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Challenges in high energy physics

Divergences in QFT,
Early/late Universe, = Quantum Gravity

Black hole physics

= Quantum spacetime?

Different approaches: noncommutative geometry, loop quantum gravity, string
theory, relativistic quantum information... We will focus on noncommutative

geometry.
Noncommuting coordinates provide a discretization of spacetime

1
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with ©%” antisymmetric constant or a function of coordinates.

Quantum field theory
Poincaré symmetry

Gravity
diffeomorphysim

symmetry



Different approaches

The concept of is difficult to generalize to NC spaces.
Different approaches related to different ways of deforming classical spacetime
symmetries.

NC spectral geometry [Chamseddine, Connes, Marcolli '07; Chamseddine, Connes, Mukhanov '14;
Glaser, Stern '19].

Based on a spectral triple (A, H, D): algebra of functions A, Hilbert space
representation of spinors H and the Dirac operator D. Continuous and discrete
variables coexist as operators in Hilbert space: they do not commute.

generalisation of the "reconstruction theorem”, knowing
(A, H, D) one can reconstruct properties of the initial manifold.

Matrix models, emergent gravity [Steinacker '10, '16... "24].
arises from NC gauge theory,
in particular from IKKT supersymmetric matrix model.



Frame formalism, fuzzy spaces [Madore '92, Majid '95; Buri¢, Madore 14, Buri¢ Latas '19, Brki¢
et al '24; Beggs, Majid '17;... Majid ’24].

coordinates X" are noncommuting
objects (matrices, operators). Fields are functions of X* coordinates, NC
differential geometry can be defined. More recently: fuzzy BTZ black hole,
scalar field on fuzzy (A)dS...

TWiSt approach [Wess '04; Chaichian et al '04; Aschieri et al. '05, '06; Lukierski, Woronowicz '06; Tolstoy
'08; Castellani, Aschieri '09; Blumenhagen, Fuchs '16; Aschieri et al, '18; MDC et al ’21...].

The Hopf algebra of the spacetime symmetry is deformed to a

Noncommutative algebras of functions,
fields are module algebras of the twisted symmetry algebra. NC gravity in the
1st order formalism: NC gauge theory of SO(1,3)... NC gravity in the 2nd
order formalism: NC diffeomorphism symmetry.

Other approaches: Snyder’s spacetime [snyder '47],
Doplicher-Fredenhagen-Roberts spacetime [94, '95], Doubly Special Relativity
[Kowalski-Glikman "04, 06], NC double copy [Trojani, Szabo '23; Jonke, Lescano '25]...



Are there any connections between different NC gravity models? We focus on
the NC gravity models in the x-product approach.

Our approach is based on:

Deformation

Drinfeld twist formalsim: a well defined way to deform a (Hopf) algebra of
classical symmetries to a twisted (noncommutative, defomed) Hopf algebra.
Module algebras (differential forms, tensors...) are consistently deformed into
*-module algebras: noncommutative differential geometry [Aschieri et al. '05...'18].

Construction of NC field theories and gravity

L. algebra: Any classical (gauge) field theory described by the corresponding
Lo algebra [Hohm, Zwiebach '17; Jurco et. al '19]. NC braided field theories can be
encoded in a braided Lo, algebra[Mpc, Giotopoulos, Radovanovic, Szabo '21; Giotopoulos, Szabo
22].



Drinfeld twist formalism and NC differential geometry

Guiding principle: Differential geometry on M is covariant under UVec(M)
(diffeomorphism symmetry).

NC differential geometry on M should be covariant under UVec” (M) [Aschieri et
al. '06; Aschieri, MDC, Szabo ’18].

In practice: UVec(M)-module algebra A (functions, forms, tensors) and
a,be A, ¢ e Vec(M)

&(ab) = &(a)b + ag(b), & acts via Lie derivative, Leibniz rule (coproduct).

The twist: UVec(M) — UVec” (M) and A — A, with - — -0 F !
a-b—axb=-0F Ya®b)=Tf"(a)- f«(b)
Commutativity:  ax b= Ry(b) » R*(a).
A, is a UVec” (M)-module algebra:
E(axb) = ";:(i)(a) *é(i)(b):

for £ € UVec” (M) and using the twisted coproduct AT ¢ = 5(1) ® 5(5).



Twisted gravity
One of the first applications of the twisted diffeomorphism symmetry in [Aschieri
et al 05, 06]: twisted NC gravity.

The diffeomorphism algebra is undeformed, but the coproduct (Leibniz rule)
changes: Transformation law of the scalar field ¢ is given by the commutative
Lie derivative, with a deformed Leibniz rule:

Sed(x) = — £ 0re(x)
Oe(d1 * ¢2) =(0¢P1) * P2 + p1 * (0¢P2)

i
— EGPU <(5(8p§)d)1)3g¢2 + (8,3¢1)(5(365)¢2) + ... )
The deformed EH action, with Gg, = %(eﬂ"’ xel +ex eub) Nab:
1 4 *
Sen =5 [ d*x (B xR+ hec.)

=59 4 /d“x (det(e,ﬁ)R<2> + E*<2>R<°>) T
In [Alvarez-Gaume et al '06] this expansion is compared with the expansion of the
gravitational action induced on the brane in the presence of a constant B-field:
twisted gravity is not reproducing terms form the string theory, string theory

contains richer dynamics. Twisted gravity solutions (black holes, cosmological)
in [onl, Schenckel '09]. More formal approach in [Aschieri, Schenkel '14].



Gravity as a gauge theory: 1st order formalism

Gravity in the 1st order formalism, ECP gravity. Fields: Spin connection
w = %wff’):abdx” and vierbein e = e;v,dx", with ¥, = %[fy",fyb].

1
R =dw + E[w,w] =Ry, T=detwAe=T¥,
1
S ZETr/e/\ e Rys = /eabcdea ANel AR,
S is invariant under SO(1, 3) gauge symmetry and the diffeomorphism

symmetry.

dpe =ilp,e], dce=Lge
dpw =dp + i[p,w], dew =Lew.

Varying the action with respect to w,, and vielbeins e, gives

Einstein equation: e AR =0, Torsion free condition: e A T = 0.

The spin connection in not dynamical (the equation of motion is algebraic, the
zero-torsion condition) and can be expressed in terms of vielbeins, 2nd order
formalism, GR (if e invertible).

Generalization to NC spaces = NC gauge theory!



Braided NC gauge theories

x-gauge transformations: Gauge field A = A7, T°dx" transforms as (p = p”T*)
[orAl=pxA—Axp

1 1
= {p7 $APHTO T [ $ AP)(T7. TP},

Braided gauge transformations:
53A=dp+i[p, Al = dp +i(p* A— Ri(A) *R*(p)) ,
[p, Alx =p?T? % A2T? — R (A?T?) x R¥(p?T?)
:pa*Ab[Ta, Tb] _ 7fabc/)b x AST2.

Gauge transformations have the braided Leibniz rule

A((’i;‘)) = 15; ®id + Ry ® %

Rk (p)
and close the braided algebra
*
[6;1’5;2} o 5;1 ° 5;2 - (Sl;k(/’z) ° 6§’<(p1) = 61"[91,!12]* :

How to formulate an action invariant under these transformations and how to

quantize theories with braided symmetries? A concept of L. -algebra!



Braided L..-algebra

Braided cyclic L-algebra (V,{¢,}) consists of:.

e Z-graded real vector space V = @, ., Vi. Usually we work with
V=WoVie Vo Vs
e multilinear maps/brackets: 75 : Q"V — V
O(vi® - @ Vn) = Lo(vi @y -+ - Ry Vi),

with v @, v/ := F (v v') = f(v) @ f(v') for v, v/ € V. The brackets
are graided and braided symmetric!

v,y ) = == (L Re(V), R (), )



e braided homotopy relations:

GG (v) =0,
G (05(vi,v2)) = 05 (65 (v1), v2) + (1)1 25 (v, €5 (v2))

& (8 (1, va), v3) —(—1)12 15165 (65 (w1, Re(v3)), R* (w2))
+(—1)elrhsl il g (g5 (R (v2), R (v3)), RjR (w1))
=4 (Ei‘(vl), Vo, V3) — (71)“’1‘ €§(v1,€f(v2), V3)
— (M2l (vi, v, 6 () — 41 (63 (vas v2, 1))

o (V,{l},{(—,—)«) is a braided cyclic L..-algebra: the braided cyclic
pairing (—, =)« : V@V - R:
(vi, v = (F(n), Fu(v2)) -

Naturally braided cyclic (vi, v2)» = (Ri(v2), R(v1)).: problems with the
variational principle! Instead, we demand strict cyclicity:

(v2, 1) = (Rie(v1), R (v2))x = (v, v2)s,
(vo, €5 (v, va, - ooy V)Y = (Vi €5 (V05 VI, -« o+ Ve 1) ke

Twist operator fulfilling this is a compatible Drinfel'd twists. It define a
strictly cyclic braided Lo-algebra.



Braided gauge theory via braided L..-algebra

Any classical filed theory is fully described by the corresponding L..-algebra
[Hohm, Zwiebach '17; Jurco et al *17]. Analogously for the braided field theories:

Braided gauge transformations
= 1
A=)+, — (DI (0 A L A)
n=1 """

Braided equations of motion
A=Y (-} Vg(a,. ., A)

|
n=1 n

follow from the braided gauge invariant action

1 Lnn— *
(A) = nz:; m(fl)z (n=1) (AL (A ... A))

using the variational principle and the strict cyclicity.



Braided L., algebra of 4D ECP gravity

Vector space: V =Wd Vid Vo @ V3 and
e symmetry parameters (ghosts): (&, p) € Vo, fields: (e,w) € Vi,

e antifields, EoM (E, Q) € V5, antifields for ghosts, Noether identities
((X,P) € Va.

Some of the ¢* brackets:

5 (()-(2) =T

4 ((:ﬁ) , (:22)) _ (—el Ax dwy — Re(e) Ay R¥(dwy) — dwy Ay e — Ry(dwr) Ak Rk(el)> ,

4((2)-(2)(2))-

i(e1 Ax [wa, walx + Re(e2) Ax [RF(w1), wals + Ri(e3) Ax R¥([wr, waly)
+ Ry([wz, w3le) Ax R¥(e1) + [wr, R(w3)lx Ax R¥(e2) + [Re(w2), R¥(w1)]x A €3
+ 2 (e1 Ax le2s es]s + Ry(e2) Ax [R¥(e1), ess + Re(es) Ax R¥([er, e24)))

i([wi, [e2, es]s], + [Ri(w2), [R¥(e1), e3]« ], + [Ri(ws), R¥([e1, e2]4)],)



The braided commutators

[p1, p2l« = [Fp1,Tkp2] = p1* p2 — Rupa » R¥p1
[€1, &2)w = [0, fiulo] = &1 x &2 — Ria x R¥¢: .

close in the corresponding Lie algebras, SO(1,3) and the Lie algebra of vector
fields, respectively. No new degrees of freedom!

Strictly cyclic pairing

> = /Tr((e/\*E+W/\*Q)’YS)7
(6)-(8)). = fex frorr

What do we obtain?



Gauge invariant action with a good commutative limit
5*(670.)) = % <(e7w) b e{(evw)>* - % <(e:w) s 85 ((e,w), (e:w))>*
—5{(ew), £((ew), (ew), (ew)),

A
/aabcd [R*ab Ax €S Ay ed — gea A €2 Ay €€ A, e

1
—= (w‘# Ax we? Ay €€ Ay ef +w? Ay € Ay wil A ed)]

3

Covariant equations of motion
1
FE=3 (e Ax dw + Re(€) Ax R¥(dw) + dw Ay e + Ry(dw) As Rk(e)>

_ é(e Ax [w, w]x + Ri(€) Ax [R¥(w), w]x + Ri(e) Ax R¥(Jw, w]«)
+ Rie([w, wlx) Ax R¥(€) + [w, Ri(w)]x Ax RE(€) + [w, w]x Ax €

+ 2 (e Av eyl + Ri() A [RH(), el + Re(e) v RA([e,el.)) ) =0,

1
f:; = Ed[ev e]*

- é([w, le, el+], + [Ri(w), [R(e), el«], + [Ru(w), R* (e, e]*)]*) —o0.

Commutative limit: standard torsion free condition and Einstein equation.



Phenomenological implications

The braided NC 4D ECP gravity exhibits simple solutions:

e Minkowski spacetime

ds? = —dt? + dx? + dy? + dz2.

e flat de Sitter spacetime

ds? = —dt? + e (dx? + dy? + dz?) .

Three graviton vertex
We expand the braided NC gravity action around the flat spacetime
guv = Nuv + 2khpuy
in the transverse-traceless gauge
duht” =0, A", =0.

There is no linear (in #) NC correction, as expected. Terms contributing to the
NC correction to the three graviton vertex are quadratic in 0"” and cubic in x.



We find exactly the same result as in the twisted NC gravity [Alvarez-Gaume et al '06]

*
3,02

3
oot / A 2000, 1) (505079 hp)

— (Bady ) (9305177)(Bu0 b)) -

Some subtitles related with the 1st order formalism:

Basic fields are expanded as:

a
€

6%, + m/abh,/,,ﬁb“ ,

ab(0 ab(1 2 ab(2
wfld, = W'7/,( >+Hw7,),( )'H‘u.}}/),( ),

with wal:fo) =0 and wQILQ) does not contribute to the (62, k%) terms.

ab(1 cach /¢ 5 co cv _ab
WM = 6265(87hy? — 07h,7), kY = 806507y
follows form

Wplvp] = w?,(e)es" es” + Kyulvols w?,(e) = 2e”[""6[ueﬂ —e'lfebloe, 8, e,°,

1
Kutvpl = ) (T[W]P = Twplp + T[pu]l/) and Tpupp = Tw’ea”.

No K[, contribution in (62, x3) terms; Nontrivial contributions in #3 and higher.



Outlook

Can we connect/compare different NC gravity models (in the x-product
approach)?
e 4D braided and twisted gravity models
-different symmetries, different action
-same simple solutions and the three graviton vertex
-find and compare nontivial solutions.
e SW expanded NC gravity and NC gravity from double copy
-are they related and how?

e Different NC gravity models from double copy: is braided gravity double
copy of a braided gauge theory?
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20 years since the Corfu meeting " Noncommutative geometry in field and
string theories” where the 2nd twisted gravity paper was prepared
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s* =5 1 5@
ab c d 1 aB v 2 ab c d
= [ €apcdR™ Ne Ne +553bC49 0 —5aaawdw A OgOse” Ne
1 1
= gdwab A Dadye A Dgdse? — Eaaaww"e A Bgdswed A e A el
2
= 5 0adyw™ A Bswe® N Bge N e? —2000,w Awe’ A Bz05e" A el
1 1
= Eaaaw” Awe® A dge A dse? — gaaw“ A Bywe® A Bz85e" A el

2 1
= J0aw™ A weP A 93056 A Dyed — S A weP A BBy A %aaed) .

3
53*)02 _ %eaﬁevé/dx&xa;wpoesbcd[
2 1 2
= 5( (aaawauw"bfj)) (0p057) ™0 + (6a676uw""’f,)> (65657—Cp>5d0>
1) 1
=3 (6“wab5,)> (BOL@,‘,TCP) (3[3357‘10) - (aa&ywaeﬁ))

2
— (8a8yw™®) (aﬁaéwebf)> 56 = < (9a0yw™) (aWeb(l,l)) (957) 695

— 2 (8087w D) (05057, ) we? o, — % (aw™M) (aﬂ,we"(:)) (95057,) 5%] .
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