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Formal Drinfel'd twists

Let G be a real Lie group. Let & be its Lie algebra and U(®) the
universal enveloping Hopf algebra.

Definition. A formal Drinfel'd twist based on U(®) is an element
F eU(®)U(B)[[R]]:

F=1®1 + thFk
k=1

such that

(I®A)(F).(1®F) = (A®I)(F).(F®1)
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Star products

Proposition [Drinfel’d]. A Drinfel'd twist corresponds to a
left-invariant formal star-product " on C>(G)[[A]]:

fxF g = mg (F(f@g))

Corollary. The first order term defines a left-invariant Poisson
structure on G:

ﬁF(f’g) = %mo (I—i(f@g) - 'El(g®f))

Proposition. The symplectic leaf of PF through the unit e of G is
an immersed Lie subgroup G of G.
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Symplectic Lie groups

Definition [Lichnérowicz]. A symplectic Lie group is a pair
(G,@) where G is a real Lie group and where & is a left-invariant
symplectic structure on G.

Example. R?" = T*(R") is a symplectic Lie group
(@ =dpAdg).
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Frobenius Lie groups and Lie algebras

Proposition. The left action of G on itself is Hamiltonian w.r.t. @
iff G admits an open coadjoint orbit.

Definition. A Frobenius Lie group is a Lie group which admits an
open coadjoint orbit.

Example. The affine group

G = GLy(R) x R”

is a Frobenius Lie group.
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A bit of structure theory

Proposition.

@ A Frobenius Lie group G contains a non-discrete Abelian
normal subgroup J.

@ The left-invariant distribution symplectic-orthogonal to
T(G/J) is integrable.

O Let J* the leaf through unit e € G. It is an immersed Lie
subgroup of G.
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Co-splitings

Definition. The Lie group J is cosplit in G if the exact sequence
{e} —J—Jt — /) —{e}
splits through a matched pair summand, H, of G.

Corollary. Under cosplit condition,

@ The natural action of G on T*(J) induces a (measurable)
isomorphism of G-spaces:

G/H— T*(J)
@ Considering a matched pair (H, L),
L~ G/H— T*(J)

is a G-equivariant measurable isomorphism (H acts by
dressing).
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The dual orbit condition

Let Q a locally compact group acting on a locally compact Abelian
group V: Q@ x V — V, and set

G = @Q@xV

Definition. (Q, V) satisfy the dual orbit condition (DOC) if there
exists an element 1 € V such that

Q—>\7:qr—>q.77

is a measurable equivalence.

Proposition. When DOC, the map
G VxV: g—g.(0,n)

is a measurable G-equivalence.
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Locally compact quantum groups

Definition. A locally compact quantum group (LCQG) is a
quadruple (M, A, @y, ¢,) where

@ M is a von Neumann algebra,
QO A M— MxMisa compatible co-product,
© ¢ and ¢, are weights on M (“Haar weights”)

such that
for all positive linear functional w on M™ and x € M™, one has

po(w @ 1(A(X))) = w(@)pe(x)  (sim. for o)

Example. On G locally compact group (M = L*(G))

ou(f) = /G f(e) dg
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Unitary 2-cocycles

Definition. Let (M, A) be a von Neumann bi-algebra. A unitary
2-cocycle is a unitary Q € M ® M such that

AN Q1) = (I0A)Q)1x0Q)

Theorem [De Commer]. Let (M, A, ¢y, ;) be a LCQG. Let ©
be a unitary 2-cocycle on (M, A). Set

Ny = QAL

Then (M, Ag) underlies a LCQG.
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Microlocal operators

Let V be a finite dimensional real vector space. For every symbol
ae S™(T*(V)), consider

Op(a)i(qo) = / a(q, p) € <PI7%> 4(q) dg dp
T*(V)
Operator symbol composition formula:
axb(x) = / K(x,x',x0) a(x) b(x") dx dx’

with '
K(X7X/70) = e—l<p,q’> 60(Q) 50(p/)
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DOC groups [BGNT ; J. Funct. Analysis (2021)]

Theorem. Let G = Q x V be a DOC group. Through the
measurable equivalence G — V x V, the element

A

Q = / K(x,x',0) Ax @ Ay dx dx’
GxG
N / v e =P A(g.0) @ Ae,p) dg dp
QxV

is a unitary dual 2-cocycle based on W*(G).
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Formulas

In coordinates G = {g =(q,V)}qeq,vev, the associated
left-invariant star-product on G is

fix h(xp) = /G . K(x,x",0) fi(xox) fa(xox") dx dx’ =
X

AG(qa V)

2619 Y) 4g dv
Aq(q)

/ e @1=1.Y) £ (g0, go.v + vo) f(qoq, bo)
QxV
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Here G = GL1(R) x R = {(a, b)}scrx  ber- The unitary dual
2-cocycle is

~ ((1-a 1
Q = / e’(la )b )\(Lb) (9] /\(a,O) — dadb
R* xR |al

The Lie algebra is generated by two elements X and Y with
[X, Y] =Y and the formal twist associated to €2 is

Q ~ F = eX®Iog(1+Y)
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