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Soft physics & IR divergences
IR divergences in QED

O Virtual IR divergences (A — 0)

A\B
= S,Boc ~ e'"(K) pe
O Real soft divergences (wy — 0)
v, k
S - = Soft photon theorems
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Soft physics & IR divergences
Soft photon theorems (leading & subleading)

O Additional photon emission during o — 3
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Soft physics & IR divergences
Soft photon theorems (leading & subleading)

O Additional photon emission during o — 3
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Soft physics & IR divergences
Soft photon theorems (leading & subleading)

O Additional photon production during o — 3

In the low energy limit (wx — 0)
> Leading divergences: O(w; ') at any order in e
> Dependence of leading soft factor on {(e;, p;)}
where wy is the photon energy.
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Soft physics & IR divergences
Soft photon theorems (leading & subleading)

O Additional photon production during o — 3

In the low energy limit (wx — 0)
> Leading divergences: O(w; ') at any order in e
> Dependence of leading soft factor on {(e;, p;)}
where wy is the photon energy.

Soft photon theorem (leading & all loops):

Adding one soft photon (of momentum k and of polarization \) in a
scattering process o — [3 results in

Sﬂ% [Z 2 6)\ Z P ]Sga-i-

iep pi iEa
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Soft physics & IR divergences
Soft photon theorems (leading & subleading)

O Additional photon production during o — 3

In the low energy limit (wx — 0)
> Leading divergences: O(w; ') at any order in e
> Dependence of leading soft factor on {(e;, pi)}
where wy is the emitted energy.

Soft photon theorem (subleading & tree):

Adding one soft photon (of momentum k and of polarization \) in a
scattering process o — 3 results in

r Pi: €3 Pi-
Sty = {Z gl ]Sﬂa +0(w))

iep Pi iEa
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Soft physics & IR divergences
Soft photon theorems (leading & subleading)

O Additional photon production during o — 3

In the low energy limit (wx — 0)
> Leading divergences: O(w; ') at any order in e
> Dependence of leading soft factor on {(e;, pi)}
where wy is the photon energy.

Soft photon theorem (subleading & 1-loop): [Sahoo & Sen '19)]

Adding one soft photon (of momentum k and of polarization \) in a
scattering process o — 3 results in

B(lfr)?) [Z = EA —) e R2C ]5 + O(Inwy)

iep Pi i€Ea
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Soft physics & IR divergences
Soft photon theorems (leading & subleading)

O Additional photon production radiation during o — 3

Beyond the strict zero energy limit, at the tree level
> No divergences: O(w?) at leading order in e

> Dependence of subleading soft factor on {J;}
where wy is the photon energy.

Low-Burnett-Kroll (LBK) Theorem:

e (k k, e (k k.
- a0 5 Ok
icp !

where JI = ¥ + St and JI" = [t + St

i€
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Soft physics & IR divergences
BN resolution & formal issues in scattering theory
Q Bloch - Nordsieck (1937): All processes that can not be distinguished

by experimental setups contribute to observable quantities, such as
the inclusive cross sections.

i.e.: soft bremsstrahlung radiation (wx < A)
Diagrammatically, we illustrate that as follows

SESR B I3 1 R 0t Lttt <
”}\“ ”/g“\.‘ )\, SN Ay N ”: ) “":,_\,E
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Soft physics & IR divergences
BN resolution & formal issues in scattering theory
Q Bloch - Nordsieck (1937): All processes that can not be distinguished

by experimental setups contribute to observable quantities, such as
the inclusive cross sections.

i.e.: soft bremsstrahlung radiation (wx < A)
Diagrammatically, we illustrate that as follows

.,\/., .,\\?q \W// - . o /(’E}: / /'
AR A R | W IR I O S TP o B0 PO
= Cancellation works only at the level of inclusive probabilities (order
by order), but the S-matrix itself is ill-defined!
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The dressed state formalism
Faddeev-Kulish (FK) construction

QO Scattering theory in QED: Asymptotically Hé

@ Fields obey free dynamics far before and far after the scattering

O Faddeev-Kulish (1970): Asymptotically H., = H} + VI # H}

@ Coulombic interactions can not be neglected
—~— —~— . . o
VL(t) = —e/ d*p p(p) p“/d3k [, (k)P /P 4 hc]

where p(p) = 32, [b1(8)b:(5) — di(B)d:(5)]. o = 3y exu(k)a(K)
= Non-zero contribution due to low energy photons

= Coupling with matter fields regardless their spin
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The dressed state formalism
Faddeev-Kulish (FK) construction

O Multi-fermion FK states: let o = {ej, pi, s;}. Then,
o)y = e [a)

where

~ Eq ~— o o .
Re= [ @ o) [ &K (5.0l (B) = (50 ()

and
F(B. k) - ol (k) =" (B, K)e}, (K)ol (k)
A
(5, K) = ( P’ Cu)e—ip-kt/p° ot — L(_l k)
) p . k ) 2k0 )
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The dressed state formalism
Faddeev-Kulish (FK) construction

QO Multi-fermion FK states: let « = {e;, pi, s;}. Then,
ja)g = e |a)
obtain a product of |a) with a coherent photon state

@)y = ) X [fa)

where g
1£) = N, el @k [B0af ] o)
and
U PR R a®) Ry = NS e (P ekt
Ny =e 2 , fa(k)—Ze,<pi'k c)e
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The dressed state formalism
Faddeev-Kulish (FK) construction

O Multi-fermion FK states: let o = {ej, pi, s;}. Then,
o) = e [a)

Diagrammatically...

P1 P1
P2 P2
P3 P3
. = .
Pn—2 Pn—2
Pn-1 Pn—1
Pn Pn
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Dressed State Formalism
Faddeev-Kulish (FK) construction

Q Elastic FK amplitudes
. E, \Bso
Sga = (—/\d) e/so Sgg < 00

where y
5,804 = d</3‘5|a>da and Sﬁa = <B|S|Oé>

and
@ A : IR-cutoff scale

@ Bg, : positive kinematical factor

© s, : real phase (not contributing to observable quantities)

Q Sg;) : S-matrix element without contributions from virtual soft photons
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Dressed State Formalism
Faddeev-Kulish (FK) construction

U Radiation-emitting FK amplitudes

Ssv.a = Faa (. €/ (d))

where y
Sgv.a = ¢(B7IS|a)y
and
Foa (G €7 (d))

is a function free of

@ IR-virtual divergences, and

@ the leading (i.e. w, ) contribution in the soft expansion.
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Dressed State Formalism

Subleading extensions
O Dressed states: [Choi & Akhoury "19]

&k [fa(E)aT(I;)—hAc.](

ja)g = |a) x ef 1+ [ K [ga(R) o' (F) ~ heel) |0)

where

gh(ky=iY_ e J’“’ ~ipikt/p} = L s

i€Ea
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Dressed State Formalism

Subleading extensions
O Dressed states: [Choi & Akhoury "19]

o) = |a) x ol K [fa(E).aT(E)—hlc.]OJrf?; [ga(,;).af(,;)fh.cll) |0)

where

() = 1St e,y

i€Ea

U Elastic FK amplitudes:

§Ba < 00, where Sga = 4(BISla) 4
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Dressed State Formalism
Subleading extensions
U Dressed states:

o) = |a) x ol K [fa(E).a’f(E)—hlc.]<1+fg?; [ga(,;)_af(,;)fh.cn |0)

where

() = 1St e,y

i€Ea

U Elastic FK amplitudes:

§Ba < 00, where gg’a = 4(BIS|a) 4

U Radiation-emitting FK amplitudes:

gg%a ~ O(Ey), (tree-level result)
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QED scattering: a case study of explicit interactions

Fock space amplitudes

A Explicit process: e~ (p1) +v(p2) = e~ (q1) + 7(q2)

B o (R
St(;ll:e{{qz Er( )_pl 6r( ):|
q2 - k p1 -k

Juv ey
-] } 7 + O(w)

+ﬁga@[

where S is the elastic tree-level amplitude, and

Y R T S
with
0 0 - 0 0
LHV:I'< H _ pY )’ L#V:_I'( M _ Y )
i P apll/ P 8p1u i g aqll/ @ aqlu

HV:iHV" 9 'uV:——*iuV 9
SPl +4[7 Y ] u(pl) o au(ﬁl)v SCh +U(q1) 4[7 77] ° 8&(&1)
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QED scattering: a case study of explicit interactions
Applying subleading dressings to Fock states

O Use dressed states, as suggested by CA:
TN N N —~_
a1, o) = &/ P Malky2l()=hel (1 | / ok [ga(K) - a'(K) — hc]) las, 2)
TN _ N —~_
‘p17p2>d _ ef d3k [fp(k)aT(k)—hC] (1 +/d3k [gp(E) . aT(E) _ hC]) |p17p2>
where |q1, q2) , |1, P2) € HFock, and
@ leading dressing functions
Wi\ _ —iqo-kto/q3 9 T
fMky=ee Pl

7 q2 -

. 2
fH /? = e e_lpl.kto/p? <_p1 — C#)
» (k) p1-k
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QED scattering: a case study of explicit interactions
Applying subleading dressings to Fock states

O Use dressed states, as suggested by CA:
v = e % O ERe) ([T 1y 517) ) v )
v o) = e KOO0 (1 [P (g8 1(8) — e ) o
where |q1, g2) , |p1, p2) € HFock, and

@ subleading dressing functions

- : o Jw
W — jek e—’fh'kto/qz 92
84 (k) = ieky @ -k

R : o JHY
i — jek e—’P1~kto/P1 P
gp( ) 1eky p1 - k
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QED scattering: a case study of explicit interactions

Dressed amplitudes: soft-emission suppression & IR-finiteness

Q The radiation-emitting amplitude, defined as

~t(:z<)e = 07<q17q2;'7|5((;3|p17p2>37 o€ {'77 s e}

vanishes upon taking Egy — A:

St = O(N)
Subleading corrections of dressings in tree-level amplitudes

= suppress soft photon emission

= renders dressed state formalism equivalent to the BN method
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QED scattering: a case study of explicit interactions

Dressed amplitudes: soft-emission suppression & IR-finiteness

Q The radiation-emitting amplitude, defined as

~t(r(();()e = 3<q1=CI2?’Y|5((3|P17P2>37 (RS {77 Iz e}

vanishes upon taking Egy — A:

St = O(N)
Subleading corrections of dressings in tree-level amplitudes

= suppress soft photon emission

= renders dressed state formalism equivalent to the BN method
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QED scattering: a case study of explicit interactions

Dressed amplitudes: soft-emission suppression & IR-finiteness

O The elastic amplitude for each of these processes is finite and equal to
the corresponding undressed amplitude without virtual soft photons,
i.e. for the electron-muon interaction

e, p1 T, q e, p1 T, q e,
no Pz ", 9 nos pz oy q nos pz oy q
e, pr 2. q e, pr 2. q
+ % + % + o <00
WP ", Q@ WP

nq

1 MAMNWMA 2, q
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Summary & future directions

O Summary of results:

@ Dressed states are the eigenstates of H,s (# Ho)

= appropriate for the definition of S-matrix elements
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Summary & future directions

O Summary of results:

@ Dressed states are the eigenstates of H,s (# Ho)
= appropriate for the definition of S-matrix elements
@ Application of FK dressings to Fock states
= removes IR-divergences due to virtual photons
=- removes leading real soft divergences
= suppresses additional soft radiation (extended dressings)
gt,ee ~ O(Eq), (tree-level result)

Extensions are integrable, they do not affect elastic amplitudes
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Summary & future directions

O Limitation:

@ Tree-level result.

= What happens at the loop-level (or at higher perturbative orders)?
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Summary & future directions

O Limitation:

@ Tree-level result.

= What happens at the loop-level (or at higher perturbative orders)?

O Future directions:

@ Construct loop-corrected subleading dressings by studying loop-level
radiation-emitting amplitudes for these interactions.
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Summary & future directions

O Limitation:

@ Tree-level result.

= What happens at the loop-level (or at higher perturbative orders)?

O Future directions:

@ Construct loop-corrected subleading dressings by studying loop-level
radiation-emitting amplitudes for these interactions.

@ Dressings for gravitational processes.
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Summary & future directions

O Limitation:

@ Tree-level result.

= What happens at the loop-level (or at higher perturbative orders)?

U Future directions:

@ Construct loop-corrected subleading dressings by studying loop-level
radiation-emitting amplitudes for these interactions.

@ Dressings for gravitational processes.
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Summary & future directions

O Expectations regarding loop-corrections: |[Krishna & Sahoo 23]

soft
expansion

1-st 2-nd m-th
—1 0
1-st | %k Wi w'
—1 -1
2-nd Wy log wy wy
n—1
wit “k
n-th k x (logwy)"

perturbation
theory
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Summary & future directions

O Expectations regarding loop-corrections: |[Krishna & Sahoo 23]

soft
1-st 2-nd m-th expansion

0
1-st %{ wg wy!

0 m—1
2-nd %(7«1" log wy Wy

0 w"('_l
n-th yz{ nl .

X (logwy) FK dressings
perturbation y

theory
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Summary & future directions

O Expectations regarding loop-corrections: |[Krishna & Sahoo 23]

soft
1-st 2-nd m-th expansion
0 0
1-st %{ /@52" O(Eq) wy!
0 m—1
2—nd yf{ |0g Wi wk
0 w"('_l
n-th %{ X (logwy)" FK dressings
CA dressings
perturbation y

theory
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Summary & future directions

O Expectations regarding loop-corrections: |[Krishna & Sahoo 23]

soft

1-st 2-nd m-th expansion

0 0
Lst %{ /“/’2, wi

0 0 O 0 m—1
2-nd %(7’{ log (W) | wy

0 w"('_l
n-th %{ X (logwy)" FK dressings

CA dressings
perturbation y

theory
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Thank you for your attention
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QED scattering: a case study of three interactions

Fock space amplitudes

QO Explicit process: e (p1) + u (p2) = e (q1) + 1 (g2)
w_ Jra-ak) , @-ak) pek)  p-e(k)
S"ee_e{[ q1 -k * g - k p1-k P -k ]
L 2k (p—a) E (k) _@ea(k) _poek) pz-ef(/:)]
(p1 — q)? q -k q -k p1-k p2-k
5 o 5“” B ShY _ SLY

+:em(k)k[1k+ Tk ok

} s+ 0t

where 5(“) is the elastic tree-level amplitude, and
0
du(p)’

with p € {p1, p2} and q € {q1, q2}.

v ’ v —\ CuUY —r = i v
Sp" =400 Tu(p) o Sq" = +u(q) Z[’Y“ 7Te g
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QED scattering: a case study of three interactions

Fock space amplitudes

O Explicit process: e (p1) + et(p2) — e (q1) + e"(q2)

-,

s _ . {[PM?‘( ) p -ei‘(/?)]

tree

p2 - k p1 -k
N
. % P2 o P1 e)
+ it (K) kl,[pz o k]} 589+ O(w)

where S{) is the elastic tree-level amplitude, and
J’/;Lly — L/;)Lll/ _"_ 5;;1])7 ngl/ — L[gzl/ + 5;31;1/
with
) ) o) o)
=il ) i )
o=\ o, T P oy, P =\ 0, P2 0pn,

T Py B MRS
Spl +4[')/ )Y ] u(pl) o 8U(ﬁl)’ sz U(p2) 4[7 37] ° 8[](52)
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QED scattering: a case study of three interactions
Applying subleading dressings to Fock states

O Use dressed states, as suggested by CA:
an a2 = ] PH (D Ehel (1 [ laf)- 3B - el las @)
o s = ] P 6D Fhel (1 GG IYS
where [q1, q2) , [p1, p2) € HFock, and

@ for the electron-muon interaction: leading dressing functions

- . H . 0 Iz
k) = e e—ICh-kto/CI? (q_l _ C") + e—ICI2~kto/CI2 (q_2 _ Cu)}
@ (k) { G-k G2 k

. . 0 g . 0 g
Fr(K) = e| e iPrkto/py <_p1 _ M) @ iP2kto/p; (_ P> u)
> (k) e[ ok )7 pr k€
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QED scattering: a case study of three interactions
Applying subleading dressings to Fock states

O Use dressed states, as suggested by CA:
an a2 = ] PH (D Ehel (1 [ a3 (R - el las @)
v = e 5 O ERe) ([T 1) o18) ) v o)
where |q1, g2) , |p1, p2) € HFock, and

@ for the electron-muon interaction: subleading dressing functions

v
gl (k) = iek, [e_’ql kto/q7 q1q~ p + e i kto/q3 qzq k]

., JL Jpy
1K) = ek, | e PT kto/p? Tp1_ | g—ip2kto/p Tp b
gp( ) le |: p1 - k - p2 k
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QED scattering: a case study of three interactions
Applying subleading dressings to Fock states

O Use dressed states, as suggested by CA:
o), — &) K UlR)al (e (1+f K [ 2'(R) - ) v, )
P, p2)y = o Pk (Rl (R)=hc] (1+ /:1}; [o(K) - 3" (K) = h.c]) Ipv, p2)
where [q1, ¢2) , |p1, p2) € HFock, and
@ for the electron-photon interaction: leading dressing functions
fqﬂ(E) —e e*iqz-kto/qg (i _ c“)

G2 k

. 2
fH E = e e_lpl.kto/p? <_p1 — C#)
» (k) p1-k
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QED scattering: a case study of three interactions
Applying subleading dressings to Fock states

O Use dressed states, as suggested by CA:
v = e % O ERe) ([T 1y 517) ) v )
v o) = e KOO0 (1 [P (g8 1(8) — e ) o
where |q1, g2) , |p1, p2) € HFock, and

@ for the electron-photon interaction: subleading dressing functions

. : o JHv
W — jek e—’fh'kto/qz 92
gq ( ) leky o - k

R : o JHV
m — jek e—'P1~kto/P1 p1
gp( ) Ieky p1 - k

Stavros Christodoulou (UCY) FK states in QED Corfu, September 2025 23/23



QED scattering: a case study of three interactions
Applying subleading dressings to Fock states

O Use dressed states, as suggested by CA:
P =, =, N
‘ql,q2>d = ef d3k [fq(k)aT(k)—hc] (1 +/d3k [gq(E) . aT(E) _ hC]) |q17q2>
g =, =, l 2
e} = el PEIBO SOl (14 [l [gy(R)- oK)~ hcd) v, o)
where |q1, q2) , |1, P2) € HFock, and
© for the electron-positron interaction: leading dressing functions

fqﬂ(k) = (07 07 07 0)

N . M . 0 Iz
Fr(K) = | e Prkto/ P <_p1 _ N) _ @ iP2kto/p; (_ P> u)
> (k) e[ pok © p k€
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QED scattering: a case study of three interactions
Applying subleading dressings to Fock states

O Use dressed states, as suggested by CA:
an a2 = ] PH (6D Ehel (1, [ R 3B - el las )
o o), — &) K 1(R)al (e (1+f K () 2'(R) — ) [pr. )
where [q1, q2) , |p1, P2) € HFock, and

© for the electron-positron interaction: subleading dressing functions

g/ (k) = (0,0,0,0)

L o JHv . o JEV
g,’f( ) = iek, |e Pt kto/p} 1 g=ip2 kto/p3 _~p2

1

p1 -k p2 - k
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