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Stochastic dynamics from QFT

Spyros Sypsas
Chulalongkorn U., Thailand
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Based on

2309.16474, 2311.17644 with Gonzalo Palma
2406.07610 with Gonzalo Palma, Javier Huenupi and Ellie Hughes
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A physical system

The night sky through a strong telescope
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Planck Legacy Archive

The night sky through a strong telescope
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3 10 17 24 31 38 45
n

0.006

0.004

0.002

0.000

0.002

a
n
/√ n

!

σ2
Θ set by sample

σ2
Θ = 1. 615× 10−9

P(δT) ∼ eS[φ]

Quadratic action (linear dynamics) ⇔ Gaussian statistics
Interactions ⇔ non-Gaussian deviations
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CMB temperature fluctuations reflect density fluctuations and
small/large scale structure:

P(φ) → P(δT) → P(δg) , P(δpbh)
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The problem
Probe scalar in the Poincare patch of (rigid) de Sitter space
(H = const):

φ,V(φ)
∣∣∣ ds2 = a2(τ)(−dt2 + dx2), a = (Hτ)−1.

Wavelengths stretch λ = ℓa, wavevectors shrink p = k/a.

⋆ Q: What is the statistics (correlators/PDF) of long modes?
(random process in an open system)

⋆ Methods: QFT (Feynman graphs) = Stochastic (Langevin eq)
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V(φ) on dS

S =

∫
d3x dτ a2

[
1
2 φ̇

2 − (∇φ)2

2 − a2V(φ)
]

V(φ) =
∞∑

n=2

λbare
n
n! φn

We will be interested in single-point statistics (i.e. histograms
marginalised over x)

⟨φn⟩ = ⟨φ(x1) · · ·φ(xn)⟩
∣∣∣∣
x1=···=xn

∝ λobs
n
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UV/IR structure of correlators
The simplest correlator is the (free theory) one-point variance:

σ2 = H2
∫ ∞

0

dk
(2π)3

1
k3

(
1 + (kτ)2)

or, in physical momentum p ≡ Hkτ

σ2 =

(
H
2π

)2 ∫ ∞

0

dp
p

(
1 +

p2

H2

)
UV divergence: ∝ p2

IR divergence: ∝ ln p
Cure for external legs: restrict to long modes
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Long-mode statistics

Long-short split: φ = φS + φL:

φL(x, t) ≡ L̂ {φ(x, t)} =

∫
k

eikxW(k)φ̃k(t)

W(k) = θ(k∗(t)−k)×θ(k−k∗(ti)) ||W(p) = θ(H−p)×θ(p−k∗(ti)/a)

Cut off external legs at k∗(ti) ≡ kIR. This is our choice!
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Secular structure of correlators

Now
σ2

L(t) =
(

H
2π

)2 ∫ H

H/a

dp
p =

H3t
4π2

We regularized but we now have a secular behaviour.

Linear modes independent → variance additive → blows up
asymptotically (secular).

Cure: resummation (e.g. stochastic formalism)
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Daisy loops
Do loops change the secular growth?

V(φ) = λbare
4 φ4 + λbare

6 φ6 + · · · , (e.g. axion V ∝ 1 − cosφ/f)

Recall that loops are virtual processes; they control the validity.

Cure for internal legs: UV & IR cutoffs or dim reg + renormalization

Now there is a choice to be made! Comoving vs physical IR cutoff.

Is ti part of the theory?
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Let us choose a physical cutoff. Then

σ2
0 =

(
H
2π

)2 ∫ ΛUV

ΛIR

dp
p =

(
H
2π

)2
ln

ΛUV
ΛIR

SK, in-in, WFU: n-pt functions loop-resummed to:〈
φn(τ)

〉
c
= −8π

H4 Im
{∫ ∞

0
dx

∫ τ

τi

dτ̄ x2

τ̄4λ
obs
n

[
g(x, τ̄ , τ)

]n
}

with g the propagator and

λobs
n =

∑
L=0

λbare
n+2L
L!

(
σ2

0
2

)L

(This is nothing but the coefficients of a Weierstrass transform)
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The PDF of long modes

Edgeworth expansion of the PDF truncated to linear order in the
interactions (single-vertex diagrams):

ρ(φ, t) = e−
1
2

φ2
σ2(t)√

2πσ2(t)
[1 +∆(φ, t)]

with

∆(φ, t) =
∞∑

n=0

1
n!

〈
φn(t)

〉
c

σn Hen(φ/σ)

Perturbative QFT = Gaussian variables =

Feynman rules = Wick’s theorem
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Upon using
OφHen(φ/σ) = −nHen(φ/σ)

the PDF can be resummed:

∆(φ, τ)=
8π
H4 Im

∫ ∞

0
dx

∫ τ

τi

dτ̄ x2

τ̄4

(
g(x, τ̄ , τ)

σ2

)−Oφ

e−
σ2

0
2

∂2
∂φ2 V(φ)︸ ︷︷ ︸

Vren(φ)

such that ρ = ρ0 [1 +∆]

This is the PDF of long modes
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Emergence of stochastic dynamics

kτ → 0 limit:

∆(φ, t) = Ht
3H2

(
V ′′

ren(φ)−
φ

σ2V
′
ren(φ)

)
and we then take a time derivative of the PDF:

ρ̇ =
H3

8π2
∂2

∂φ2

[
ρ
(
1 − 2Ht

3H2V
′′
ren

)]
+

1
3H

∂

∂φ

(
ρV ′

ren

)
Fokker-Planck equation
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Performing the same computation with a comoving IR cutoff:

〈
φn(t)

〉
c
= −4π2n

3H4 σ2n(t)
∞∑
L

λn+2L
(n + L)L!

(
σ2(t)

2

)L

leads to a PDF that satisfies the autonomous Fokker-Planck eq:

ρ̇ =
H3

8π2
∂2ρ

∂φ2 +
1

3H
∂

∂φ

(
ρV ′

ren

)
||

[
ρ∞ ∝ e−V/H4

]
Starobinsky ’86; Tsamis & Woodard ’05; +++

Physical cutoff: loops renormalise the vertex

Comoving cutoff: Loops enhance secular growth
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The stochastic approach: Starobinski-Yokoyama 90’s

Long modes: nonlin but classical
Short modes: lin but QM

5 10 15 20

-1.5

-1.0

-0.5

0.5

1.0

1.5

How to model the effect of short modes at large scales?
φ̂k = φlinâk + φ∗

linâ†k → ξ̂k = φlin(âk − â†k)
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The EOM for long modes now becomes a stochastic Langevin
equation: for ∆t ≫ 1/H,

φ̇L = Hξ̂(t)− 1
3HV ′

ren(φL)

where ξ̂(t) is a Gaussian stochastic noise representing the
short-mode bath:

ξ̂ ≡ H−1
∫

k
Ẇ(k) φ̃k ,

〈
ξ̂(t1)ξ̂(t2)

〉
∝ δ(t1 − t2)

From this one can straightforwardly get the autonomous FP
equation: integrate Langevin

φL(t) = φG(t)− 1
3H

∫
dt′ V ′

ren [φG(t′)]

compute
⟨φn

L(t)⟩c
plug in Edgeworth and derive:

ρ̇ =
H3

8π2
∂2ρ

∂φ2 +
1

3H
∂

∂φ

(
ρV ′

ren

)
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Langevin from in-in
φ(x, t) = U(t)φI(x, t)U†(t), where φI(x, t) is the interaction-picture
field and U = exp

{
− i

∫
dt′

∫
d3x′ Vren(φI)

}
.

To first order in the potential:

φ(t) ≃ φI(t)−
1

3H

∫
dt′ V ′

ren
[
φI(t′)

]
Now apply L̂:

φL(t) ≃ φG(t)− 1
3H

∫
dt′ L̂ {V ′

ren [φI(t′)]}

Computing
⟨φn

L(t)⟩c ,

and following the same steps now leads to

ρ̇ =
H3

8π2
∂2

∂φ2

[
ρ
(
1 − 2Ht

3H2V
′′
ren

)]
+

1
3H

∂

∂φ

(
ρV ′

ren

)
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The choice that was made is

L̂
{
V ′

ren
[
φI(t′)

]}
= V ′

ren(L̂φI)

When does this hold? When we negelct short-long mode
correlations. (equivalent to comoving vs physical loop cutoffs)
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To sum-up
⋆ Statistics of long scalar modes on dS
⋆ resummation of Feynman diagrams = stochastic formalism
⋆ Important details :

V → Vren
Physical vs comoving reg loops: cumulative diffusion
Need for resummation in V to reach equilibrium

Thanks!
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Edgeworth expansion

ρ(φ) =

∫
dJ z(J)e−iJφ

Using z = ew, and w(J) = −1
2σ

2J2 +
∑∞

n=1
in
n!⟨φ

n⟩cJn, we obtain

ρ(φ) =
e−

1
2
φ2
σ2

√
2πσ

∞∑
N=0

1
N!

∞∑
n1=0

· · ·
∞∑

nN=0

⟨φn1⟩c
n1!σn1

· · · ⟨φ
nN⟩c

nN!σnN
Hen1+···+nN(φ/σ)
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The renormalized potential

Separate the IR modes

φ = φS + φL + φIR

and integrate them out:

V(φ̄) = ⟨ΨIR|V(φ̄+ φIR)|ΨIR⟩

with
|ΨIR⟩ =

∫
DφIRΨ(φIR)|φIR⟩

with |φIR⟩ an IR field-eigenstate and |Ψ(φIR)|2 the Gaussian. This
leads directly to

V(φ̄) = Vren(φ̄)
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