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Frederik Ďalak Generalized Palatini formalism



Table of Contents

1 Generalized Palatini formalism

2 Classical vs. Generalized setting

3 Outline: compatibility with heterotic reductions

Frederik Ďalak Generalized Palatini formalism



Table of Contents

1 Generalized Palatini formalism

2 Classical vs. Generalized setting

3 Outline: compatibility with heterotic reductions
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Generalized geometry

Definition: a Courant algebroid (CA) is (E , ρ, ⟨. , .⟩E , [. , .]E ):

E → M

ρ : E → TM

⟨. , .⟩E : Γ(E )× Γ(E ) → C∞(M)

[. , .]E : Γ(E )× Γ(E ) → Γ(E )

Such that for all ϕ, ψ, ψ′ ∈ Γ(E ), f ∈ C∞(M):

1 [ϕ, f ψ]E = f [ϕ, ψ]E + ρ(ϕ)f ψ

2 [ϕ, [ψ,ψ′]E ]E = [[ϕ, ψ]E , ψ
′]E + [ψ, [ϕ, ψ′]E ]E

3 ρ(ϕ) ⟨ψ,ψ′⟩E = ⟨[ϕ, ψ]E , ψ′⟩E + ⟨ψ, [ϕ, ψ′]E ⟩E
4 ⟨ϕ, [ψ,ψ]E ⟩E = 1

2ρ(ϕ) ⟨ψ,ψ⟩E
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Generalized geometry

A generalized metric on a CA is an involution τ ∈ Aut(E ) s.t.
τ2 = 1̂ and

G( • , • ) := ⟨ • , τ(•) ⟩E ≥ 0 (1)

defines a positive-definite fiberwise metric on E .

A generalized connection is ∇ : Γ(E )× Γ(E ) → Γ(E ) s. t.:

∇f ϕψ = f∇ϕψ ; ∇ϕf ψ = f∇ϕψ + ρ(ϕ)f ψ (2)

ρ(ϕ)
〈
ψ,ψ′〉

E
=

〈
∇ϕψ,ψ

′〉
E
+
〈
ψ,∇ϕψ

′〉
E

(3)

Divergence div∇ : Γ(E ) → C∞(M):

div∇ψ :=
〈
∇eiψ , e

i
E

〉
E

(4)
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Frederik Ďalak Generalized Palatini formalism



Generalized geometry

Torsion 3-form [Gualtieri, 2007]:

T∇(ψ,ψ
′, ϕ) =

〈
∇ψψ

′ −∇ψ′ψ − [ψ,ψ′]E , ϕ
〉
E
+
〈
∇ϕψ

′, ψ
〉
E

(5)

A generalized Levi-Civita connection ∇ is s.t.:

∇G = 0 (6)

T∇ = 0 (7)

Leading to:

LC(E ,G) = { connections ∇ on E |G = 0 ; T∇ = 0} (8)

Fixing a divergence of ∇ then yields:

LC(E ,G, div) = { connections ∇ on E |G = 0 ; T∇ = 0 ; div∇ = div}
(9)
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Frederik Ďalak Generalized Palatini formalism



Generalized geometry

Generalized curvature tensor R ∈ T 0
4 (E ):

R(ϕ′ , ϕ , ψ , ψ′) =
1

2

[
R0(ϕ′ , ϕ , ψ , ψ′) + R0(ψ′ , ψ , ϕ , ϕ′) +

+
〈
∇eiψ , ψ

′〉
E

〈
∇e iϕ , ϕ

′〉
E

]
(10)

where: R0(ϕ′, ϕ, ψ, ψ′) :=
〈
ϕ′ , ∇ψ∇ψ′ϕ−∇ψ′∇ψϕ−∇[ψ,ψ′]Eϕ

〉
E

Generalized Ricci tensor Ric ∈ T 0
2 (E ):

Ric(ψ,ψ′) = R(e iE , ψ , ψ
′ , ei ) (11)

Scalar curvatures:

RE = Ric(e iE , ei ) ; RG = Ric(G−1(e i ), ei ) (12)
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Generalized geometry

Ricci compatibility of the connection ∇ with the generalized metric
G ↔ τ :

Ric(V+,V−) = 0 (13)

Here V+ and V− are the +1 and −1 eigenbundles of τ .
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Generalized Palatini action

Generalized Palatini action on a CA E → M [Moučka,
Vysoký & Jurčo, 2023]:

SPal .[G,∇, ω] =
∫
M

(RE + RG ) ω (14)

Extremalized iff:

∇ is Ricci compatible with G

RE + RG = 0

∇ is s.t.: (1.) ∇G = 0

(2.) T∇ = 0

(3.) div∇ = divω
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Frederik Ďalak Generalized Palatini formalism



Classical vs. generalized setting
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Generalized Palatini formalism and heterotic reductions

An exact CA E over the total space P of a principal G -bundle
π : P → M may be reduced to a heterotic CA E ′ over M
[Bursztyn, Cavalcanti & Gualtieri, 2007] [Jurčo & Vysoký, 2016].

Reduction-relevant tripples G,∇, ω on E induce G′,∇′, ω′ on E ′

[Vysoký, 2017].

Does the generalized Palatini formalism commute with heterotic
reductions ?
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Reduction-relevant tripples G,∇, ω on E induce G′,∇′, ω′ on E ′
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generalized geometry and string effective actions,” J. Geom.
Phys., vol. 191, art. 104909, 2023.
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