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HHj add extra auxiliary variables ù ghost fields
ş`8

´8
e´x2

dx ù
ş`8

´8

ş`8

´8
e´px2`y2qdxdy
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The introduction of ghost fields

Def. A ghost field φ is characterized by its ghost degree degpφq P Z & its parity: ϵpφq P t0,1u where ϵpφq “ 0
is bosonic/real and ϵpφq “ 1 is fermionic/Grassm. s.t. degpφq ” ϵpφq mod Z{Z2. For a ghost φ, its
antighost φ˚ has degpφ˚q “ ´ degpφq´1 & ϵpφ˚q ” ϵpφq`1 mod Z{2Z.
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?
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with hom. comp. of finite rank

?
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[3] Each BV-extended theory naturally induces a cohomology complex: the BV-complex.
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The BV construction: the key idea

BV cohom. complex: § Cochain sp.: CiprX, dS̃q “ rO
rXsi § Coboundary op.: dS̃ ∶“ trS, ´u, d2

S̃ “ 0

These cohomology groups capture relevant
physical information about pX0, S0q:

H0
BVprX,dS̃q “ tclassical observablesu

The BV construction ù cohomological
approach to the study of gauge theories.
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The classical/quantum BV construction

6

C‚
BVprX,dS̃{Sq q

BV complex
–

6

C‚
BVpXt,dSt{Sq,t q

total complex

6

C‚
BRSTpXt,dSt{Sq,t q|L

BRST complex

pX0,S0q
initial

gauge th.

` gh./anti-gh.- prX, rS{Sqq
BV-extended th.

-` aux. flds
pXt,St{Sq,tq

total th
-gauge-

fixing
pXt,St{Sq,tq|L

gauge-fixed th.
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ş
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The goal: To find § L Lagrangian Ă Xt ghost sector &
§ Sq P C8pXtqrrh̷ss, sol. quant. master eq.

s.t. Sq|L has isolated and regular critical points.
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How noncommutative geometry?

Key idea: extend the classical notion of manifold by translating the geometrical concept in algebraic terms

Differential geometry Noncommutative geometry
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How noncommutative geometry?

Key idea: extend the classical notion of manifold by translating the geometrical concept in algebraic terms

Differential geometry Noncommutative geometry

Topology: locally compact, Hausdorff
topologial spaces

ú Gelfand-Naimark Th [1943]commutative C˚-algebras

X pC0pXq, || ||sup, ˚q

∆pAq, weak˚-top. pA, || ||, ˚q

non-commut.
C˚-algebrasú

noncommut.
top. spaces

Metric: closed, connected Riemannian
spin manifold

ú even, real spectral triples pA,H, D, J, γq

s.t. A “ commutative & 8 axioms
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The notion of spectral triple & more

Def: A spectral triple pA,H,Dq consists of:
§ an involutive unital algebra A, faithfully represented as operators on a Hilbert space H, A Ď BpHq;
§ a separable Hilbert space H;
§ a self-adjoint operator D ∶HÑH, with dense domain, such that the resolvent pi ´ Dq´1 is a
compact operator and the commutators rD, as are bounded for each a P A
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compact operator and the commutators rD, as are bounded for each a P A

Def: A spectral triple pA,H,Dq is even if there is a Z{2-grading γ ∶HÑH s.t.
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Def: A spectral triple pA,H,Dq consists of:
§ an involutive unital algebra A, faithfully represented as operators on a Hilbert space H, A Ď BpHq;
§ a separable Hilbert space H;
§ a self-adjoint operator D ∶HÑH, with dense domain, such that the resolvent pi ´ Dq´1 is a
compact operator and the commutators rD, as are bounded for each a P A

Def: A spectral triple pA,H,Dq is even if there is a Z{2-grading γ ∶HÑH s.t.
rγ, as “ 0 @a P A and Dγ “ ´γD

Def. A real structure on a spectral triple pA,H,Dq consists of an antilinear isometry J ∶HÑH such that:
ra, Jb˚J´1s “ 0 @a,b P A and rrD, as, Jb˚J´1s “ 0, @a,b P A

commutation relation first-order condition

Moreover: KO-dim.
J2 “ ˘Id

JD “ ˘DJ
Jγ “ ˘γJ

0
1
1
1

1
1

´1

2
´1
1

´1

3
´1
1

4
´1
1
1

5
´1
´1

6
1
1

´1

7
1
1

it reflects the properties
of the periodicity of
KO-homology and real
K-theory
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From spectral triples to gauge theories

Classically: G ýB
?

M

a gauge theory is understood as a principal bundle over a manifold M describing
the spacetime, while the physics is modeled in terms of connections, sections of
the bundle and automorphisms of the structure group.
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?

M

a gauge theory is understood as a principal bundle over a manifold M describing
the spacetime, while the physics is modeled in terms of connections, sections of
the bundle and automorphisms of the structure group.

Def. A gauge theory pX0, S0,Gq is a physical theory with
X0 = field configuration space S0 ∶ X0 Ñ R, action functional

and G a group acting on X0 through an action F ∶ G ˆ X0 Ñ X0, such that it holds:
S0pFpg, φqq “ S0pφq @φ P X0,@g P G.
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For the action Ñ Spectral action principle: the physical action depends only on the spectrum of D
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From spectral triples to gauge theories

Classically: G ýB
?

M

a gauge theory is understood as a principal bundle over a manifold M describing
the spacetime, while the physics is modeled in terms of connections, sections of
the bundle and automorphisms of the structure group.

Def. A gauge theory pX0, S0,Gq is a physical theory with
X0 = field configuration space S0 ∶ X0 Ñ R, action functional

and G a group acting on X0 through an action F ∶ G ˆ X0 Ñ X0, such that it holds:
S0pFpg, φqq “ S0pφq @φ P X0,@g P G.

Each spectral
triple induces a
gauge theory

For the action Ñ Spectral action principle: the physical action depends only on the spectrum of D

Def. Given a spectral triple pA,H,Dq, its spectral action is defined as:
Srφs ∶“ Tr

`

fp D`φ
Λ q

˘

where:
§ φ P

␣

φ “
ř

j ajrD,bjs ∶ φ˚ “ φ, ai,bi P A
(

inner fluctuations of the operator D
§ Λ fixes the energy scale
§ f is a test function, plays a role only via its momenta f0 ∶“ fp0q, fk ∶“

ş`8

0 fpνqνk´1dν
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The Standard model as an almost-commutative spectral triple Chamseddine, Connes, Marcolli [2007]

spectral triple pA,H,Dq gauge theory pX0,S0,Gq

§ A = unital *-alg., A Ă BpHq

§ H = Hilbert space
§ D ∶HÑH = self-adj. operator

§ X0 “
␣

φ “
ř

j ajrD,bjs ∶ φ˚ “ φ
(

ù conf. sp = inner fluctuations
§ S0rD `φs “ TrpfpD `φqq ù action func. = spectral action
§ G “ UpAq ù gauge group = unitary elements in A
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j ajrD,bjs ∶ φ˚ “ φ
(

ù conf. sp = inner fluctuations
§ S0rD `φs “ TrpfpD `φqq ù action func. = spectral action
§ G “ UpAq ù gauge group = unitary elements in A

Does all of this describe any physically relevant model?

Roberta A. Iseppi
The BV Construction in NCG: Towards the Infinite-Dim. Case 8



The BV construction Noncommutative geometry and QFT Towards a BV formalism in NCG

The Standard model as an almost-commutative spectral triple Chamseddine, Connes, Marcolli [2007]

spectral triple pA,H,Dq gauge theory pX0,S0,Gq

§ A = unital *-alg., A Ă BpHq

§ H = Hilbert space
§ D ∶HÑH = self-adj. operator

§ X0 “
␣

φ “
ř

j ajrD,bjs ∶ φ˚ “ φ
(

ù conf. sp = inner fluctuations
§ S0rD `φs “ TrpfpD `φqq ù action func. = spectral action
§ G “ UpAq ù gauge group = unitary elements in A

Does all of this describe any physically relevant model?

M = compact Riem. spin manifold
with canonical spectral triple

pC8pMq,L2pM,Sq,DM, JM, γMq

F= finite noncomm. space
with finite real spectral triple
pC ‘ H ‘ M3pCq,C96,DF, JF, γFq

���Gauge group:
Up1q ˆ SUp2q ˆ SUp3q

?
96 particlesStandard Model of particles, with neutrino

mixing and minimally coupled to gravity,

Product: pC8pMq b rC ‘ H ‘ M3pCqs,L2pM,Sq b C96,DM b Id ` γM b DF, JM b JF, γM b γF)
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The Standard Model as an almost-commutative spectral triple [2]

Two notions of action: Spectral action: SrD ` φs “ TrpfpD ` φqq;

§ for f a regular function (good decay, cut off...);
§ for φ a self-adjoint element, with φ “

ř

j ajrD,bjs, aj,bj P A

Fermionic action: Srψs “ 1
2 xpJqψ,Dψy,

§ for x , y the inner product structure on H;
§ for ψ PHf ĎH we can impose a Grassmannian nature to the elements in Hf
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Two notions of action: Spectral action: SrD ` φs “ TrpfpD ` φqq;

§ for f a regular function (good decay, cut off...);
§ for φ a self-adjoint element, with φ “

ř

j ajrD,bjs, aj,bj P A

Fermionic action: Srψs “ 1
2 xpJqψ,Dψy,

§ for x , y the inner product structure on H;
§ for ψ PHf ĎH we can impose a Grassmannian nature to the elements in Hf

S0pA, ψq “ TrpfpDSM{Λqq ` xJSMpψq,DSMψy
spectral action fermionic action

The full Lagrangian (in Euclidean signature) of the Standard Model can be obtained as asymptotic
expansion of the action determined by applying the spectral action principle, plus the fermioninc action.
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The Standard Model as an almost-commutative spectral triple [2]

Two notions of action: Spectral action: SrD ` φs “ TrpfpD ` φqq;

§ for f a regular function (good decay, cut off...);
§ for φ a self-adjoint element, with φ “

ř

j ajrD,bjs, aj,bj P A

Fermionic action: Srψs “ 1
2 xpJqψ,Dψy,

§ for x , y the inner product structure on H;
§ for ψ PHf ĎH we can impose a Grassmannian nature to the elements in Hf

S0pA, ψq “ TrpfpDSM{Λqq ` xJSMpψq,DSMψy
spectral action fermionic action

The full Lagrangian (in Euclidean signature) of the Standard Model can be obtained as asymptotic
expansion of the action determined by applying the spectral action principle, plus the fermioninc action.

But: Compactness: does not work well with the notion of causality ù local version of spectral triples
Riemannian: to describe gravity we need Lorentian signature ù at the moment still missing
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Towards the quantization of the spectral action

But... all of this is still classical. How can we quantize our theory? ù Path integral approach

Z “
ş

X0
e i̷

h S0 rdµs

@R
S0 ∶“ TrpfpD{Λqq, spectral action

��
X0 “ Ω1

DpAqs.a., inner-fluct. of D

Problem 2: as the induced theory is a gauge theory, the critical points of S0 appear in orbits
Idea: to develop a BV formalism for spectral triples
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IF one considers the theory induced by the canonical spectral triple:
§ D “ {BM ∶“ ´ipĉ ˝∇sq, Dirac op., ù determines the Riem. metric
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Possible approach to quantum gravity (Barrett, Glaser, Khalkhali, …)
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Problem 1: the measure rdµs is not well defined
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§ X0 “ space of all metrics on M

Possible approach to quantum gravity (Barrett, Glaser, Khalkhali, …)

Problem 1: the measure rdµs is not well defined
Idea: to see the manifold M as the limit of a finite object ù MnpCq, n Ñ 8, matrix models

X0 “ tA P MnpCq ∶ A˚ “ Au & D “ fixed self-adjoint matrix
Theory induced by a finite spectral triple

Problem 2: as the induced theory is a gauge theory, the critical points of S0 appear in orbits
Idea: to develop a BV formalism for spectral triples

Recall: the fully noncommutative case has:
X0 “ infinite-dim. vector space & D “ unbounded self-adjoint op., with compact resolvant
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The BV construction for finite spectral triples

We want to study the BV construction for gauge theories induced by finite spectral triples
pMnpCq,Cn,D, fq

Questions and goals:
§ Can the BV construction be described in terms of spectral triples?
§ Can the BRST cohomology be related to other (better understood) cohomological theories?
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We want to study the BV construction for gauge theories induced by finite spectral triples
pMnpCq,Cn,D, fq

Questions and goals:
§ Can the BV construction be described in terms of spectral triples?
§ Can the BRST cohomology be related to other (better understood) cohomological theories?

Noncommutative geometry

pMnpCq,Cn,D, fq
initial spectral triple

6

?
pX0,S0q

initial gauge theory

-

BV spectral triple

?
C‚

BVprX,dS̃q –
BV complex – ??

6

- - -

prX, rSq
extended theory

-

?
C‚

BVpXt,dSt q –
BV tot complex – ??

6

total spectral triple

?
C‚

BRSTpXt,dSt q|Ψ –
BRST complex – ??

6

gauge-fixing fermion

pXt,Stq
total theory

- pXt,Stq|Ψ
gauge-fixed theory

BV construction & BRST cohomology
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We want to study the BV construction for gauge theories induced by finite spectral triples
pMnpCq,Cn,D, fq
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§ Can the BV construction be described in terms of spectral triples?
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arXiv:2410.11823Noncommutative geometry

pMnpCq,Cn,D, fq
initial spectral triple

6

?
pX0,S0q

initial gauge theory

-

pABV,HBV,DBV, JBVq
BV spectral triple

?
C‚

BVprX,dS̃q – C‚
HpB,Mq
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- - -
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The BV construction for finite spectral triples [2]

Step 1: pA0,H0,D0q & f -BV construction pABV,HBV,DBV, JBVq JBV ∶ to go from C to R.

How to extract the information from the initial spectral triple pA0,H0,D0q?

ghost fields: Which role are the ghost fields going to play in the BV-spectral triple?
extended action: How can we determine SBV starting from pD0, fq?
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The BV construction for finite spectral triples [2]

Step 1: pA0,H0,D0q & f -BV construction pABV,HBV,DBV, JBVq JBV ∶ to go from C to R.

How to extract the information from the initial spectral triple pA0,H0,D0q?

ghost fields: Which role are the ghost fields going to play in the BV-spectral triple?
extended action: How can we determine SBV starting from pD0, fq?

initial spectral tr.

induced
gauge theory

pA0,H0,D0q & f
looomooon

�
��

X0 “ Ω1pA0q

?
S0 “ TrpfpD0 ` φqq

BV spectral tr.

BV-extended
theory

pABV,HBV,DBV, JBV
looomooon

q

�
��

X̃ “ X0 ` X˚
0 r1s `HBV,f

A
AU

SBV “ 1
2 Sferm
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X0 “ Ω1pA0q
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S0 “ TrpfpD0 ` φqq
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pABV,HBV,DBV, JBV
looomooon

q

�
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X̃ “ X0 ` X˚
0 r1s `HBV,f

A
AU

SBV “ 1
2 Sferm

The Hilbert space: describes the ghost sector of the BV-extended theory.

H0 “ Cn - HBV “ rMnpCqs´2 ‘ rMnpCqs´1 ‘ rMnpCqs0 ‘ rMnpCqs1
+ ghost/anti-ghost fields

where
HBV,f “ risupnqs´2 ‘ risupnqs´1 ‘ risupnqs1 ‘ risupnqs2

“ Q‘Q˚r1s

fully determined by
supnq “ upA0q{ZpupA0qq
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The BV construction for finite spectral triples [3]

The operator DBV determines the BV-action SBV ∶“ rS ´ S0 as induced fermionic action.

DBV “

ˆ

0 R
R˚ S

˙

R ∶ QÑ Q˚r1s

S ∶ QÑ Q
The linear operators R and S are represented, as block matrices, by

R ∶“ 1
2

˜

0 ´adpCq

adpCq ´adpxq

¸

, S ∶“
˜

0 adpx˚q

adpx˚q adpC˚q

¸

where adpzq ∶MnpCq Ñ MnpCq;
φ↦ rαpzq, φs´.

Explicitly, the matrix representation of these linear operators has
in position pp, rq the term: ´

ř

q i ¨ fpqr zq
HHj Structure constants

of supnq
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φ↦ rαpzq, φs´.

Explicitly, the matrix representation of these linear operators has
in position pp, rq the term: ´

ř

q i ¨ fpqr zq
HHj Structure constants

of supnqThe self-adjoint operator DBV is completely obtained by:
linearity in the antifields, which enforces the zero-block matrix in position p1,1q in DBV;
degree condition, that is, the induced fermionic action has to have total ghost degree 0,
which determines the variables to insert in each block;

Conditions of
the BV

construction

structure constants of supnq “ upA0q{ZpupA0qq, which dictate the entries in each block matrix. by the gauge
symmetries
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of supnqThe self-adjoint operator DBV is completely obtained by:
linearity in the antifields, which enforces the zero-block matrix in position p1,1q in DBV;
degree condition, that is, the induced fermionic action has to have total ghost degree 0,
which determines the variables to insert in each block;

Conditions of
the BV

construction

structure constants of supnq “ upA0q{ZpupA0qq, which dictate the entries in each block matrix. by the gauge
symmetries

How extend the construction to the general case pA0,H0,D0q, with A0 an infinite dim, noncomm. ˚-algebra?
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The variation of the spectral action under inner fluctuations Chanseddine, Connes 2006

The canonical spectral triple: pC8pMq,L2pM,Sq,DM, JM, γMq, M = compact Riem. spin mfld, dimpMq ď 4

Theorem: Let’s supposed the vanishing of the tadpole. Then, for M a spin manifold of dim. 4, the inner
fluctuation of the scale-independent part of the spectral action is given by

Trp|D ` A|0q ´ Trp|D|0q “ 1
4
ş

τ0
pdA ` A2q2 ´ 1

2
ş

ψ
pAdA ` 2

3 A3q

[1]
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4
ş

τ0
pdA ` A2q2 ´ 1

2
ş

ψ
pAdA ` 2

3 A3q

[1]

[1] Yang-Mills functional with
τ0= positive Hochschild 4-cycle

where the positivity in Hochschild
cohomology is the condition:

ş

τ0
ωω˚ ě 0, @ω P Ω2

where the adjoint ω˚ is defined by:
pa0da1da2q˚ “ da˚

2 da˚
1 a˚

0
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where the adjoint ω˚ is defined by:
pa0da1da2q˚ “ da˚

2 da˚
1 a˚

0

[2]

[2] Chern-Simons functional with ψ= cyclic 3 cocycle

Note: under the gauge transformation
γupAq “ udu˚ ` uAu˚, u P UpAq

the CS function fulfills the following invariance rule
CSψpγupAqq “ CSψpAq ` 1

3 xψ,uy

where xψ,uy is the pairing between HC3pAq and K1pAq
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the CS function fulfills the following invariance rule
CSψpγupAqq “ CSψpAq ` 1

3 xψ,uy

where xψ,uy is the pairing between HC3pAq and K1pAq

Under the tadpole hypothesis the pairing of a 3-cyclic cocycle with an element in K1pAq vanishes
ù gauge invariance of the CS functional
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Chern-Simons and Yang-Mills as “building blocks” Van Nuland, Van Suijlekom, 2022

Can we extend this result to noncommutative infinite-dimensional ˚-algebras?
Theorem: Given pA,H,Dq any spectral triple, the inner fluctuation of the spectral action is given by:

TrpfpD ` Aqq ´ TrpfpDqq “
ř8

k“1
1
2k
ş

φ2k
YMkpAq `

ş

ψ2k´1
CS2k´1pAq

In the above theorem:
§ YMk: higher Yang-Mills th.,

ş

φ2k
Fk, F “ dA ` A2

§ φ2k: Hochschild cocycle
§ CS2k´1: generalised Chern-Simons theory
§ ψ2k´1: odd pb,Bq´cocycle
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Chern-Simons and Yang-Mills as “building blocks” Van Nuland, Van Suijlekom, 2022
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In the above theorem:
§ YMk: higher Yang-Mills th.,

ş

φ2k
Fk, F “ dA ` A2

§ φ2k: Hochschild cocycle
§ CS2k´1: generalised Chern-Simons theory
§ ψ2k´1: odd pb,Bq´cocycle

Note:
This theorem holds for any spectral triples, commutative or not, of any dimension, beyond the case of
4-dim. spin manifolds,
This theorem holds at any order in the scale parameter Λ.
The spectral action is globally invariant under the action of the gauge group.
But... each Yang-Mills term is, individually, gauge invariant, while the Chern-Simons terms are gauge

invariant only if taken all together, at the same time
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Can we extend this result to noncommutative infinite-dimensional ˚-algebras?
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§ CS2k´1: generalised Chern-Simons theory
§ ψ2k´1: odd pb,Bq´cocycle

Note:
This theorem holds for any spectral triples, commutative or not, of any dimension, beyond the case of
4-dim. spin manifolds,
This theorem holds at any order in the scale parameter Λ.
The spectral action is globally invariant under the action of the gauge group.
But... each Yang-Mills term is, individually, gauge invariant, while the Chern-Simons terms are gauge

invariant only if taken all together, at the same time
Higher YM and generalised CS theories are “building blocks” in the inner fluctuation of the sp. action
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Chern-Simons theory in the noncommutative setting joint with T. Krajewski and C. Perez-Sanchez

Classically:
§ M = compact oriented 3-dim. manifold
§ G= simple, simply connected Lie group
§ π ∶ P Ñ M, principal G-bundle
§ s ∶M Ñ P, section of the bundle P

Field content: FCS – Ω1pM, gq

Action functional: SCSrAs ∶“
ş

M
1
2 xA,dAy ` 1

6 xA, rA,Asy

Gauge transformation: A↦ Ag “ gAg´1 ` gdg´1
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§ M = compact oriented 3-dim. manifold
§ G= simple, simply connected Lie group
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§ s ∶M Ñ P, section of the bundle P

Field content: FCS – Ω1pM, gq

Action functional: SCSrAs ∶“
ş

M
1
2 xA,dAy ` 1

6 xA, rA,Asy

Gauge transformation: A↦ Ag “ gAg´1 ` gdg´1

Note: The action SCS is not invariant under gauge transformation but this holds for e i̷
h ¨SCS , for h̷ “ 1

2kπ , k P Z.

Roberta A. Iseppi
The BV Construction in NCG: Towards the Infinite-Dim. Case 16



The BV construction Noncommutative geometry and QFT Towards a BV formalism in NCG

Chern-Simons theory in the noncommutative setting joint with T. Krajewski and C. Perez-Sanchez

Classically:
§ M = compact oriented 3-dim. manifold
§ G= simple, simply connected Lie group
§ π ∶ P Ñ M, principal G-bundle
§ s ∶M Ñ P, section of the bundle P

Field content: FCS – Ω1pM, gq

Action functional: SCSrAs ∶“
ş

M
1
2 xA,dAy ` 1

6 xA, rA,Asy

Gauge transformation: A↦ Ag “ gAg´1 ` gdg´1

Note: The action SCS is not invariant under gauge transformation but this holds for e i̷
h ¨SCS , for h̷ “ 1

2kπ , k P Z.

In NCG:
Def. A cycle of dim. n is denoted by pΩ‚pAq,d,

ş

q, where
§ A = unital ˚-algebra over C
§ Ω‚pAq “ ‘kě0ΩkpAq, graded algebra s.t. there exists a representation ρ ∶ AÑ Ω0pAq

§ d ∶ Ω‚pAq Ñ Ω‚`1pAq, derivation of deg 1, with graded Leibniz rule: dpωηq “ dpωqη ` p´1q|ω|dpηq

§
ş

∶ ΩnpAq Ñ C, C´ linear map s.t.
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Note: The action SCS is not invariant under gauge transformation but this holds for e i̷
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In NCG:
Def. A cycle of dim. n is denoted by pΩ‚pAq,d,

ş

q, where
§ A = unital ˚-algebra over C
§ Ω‚pAq “ ‘kě0ΩkpAq, graded algebra s.t. there exists a representation ρ ∶ AÑ Ω0pAq

§ d ∶ Ω‚pAq Ñ Ω‚`1pAq, derivation of deg 1, with graded Leibniz rule: dpωηq “ dpωqη ` p´1q|ω|dpηq

§
ş

∶ ΩnpAq Ñ C, C´ linear map s.t.

Note: The notion of dimension is encoded by the integral, not by the algebra of forms as there is not a
top-degree for forms here.
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Chern-Simons theory in the noncommutative setting [2] joint with T. Krajewski and C. Perez-Sanchez

Given a 3-cycle, one can define the induced Chern-Simons theory:
§ Field content: FNC – Ω1pAq

§ Action functional: SCS,NCrAs ∶“
ş

AdA ` 2
3 A3

§ Gauge transformation: A↦ Ag “ gAg´1 ` gdg´1 , for g P UpAq

Note: the theory is gauge invariant under infinitesimal gauge transformations which are connected to the
identity
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Given a 3-cycle, one can define the induced Chern-Simons theory:
§ Field content: FNC – Ω1pAq

§ Action functional: SCS,NCrAs ∶“
ş

AdA ` 2
3 A3

§ Gauge transformation: A↦ Ag “ gAg´1 ` gdg´1 , for g P UpAq

Note: the theory is gauge invariant under infinitesimal gauge transformations which are connected to the
identity

Step 1: The study of the critical locus
Classically: the critical points of the action functional SCS are flat connections, that is, connections

A P Ω1pM, gq s.t. F “ 0.
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ş

AdA ` 2
3 A3

§ Gauge transformation: A↦ Ag “ gAg´1 ` gdg´1 , for g P UpAq

Note: the theory is gauge invariant under infinitesimal gauge transformations which are connected to the
identity

Step 1: The study of the critical locus
Classically: the critical points of the action functional SCS are flat connections, that is, connections

A P Ω1pM, gq s.t. F “ 0.

NCG: δSCS,NCrAs “
ş

δA ¨ F ” 0. [1] F “ 0
[2] DF ‰ 0 s.t.

ş

δA ¨ F “ 0, @δA
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Step 1: The study of the critical locus
Classically: the critical points of the action functional SCS are flat connections, that is, connections

A P Ω1pM, gq s.t. F “ 0.

NCG: δSCS,NCrAs “
ş

δA ¨ F ” 0. [1] F “ 0
[2] DF ‰ 0 s.t.

ş

δA ¨ F “ 0, @δA

The bilinear form xω, ηy ∶“
ş

ωη is degenerate. To solve this problem we quotient w.r.t. the junk-forms
JpAq “ tω P Ω‚pAq, ω ‰ 0 s. t.@η P Ω‚pAq with |η| “ n ´ |ω|, η ‰ 0,

ş

ωη “ p´1q|ω||η|
ş

ηω “ 0u
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Towards a BV formalism for NC Chern-Simons theory joint with T. Krajewski and C. Perez-Sanchez

Classically BV-extended field sp. FBV “ ΠΩ0pM, gq ‘ Ω1pM, gq ‘ ΠΩ2pM, gq ‘ Ω3pM, gq

ghost fields,
Grassmannian

initial fields antifields,
fermionic

antighosts,
bosonic

BV-action SBV “ SCS `
ş

MxA˚,dACy ` 1
2
ş

MxC˚, rC,Csy
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Classically BV-extended field sp. FBV “ ΠΩ0pM, gq ‘ Ω1pM, gq ‘ ΠΩ2pM, gq ‘ Ω3pM, gq

ghost fields,
Grassmannian

initial fields antifields,
fermionic

antighosts,
bosonic

BV-action SBV “ SCS `
ş

MxA˚,dACy ` 1
2
ş

MxC˚, rC,Csy

NCG BV-extended field sp. FBV “ ΠΩ0pAq ‘ Ω1pAq ‘ ΠΩ2pAq ‘ Ω3pAq

There is an intrinsic notion of dim. related to the integration functional.: we can consider n ´ k-forms.
BV-action SBV,NC “ SCS,NC `

ş

A˚pdC ` 2ACq ` 2C˚C2
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There is an intrinsic notion of dim. related to the integration functional.: we can consider n ´ k-forms.
BV-action SBV,NC “ SCS,NC `

ş

A˚pdC ` 2ACq ` 2C˚C2

Note: A similar construction can be performed for the case of a (noncommutative) Yang-Mills theory.
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Classically BV-extended field sp. FBV “ ΠΩ0pM, gq ‘ Ω1pM, gq ‘ ΠΩ2pM, gq ‘ Ω3pM, gq

ghost fields,
Grassmannian

initial fields antifields,
fermionic

antighosts,
bosonic

BV-action SBV “ SCS `
ş

MxA˚,dACy ` 1
2
ş

MxC˚, rC,Csy

NCG BV-extended field sp. FBV “ ΠΩ0pAq ‘ Ω1pAq ‘ ΠΩ2pAq ‘ Ω3pAq

There is an intrinsic notion of dim. related to the integration functional.: we can consider n ´ k-forms.
BV-action SBV,NC “ SCS,NC `

ş

A˚pdC ` 2ACq ` 2C˚C2

Note: A similar construction can be performed for the case of a (noncommutative) Yang-Mills theory.

§ How to merge all the different BV-extensions, coming from the different contributions of CS and YM
theories to the full spectral triple?

§ How to perform all the other steps in the BV construction, including establishing the BV/BRST complexes
and determining the gauge-fixing Lagrangian?
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What is coming? Some interesting open problems

Project 1: The BV formalism for Chern-Simons theory in NCG
Idea: To extend the BV construction for the Chern-Simons theory from classical differential forms

to universal forms induced by cyclic cocycles.
T. Krajewski

Project 2: the BV formalism for fuzzy geometries
Idea: To apply the previous result to a fuzzy geometry, which induces a Yang-Mills matrix model:

SYM “ ´ 1
2 TrNbn

`

rDµ,DνsrDµ,Dνs
˘

compute
ş

MNpCq4
skew-adj

e´SYMrDs, towards quantum gravity
C. Perez-Sanchez

Project 3: The BV formalism for noncommutative manifolds
Idea: To rethink the BV formalism in a purely noncommutative and infinite dimensional

setting. R. Nest

Project 4: Spectral triples and higher-groups
Idea: To extend the notion of spectral triple to have induced gauge theory with a higher-group

as gauge group A. Frabetti
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