaJ4kq3ImwoZ5LWLbOcthJNsYg4bUaj26nffKTaMCUf7DihocB9yWJGsHVSw3QzNpx0iyW/7M+AVkmwICVYoNYtfnV6iqSCSks4NqYd+IkNM6wtI5xOCp3U0ASTEe7TtqMSC2rCbHbtBJ05pYdipV1Ji2bq74kMC2PGInKdAtuBWfam4n9eO7XxdZgxmaSWSjJfFKccWYWmr6Me05RYPnYEE83crYgMsMbEuoAKLoRg+eVV0rgoB5Vy5f6yVL15mseRhxM4hXMI4AqqcAc1qAOBITzDK7x5ynvx3r2PeWvOW0R4DH/gff4ADs2P3Q==</latexit>sij only 5 independent 
<latexit sha1_base64="9HnxZj0bOkcBgbQNo2hxRmTxL+M=">AAAB9XicbZBLSwMxFIXv+Kz1VXXpJliEuikzRaoboeLGZQX7gHZaMmmmDc1kQpJRylDwZ7hxoYhb/4s7/43pY6GtBwIf59yQmxNIzrRx3W9nZXVtfWMzs5Xd3tnd288dHNZ1nChCayTmsWoGWFPOBK0ZZjhtSkVxFHDaCIY3k7zxQJVmsbg3I0n9CPcFCxnBxlqdQnuIpcSdErpC7lk3l3eL7lRoGbw55GGuajf31e7FJImoMIRjrVueK42fYmUY4XScbSeaSkyGuE9bFgWOqPbT6dZjdGqdHgpjZY8waOr+vpHiSOtRFNjJCJuBXswm5n9ZKzHhpZ8yIRNDBZk9FCYcmRhNKkA9pigxfGQBE8XsrogMsMLE2KKytgRv8cvLUC8VvXKxfHeer1w/zerIwDGcQAE8uIAK3EIVakBAwTO8wpvz6Lw4787HbHTFmVd4BH/kfP4AWkmRhw==</latexit>

(2 = 0)

More convenient basis of string theory kinematics, e.g.:
<latexit sha1_base64="Sb1yR35g9Jf1vSgK48aAolgW4zg="></latexit>

s23, s24, s123 = m2
s✓4, s124 = m2

s✓3, s234 = m2
s✓1



Example:
<latexit sha1_base64="PfCkk/R+U8O1Xv2V00zEV/qIeX0="></latexit>Z 1

0
dtLtL exp

⇣
� itL

�
. . .� i✏

�⌘
⇠ 1

�
. . .� i✏

�2

<latexit sha1_base64="YvcHY0AIJFJ8vsSXlaej2lzasN4=">AAACG3icbZDLSgMxFIYzXmu9jbp0EyyCqzJTS3UlBTcuXFSwF+gMJZOmbWgmGZOMUoa+hxtfxY0LRVwJLnwbM+0UtPWHwMd/zuHk/EHEqNKO820tLa+srq3nNvKbW9s7u/befkOJWGJSx4IJ2QqQIoxyUtdUM9KKJEFhwEgzGF6m9eY9kYoKfqtHEfFD1Oe0RzHSxurYJcdj5M7jcac0g9MZlFOALvSuBe9L2h9oJKV46NgFp+hMBBfBzaAAMtU69qfXFTgOCdeYIaXarhNpP0FSU8zIOO/FikQID1GftA1yFBLlJ5PbxvDYOF3YE9I8ruHE/T2RoFCpURiYzhDpgZqvpeZ/tXase+d+QnkUa8LxdFEvZlALmAYFu1QSrNnIAMKSmr9CPEASYW3izJsQ3PmTF6FRKrqVYuWmXKheZHHkwCE4AifABWegCq5ADdQBBo/gGbyCN+vJerHerY9p65KVzRyAP7K+fgD6LKFn</latexit>

0  ⌫2  ⌫3  ⌫4  1 =)

<latexit sha1_base64="FbREp0CaJVJpPwNYfLk8bQ5bCIo="></latexit>

. . . = �(�2s23 + s123 + s124 + s234)x1x3 � (2s23 + 2s24)x2x4

�(s123 + s124 + s234)x1x2 � (�s123 � 2s234)x2x3

�(�s124)x3x4 � (s123 � s234)x1x4

Comparison with      :
<latexit sha1_base64="Q5Rj7WDp20GzCATenlOmz8VF/ew=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DiniMYB6YLGF20kmGzM4uM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXj65nfekKleSQfzCRGP6RDyQecUWOlx7TLqCC3016lVyy5ZXcOskq8jJQgQ71X/Or2I5aEKA0TVOuO58bGT6kynAmcFrqJxpiyMR1ix1JJQ9R+Or94Ss6s0ieDSNmShszV3xMpDbWehIHtDKkZ6WVvJv7ndRIzuPJTLuPEoGSLRYNEEBOR2fukzxUyIyaWUKa4vZWwEVWUGRtSwYbgLb+8SpoXZa9art5XSrWbLI48nMApnIMHl1CDO6hDAxhIeIZXeHO08+K8Ox+L1pyTzRzDHzifP9uUkGg=</latexit>

F4

<latexit sha1_base64="7ZR719Fo+D6W/7+9JDAmVZKcQFI=">AAACBnicdZDLSgMxFIYzXmu9jboUIViEilBmxlLbhVJw47KCvUA7lEyatqGZC8kZoQxdufFV3LhQxK3P4M63MZ1WUNEDgY//P4eT83uR4Aos68NYWFxaXlnNrGXXNza3ts2d3YYKY0lZnYYilC2PKCZ4wOrAQbBWJBnxPcGa3uhy6jdvmVQ8DG5gHDHXJ4OA9zkloKWuedAZEsCAz7GD81h1E+d0gk9SKE6Ou2bOKli6SiU8Bbts2RoqlbLjVLCdWpaVQ/Oqdc33Ti+ksc8CoIIo1batCNyESOBUsEm2EysWEToiA9bWGBCfKTdJz5jgI630cD+U+gWAU/X7REJ8pca+pzt9AkP125uKf3ntGPplN+FBFAML6GxRPxYYQjzNBPe4ZBTEWAOhkuu/YjokklDQyWV1CF+X4v+h4RTsUqF0XcxVL+ZxZNA+OkR5ZKMzVEVXqIbqiKI79ICe0LNxbzwaL8brrHXBmM/soR9lvH0C9wiWSA==</latexit>

t̂ = 2(s23 + s24)

Note:  All                 for 
<latexit sha1_base64="rWyHWgzDYQrfd30eKb+IfBvnlbI=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5IUqS4LunBZwT6gjWEynaRD5xFmJkoJdeOvuHGhiFv/wp1/4/Sx0NYDFw7n3Mu990Qpo9p43reztLyyurZe2Chubm3v7Lp7+00tM4VJA0smVTtCmjAqSMNQw0g7VQTxiJFWNLgc+617ojSV4tYMUxJwlAgaU4yMlUL3kIf0rgK7TIpE0aRvkFLyAXowdEte2ZsALhJ/RkpghnrofnV7EmecCIMZ0rrje6kJcqQMxYyMit1MkxThAUpIx1KBONFBPvlgBE+s0oOxVLaEgRP190SOuNZDHtlOjkxfz3tj8T+vk5n4IsipSDNDBJ4uijMGjYTjOGCPKoING1qCsKL2Voj7SCFsbGhFG4I///IiaVbKfrVcvTkr1a5mcRTAETgGp8AH56AGrkEdNAAGj+AZvII358l5cd6dj2nrkjObOQB/4Hz+AIkxllI=</latexit>

m2
i �! 0

<latexit sha1_base64="uBWmrwEmCwK7SGHycpeWzMNPk1s=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5IUqS4LunBZwT6gjWEynaRD5xFmJkoJdeOvuHGhiFv/wp1/4/Sx0NYDFw7n3Mu990Qpo9p43reztLyyurZe2Chubm3v7Lp7+00tM4VJA0smVTtCmjAqSMNQw0g7VQTxiJFWNLgc+617ojSV4tYMUxJwlAgaU4yMlUL3kIf6rgK7TIpE0aRvkFLyAXowdEte2ZsALhJ/RkpghnrofnV7EmecCIMZ0rrje6kJcqQMxYyMit1MkxThAUpIx1KBONFBPvlgBE+s0oOxVLaEgRP190SOuNZDHtlOjkxfz3tj8T+vk5n4IsipSDNDBJ4uijMGjYTjOGCPKoING1qCsKL2Voj7SCFsbGhFG4I///IiaVbKfrVcvTkr1a5mcRTAETgGp8AH56AGrkEdNAAGj+AZvII358l5cd6dj2nrkjObOQB/4Hz+AJkrllw=</latexit>

m2
s �! 0

<latexit sha1_base64="EgcYY97lhBvG+eYUC7SfVOYmxHQ="></latexit>

ŝ = �2s23 +m2
s(✓4 + ✓3 + ✓1)

<latexit sha1_base64="gDCclBj6jrHCxsCww+4S4McKBUY="></latexit>

m2
1 = m2

s(✓4 + ✓3 + ✓1)
<latexit sha1_base64="tqGe7Ld+yyD+oAFrWsTjGc7Nlwk="></latexit>

m2
2 = m2

s(�✓4 � 2✓1)
<latexit sha1_base64="qPlFaRxWsYGhnkStrrrPkykzm0A=">AAACAnicdVDLSgMxFM3UV62vqitxEyxCXVhmplLbhVJw47KCfUBbh0yatqHJzJDcEUopbvwVNy4UcetXuPNvTB+Cih643MM595Lc40eCa7DtDyuxsLi0vJJcTa2tb2xupbd3ajqMFWVVGopQNXyimeABqwIHwRqRYkT6gtX9wcXEr98ypXkYXMMwYm1JegHvckrASF56T3r5GxefYelp07PHLegzIF7+yEtn7JxtUCjgCXGKtmNIqVR03RJ2ppZtZ9AcFS/93uqENJYsACqI1k3HjqA9Igo4FWycasWaRYQOSI81DQ2IZLo9mp4wxodG6eBuqEwFgKfq940RkVoPpW8mJYG+/u1NxL+8ZgzdYnvEgygGFtDZQ91YYAjxJA/c4YpREENDCFXc/BXTPlGEgkktZUL4uhT/T2puzinkClcnmfL5PI4k2kcHKIscdIrK6BJVUBVRdIce0BN6tu6tR+vFep2NJqz5zi76AevtEy0FlWY=</latexit>

m2
3 = m2

s(�✓3)
<latexit sha1_base64="1zTJpgm3jiQjszc6JW4wgeaSG7g=">AAACDHicdVDLSgMxFM3UV62vqks3wSLUhWWmlNoulIIblxXsA9pxyKRpG5rMDMkdoZR+gBt/xY0LRdz6Ae78GzNtBRU9EHI451ySe/xIcA22/WGllpZXVtfS65mNza3tnezuXlOHsaKsQUMRqrZPNBM8YA3gIFg7UoxIX7CWP7pI/NYtU5qHwTWMI+ZKMgh4n1MCRvKyOemVbor4DEtPmzvfhSED4pXwCV5Q59ik7IJtUC7jhDgV2zGkWq0Ui1XszCzbzqEF6l72vdsLaSxZAFQQrTuOHYE7IQo4FWya6caaRYSOyIB1DA2IZNqdzJaZ4iOj9HA/VOYEgGfq94kJkVqPpW+SksBQ//YS8S+vE0O/4k54EMXAAjp/qB8LDCFOmsE9rhgFMTaEUMXNXzEdEkUomP4ypoSvTfH/pFksOOVC+aqUq50v6kijA3SI8shBp6iGLlEdNRBFd+gBPaFn6956tF6s13k0ZS1m9tEPWG+f8IGZDg==</latexit>

m2
4 = m2

s(✓4 � ✓1)



Integrals
(for FT Euclidean region, i.e.            )

<latexit sha1_base64="DWtT+zdHw9Te/fHTd5d5TqPMCLk=">AAACAXicbZBLSwMxFIUz9VXra9SN4CZYBFdlRqS6rLhxWcE+oB1KJs20oZlkSO4oZagI/hU3LhRx679w578xfSy09UDg45wbknvCRHADnvft5JaWV1bX8uuFjc2t7R13d69uVKopq1EllG6GxDDBJasBB8GaiWYkDgVrhIOrcd64Y9pwJW9hmLAgJj3JI04JWKvjHnDcZonhQknc1rzXB6K1usdexy16JW8ivAj+DIpopmrH/Wp3FU1jJoEKYkzL9xIIMqKBU8FGhXZqWELogPRYy6IkMTNBNtlghI+t08WR0vZIwBP3942MxMYM49BOxgT6Zj4bm/9lrRSiiyDjMkmBSTp9KEoFBoXHdeAu14yCGFogVHP7V0z7RBMKtrSCLcGfX3kR6qclv1wq35wVK5eP0zry6BAdoRPko3NUQdeoimqIogf0jF7Rm/PkvDjvzsd0NOfMKtxHf+R8/gAfn5cZ</latexit>

i✏ ! 0
<latexit sha1_base64="SeQwNP5AKkGIhrAga5JW99qwNSQ="></latexit>

I3[1](m
2
1,m

2
2,m

2
3) =

⇣ 3Y

i=1

Z 1

0
dxi

⌘ �(x1 + x2 + x3 � 1)

�m2
1x1x2 �m2

2x2x3 �m2
3x1x3

Factor out <latexit sha1_base64="4ufPpeoGHXTY0jJu4v/JweHJc/8=">AAAB+HicbVA9SwNBEJ3zM8aPnFraLAbBKtyJRCsJ2FhYRDAfkBxhb7O5LNnbPXb3lHjkl9hYKGLrT7Hz37hJrtDEBwOP92aYmRcmnGnjed/Oyura+sZmYau4vbO7V3L3D5paporQBpFcqnaINeVM0IZhhtN2oiiOQ05b4eh66rceqNJMinszTmgQ40iwASPYWKnnlrq3UkSKRUODlZKPPbfsVbwZ0DLxc1KGHPWe+9XtS5LGVBjCsdYd30tMkGFlGOF0UuymmiaYjHBEO5YKHFMdZLPDJ+jEKn00kMqWMGim/p7IcKz1OA5tZ4zNUC96U/E/r5OawWWQMZGkhgoyXzRIOTISTVNAfaYoMXxsCSaK2VsRGWKFibFZFW0I/uLLy6R5VvGrlerdebl2lcdRgCM4hlPw4QJqcAN1aACBFJ7hFd6cJ+fFeXc+5q0rTj5zCH/gfP4AQnaTfQ==</latexit>

=) nontrivial fct. of &

Change variables
<latexit sha1_base64="696uP1jApSSA3ld8/vZNYzMNIcs=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9CQA8eI5gHJEuYncwmQ2Zn13kEkiXf4cWDIl79GG/+jZNkD5pY0FBUddPdFSScKe26305ubX1jcyu/XdjZ3ds/KB4eNVRsJKF1EvNYtgKsKGeC1jXTnLYSSXEUcNoMhrczvzmiUrFYPOpxQv0I9wULGcHaSv4EdQIs0QTdIIO6xZJbdudAq8TLSAky1LrFr04vJiaiQhOOlWp7bqL9FEvNCKfTQscommAyxH3atlTgiCo/nR89RWdW6aEwlraERnP190SKI6XGUWA7I6wHatmbif95baPDaz9lIjGaCrJYFBqOdIxmCaAek5RoPrYEE8nsrYgMsMRE25wKNgRv+eVV0rgoe5Vy5eGyVL3L4sjDCZzCOXhwBVW4hxrUgcATPMMrvDkj58V5dz4WrTknmzmGP3A+fwDbVJDg</latexit>

zz̄ = u
<latexit sha1_base64="0LKiY5LPdPoxNGbwq/O82g7122I=">AAAB/nicbZDLSgMxFIbP1Futt1Fx5SZYhLqwzIhUN0JBFy4r2Au0Q8mkmTY0kxmSTKEOBV/FjQtF3Poc7nwb03YWWj2Q8PH/55CT3485U9pxvqzc0vLK6lp+vbCxubW9Y+/uNVSUSELrJOKRbPlYUc4ErWumOW3FkuLQ57TpD6+nfnNEpWKRuNfjmHoh7gsWMIK1kbr2Qck9fThB5u74WCKDV2iEunbRKTuzQn/BzaAIWdW69menF5EkpEITjpVqu06svRRLzQink0InUTTGZIj7tG1Q4JAqL52tP0HHRumhIJLmCI1m6s+JFIdKjUPfdIZYD9SiNxX/89qJDi69lIk40VSQ+UNBwpGO0DQL1GOSEs3HBjCRzOyKyABLTLRJrGBCcBe//BcaZ2W3Uq7cnRerN1kceTiEIyiBCxdQhVuoQR0IpPAEL/BqPVrP1pv1Pm/NWdnMPvwq6+MbqTSSwA==</latexit>

(1� z)(1� z̄) = v,

<latexit sha1_base64="4sAs9MtAlXg9QLYwblUpbaPCXfE="></latexit>

P2(z, z̄) = 2Li2(z)� 2Li2(z̄)� ln(zz̄)
�
Li1(z)� Li1(z̄)

�

<latexit sha1_base64="VRCAIvMjdwIIqOIiijBY1oO+ffw="></latexit>Z z

0

dx

x
Li1(x)

<latexit sha1_base64="IQZAaQY1dmc+5eFBNbfi9shMh1A="></latexit>Z z

0

dx

1� x
= � ln(1� z)

[Duplancic, Nizic 2002;
Chavez-Duhr 2012;
Bourjaily, Hannesdottir,  
McLeod, Schwartz, Vergu 2020;
Weinzierl's book 2022; ...] 

<latexit sha1_base64="K0RfMskvaGsOOhB6TGLZmTWzj5U=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiieyiQY8kevCIiQsksJJu6UJD2920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWjpOFaE+iXmsOiHWlDNJfcMMp51EUSxCTtvh+Gbmt5+o0iyWD2aS0EDgoWQRI9hYyRf9i8dav1xxq+4caJV4OalAjma//NUbxCQVVBrCsdZdz01MkGFlGOF0WuqlmiaYjPGQdi2VWFAdZPNjp+jMKgMUxcqWNGiu/p7IsNB6IkLbKbAZ6WVvJv7ndVMTXQcZk0lqqCSLRVHKkYnR7HM0YIoSwyeWYKKYvRWREVaYGJtPyYbgLb+8Slq1qlev1u8vK43bPI4inMApnIMHV9CAO2iCDwQYPMMrvDnSeXHenY9Fa8HJZ47hD5zPHyifjkg=</latexit>
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<latexit sha1_base64="Ie8OdM3fr8p9G2Zlb2iWgfwhudA=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi+CqzFSpboSKG5cV7AXasWTSTBuazAxJRijDgPgqblwo4tbHcOfbmF4W2vpDOD//OSE5nx9zprTjfFu5peWV1bX8emFjc2t7x97da6gokYTWScQj2fKxopyFtK6Z5rQVS4qFz2nTH16P+80HKhWLwjs9iqkncD9kASNYm6hrHyToEnUCiUkquu59OTPl1JSuXXRKzkRo0bgzU4SZal37q9OLSCJoqAnHSrVdJ9ZeiqVmhNOs0EkUjTEZ4j5tGxtiQZWXThbI0LFJeiiIpDmhRpP0940UC6VGwjeTAuuBmu+Nw/967UQHF17KwjjRNCTTh4KEIx2hMQ3UY5ISzUfGYCKZ+SsiA2xoaMOsYCC48ysvmka55FZKlduzYvXqcYojD4dwBCfgwjlU4QZqUAcCGTzDK7xZT9aL9W59TEdz1gzhPvyR9fkDZmuWEQ==</latexit>
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<latexit sha1_base64="v/igEx7B3c3LSyT/YIU6v1k57yI=">AAACAHicbZDLSgMxFIbPeK31NurChZtgEVyVmSrVjVBx47KCvUA7Dpk004ZmMkOSKZShIL6KGxeKuPUx3Pk2ppeFtv4Qzs9/TkjOFyScKe0439bS8srq2npuI7+5tb2za+/t11WcSkJrJOaxbAZYUc4ErWmmOW0mkuIo4LQR9G/G/caASsVica+HCfUi3BUsZARrE/n24QBdoXYoMckiv/RQGplyZopvF5yiMxFaNO7MFGCmqm9/tTsxSSMqNOFYqZbrJNrLsNSMcDrKt1NFE0z6uEtbxgocUeVlkwVG6MQkHRTG0hyh0ST9fSPDkVLDKDCTEdY9Nd8bh//1WqkOL72MiSTVVJDpQ2HKkY7RmAbqMEmJ5kNjMJHM/BWRHjY0tGGWNxDc+ZUXTb1UdMvF8t15oXL9OMWRgyM4hlNw4QIqcAtVqAGBETzDK7xZT9aL9W59TEeXrBnCA/gj6/MHaZOWEw==</latexit>
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<latexit sha1_base64="bYZ90EXAEqCWwjg4Ok+nLffAV/U="></latexit>

I3[1](u, v) = � 1
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P2(z, z̄)

z � z̄



<latexit sha1_base64="VBI9WHuupEQ8TI6/RZqm2RshBbA="></latexit>
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2
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Relation can get (known) corrections away from 
Euclidean region [Duplancic, Nizic 2002;

Corcoran, Loebbert, Miczajka, Staudacher 2020] 

Reason for simplicity: Dual conformal symmetry

Back to example
<latexit sha1_base64="VYuJKQY8baNgkXKtPqa4Tcz4LVo=">AAACC3icbZDLSsNAFIYn9VbrLerSzdAiuCpJLdVlQRcuK9gLNCFMppN26GQSZyZCCd278VXcuFDErS/gzrdx0qagrT8MfPznHM6c348Zlcqyvo3C2vrG5lZxu7Szu7d/YB4edWSUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj6+yeveBCEkjfqcmMXFDNOQ0oBgpbXlm2XIYuXd44tUWcL6AegbQ9syKVbVmgqtg51ABuVqe+eUMIpyEhCvMkJR924qVmyKhKGZkWnISSWKEx2hI+ho5Col009ktU3iqnQEMIqEfV3Dm/p5IUSjlJPR1Z4jUSC7XMvO/Wj9RwaWbUh4ninA8XxQkDKoIZsHAARUEKzbRgLCg+q8Qj5BAWOn4SjoEe/nkVejUqnaj2ritV5rXeRxFcALK4AzY4AI0wQ1ogTbA4BE8g1fwZjwZL8a78TFvLRj5zDH4I+PzBxq+mng=</latexit>

0  ⌫2  ⌫3  ⌫4  1

<latexit sha1_base64="zBoGMgZBpF4kEqNDyA/At29c0ZA="></latexit>
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<latexit sha1_base64="MgE5GsMpJLCYJBoRPZGje+94LaA="></latexit>
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<latexit sha1_base64="V4FgLBrKYgVSFrxu14MP9LTMW78="></latexit>
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<latexit sha1_base64="gvyxyKPV8bg8KM7PmKaZog8rzrk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHixWNE84BkCbOTSTJkZnaZ6RXCEvAHvHhQxKtf5M2/cfI4aGJBQ1HVTXdXlEhh0fe/vZXVtfWNzdxWfntnd2+/cHBYt3FqGK+xWMamGVHLpdC8hgIlbyaGUxVJ3oiGNxO/8ciNFbF+wFHCQ0X7WvQEo+ike9WxnULRL/lTkGUSzEkR5qh2Cl/tbsxSxTUySa1tBX6CYUYNCib5ON9OLU8oG9I+bzmqqeI2zKanjsmpU7qkFxtXGslU/T2RUWXtSEWuU1Ec2EVvIv7ntVLsXYWZ0EmKXLPZol4qCcZk8jfpCsMZypEjlBnhbiVsQA1l6NLJuxCCxZeXSf28FJRL5buLYuX6aRZHDo7hBM4ggEuowC1UoQYM+vAMr/DmSe/Fe/c+Zq0r3jzCI/gD7/MHiDuOYQ==</latexit>ms IR regulator

Expect all IR divergences to cancel between orderings 
and diagrams, except for IR div. from graviton in loop



Bern-Dixon-Kosower differentiation method 
[Bern, Dixon, Kosower 1993] 

Tensor triangles 

and tensor boxes

can all be obtained from scalar integrals        &        via
<latexit sha1_base64="Dgr6lcA9CQNZpEt9JbigFwxLugE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKSDxGvOgtgnnAZgmzk9lkzOzMMjMrhCXgJ3jxoIhX/8ebf+PkcdDEgoaiqpvurjDhTBvX/XZya+sbm1v57cLO7t7+QfHwqKVlqghtEsml6oRYU84EbRpmOO0kiuI45LQdjq6nfvuRKs2kuDfjhAYxHggWMYKNlVq3vYrvBb1iyS27M6BV4i1ICRZo9Ipf3b4kaUyFIRxr7XtuYoIMK8MIp5NCN9U0wWSEB9S3VOCY6iCbXTtBZ1bpo0gqW8Kgmfp7IsOx1uM4tJ0xNkO97E3F/zw/NdFlkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgAo2BG/55VXSuih71XL1rlKqXz3N48jDCZzCOXhQgzrcQAOaQOABnuEV3hzpvDjvzse8NecsIjyGP3A+fwDFU48F</latexit>

I4[1]
<latexit sha1_base64="XK4+I9eKiqtUKHAxzlj637s5j18=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexqiB4jXvQWwTxgs4TZyWwyZnZmmZkVwhLwE7x4UMSr/+PNv3HyOGhiQUNR1U13V5hwpo3rfju5ldW19Y38ZmFre2d3r7h/0NQyVYQ2iORStUOsKWeCNgwznLYTRXEcctoKh9cTv/VIlWZS3JtRQoMY9wWLGMHGSs3b7rnvBd1iyS27U6Bl4s1JCeaod4tfnZ4kaUyFIRxr7XtuYoIMK8MIp+NCJ9U0wWSI+9S3VOCY6iCbXjtGJ1bpoUgqW8Kgqfp7IsOx1qM4tJ0xNgO96E3E/zw/NdFlkDGRpIYKMlsUpRwZiSavox5TlBg+sgQTxeytiAywwsTYgAo2BG/x5WXSPCt71XL1rlKqXT3N4sjDERzDKXhwATW4gTo0gMADPMMrvDnSeXHenY9Za86ZR3gIf+B8/gDDzI8E</latexit>
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<latexit sha1_base64="JGyc0E6kAnxScbEFxYlQdrABg+E="></latexit>

I4[x
k
1x

`
2x

m
3 xn
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Preliminary results

IR divergencies indeed cancel after adding up all
contributions (except for the expected IR divergence
from gravitons running in the loop)

Result can be expressed in terms of 
<latexit sha1_base64="olhC6znWLKP9qvM6hTn0EQGHFa4=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBBiE3ZFYsqIjWUM5gHZZZmdzCZjZh/M3BXCErC08VdsLBSx9Qfs/Bsnj0ITDxw4nHOHO/f4ieAKLOvbWFldW9/YzG3lt3d29/bNg8OWilNJWZPGIpYdnygmeMSawEGwTiIZCX3B2v7wapK375lUPI5uYZQwNyT9iAecEtCWZxbAq+LMkSEGOcalhsdxw7vTHGo6TIhT7JlFq2xNgZeFPRdFNEfdM7+cXkzTkEVABVGqa1sJuBmRwKlg47yTKpYQOiR91tUyIiFTbja9ZYxPtNPDQSw1I8BT9/eLjIRKjUJfT4YEBmoxm5j/Zd0Ugqqb8ShJgUV0tihIBYYYT4rBPS4ZBTHSglDJ9V8xHRBJKOj68roEe/HkZdE6K9uVcuXmvFi7fJjVkUPHqIBKyEYXqIauUR01EUWP6Bm9ojfjyXgx3o2P2eiKMa/wCP2B8fkD6BiZeQ==</latexit>

t8tr(RiRjRkR`)
<latexit sha1_base64="3pbhJdrrIwi3pbUPqBv+YycZDZ4=">AAACFnicbZBLSwMxFIUzPmt9jbp0EyxCu7DMiNQuK25c1mIf0BmGTJq2sZkHyR2hDAX/gxv/ihsXirgVd/4b08fCth4IHL5zQ3KPHwuuwLJ+jJXVtfWNzcxWdntnd2/fPDhsqCiRlNVpJCLZ8oligoesDhwEa8WSkcAXrOkPrsd584FJxaPwDoYxcwPSC3mXUwIaeeYZeGWcOjLAIEc4X/M4rnn3hTk00MhhQhSwZ+asojURXjb2zOTQTFXP/HY6EU0CFgIVRKm2bcXgpkQCp4KNsk6iWEzogPRYW9uQBEy56WStET7VpIO7kdQnBDyhf2+kJFBqGPh6MiDQV4vZGP6XtRPolt2Uh3ECLKTTh7qJwBDhcUe4wyWjIIbaECq5/iumfSIJBd1kVpdgL668bBrnRbtULN1e5CpXj9M6MugYnaA8stElqqAbVEV1RNETekFv6N14Nl6ND+NzOrpizCo8QnMyvn4BnmKdkQ==</latexit>

t8tr(RiRj)tr(RkR`)and 

Calculated the full amplitude covariantly, not only 
in Euclidean region; still in the process of simplifying 
the result (and its presentation) 

[cf. Bern, Edison, Kosower, Parra-Martinez 2017]



Conclusion & outlook
Developed new algorithm to evaluate string 
amplitudes covariantly in low energy limit, using
"mass" regularization

(Parts of it) can be automated

Should be generalizable, e.g. to   

less supersymmetry
<latexit sha1_base64="GfFk5xWxRQjok7nlq+PEVW4pYEg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvoqSQi1WNBDx4r2A9oQ5lsN+3SzWbZ3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5oeRMG8/7dgpr6xubW8Xt0s7u3v5B+fCopZNUEdokCU9UJ0RNORO0aZjhtCMVxTjktB2Ob2d++4kqzRLxaCaSBjEOBYsYQWOldg+5HOF5v1zxqt4c7irxc1KBHI1++as3SEgaU2EIR627vidNkKEyjHA6LfVSTSWSMQ5p11KBMdVBNj936p5ZZeBGibIljDtXf09kGGs9iUPbGaMZ6WVvJv7ndVMT3QQZEzI1VJDFoijlrknc2e/ugClKDJ9YgkQxe6tLRqiQGJtQyYbgL7+8SlqXVb9WrT1cVep3eRxFOIFTuAAfrqEO99CAJhAYwzO8wpsjnRfn3flYtBacfOYY/sD5/AHyGY9W</latexit>

↵0    -corrections (keeping higher orders in 
 expansions of field theory limit) 



E.g. higher derivative 
vertex



Thank you!

Σας ευχαριστώ 


