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Figure 1: Renormalisation of the SM gauge couplings g1 =
p
5/3gY , g2, g3, of the top, bottom

and ⌧ couplings (yt, yb, y⌧), of the Higgs quartic coupling � and of the Higgs mass parameter m.
All parameters are defined in the ms scheme. We include two-loop thresholds at the weak scale
and three-loop RG equations. The thickness indicates the ±1� uncertainties in Mt,Mh,↵3.

Planck mass, we find the following values of the SM parameters:

g1(MPl) = 0.6154 + 0.0003

✓
Mt

GeV
� 173.34

◆
� 0.0006

MW � 80.384GeV

0.014GeV
(61a)

g2(MPl) = 0.5055 (61b)

g3(MPl) = 0.4873 + 0.0002
↵3(MZ)� 0.1184

0.0007
(61c)

yt(MPl) = 0.3825 + 0.0051

✓
Mt

GeV
� 173.34

◆
� 0.0021

↵3(MZ)� 0.1184

0.0007
(61d)

�(MPl) = �0.0143� 0.0066

✓
Mt

GeV
� 173.34

◆
+ (61e)

+0.0018
↵3(MZ)� 0.1184

0.0007
+ 0.0029

✓
Mh

GeV
� 125.15

◆

m(MPl) = 129.4GeV + 1.6GeV

✓
Mh

GeV
� 125.15

◆
+ (61 f )

�0.25GeV

✓
Mt

GeV
� 173.34

◆
+ 0.05GeV

↵3(MZ)� 0.1184

0.0007

All Yukawa couplings, other than the one of the top quark, are very small. This is the well-
known flavour problem of the SM, which will not be investigated in this paper.

The three gauge couplings and the top Yukawa coupling remain perturbative and are fairly
weak at high energy, becoming roughly equal in the vicinity of the Planck mass. The near
equality of the gauge couplings may be viewed as an indicator of an underlying grand unification
even within the simple SM, once we allow for threshold corrections of the order of 10% around
a scale of about 1016 GeV (of course, in the spirit of this paper, we are disregarding the acute
naturalness problem). It is amusing to note that the ordering of the coupling constants at
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What explains the weak scale?

Gravity
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What explains the magnitude of the vacuum energy?

▸ Discovery of 125 GeV Higgs boson                                
       marks successful completion of SM

▸ No convincing sign of new physics at LHC

▸ Standard Model perturbative up to Planck scale

▸ GR stands triumphant, now tested in strong-field regime

▸ Cosmic acceleration appears to be driven by a 
cosmological constant or vacuum energy

▸ Intriguing tensions in cosmology
(Hubble/S8 tensions, recent hints of dynamical dark energy)

WHY IS OUR UNIVERSE SIMPLE/MINIMAL?



Enticing opportunity is that the answer lies in cosmology.

▸ Abbott’s relaxation of the CC (1985) 
▸ Dvali & Vilenkin (2003)

▸ Damour & Polyakov (1994) 
▸ Graham et al. Relaxion mechanism (2015)

The idea that various physical parameters (Higgs mass, vacuum energy etc.) have reached their 
current values through dynamical evolution has a long and venerable history.

I believe there are hints in the data that our universe has a statistical origin.

▸ Giudice, McCullough & You (2021)



NEAR CRITICALITY OF OUR VACUUM

▸ Since Standard Model remains perturbative, can extrapolate Higgs potential to large field values
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V (h)

our vacuum

Froggatt & Nielsen (1995) 
(“Multiple Point Principle”)
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mh = 135± 9 GeV
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mt = 173± 5 GeV

Remarkable that Standard Model (without gravity) 
“knows” about Planck scale!

near-criticality of our vacuum

▸ Surprising consequence of extrapolation:

Exquisitely sensitive to top quark and Higgs masses.
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v = 246 GeV

Higgs potential

Higgs



▸ Hierarchy problem Giudice & Rattazzi (2006)

▸ Cosmological constant
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de Sitter Minkowski Anti de Sitter

Remarkably, other fine-tuning problems can be thought of as problems of near criticality.

Expands forever Big crunch<latexit sha1_base64="1A7RPakXvUL5Vo6FPqVoVKhXgck="></latexit>
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Potential Energy

Time

Space

Near-criticality of our universe suggests a statistical physics origin.

▸ Myriad metastable states (or “vacua”), each with different 
force laws, particle content etc.

▸ Dynamical mechanism to instantiate in space-time the different metastable states

String landscape

▸ Much remains to be understood about this landscape 
(“swampland” program).

Eternal inflation

How should we reason probabilistically as inhabitant of multiverse?

Two major theoretical developments have led to the seemingly 
inescapable conclusion that we are part of a vast multiverse.
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of extra dim’nsWe currently inhabit one such state, but which one?  



A CONTROVERSIAL SUBJECT

“Multiverse conjectures myriad other universes, and is unnecessarily complicated.”

Judge a theory by parsimony of its ingredients, not by the richness of its outcomes. 

▸ Heredity
▸ Random mutations

▸ Natural selection (fitness function)

▸ Energy landscape
▸ Eternal inflation
▸ Probability distribution over states

”Occam’s razor”:

Falsifiability: “Not experimentally testable, because existence of other universes can never be proven.”

Most theories make predictions that can never be tested (e.g. interior of black holes in GR).

The important point is to make some predictions that are testable. 

The onus is on multiverse proponents to make predictions for our own universe.



Measure problem

Sam Wong and I recently proposed a systematic approach, based on Bayesian reasoning.

JK & Wong, 2205.11524

Traditionally, probabilities in eternal inflation are defined in terms of frequencies 
(e.g. counting bubbles)

Time

Space

But this is rife with ambiguities =)
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A random walk in the landscape



Along world-line, probability            to occupy vacuum    as function of time satisfies a 
master equation

I
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Landscape
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Anti de Sitter (terminal)

 Landscape dynamics = Random walk on network of states

Space-time

▸ de Sitter (positive energy) states = transient nodes

▸ Anti de Sitter (negative energy) states = terminal/absorbing nodes  (Big crunch)

<latexit sha1_base64="fq34VkLq7x+DKfE/ojGu3VmbPJI="></latexit>
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             transition rateJ ! I
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Thus landscape dynamics reduce to a linear Markov process.



BAYESIAN PROBABILITIES JK & Wong, 2205.11524
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A unique solution requires 2 pieces of prior information, both pertaining to initial conditions.

▸ Eternal inflation is not eternal in the past

=)
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started a finite time    in our past, but we don’t know how long ago.

Borde, Guth & Vilenkin (2003)

t
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▸ Along our past world-line, eternal inflation started out in some primordial vacuum     , 
but we don’t know which one.
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Two model parameters: 
1. time of existence 

2.   primordial vacuum

t
<latexit sha1_base64="8ekPt4iGefEunDSo4WhpFY93qqU=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmbGOJncgl48JmAWSIbQ0+lJ2vQsdPcIIeQLvHhQxKuf5M2/sbMIKvqg4PFeFVX1gpQzqSzrw8itrW9sbuW3Czu7e/sHxcOjlkwyQWiTJDwRnQBLyllMm4opTjupoDgKOG0H4+u5376nQrIkvlWTlPoRHsYsZAQrLTVUv1iyTLvsua6LNKl6TqWqyaVnO66DbNNaoAQr1PvF994gIVlEY0U4lrJrW6nyp1goRjidFXqZpCkmYzykXU1jHFHpTxeHztCZVgYoTISuWKGF+n1iiiMpJ1GgOyOsRvK3Nxf/8rqZCj1/yuI0UzQmy0VhxpFK0PxrNGCCEsUnmmAimL4VkREWmCidTUGH8PUp+p+0HNO+MJ1GuVS7WsWRhxM4hXOwoQI1uIE6NIEAhQd4gmfjzng0XozXZWvOWM0cww8Yb59lZo1X</latexit>

↵
<latexit sha1_base64="+YHuJLOnkG4ulnnmYQ9/fWk4vbE=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJY03RXdOOygm2FNpTJdNKOncyEmYlQQv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE6WMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJCYtLJiQtxFShFFOWppqRm5TSVASMdKJxpczv3NPpKKC3+hJSsIEDTmNKUbaSO0eYukI9csVx3arge/70JB64NXqhpwHrud70LWdOSpgiWa//N4bCJwlhGvMkFJd10l1mCOpKWZkWupliqQIj9GQdA3lKCEqzOfXTuGJUQYwFtIU13Cufp/IUaLUJIlMZ4L0SP32ZuJfXjfTcRDmlKeZJhwvFsUZg1rA2etwQCXBmk0MQVhScyvEIyQR1iagkgnh61P4P2l7tntme9fVSuNiGUcRHIFjcApcUAMNcAWaoAUwuAMP4Ak8W8J6tF6s10VrwVrOHIIfsN4+ARC+j3c=</latexit>

=)
<latexit sha1_base64="I4K7v45aMNO/CgRR/nDr2KE0SlU=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCq2Fm+tDuim5cuKhgH9AOJZOmbWgmGZKMUku/xI0LRdz6Ke78GzNtBRU9cOFwzr3ce08YM6q0635YmZXVtfWN7GZua3tnN2/v7TeVSCQmDSyYkO0QKcIoJw1NNSPtWBIUhYy0wvFF6rduiVRU8Bs9iUkQoSGnA4qRNlLPznevBB9KOhxpJKW469kF1/F8zy1XoOv4xbJXTUnFq/qlMvQcd44CWKLes9+7fYGTiHCNGVKq47mxDqZIaooZmeW6iSIxwmM0JB1DOYqICqbzw2fw2Ch9OBDSFNdwrn6fmKJIqUkUms4I6ZH67aXiX14n0YOzYEp5nGjC8WLRIGFQC5imAPtUEqzZxBCEJTW3QjxCEmFtssqZEL4+hf+Tpu94Rce/LhVq58s4suAQHIET4IFTUAOXoA4aAIMEPIAn8GzdW4/Wi/W6aM1Yy5kD8APW2yejRJO+</latexit>

=)
<latexit sha1_base64="I4K7v45aMNO/CgRR/nDr2KE0SlU=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCq2Fm+tDuim5cuKhgH9AOJZOmbWgmGZKMUku/xI0LRdz6Ke78GzNtBRU9cOFwzr3ce08YM6q0635YmZXVtfWN7GZua3tnN2/v7TeVSCQmDSyYkO0QKcIoJw1NNSPtWBIUhYy0wvFF6rduiVRU8Bs9iUkQoSGnA4qRNlLPznevBB9KOhxpJKW469kF1/F8zy1XoOv4xbJXTUnFq/qlMvQcd44CWKLes9+7fYGTiHCNGVKq47mxDqZIaooZmeW6iSIxwmM0JB1DOYqICqbzw2fw2Ch9OBDSFNdwrn6fmKJIqUkUms4I6ZH67aXiX14n0YOzYEp5nGjC8WLRIGFQC5imAPtUEqzZxBCEJTW3QjxCEmFtssqZEL4+hf+Tpu94Rce/LhVq58s4suAQHIET4IFTUAOXoA4aAIMEPIAn8GzdW4/Wi/W6aM1Yy5kD8APW2yejRJO+</latexit>

prior density

prior        over initial dS

<latexit sha1_base64="Yuvr3lhcxxNaGxT/A4DeUtzkw2I=">AAAB7nicdVDLSgMxFM3UV62vqks3wSLUzZBMH9pd0Y3LCvYB7VAyadqGZiZDkhHK0I9w40IRt36PO//G9CGo6IELh3Pu5d57glhwbRD6cDJr6xubW9nt3M7u3v5B/vCopWWiKGtSKaTqBEQzwSPWNNwI1okVI2EgWDuYXM/99j1Tmsvozkxj5odkFPEhp8RYqd1TY1k05/18AbnYw6hcg8j1ShUPlSyp4ppXwRC7aIECWKHRz7/3BpImIYsMFUTrLkax8VOiDKeCzXK9RLOY0AkZsa6lEQmZ9tPFuTN4ZpUBHEplKzJwoX6fSEmo9TQMbGdIzFj/9ubiX143McNLP+VRnBgW0eWiYSKgkXD+OxxwxagRU0sIVdzeCumYKEKNTShnQ/j6FP5PWp6Lq275tlyoX63iyIITcAqKAIMLUAc3oAGagIIJeABP4NmJnUfnxXldtmac1cwx+AHn7RMSh49r</latexit>

⇢(t)

<latexit sha1_base64="Q8OAnIZ8Lx7+0KVzrB4gLhWswNA=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GjLTh3ZXdOOygrWFdiiZNNOGZjIxyQhl6E+4caGIW3/HnX9j+hBU9MCFwzn3cu89oeRMG4Q+nNzK6tr6Rn6zsLW9s7tX3D+41UmqCG2RhCeqE2JNORO0ZZjhtCMVxXHIaTscX8789j1VmiXixkwkDWI8FCxiBBsrdWS/h7kc4X6xhFzP91ClDpHrl6s+KltS8+p+1YOei+YogSWa/eJ7b5CQNKbCEI617npImiDDyjDC6bTQSzWVmIzxkHYtFTimOsjm907hiVUGMEqULWHgXP0+keFY60kc2s4Ym5H+7c3Ev7xuaqLzIGNCpoYKslgUpRyaBM6ehwOmKDF8YgkmitlbIRlhhYmxERVsCF+fwv/Jre96NbdyXSk1LpZx5MEROAanwANnoAGuQBO0AAEcPIAn8OzcOY/Oi/O6aM05y5lD8APO2ydoNZA8</latexit>p↵

Different probability distributions (measures) correspond to different priors.

<latexit sha1_base64="fq34VkLq7x+DKfE/ojGu3VmbPJI="></latexit>

dfI
dt

=
X

J

IJfJ �
X

K

KIfI

             transition rateJ ! I
<latexit sha1_base64="6IoEUZm6FxLBcebnwyysJPsja7g=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4GtKH0+mu6EZdVbCt0NaSSTNtaGYyJBmlDP0Cf8Ct/oE7cetX+AN+h+lDsKIHAodz7uWeHC/iTGmEPqzU0vLK6lp6PbOxubW9k93daygRS0LrRHAhbzysKGchrWumOb2JJMWBx2nTG55N/OYdlYqJ8FqPItoJcD9kPiNYG+n2si1Zf6CxlOIeXnSzOWRX3GLJRRDZjlM6cVxDULmCXAfmbTRFDsxR62Y/2z1B4oCGmnCsVCuPIt1JsNSMcDrOtGNFI0yGuE9bhoY4oKqTTFOP4ZFRetAX0rxQw6n6cyPBgVKjwDOTAdYD9dubiH95rVj7bidhYRRrGpLZIT/mUAs4qQD2mKRE85EhmEhmskIywBITbYpauNJTk2jjjCnm+/fwf9Io2PmiXbgq5aqn84rS4AAcgmOQB2VQBeegBuqAAAkewRN4th6sF+vVepuNpqz5zj5YgPX+BWe9m0A=</latexit>



IGNORANCE IS BLISS

Priors should reflect all information at hand, but otherwise minimally informative.

Primordial vacuum: p↵ =
1

NdS
<latexit sha1_base64="UyU26KJ07C22X0DfKf56/m42hM8="></latexit>

Laplace’s principle of indifference

Time of existence: Master equation                                                        is time-translation invariant.
<latexit sha1_base64="U5YFORb6l/8fSe1NXtIn0l9VdNE="></latexit>

dfI
dt

=
X

J

IJfJ �
X

K

KIfI

(To be precise, invariant under translations in proper time or e-folding time.)

=)
<latexit sha1_base64="I4K7v45aMNO/CgRR/nDr2KE0SlU=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCq2Fm+tDuim5cuKhgH9AOJZOmbWgmGZKMUku/xI0LRdz6Ke78GzNtBRU9cOFwzr3ce08YM6q0635YmZXVtfWN7GZua3tnN2/v7TeVSCQmDSyYkO0QKcIoJw1NNSPtWBIUhYy0wvFF6rduiVRU8Bs9iUkQoSGnA4qRNlLPznevBB9KOhxpJKW469kF1/F8zy1XoOv4xbJXTUnFq/qlMvQcd44CWKLes9+7fYGTiHCNGVKq47mxDqZIaooZmeW6iSIxwmM0JB1DOYqICqbzw2fw2Ch9OBDSFNdwrn6fmKJIqUkUms4I6ZH67aXiX14n0YOzYEp5nGjC8WLRIGFQC5imAPtUEqzZxBCEJTW3QjxCEmFtssqZEL4+hf+Tpu94Rce/LhVq58s4suAQHIET4IFTUAOXoA4aAIMEPIAn8GzdW4/Wi/W6aM1Yy5kD8APW2yejRJO+</latexit>

⇢(t) = const.
<latexit sha1_base64="dWECwHrykpFSaWTbnLK6uhUgU7s="></latexit>

Uniform prior

E.T. Jaynes

Space

Time

↵
<latexit sha1_base64="+YHuJLOnkG4ulnnmYQ9/fWk4vbE=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJY03RXdOOygm2FNpTJdNKOncyEmYlQQv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE6WMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJCYtLJiQtxFShFFOWppqRm5TSVASMdKJxpczv3NPpKKC3+hJSsIEDTmNKUbaSO0eYukI9csVx3arge/70JB64NXqhpwHrud70LWdOSpgiWa//N4bCJwlhGvMkFJd10l1mCOpKWZkWupliqQIj9GQdA3lKCEqzOfXTuGJUQYwFtIU13Cufp/IUaLUJIlMZ4L0SP32ZuJfXjfTcRDmlKeZJhwvFsUZg1rA2etwQCXBmk0MQVhScyvEIyQR1iagkgnh61P4P2l7tntme9fVSuNiGUcRHIFjcApcUAMNcAWaoAUwuAMP4Ak8W8J6tF6s10VrwVrOHIIfsN4+ARC+j3c=</latexit>

t
<latexit sha1_base64="8ekPt4iGefEunDSo4WhpFY93qqU=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmbGOJncgl48JmAWSIbQ0+lJ2vQsdPcIIeQLvHhQxKuf5M2/sbMIKvqg4PFeFVX1gpQzqSzrw8itrW9sbuW3Czu7e/sHxcOjlkwyQWiTJDwRnQBLyllMm4opTjupoDgKOG0H4+u5376nQrIkvlWTlPoRHsYsZAQrLTVUv1iyTLvsua6LNKl6TqWqyaVnO66DbNNaoAQr1PvF994gIVlEY0U4lrJrW6nyp1goRjidFXqZpCkmYzykXU1jHFHpTxeHztCZVgYoTISuWKGF+n1iiiMpJ1GgOyOsRvK3Nxf/8rqZCj1/yuI0UzQmy0VhxpFK0PxrNGCCEsUnmmAimL4VkREWmCidTUGH8PUp+p+0HNO+MJ1GuVS7WsWRhxM4hXOwoQI1uIE6NIEAhQd4gmfjzng0XozXZWvOWM0cww8Yb59lZo1X</latexit>

These priors are minimally informative and consistently reflect our ignorance.



Marginalizing over parameters gives the desired probability distribution over vacua:

where
<latexit sha1_base64="1htYz/iUp5KHcMZFvoOOiH0cALk="></latexit>

TIj =
IjP

K
Kj

branching ratio

Probabilities favor vacua that are well-connected to very large number of ancestors.

Total branching probability, summed over all walks that reach    .        
<latexit sha1_base64="M/zlIveYiLWEQk1vYXij4whyl14=">AAAB6HicdVDLSgMxFM34rPVVdekmWARXQzJ9aHdFN7prwT6gHUomzbSxmcyQZIRS+gVuXCji1k9y59+YPgQVPXDhcM693HtPkAiuDUIfzsrq2vrGZmYru72zu7efOzhs6jhVlDVoLGLVDohmgkvWMNwI1k4UI1EgWCsYXc381j1Tmsfy1owT5kdkIHnIKTFWqt/0cnnkYg+jYgUi1yuUPFSwpIwrXglD7KI58mCJWi/33u3HNI2YNFQQrTsYJcafEGU4FWya7aaaJYSOyIB1LJUkYtqfzA+dwlOr9GEYK1vSwLn6fWJCIq3HUWA7I2KG+rc3E//yOqkJL/wJl0lqmKSLRWEqoInh7GvY54pRI8aWEKq4vRXSIVGEGptN1obw9Sn8nzQ9F5fdYr2Yr14u48iAY3ACzgAG56AKrkENNAAFDDyAJ/Ds3DmPzovzumhdcZYzR+AHnLdP8q+NDg==</latexit>

I

Can be summed up succinctly:
<latexit sha1_base64="2fjhJLM8Dr2wg0qxTBq1DVDW59k="></latexit>

P (I) ⇠
X

↵,j

TIj (1� T )�1
j↵ JK & Wong, 2205.11524

<latexit sha1_base64="DxFuftEtbfn+O/sAfrL9e48qpag=">AAACAXicdVDLSgMxFM34rPVVdekmWARXQzJ9aHdFNy4r2Ae0Q8lk0jY28yDJCGXoyh9wq3/gTtz6Jf6A32GmraBFDwQO59xXjhcLrjRCH9bK6tr6xmZuK7+9s7u3Xzg4bKkokZQ1aSQi2fGIYoKHrKm5FqwTS0YCT7C2N77K/PY9k4pH4a2exMwNyDDkA06JNlKrR0Q8Iv1CEdnYwahcg8h2ShUHlQyp4ppTwRDbaIYiWKDRL3z2/IgmAQs1FUSpLkaxdlMiNaeCTfO9RLGY0DEZsq6hIQmYctPZtVN4ahQfDiJpXqjhTP3ZkZJAqUngmcqA6JFa9jLxT89X2cCl7Xpw4aY8jBPNQjpfPkgE1BHM4oA+l4xqMTGEUMnN/ZCOiCRUm9DyJpjv38P/ScuxcdUu35SL9ctFRDlwDE7AGcDgHNTBNWiAJqDgDjyCJ/BsPVgv1qv1Ni9dsRY9R+AXrPcvRViX1g==</latexit>↵
<latexit sha1_base64="7iz28O/Ww/HzXFlZ+VlZaoqImD4=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GibTh3ZXdOOyBfuAdiiZTKaNzTxIMkIZ6g+41T9wJ279F3/A7zDTVtCiBwKHc+4rx405k8qyPozc2vrG5lZ+u7Czu7d/UDw86sgoEYS2ScQj0XOxpJyFtK2Y4rQXC4oDl9OuO7nO/O49FZJF4a2axtQJ8ChkPiNYaal1NyyWLBPZyKrUoWXa5aptlTWpobpdRRCZ1hwlsERzWPwceBFJAhoqwrGUfWTFykmxUIxwOisMEkljTCZ4RPuahjig0knnh87gmVY86EdCv1DBufqzI8WBlNPA1ZUBVmO56mXin54ns4Er25V/6aQsjBNFQ7JY7iccqghmSUCPCUoUn2qCiWD6fkjGWGCidF4FHcz37+H/pGObqGZWWpVS42oZUR6cgFNwDhC4AA1wA5qgDQig4BE8gWfjwXgxXo23RWnOWPYcg18w3r8AYxSVrA==</latexit>

j

<latexit sha1_base64="fPrW3iTk5UqQ1vlKo3HoODWJYps=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GibTh3ZXdOOyBWsL7VAymbQNzWSGJCOUof6AW/0Dd+LWf/EH/A4zbQUteiBwOOe+cvyYM6Ud58PKra1vbG7ltws7u3v7B8XDozsVJZLQNol4JLs+VpQzQduaaU67saQ49Dnt+JPrzO/cU6lYJG71NKZeiEeCDRnB2kityaBYcmzkIqdSh47tlquuUzakhupuFUFkO3OUwBLNQfGzH0QkCanQhGOlesiJtZdiqRnhdFboJ4rGmEzwiPYMFTikykvnh87gmVECOIykeULDufqzI8WhUtPQN5Uh1mO16mXin16gsoEr2/Xw0kuZiBNNBVksHyYc6ghmScCASUo0nxqCiWTmfkjGWGKiTV4FE8z37+H/5M61Uc2utCqlxtUyojw4AafgHCBwARrgBjRBGxBAwSN4As/Wg/VivVpvi9Kctew5Br9gvX8BZKyVrQ==</latexit>

k

<latexit sha1_base64="nYfUdL1bExBRLh4BYJ0F+7YE/Q0=">AAAB/HicdVDLSsNAFJ3UV62vqks3g0VwFZL0od0V3eiuBfuANpTJZNIOnUzCzEQoof6AW/0Dd+LWf/EH/A4nbQUtemDgcM59zfFiRqWyrA8jt7a+sbmV3y7s7O7tHxQPjzoySgQmbRyxSPQ8JAmjnLQVVYz0YkFQ6DHS9SbXmd+9J0LSiN+paUzcEI04DShGSkut22GxZJm2Y1uVOrRMp1x1rLImNbvuVG1om9YcJbBEc1j8HPgRTkLCFWZIyr5txcpNkVAUMzIrDBJJYoQnaET6mnIUEumm80Nn8EwrPgwioR9XcK7+7EhRKOU09HRliNRYrnqZ+Kfny2zgynYVXLop5XGiCMeL5UHCoIpglgT0qSBYsakmCAuq74d4jATCSudV0MF8/x7+TzqOadfMSqtSalwtI8qDE3AKzoENLkAD3IAmaAMMCHgET+DZeDBejFfjbVGaM5Y9x+AXjPcvLnyViw==</latexit>

I

<latexit sha1_base64="v7JI2+fIN4Rj7xYTGjd2Cp8G0LA="></latexit>

P (I) ⇠
X

↵

0

@TI↵ +
X

j

TIjTj↵ +
X

j,k

TIkTkjTj↵ + . . .

1

A

fundamental matrix

}
<latexit sha1_base64="x2O80JjO/61yd2zfeEkyckUUC2E=">AAAB/XicdVDLSgMxFM3UV62vqks3wSK4GjJtnU53RTcuq9gHtEPJpJk2NPMgyQilDP6AW/0Dd+LWb/EH/A4zbQUreuDC4Zx7ufceL+ZMKoQ+jNza+sbmVn67sLO7t39QPDxqyygRhLZIxCPR9bCknIW0pZjitBsLigOP0443ucr8zj0VkkXhnZrG1A3wKGQ+I1hp6bafDoolZNadStVBEJm2Xb2wHU1QrY4cG1ommqMElmgOip/9YUSSgIaKcCxlz0KxcmdYKEY4TQv9RNIYkwke0Z6mIQ6odGfzS1N4ppUh9COhK1Rwrv6cmOFAymng6c4Aq7H87WXiX14vUb7jzlgYJ4qGZLHITzhUEczehkMmKFF8qgkmgulbIRljgYnS4axsGcrstLSgg/n+Hv5P2mXTqpjlm2qpcbmMKA9OwCk4BxaogQa4Bk3QAgT44BE8gWfjwXgxXo23RWvOWM4cgxUY719dLpZJ</latexit>

<latexit sha1_base64="V2fKZzBvHuQt4XxB047k7DjyMxk=">AAAB7nicdVDLSgMxFM3UV62vqks3wSLUzZCZPrQLoehGdxXsA9qhZNJMG5rJDElGKEM/wo0LRdz6Pe78G9OHoKIHLhzOuZd77/FjzpRG6MPKrKyurW9kN3Nb2zu7e/n9g5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/fHVzG/fU6lYJO70JKZeiIeCBYxgbaR2o3hzCi9gP19AtuM6qFyDyHZLFReVDKk6NbfiQMdGcxTAEo1+/r03iEgSUqEJx0p1HRRrL8VSM8LpNNdLFI0xGeMh7RoqcEiVl87PncITowxgEElTQsO5+n0ixaFSk9A3nSHWI/Xbm4l/ed1EB+deykScaCrIYlGQcKgjOPsdDpikRPOJIZhIZm6FZIQlJtoklDMhfH0K/yct13aqdvm2XKhfLuPIgiNwDIrAAWegDq5BAzQBAWPwAJ7AsxVbj9aL9bpozVjLmUPwA9bbJ4aOjmg=</latexit>

P (I) =

Probability to occupy    , irrespective of time 
of existence    and primordial vacuum    .

<latexit sha1_base64="M/zlIveYiLWEQk1vYXij4whyl14=">AAAB6HicdVDLSgMxFM34rPVVdekmWARXQzJ9aHdFN7prwT6gHUomzbSxmcyQZIRS+gVuXCji1k9y59+YPgQVPXDhcM693HtPkAiuDUIfzsrq2vrGZmYru72zu7efOzhs6jhVlDVoLGLVDohmgkvWMNwI1k4UI1EgWCsYXc381j1Tmsfy1owT5kdkIHnIKTFWqt/0cnnkYg+jYgUi1yuUPFSwpIwrXglD7KI58mCJWi/33u3HNI2YNFQQrTsYJcafEGU4FWya7aaaJYSOyIB1LJUkYtqfzA+dwlOr9GEYK1vSwLn6fWJCIq3HUWA7I2KG+rc3E//yOqkJL/wJl0lqmKSLRWEqoInh7GvY54pRI8aWEKq4vRXSIVGEGptN1obw9Sn8nzQ9F5fdYr2Yr14u48iAY3ACzgAG56AKrkENNAAFDDyAJ/Ds3DmPzovzumhdcZYzR+AHnLdP8q+NDg==</latexit>

I
<latexit sha1_base64="JKt4aTdiMirBAazdFN7GBDHcPeo=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GpLpQ7srunHZgn1AO5RMmraxmcyQZIQy9AvcuFDErZ/kzr8xfQgqeuDC4Zx7ufeeIBZcG4Q+nMza+sbmVnY7t7O7t3+QPzxq6ShRlDVpJCLVCYhmgkvWNNwI1okVI2EgWDuYXM/99j1Tmkfy1kxj5odkJPmQU2Ks1DD9fAG52MOoVIXI9YplDxUtqeCqV8YQu2iBAlih3s+/9wYRTUImDRVE6y5GsfFTogyngs1yvUSzmNAJGbGupZKETPvp4tAZPLPKAA4jZUsauFC/T6Qk1HoaBrYzJGasf3tz8S+vm5jhpZ9yGSeGSbpcNEwENBGcfw0HXDFqxNQSQhW3t0I6JopQY7PJ2RC+PoX/k5bn4opbapQKtatVHFlwAk7BOcDgAtTADaiDJqCAgQfwBJ6dO+fReXFel60ZZzVzDH7AefsEM+qNOQ==</latexit>

t <latexit sha1_base64="6/Lu8SKSnvM9CUixjoRfonwBgL0=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXw2T60O6KblxWsA9oh5JJM21sJhmSjFCG/oMbF4q49X/c+TemD0FFD1w4nHMv994TJpxp43kfzsrq2vrGZm4rv72zu7dfODhsaZkqQptEcqk6IdaUM0GbhhlOO4miOA45bYfjq5nfvqdKMyluzSShQYyHgkWMYGOlVg/zZIT7haLnIh955Rr0XL9U8b2SJVVU8ysIItebowiWaPQL772BJGlMhSEca91FXmKCDCvDCKfTfC/VNMFkjIe0a6nAMdVBNr92Ck+tMoCRVLaEgXP1+0SGY60ncWg7Y2xG+rc3E//yuqmJLoKMiSQ1VJDFoijl0Eg4ex0OmKLE8IklmChmb4VkhBUmxgaUtyF8fQr/Jy3fRVW3fFMu1i+XceTAMTgBZwCBc1AH16ABmoCAO/AAnsCzI51H58V5XbSuOMuZI/ADztsn3zOPWQ==</latexit>↵



Folding funnels



DOWNWARD APPROXIMATION
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<latexit sha1_base64="7xgfna+Al+QUpUFSuNooGXF+1c0=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiDEyzAT91vQi8cIZoFkCD2dnqRJT0/T3SOEIR/hxYMiXv0eb/6NnUVwfVDweK+Kqnqh5Ewbz3t3cguLS8sr+dXC2vrG5lZxe6ehk1QRWicJT1QrxJpyJmjdMMNpSyqK45DTZji8mvjNO6o0S8StGUkaxLgvWMQINlZqNsodOWCH3WLJc088/+LUR7+J73pTlGCOWrf41uklJI2pMIRjrdu+J02QYWUY4XRc6KSaSkyGuE/blgocUx1k03PH6MAqPRQlypYwaKp+nchwrPUoDm1njM1A//Qm4l9eOzXReZAxIVNDBZktilKOTIImv6MeU5QYPrIEE8XsrYgMsMLE2IQKNoTPT9H/pFFx/SO3cnNcql7O48jDHuxDGXw4gypcQw3qQGAI9/AIT450Hpxn52XWmnPmM7vwDc7rB+Sqj0o=</latexit>

�
<latexit sha1_base64="j3mHkmVukxhCEF3SBTQp54hsqxE=">AAAB63icdVDJSgNBEK2JW4xb1KOXxiB4Gmbifgt68RjBLJAMoafTkzTp7hm6e4Qw5Be8eFDEqz/kzb+xJ4ng+qDg8V4VVfXChDNtPO/dKSwsLi2vFFdLa+sbm1vl7Z2mjlNFaIPEPFbtEGvKmaQNwwyn7URRLEJOW+HoKvdbd1RpFstbM05oIPBAsogRbHKpmwxZr1zx3BPPvzj10W/iu94UFZij3iu/dfsxSQWVhnCsdcf3EhNkWBlGOJ2UuqmmCSYjPKAdSyUWVAfZ9NYJOrBKH0WxsiUNmqpfJzIstB6L0HYKbIb6p5eLf3md1ETnQcZkkhoqyWxRlHJkYpQ/jvpMUWL42BJMFLO3IjLEChNj4ynZED4/Rf+TZtX1j9zqzXGldjmPowh7sA+H4MMZ1OAa6tAAAkO4h0d4coTz4Dw7L7PWgjOf2YVvcF4/AHRSjoU=</latexit>

difference in dS entropy
Lee & Weinberg (1987)

}
<latexit sha1_base64="x2O80JjO/61yd2zfeEkyckUUC2E=">AAAB/XicdVDLSgMxFM3UV62vqks3wSK4GjJtnU53RTcuq9gHtEPJpJk2NPMgyQilDP6AW/0Dd+LWb/EH/A4zbQUreuDC4Zx7ufceL+ZMKoQ+jNza+sbmVn67sLO7t39QPDxqyygRhLZIxCPR9bCknIW0pZjitBsLigOP0443ucr8zj0VkkXhnZrG1A3wKGQ+I1hp6bafDoolZNadStVBEJm2Xb2wHU1QrY4cG1ommqMElmgOip/9YUSSgIaKcCxlz0KxcmdYKEY4TQv9RNIYkwke0Z6mIQ6odGfzS1N4ppUh9COhK1Rwrv6cmOFAymng6c4Aq7H87WXiX14vUb7jzlgYJ4qGZLHITzhUEczehkMmKFF8qgkmgulbIRljgYnS4axsGcrstLSgg/n+Hv5P2mXTqpjlm2qpcbmMKA9OwCk4BxaogQa4Bk3QAgT44BE8gWfjwXgxXo23RWvOWM4cgxUY719dLpZJ</latexit>

=)
<latexit sha1_base64="+Urwe2PDztkrW3YROWIzk7BdJ70=">AAAB+HicdVDJSgNBEK2JW4xLRj16aQyCpzAT91vQiwcPEcwCyRB6Op2kSU/30N2jxCFf4sWDIl79FG/+jZ1FcH1Q8Hiviqp6YcyZNp737mTm5hcWl7LLuZXVtfW8u7FZ0zJRhFaJ5FI1QqwpZ4JWDTOcNmJFcRRyWg8H52O/fkOVZlJcm2FMgwj3BOsygo2V2m6+dSlFT7Fe32Cl5G3bLXjFQ88/PfLRb+IXvQkKMEOl7b61OpIkERWGcKx10/diE6RYGUY4HeVaiaYxJgPco01LBY6oDtLJ4SO0a5UO6kplSxg0Ub9OpDjSehiFtjPCpq9/emPxL6+ZmO5JkDIRJ4YKMl3UTTgyEo1TQB2mKDF8aAkmitlbEeljhYmxWeVsCJ+fov9JrVT094ulq4NC+WwWRxa2YQf2wIdjKMMFVKAKBBK4h0d4cu6cB+fZeZm2ZpzZzBZ8g/P6AaDik7w=</latexit>

Can ignore upward jumps to leading order (downward approximation)
Schwartz-Perlov & Vilenkin (’06); Olum & Schwartz-Perlov (’07)

Graphs become directed:        

▸ Transitions rates            between vacua are mediated by instantons, e.g. Coleman-De Luccia, 
Hawking-Moss, Brown-Teitelboim.

▸ Importantly, these instantons between dS vacua satisfy 
“detailed balance”:

'<latexit sha1_base64="Zd8XLck0NE61DA2PbvYlASZjsPk=">AAACAXicdVDLSgMxFM34rPVVdekmWARXw0xbH90V3bisYB/QDiWTybSxSWZMMkIZuvIH3OofuBO3fok/4HeYaSta0QMXDufcy733+DGjSjvOu7WwuLS8sppby69vbG5tF3Z2mypKJCYNHLFItn2kCKOCNDTVjLRjSRD3GWn5w4vMb90RqWgkrvUoJh5HfUFDipE2UrOrKCe3vULRsSvlask9gYYcV6pO6Zu4tjNBEcxQ7xU+ukGEE06Exgwp1XGdWHspkppiRsb5bqJIjPAQ9UnHUIE4UV46uXYMD40SwDCSpoSGE/XnRIq4UiPum06O9ED99jLxL6+T6PDMS6mIE00Eni4KEwZ1BLPXYUAlwZqNDEFYUnMrxAMkEdYmoLktgcpOG+dNMF/fw/9Js2S7Zbt0VSnWzmcR5cA+OABHwAWnoAYuQR00AAY34AE8gifr3nq2XqzXaeuCNZvZA3Ow3j4BbKGX+w==</latexit>

<latexit sha1_base64="yNXkF/EGUd1QKFbpHbq2H+muFL0=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GibTh3ZXdKOuKtgHTIeSSTNtaCYzJBmhDP0MNy4UcevXuPNvTB+Cih64cDjnXu69J0g4U9pxPqzcyura+kZ+s7C1vbO7V9w/aKs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknGF/O/M49lYrF4k5PEupHeChYyAjWRvJ6Y5wkuJ9d30z7xZJjIxc5lTp0bLdcdZ2yITVUd6sIItuZowSWaPaL771BTNKICk04VspDTqL9DEvNCKfTQi9VNMFkjIfUM1TgiCo/m588hSdGGcAwlqaEhnP1+0SGI6UmUWA6I6xH6rc3E//yvFSH537GRJJqKshiUZhyqGM4+x8OmKRE84khmEhmboVkhCUm2qRUMCF8fQr/J23XRjW7clspNS6WceTBETgGpwCBM9AAV6AJWoCAGDyAJ/BsaevRerFeF605azlzCH7AevsEmVKRfA==</latexit>IJ



Probabilities maximized for vacua that can be accessed from many other vacua by 
sequence of downward transitions.

FUNNEL TOPOGRAPHY JK & Parrikar (’19); JK (’19); JK & Wong (’21, ’22)

Folding funnels of proteins Bryngelson & Wolynes (1990)

Such vacua have a surrounding landscape topography of a deep valley or funnel.

<latexit sha1_base64="2fjhJLM8Dr2wg0qxTBq1DVDW59k="></latexit>
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Funnels are ubiquitous to search optimization on complex energy landscapes.

▸ Atomic clusters (Lennard-Jones potentials)

▸ Combinatorial optimization (e.g. Traveling Salesman Problem)
Boese et al. (1994) 
Ochoa & Veerapen (2016) 

Doye (2002); Massen & Doye (2005, 2006)

”Big Valley hypothesis”
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The network topology of a potential energy landscape: A static scale-free network

Jonathan P. K. Doye∗

University Chemical Laboratory, Lensfield Road, Cambridge CB2 1EW, United Kingdom
(Dated: November 5, 2018)

Here we analyze the topology of the network formed by the minima and transition states on the
potential energy landscape of small clusters. We find that this network has both a small-world and
scale-free character. In contrast to other scale-free networks, where the topology results from the
dynamics of the network growth, the potential energy landscape is a static entity. Therefore, a fun-
damentally different organizing principle underlies this behaviour: The potential energy landscape
is highly heterogeneous with the low-energy minima having large basins of attraction and acting as
the highly-connected hubs in the network.

PACS numbers: 89.75.Hc,61.46.+w,31.50.-x

Energy landscapes have been at the forefront of many
of the recent theoretical developments in our understand-
ing of biomolecules,1 clusters2,3 and the glass transition.4

For example, this research has provided important new
insights into how proteins fold5 and the origin of the un-
usual properties of supercooled liquids, such as the dis-
tinction between “strong” and “fragile” liquids.6,7 There
has also been a surge of interest in modelling com-
plex systems as networks,8 inspired by Watts and Stro-
gatz’s discovery that many networks behave as “small
worlds”.9 Intriguingly, a diverse range of such net-
works, e.g. the world-wide web,10 the internet,11 scientific
collaboration12 and citation13 networks, and biochemical
networks,14,15 also have a “scale-free” topology, where
the distribution of the number of connections to each
node, the degree, follows a power law. This topology re-
sults from the dynamics of the network growth in these
systems.16 Here we draw these two strands of research to-
gether by applying the techniques of network analysis to
probe the global structure of potential energy landscapes
of clusters.

The potential energy landscape is a multi-dimensional
surface representing the dependence of the potential en-
ergy on the positions of all the atoms of the system. For
a system with many atoms the landscape will have a
complex topography with higher-dimensional analogues
of mountain ranges, valleys and passes. Although the po-
tential energy landscape determines the system’s struc-
ture, thermodynamics and dynamics, the nature of this
relationship is complex. A particularly successful means
of elucidating this relationship is the inherent structure
approach of Stillinger and Weber,17 in which the land-
scape is divided into basins of attraction surrounding
each minimum (See Fig. 1). This partition provides a
natural way to describe the dynamics of the system, be-
cause, except at high temperature, the system spends
most of the time vibrating in the well surrounding a min-
imum and only occasionally hops to a different well by
passing over a transition state. The interbasin dynamics
can then be represented as a walk on a network whose
nodes correspond to the minima and where edges link
those minimum which are directly connected by a tran-
sition state. Figure 1 provides an illustration of such an

(b)

(a)

(c)

FIG. 1: (a) A model two-dimensional energy surface. (b) A
contour plot of this surface illustrating the inherent structure
partition of the configuration space into basins of attraction
surrounding minima. The basin boundaries are represented
by red lines, and the minima and transition states by blue and
green points, respectively. (c) The resulting representation of
the landscape as a network.

inherent structure network (ISN) for a two-dimensional
energy surface.

The ISN should provide the starting point for an en-
ergy landscape view of the global dynamics of a system.
Indeed, as is increasingly being done, it is relatively easy
to calculate the dynamics from this network using a mas-
ter equation approach.3,18,19 However, fundamental ques-
tions about the topology of the ISN have received little
attention. By contrast the global topography of energy
landscapes has been the focus of much research.1,2,5 To
give one example, this emphasis has revealed that when a
landscape is like a ‘funnel’5 the system is guided towards
the global minimum, be it the native state of a protein,5

an ordered nanoparticle20 or a bulk crystal. However,
the topological aspects of this idea remain open despite
their importance: if the average number of steps to reach
the global minimum from an arbitrary starting minimum

L. Wu, Z. Zhu and W. E (2017) 

Visualizing the Loss Landscape of Neural Nets

Hao Li1, Zheng Xu1, Gavin Taylor2, Christoph Studer3, Tom Goldstein1

1University of Maryland, College Park 2United States Naval Academy 3Cornell University
{haoli,xuzh,tomg}@cs.umd.edu, taylor@usna.edu, studer@cornell.edu

Abstract

Neural network training relies on our ability to find “good” minimizers of highly
non-convex loss functions. It is well-known that certain network architecture
designs (e.g., skip connections) produce loss functions that train easier, and well-
chosen training parameters (batch size, learning rate, optimizer) produce minimiz-
ers that generalize better. However, the reasons for these differences, and their
effects on the underlying loss landscape, are not well understood. In this paper, we
explore the structure of neural loss functions, and the effect of loss landscapes on
generalization, using a range of visualization methods. First, we introduce a simple
“filter normalization” method that helps us visualize loss function curvature and
make meaningful side-by-side comparisons between loss functions. Then, using
a variety of visualizations, we explore how network architecture affects the loss
landscape, and how training parameters affect the shape of minimizers.

1 Introduction

Training neural networks requires minimizing a high-dimensional non-convex loss function – a
task that is hard in theory, but sometimes easy in practice. Despite the NP-hardness of training
general neural loss functions [2], simple gradient methods often find global minimizers (parameter
configurations with zero or near-zero training loss), even when data and labels are randomized before
training [42]. However, this good behavior is not universal; the trainability of neural nets is highly
dependent on network architecture design choices, the choice of optimizer, variable initialization, and
a variety of other considerations. Unfortunately, the effect of each of these choices on the structure of
the underlying loss surface is unclear. Because of the prohibitive cost of loss function evaluations
(which requires looping over all the data points in the training set), studies in this field have remained
predominantly theoretical.

(a) without skip connections (b) with skip connections

Figure 1: The loss surfaces of ResNet-56 with/without skip connections. The proposed filter
normalization scheme is used to enable comparisons of sharpness/flatness between the two figures.
32nd Conference on Neural Information Processing Systems (NIPS 2018), Montréal, Canada.
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▸ Deep learning: “Good” minima of the loss function have large basins of attraction



Directed percolation



Yes, because our problem can be naturally mapped to a problem of percolation.

Percolation: Fluid flow through porous media. 

We inhabit a funnel, but can we be more quantitative?

JK & Wong, 2308.09736



PERCOLATION ON RANDOM NETWORKS

probability that any pair of nodes is connected by link<latexit sha1_base64="yiomPHnKsBs2BooHIJTa9nhTQeE=">AAAB6XicdVDLSgMxFM3UV62vqks3wSK4GpLpQ7sQim5cVrEPaIeSSTNtaCYzJBmhlP6BGxeKuPWP3Pk3pg9BRQ9cOJxzL/feEySCa4PQh5NZWV1b38hu5ra2d3b38vsHTR2nirIGjUWs2gHRTHDJGoYbwdqJYiQKBGsFo6uZ37pnSvNY3plxwvyIDCQPOSXGSrfJRS9fQC72MCpVIXK9YtlDRUsquOqVMcQumqMAlqj38u/dfkzTiElDBdG6g1Fi/AlRhlPBprluqllC6IgMWMdSSSKm/cn80ik8sUofhrGyJQ2cq98nJiTSehwFtjMiZqh/ezPxL6+TmvDcn3CZpIZJulgUpgKaGM7ehn2uGDVibAmhittbIR0SRaix4eRsCF+fwv9J03NxxS3dlAq1y2UcWXAEjsEpwOAM1MA1qIMGoCAED+AJPDsj59F5cV4XrRlnOXMIfsB5+wSvoo18</latexit>p =

P (z)
<latexit sha1_base64="C575q6Tb6EySwLvrJtS3HE8bdyg=">AAAB/3icdVDLSsNAFJ3UV62vqks3g0Wom5Ck9dFd0Y3LCvYBbSiTyaQdOpmEmYlQQxf+gFv9A3fi1k/xB/wOJ21FK3rgwuGce7n3Hi9mVCrLejdyS8srq2v59cLG5tb2TnF3ryWjRGDSxBGLRMdDkjDKSVNRxUgnFgSFHiNtb3SZ+e1bIiSN+I0ax8QN0YDTgGKkMqlRvjvuF0uWWa3UHPsUanJSrVnON7FNa4oSmKPRL370/AgnIeEKMyRl17Zi5aZIKIoZmRR6iSQxwiM0IF1NOQqJdNPprRN4pBUfBpHQxRWcqj8nUhRKOQ493RkiNZS/vUz8y+smKjh3U8rjRBGOZ4uChEEVwexx6FNBsGJjTRAWVN8K8RAJhJWOZ2GLL7PTJgUdzNf38H/Scky7YjrX1VL9Yh5RHhyAQ1AGNjgDdXAFGqAJMBiCB/AInox749l4MV5nrTljPrMPFmC8fQLtHpaH</latexit>

z
<latexit sha1_base64="f8PPWnbJm/efzETck+sTi5xtszY=">AAAB/HicdVDJSgNBEK1xjXGLevTSGARPw0wSl9yCXjwmYBZIhtDT05M06Vno7hHiEH/Aq/6BN/Hqv/gDfoc9SUQj+qDg8V4VVfXcmDOpLOvdWFpeWV1bz23kN7e2d3YLe/stGSWC0CaJeCQ6LpaUs5A2FVOcdmJBceBy2nZHV5nfvqVCsii8UeOYOgEehMxnBCstNe76haJlVsrVkn2GNDmtVK3SN7FNa4oizFHvFz56XkSSgIaKcCxl17Zi5aRYKEY4neR7iaQxJiM8oF1NQxxQ6aTTQyfoWCse8iOhK1Roqv6cSHEg5ThwdWeA1VD+9jLxL6+bKP/CSVkYJ4qGZLbITzhSEcq+Rh4TlCg+1gQTwfStiAyxwETpbBa2eDI7bZLXwXx9j/4nrZJpl81So1KsXc4jysEhHMEJ2HAONbiGOjSBAIUHeIQn4954Nl6M11nrkjGfOYAFGG+fe8+VyA==</latexit>

1
<latexit sha1_base64="7dP3efnDOueff9dp8tE8MzaEMG4=">AAAB/HicdVDJSgNBEK2JW4xb1KOXxiB4GmaSuOQW9OIxAbNAMoSenp6kSc9Cd48QhvgDXvUPvIlX/8Uf8DvsSSIa0QcFj/eqqKrnxpxJZVnvRm5ldW19I79Z2Nre2d0r7h+0ZZQIQlsk4pHoulhSzkLaUkxx2o0FxYHLaccdX2d+544KyaLwVk1i6gR4GDKfEay01LQHxZJlViu1sn2ONDmr1qzyN7FNa4YSLNAYFD/6XkSSgIaKcCxlz7Zi5aRYKEY4nRb6iaQxJmM8pD1NQxxQ6aSzQ6foRCse8iOhK1Ropv6cSHEg5SRwdWeA1Uj+9jLxL6+XKP/SSVkYJ4qGZL7ITzhSEcq+Rh4TlCg+0QQTwfStiIywwETpbJa2eDI7bVrQwXx9j/4n7bJpV8xys1qqXy0iysMRHMMp2HABdbiBBrSAAIUHeIQn4954Nl6M13lrzljMHMISjLdPB3eVfw==</latexit>

1
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fraction of vertices 
in giant component

Consider a random graph: Set of       nodes with randomly-assigned links.

Average degree (# of connections) of each node is 
<latexit sha1_base64="mhplkI5GGfk5LDs67QtTOzoO4RQ=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiDEg8P0ZNEchKAXTxLBLDAZQk+nJ2nSs9DdI8Qhn+HFgyJe/Rpv/o2dRVDRBwWP96qoqufFnEllWR9GZml5ZXUtu57b2Nza3snv7rVklAhCmyTikeh4WFLOQtpUTHHaiQXFgcdp2xtdTv32HRWSReGtGsfUDfAgZD4jWGnJuYfnMIbF6xN03MsXLBPZyCrXoGXapYptlTSpoppdQRCZ1gwFsECjl3/v9iOSBDRUhGMpHWTFyk2xUIxwOsl1E0ljTEZ4QB1NQxxQ6aazkyfwSCt96EdCV6jgTP0+keJAynHg6c4Aq6H87U3FvzwnUf6Zm7IwThQNyXyRn3CoIjj9H/aZoETxsSaYCKZvhWSIBSZKp5TTIXx9Cv8nLdtEVbN8Uy7ULxZxZMEBOARFgMApqIMr0ABNQEAEHsATeDaU8Wi8GK/z1oyxmNkHP2C8fQLTqY+t</latexit>

z = p(N � 1)

Erdös & Rényi (1959):

▸              : disconnected components of size                    .O(logN)
<latexit sha1_base64="wyrv28WeMcIwiEaOinhLpz24bLY=">AAACDXicdVDLSsNAFJ3UV62vqEs3g0Wom5CkD+2u6MaVVrC10IQymU7boZMHM5NCCfkGf8Ct/oE7ces3+AN+h5O2ghU9MHA4517umeNFjAppmh9abmV1bX0jv1nY2t7Z3dP3D9oijDkmLRyykHc8JAijAWlJKhnpRJwg32Pk3htfZv79hHBBw+BOTiPi+mgY0AHFSCqpp+uJgxGDN2nJYeEQXp/29KJpWLZlVmvQNOxy1apnpGbV7UoVWoY5QxEs0Ozpn04/xLFPAokZEqJrmZF0E8QlxYykBScWJEJ4jIakq2iAfCLcZJY8hSdK6cNByNULJJypPzcS5Asx9T016SM5Er+9TPzL68ZycO4mNIhiSQI8PzSIGZQhzGqAfcoJlmyqCMKcqqwQjxBHWKqylq70RRYtLahivn8P/ydt27DKhn1bKTYuFhXlwRE4BiVggTPQAFegCVoAgwl4BE/gWXvQXrRX7W0+mtMWO4dgCdr7F/oCm2A=</latexit>

<latexit sha1_base64="kvwQe3jio/p4zAa/5G6COmsVPt4=">AAAB7HicdVDLSgMxFM3UV62vqks3wSK4GibThxZcFN24rOC0hXYomTTThmYyQ5IR6tBvcONCEbd+kDv/xvQhqOiBC4dz7uXee4KEM6Ud58PKrayurW/kNwtb2zu7e8X9g5aKU0moR2Iey06AFeVMUE8zzWknkRRHAaftYHw189t3VCoWi1s9Sagf4aFgISNYG8m7hxcQ9Yslx0Yucip16Nhuueo6ZUNqqO5WEUS2M0cJLNHsF997g5ikERWacKxUFzmJ9jMsNSOcTgu9VNEEkzEe0q6hAkdU+dn82Ck8McoAhrE0JTScq98nMhwpNYkC0xlhPVK/vZn4l9dNdXjuZ0wkqaaCLBaFKYc6hrPP4YBJSjSfGIKJZOZWSEZYYqJNPgUTwten8H/Scm1Usys3lVLjchlHHhyBY3AKEDgDDXANmsADBDDwAJ7AsyWsR+vFel205qzlzCH4AevtE9nBjhQ=</latexit>

z < 1

▸              :  giant component of size                    emerges.O
�
N2/3

�
<latexit sha1_base64="0kdzQ+o6Hdu/mAwmuUCRfofJjp4="></latexit>

<latexit sha1_base64="ExNJvFFXb/amrvS/CNmGa8xLWXA=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GibTh3YhFN24rGAf0I4lk2ba0ExmSDJKHfofblwo4tZ/ceffmD4EFT1w4XDOvdx7jx9zprTjfFiZpeWV1bXsem5jc2t7J7+711RRIgltkIhHsu1jRTkTtKGZ5rQdS4pDn9OWP7qY+q1bKhWLxLUex9QL8UCwgBGsjXRz30u7MoRkAs8ggr18wbGRi5xSFTq2Wyy7TtGQCqq6ZQSR7cxQAAvUe/n3bj8iSUiFJhwr1UFOrL0US80Ip5NcN1E0xmSEB7RjqMAhVV46u3oCj4zSh0EkTQkNZ+r3iRSHSo1D33SGWA/Vb28q/uV1Eh2ceikTcaKpIPNFQcKhjuA0AthnkhLNx4ZgIpm5FZIhlphoE1TOhPD1KfyfNF0bVezSValQO1/EkQUH4BAcAwROQA1cgjpoAAIkeABP4Nm6sx6tF+t13pqxFjP74Aest08j8pGk</latexit>

zc = 1

▸              : giant component include             fraction of all nodes.
<latexit sha1_base64="6OJ27nWYdnTrjFbCKFWGdjR1eYY=">AAAB8nicdVDLSgMxFM34rPVVdekmWIS6GSbTh3ZXdOPOCvYB06Fk0kwbmpkMSUYoQz/DjQtF3Po17vwb04egogcuHM65l3vvCRLOlHacD2tldW19YzO3ld/e2d3bLxwctpVIJaEtIriQ3QAryllMW5ppTruJpDgKOO0E46uZ37mnUjER3+lJQv0ID2MWMoK1kbysRzCHN9MSOusXio6NXORU6tCx3XLVdcqG1FDdrSKIbGeOIlii2S+89waCpBGNNeFYKQ85ifYzLDUjnE7zvVTRBJMxHlLP0BhHVPnZ/OQpPDXKAIZCmoo1nKvfJzIcKTWJAtMZYT1Sv72Z+JfnpTq88DMWJ6mmMVksClMOtYCz/+GASUo0nxiCiWTmVkhGWGKiTUp5E8LXp/B/0nZtVLMrt5Vi43IZRw4cgxNQAgicgwa4Bk3QAgQI8ACewLOlrUfrxXpdtK5Yy5kj8APW2ydHL5Ce</latexit>

O(1)
<latexit sha1_base64="aLlMttkPmI0gjX2qJnbftZzQbeM=">AAAB7HicdVDLSgMxFM3UV62vqks3wSK4GibTh3YjRTcuKzhtoR1KJs20oZnMkGSEOvQb3LhQxK0f5M6/MX0IKnrgwuGce7n3niDhTGnH+bByK6tr6xv5zcLW9s7uXnH/oKXiVBLqkZjHshNgRTkT1NNMc9pJJMVRwGk7GF/N/PYdlYrF4lZPEupHeChYyAjWRvLu4QVE/WLJsZGLnEodOrZbrrpO2ZAaqrtVBJHtzFECSzT7xffeICZpRIUmHCvVRU6i/QxLzQin00IvVTTBZIyHtGuowBFVfjY/dgpPjDKAYSxNCQ3n6veJDEdKTaLAdEZYj9Rvbyb+5XVTHZ77GRNJqqkgi0VhyqGO4exzOGCSEs0nhmAimbkVkhGWmGiTT8GE8PUp/J+0XBvV7MpNpdS4XMaRB0fgGJwCBM5AA1yDJvAAAQw8gCfwbAnr0XqxXhetOWs5cwh+wHr7BNzNjhY=</latexit>

z > 1

• p = 0, empty graph

• p = 1, complete (full) graph

• There are exist critical pc , structural changes from p < pc to p > pc

• Gigantic connected component appears at p > pc

Graph G(n, p), for n æ Œ, critical value pc = 1
n .

• when p < pc(Èk < 1Í) there are no components with more than O(ln(n)) nodes, largest component is a
tree

• when p = pc(Èk = 1Í) the largest component has O(n2/3) nodes

• when p > pc(Èk > 1Í) gigantic component has all O(n) nodes

Critical value: ÈkÍ = pcn = 1 on average one neighbour for a node.

2

<latexit sha1_base64="kvwQe3jio/p4zAa/5G6COmsVPt4=">AAAB7HicdVDLSgMxFM3UV62vqks3wSK4GibThxZcFN24rOC0hXYomTTThmYyQ5IR6tBvcONCEbd+kDv/xvQhqOiBC4dz7uXee4KEM6Ud58PKrayurW/kNwtb2zu7e8X9g5aKU0moR2Iey06AFeVMUE8zzWknkRRHAaftYHw189t3VCoWi1s9Sagf4aFgISNYG8m7hxcQ9Yslx0Yucip16Nhuueo6ZUNqqO5WEUS2M0cJLNHsF997g5ikERWacKxUFzmJ9jMsNSOcTgu9VNEEkzEe0q6hAkdU+dn82Ck8McoAhrE0JTScq98nMhwpNYkC0xlhPVK/vZn4l9dNdXjuZ0wkqaaCLBaFKYc6hrPP4YBJSjSfGIKJZOZWSEZYYqJNPgUTwten8H/Scm1Usys3lVLjchlHHhyBY3AKEDgDDXANmsADBDDwAJ7AsyWsR+vFel205qzlzCH4AevtE9nBjhQ=</latexit>

z < 1
<latexit sha1_base64="ExNJvFFXb/amrvS/CNmGa8xLWXA=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GibTh3YhFN24rGAf0I4lk2ba0ExmSDJKHfofblwo4tZ/ceffmD4EFT1w4XDOvdx7jx9zprTjfFiZpeWV1bXsem5jc2t7J7+711RRIgltkIhHsu1jRTkTtKGZ5rQdS4pDn9OWP7qY+q1bKhWLxLUex9QL8UCwgBGsjXRz30u7MoRkAs8ggr18wbGRi5xSFTq2Wyy7TtGQCqq6ZQSR7cxQAAvUe/n3bj8iSUiFJhwr1UFOrL0US80Ip5NcN1E0xmSEB7RjqMAhVV46u3oCj4zSh0EkTQkNZ+r3iRSHSo1D33SGWA/Vb28q/uV1Eh2ceikTcaKpIPNFQcKhjuA0AthnkhLNx4ZgIpm5FZIhlphoE1TOhPD1KfyfNF0bVezSValQO1/EkQUH4BAcAwROQA1cgjpoAAIkeABP4Nm6sx6tF+t13pqxFjP74Aest08j8pGk</latexit>

zc = 1
<latexit sha1_base64="aLlMttkPmI0gjX2qJnbftZzQbeM=">AAAB7HicdVDLSgMxFM3UV62vqks3wSK4GibTh3YjRTcuKzhtoR1KJs20oZnMkGSEOvQb3LhQxK0f5M6/MX0IKnrgwuGce7n3niDhTGnH+bByK6tr6xv5zcLW9s7uXnH/oKXiVBLqkZjHshNgRTkT1NNMc9pJJMVRwGk7GF/N/PYdlYrF4lZPEupHeChYyAjWRvLu4QVE/WLJsZGLnEodOrZbrrpO2ZAaqrtVBJHtzFECSzT7xffeICZpRIUmHCvVRU6i/QxLzQin00IvVTTBZIyHtGuowBFVfjY/dgpPjDKAYSxNCQ3n6veJDEdKTaLAdEZYj9Rvbyb+5XVTHZ77GRNJqqkgi0VhyqGO4exzOGCSEs0nhmAimbkVkhGWmGiTT8GE8PUp/J+0XBvV7MpNpdS4XMaRB0fgGJwCBM5AA1yDJvAAAQw8gCfwbAnr0XqxXhetOWs5cwh+wHr7BNzNjhY=</latexit>

z > 1

Ensemble of such graphs exhibits a phase transition 
as function of 

<latexit sha1_base64="itAhG0WxvK++l1XUyyUkIxuy070=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadlN1mhuQS8eEzAPSJYwO+lNxsw+mJkV4pIv8OJBEa9+kjf/xkmygooWNBRV3XR3eTFnUlnWh5FbWV1b38hvFra2d3b3ivsHbRklgkKLRjwSXY9I4CyElmKKQzcWQAKPQ8ebXM39zh0IyaLwRk1jcAMyCpnPKFFaat4PiiXLdCq1sl3Bmpw5NdvJiFXFtmktUEIZGoPie38Y0SSAUFFOpOzZVqzclAjFKIdZoZ9IiAmdkBH0NA1JANJNF4fO8IlWhtiPhK5Q4YX6fSIlgZTTwNOdAVFj+dubi395vUT5F27KwjhRENLlIj/hWEV4/jUeMgFU8akmhAqmb8V0TAShSmdT0CF8fYr/J+2yaVdNp+mU6pdZHHl0hI7RKbLROaqja9RALUQRoAf0hJ6NW+PReDFel605I5s5RD9gvH0CW4WNVA==</latexit>z

<latexit sha1_base64="HxYT+bERmIbUQ+b4SzKof/1FGaQ=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadlN1mhuQS+eJAHzgGQJs5PeZMzsg5lZISz5Ai8eFPHqJ3nzb5wkK6hoQUNR1U13lxdzJpVlfRi5ldW19Y38ZmFre2d3r7h/0JZRIii0aMQj0fWIBM5CaCmmOHRjASTwOHS8ydXc79yDkCwKb9U0Bjcgo5D5jBKlpebNoFiyTKdSK9sVrMmZU7OdjFhVbJvWAiWUoTEovveHEU0CCBXlRMqebcXKTYlQjHKYFfqJhJjQCRlBT9OQBCDddHHoDJ9oZYj9SOgKFV6o3ydSEkg5DTzdGRA1lr+9ufiX10uUf+GmLIwTBSFdLvITjlWE51/jIRNAFZ9qQqhg+lZMx0QQqnQ2BR3C16f4f9Ium3bVdJpOqX6ZxZFHR+gYnSIbnaM6ukYN1EIUAXpAT+jZuDMejRfjddmaM7KZQ/QDxtsnGNWNKA==</latexit>

N



JK & Wong, 2308.09736

A simplifying fact: Transition rates between states are exponentially staggered.

depends on shape + height 
of potential barrierij ⇠ e�SE

<latexit sha1_base64="b31ATTTfKuOSRuNENTowQJoIHB4="></latexit>

Branching ratios                            tend to be dominated by single, dominant decay channel:

'<latexit sha1_base64="Zd8XLck0NE61DA2PbvYlASZjsPk=">AAACAXicdVDLSgMxFM34rPVVdekmWARXw0xbH90V3bisYB/QDiWTybSxSWZMMkIZuvIH3OofuBO3fok/4HeYaSta0QMXDufcy733+DGjSjvOu7WwuLS8sppby69vbG5tF3Z2mypKJCYNHLFItn2kCKOCNDTVjLRjSRD3GWn5w4vMb90RqWgkrvUoJh5HfUFDipE2UrOrKCe3vULRsSvlask9gYYcV6pO6Zu4tjNBEcxQ7xU+ukGEE06Exgwp1XGdWHspkppiRsb5bqJIjPAQ9UnHUIE4UV46uXYMD40SwDCSpoSGE/XnRIq4UiPum06O9ED99jLxL6+T6PDMS6mIE00Eni4KEwZ1BLPXYUAlwZqNDEFYUnMrxAMkEdYmoLktgcpOG+dNMF/fw/9Js2S7Zbt0VSnWzmcR5cA+OABHwAWnoAYuQR00AAY34AE8gifr3nq2XqzXaeuCNZvZA3Ow3j4BbKGX+w==</latexit>

<latexit sha1_base64="AiWv2Prn5VlToWM5LjSPH4p8yOU=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiRT0WvXis0C9oQ9hsJ+3a3STuboQa+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8IOFMacf5tgpr6xubW8Xt0s7u3n7ZPjhsqziVFFo05rHsBkQBZxG0NNMcuokEIgIOnWB8M/M7jyAVi6OmniTgCTKMWMgo0Uby7XLTz9j9FPcVE/CAXd+uOFVnDrxK3JxUUI6Gb3/1BzFNBUSacqJUz3US7WVEakY5TEv9VEFC6JgMoWdoRAQoL5sfPsWnRhngMJamIo3n6u+JjAilJiIwnYLokVr2ZuJ/Xi/V4ZWXsShJNUR0sShMOdYxnqWAB0wC1XxiCKGSmVsxHRFJqDZZlUwI7vLLq6R9XnUvqrW7WqV+ncdRRMfoBJ0hF12iOrpFDdRCFKXoGb2iN+vJerHerY9Fa8HKZ47QH1ifPw3akrQ=</latexit>

Tij ' 1

<latexit sha1_base64="1htYz/iUp5KHcMZFvoOOiH0cALk="></latexit>

TIj =
IjP

K
Kj

In this approximation, probability distribution simply counts the number        of ancestors:<latexit sha1_base64="GelF8aucJ9mcK2gXep/e891vybU=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GpLpQ7srutFdRfuAdiiZNNOGZjJDkhFK6Se4caGIW7/InX9j+hBU9MCFwzn3cu89QSK4Ngh9OJmV1bX1jexmbmt7Z3cvv3/Q1HGqKGvQWMSqHRDNBJesYbgRrJ0oRqJAsFYwupz5rXumNI/lnRknzI/IQPKQU2KsdKt71718AbnYw6hUhcj1imUPFS2p4KpXxhC7aI4CWKLey793+zFNIyYNFUTrDkaJ8SdEGU4Fm+a6qWYJoSMyYB1LJYmY9ifzU6fwxCp9GMbKljRwrn6fmJBI63EU2M6ImKH+7c3Ev7xOasJzf8Jlkhom6WJRmApoYjj7G/a5YtSIsSWEKm5vhXRIFKHGppOzIXx9Cv8nTc/FFbd0UyrULpZxZMEROAanAIMzUANXoA4agIIBeABP4NkRzqPz4rwuWjPOcuYQ/IDz9gl8JI30</latexit>sI

High probability corresponds to having many ancestors.
<latexit sha1_base64="FTputk18+8I+oTnTCCSeLDKzdb8=">AAAB8XicdVDLSgNBEJz1GeMr6tHLYBA8LZMYk80t6MVjBPPAZAmzk04yZHZ2mZkVwpK/8OJBEa/+jTf/xslDUNGChqKqm+6uIBZcG0I+nJXVtfWNzcxWdntnd28/d3DY1FGiGDRYJCLVDqgGwSU0DDcC2rECGgYCWsH4aua37kFpHslbM4nBD+lQ8gFn1FjprmtGoGAQKejl8sSteuclr4iJWy6XLryyJaRSJR7BBZfMkUdL1Hu5924/YkkI0jBBte4USGz8lCrDmYBptptoiCkb0yF0LJU0BO2n84un+NQqfWz32pIGz9XvEykNtZ6Ege0MqRnp395M/MvrJGbg+SmXcWJAssWiQSKwifDsfdznCpgRE0soU9zeitmIKsqMDSlrQ/j6FP9PmkW3UHZLN6V87XIZRwYdoxN0hgqogmroGtVRAzEk0QN6Qs+Odh6dF+d10briLGeO0A84b59Z8JFk</latexit>)

<latexit sha1_base64="0mwGKu1px/HWkXc0wv5oUOTqyLg=">AAAB7HicdVDLSsNAFJ3UV62vqks3g0VwFTJpWu1CKLpxWcHUQhvKZDpph04mYWYilNBvcONCEbd+kDv/xulDUNEDFw7n3Mu994QpZ0o7zodVWFldW98obpa2tnd298r7B22VZJJQnyQ8kZ0QK8qZoL5mmtNOKimOQ07vwvHVzL+7p1KxRNzqSUqDGA8FixjB2ki+ghfQ65crjo1c5HgN6NhuteY6VUPqqOHWEES2M0cFLNHql997g4RkMRWacKxUFzmpDnIsNSOcTku9TNEUkzEe0q6hAsdUBfn82Ck8McoARok0JTScq98nchwrNYlD0xljPVK/vZn4l9fNdHQe5EykmaaCLBZFGYc6gbPP4YBJSjSfGIKJZOZWSEZYYqJNPiUTwten8H/Sdm1Ut70br9K8XMZRBEfgGJwCBM5AE1yDFvABAQw8gCfwbAnr0XqxXhetBWs5cwh+wHr7BNUbjhE=</latexit>

s = 4

PERCOLATION ON THE LANDSCAPE

<latexit sha1_base64="YM2h66GhuPlh9xffv2J9J8Oj6BM=">AAAB9HicdVDLSgMxFM3UV62vqks3wSLUzZCZPrS7ohu7q2Af0A4lk6ZtaCYzJplCGfodblwo4taPceffmD4EFT1w4XDOvdx7jx9xpjRCH1ZqbX1jcyu9ndnZ3ds/yB4eNVUYS0IbJOShbPtYUc4EbWimOW1HkuLA57Tlj6/nfmtCpWKhuNPTiHoBHgo2YARrI3n1fO0cdhULoOrVetkcsh3XQcUKRLZbKLmoYEjZqbglBzo2WiAHVqj3su/dfkjigApNOFaq46BIewmWmhFOZ5lurGiEyRgPacdQgQOqvGRx9AyeGaUPB6E0JTRcqN8nEhwoNQ180xlgPVK/vbn4l9eJ9eDSS5iIYk0FWS4axBzqEM4TgH0mKdF8aggmkplbIRlhiYk2OWVMCF+fwv9J07Wdsl28LeaqV6s40uAEnII8cMAFqIIbUAcNQMA9eABP4NmaWI/Wi/W6bE1Zq5lj8APW2ydDvpEn</latexit>

P (I) ⇠ sI



High probability

dS
<latexit sha1_base64="Q1dKtUecUsLI2K4UQ3r894Cx8Ws=">AAACA3icdVDLSsNAFJ3UV62vqks3g0VwFZK0kmZXdOOyon1AG8pkMmmHTh7MTIQSsvQH3OofuBO3fog/4Hc4aStY0QMXDufcy733eAmjQhrGh1ZaW9/Y3CpvV3Z29/YPqodHXRGnHJMOjlnM+x4ShNGIdCSVjPQTTlDoMdLzpleF37snXNA4upOzhLghGkc0oBhJJfWzIQ+hf5uPqjVDN22r7jjQ0C9s23IMRZqm03Qa0NSNOWpgifao+jn0Y5yGJJKYISEGppFIN0NcUsxIXhmmgiQIT9GYDBSNUEiEm83vzeGZUnwYxFxVJOFc/TmRoVCIWeipzhDJifjtFeJf3iCVQdPNaJSkkkR4sShIGZQxLJ6HPuUESzZTBGFO1a0QTxBHWKqIVrb4ojgtr6hgvr+H/5OupZt13bpp1FqXy4jK4AScgnNgAhu0wDVogw7AgIFH8ASetQftRXvV3hatJW05cwxWoL1/Acg2mLk=</latexit>

AdS
<latexit sha1_base64="LHBQwzoarafBqzOZwbpvquD/N3E=">AAACBHicdVDLSsNAFJ3UV62vqks3g0VwFZI0tHVXdeOyon1IG8pkMm2HziRhZiKU0K0/4Fb/wJ249T/8Ab/DSVvBih64cDjnXu69x48ZlcqyPozcyura+kZ+s7C1vbO7V9w/aMkoEZg0ccQi0fGRJIyGpKmoYqQTC4K4z0jbH19mfvueCEmj8FZNYuJxNAzpgGKktHSX9gSH58HNtF8sWeZZreK4FWiZllW1HTsjTtUtu9DWSoYSWKDRL372gggnnIQKMyRl17Zi5aVIKIoZmRZ6iSQxwmM0JF1NQ8SJ9NLZwVN4opUADiKhK1Rwpv6cSBGXcsJ93cmRGsnfXib+5XUTNah5KQ3jRJEQzxcNEgZVBLPvYUAFwYpNNEFYUH0rxCMkEFY6o6UtgcxOmxZ0MN/fw/9JyzHtsulcu6X6xSKiPDgCx+AU2KAK6uAKNEATYMDBI3gCz8aD8WK8Gm/z1pyxmDkESzDevwAkfpji</latexit>

▸ If transients decay mainly to terminals, then 
many small disconnected components

▸ If transients decay mainly to other transients, then 
giant connected component emerges

dS
<latexit sha1_base64="Q1dKtUecUsLI2K4UQ3r894Cx8Ws=">AAACA3icdVDLSsNAFJ3UV62vqks3g0VwFZK0kmZXdOOyon1AG8pkMmmHTh7MTIQSsvQH3OofuBO3fog/4Hc4aStY0QMXDufcy733eAmjQhrGh1ZaW9/Y3CpvV3Z29/YPqodHXRGnHJMOjlnM+x4ShNGIdCSVjPQTTlDoMdLzpleF37snXNA4upOzhLghGkc0oBhJJfWzIQ+hf5uPqjVDN22r7jjQ0C9s23IMRZqm03Qa0NSNOWpgifao+jn0Y5yGJJKYISEGppFIN0NcUsxIXhmmgiQIT9GYDBSNUEiEm83vzeGZUnwYxFxVJOFc/TmRoVCIWeipzhDJifjtFeJf3iCVQdPNaJSkkkR4sShIGZQxLJ6HPuUESzZTBGFO1a0QTxBHWKqIVrb4ojgtr6hgvr+H/5OupZt13bpp1FqXy4jK4AScgnNgAhu0wDVogw7AgIFH8ASetQftRXvV3hatJW05cwxWoL1/Acg2mLk=</latexit>

AdS
<latexit sha1_base64="LHBQwzoarafBqzOZwbpvquD/N3E=">AAACBHicdVDLSsNAFJ3UV62vqks3g0VwFZI0tHVXdeOyon1IG8pkMm2HziRhZiKU0K0/4Fb/wJ249T/8Ab/DSVvBih64cDjnXu69x48ZlcqyPozcyura+kZ+s7C1vbO7V9w/aMkoEZg0ccQi0fGRJIyGpKmoYqQTC4K4z0jbH19mfvueCEmj8FZNYuJxNAzpgGKktHSX9gSH58HNtF8sWeZZreK4FWiZllW1HTsjTtUtu9DWSoYSWKDRL372gggnnIQKMyRl17Zi5aVIKIoZmRZ6iSQxwmM0JF1NQ8SJ9NLZwVN4opUADiKhK1Rwpv6cSBGXcsJ93cmRGsnfXib+5XUTNah5KQ3jRJEQzxcNEgZVBLPvYUAFwYpNNEFYUH0rxCMkEFY6o6UtgcxOmxZ0MN/fw/9JyzHtsulcu6X6xSKiPDgCx+AU2KAK6uAKNEATYMDBI3gCz8aD8WK8Gm/z1pyxmDkESzDevwAkfpji</latexit>

Our probabilities                          favor landscape regions 
nearly tuned at directed percolation criticality.

(Subcritical)=)
<latexit sha1_base64="I4K7v45aMNO/CgRR/nDr2KE0SlU=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCq2Fm+tDuim5cuKhgH9AOJZOmbWgmGZKMUku/xI0LRdz6Ke78GzNtBRU9cOFwzr3ce08YM6q0635YmZXVtfWN7GZua3tnN2/v7TeVSCQmDSyYkO0QKcIoJw1NNSPtWBIUhYy0wvFF6rduiVRU8Bs9iUkQoSGnA4qRNlLPznevBB9KOhxpJKW469kF1/F8zy1XoOv4xbJXTUnFq/qlMvQcd44CWKLes9+7fYGTiHCNGVKq47mxDqZIaooZmeW6iSIxwmM0JB1DOYqICqbzw2fw2Ch9OBDSFNdwrn6fmKJIqUkUms4I6ZH67aXiX14n0YOzYEp5nGjC8WLRIGFQC5imAPtUEqzZxBCEJTW3QjxCEmFtssqZEL4+hf+Tpu94Rce/LhVq58s4suAQHIET4IFTUAOXoA4aAIMEPIAn8GzdW4/Wi/W6aM1Yy5kD8APW2yejRJO+</latexit>

<latexit sha1_base64="mzU1AyEOO5hLwarp4YhDRGcF9dg="></latexit>

sI ⇠ O(few)

(Critical)=)
<latexit sha1_base64="I4K7v45aMNO/CgRR/nDr2KE0SlU=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCq2Fm+tDuim5cuKhgH9AOJZOmbWgmGZKMUku/xI0LRdz6Ke78GzNtBRU9cOFwzr3ce08YM6q0635YmZXVtfWN7GZua3tnN2/v7TeVSCQmDSyYkO0QKcIoJw1NNSPtWBIUhYy0wvFF6rduiVRU8Bs9iUkQoSGnA4qRNlLPznevBB9KOhxpJKW469kF1/F8zy1XoOv4xbJXTUnFq/qlMvQcd44CWKLes9+7fYGTiHCNGVKq47mxDqZIaooZmeW6iSIxwmM0JB1DOYqICqbzw2fw2Ch9OBDSFNdwrn6fmKJIqUkUms4I6ZH67aXiX14n0YOzYEp5nGjC8WLRIGFQC5imAPtUEqzZxBCEJTW3QjxCEmFtssqZEL4+hf+Tpu94Rce/LhVq58s4suAQHIET4IFTUAOXoA4aAIMEPIAn8GzdW4/Wi/W6aM1Yy5kD8APW2yejRJO+</latexit>

<latexit sha1_base64="LVgaO/nBrrQefP4QUPHzu9ZnjMo=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAiuYpI+tLuiG91IBfuANobJdNIOnUzCzKRQQv/EjQtF3Pon7vwbpw9BRQ9cOJxzL/feEySMSmXbH8bS8srq2npuI7+5tb2za+7tN2WcCkwaOGaxaAdIEkY5aSiqGGkngqAoYKQVDC+nfmtEhKQxv1PjhHgR6nMaUoyUlnzTlP417EoawZv7zD0tTnyzYFuO69ilKrQtt1h27aImFafqlh3oWPYMBbBA3Tffu70YpxHhCjMkZcexE+VlSCiKGZnku6kkCcJD1CcdTTmKiPSy2eUTeKyVHgxjoYsrOFO/T2QoknIcBbozQmogf3tT8S+vk6rw3MsoT1JFOJ4vClMGVQynMcAeFQQrNtYEYUH1rRAPkEBY6bDyOoSvT+H/pOlaTsUq3ZYKtYtFHDlwCI7ACXDAGaiBK1AHDYDBCDyAJ/BsZMaj8WK8zluXjMXMAfgB4+0TN96SxA==</latexit>

sI ⇠ N2/3

s ⇠ N2/3
<latexit sha1_base64="CbJRVnoq8HrQxByOrXecpf83wpA=">AAACCHicdVDLSgMxFM34rPVVdekmWARXY/pwOt0V3biSCvYB7VgyaaYNzTxMMkIZ+gP+gFv9A3fi1r/wB/wOM20FK3ogcDjnXu7JcSPOpELow1haXlldW89sZDe3tnd2c3v7TRnGgtAGCXko2i6WlLOANhRTnLYjQbHvctpyRxep37qnQrIwuFHjiDo+HgTMYwQrLTmyK5kPr26T4mlp0svlkVm1S2UbQWRaVvnMsjVBlSqyLVgw0RR5MEe9l/vs9kMS+zRQhGMpOwUUKSfBQjHC6STbjSWNMBnhAe1oGmCfSieZhp7AY630oRcK/QIFp+rPjQT7Uo59V0/6WA3lby8V//I6sfJsJ2FBFCsakNkhL+ZQhTBtAPaZoETxsSaYCKazQjLEAhOle1q40pdptElWF/P9e/g/aRbNQsksXpfztfN5RRlwCI7ACSiACqiBS1AHDUDAHXgET+DZeDBejFfjbTa6ZMx3DsACjPcvyZuaTg==</latexit>

To see how this maps to a problem of (directed) percolation, note there are 2 types of links:

Transient       transient: Transient       terminal:

<latexit sha1_base64="nNta9eX04XxOgtziXnKtqAAozQA=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GjJtddpd0Y3LivYB7VAymUwbmsmMSUYoQ3/CjQtF3Po77vwb04egogcuHM65l3vv8RPOlEbow8qtrK6tb+Q3C1vbO7t7xf2DtopTSWiLxDyWXR8rypmgLc00p91EUhz5nHb88eXM79xTqVgsbvUkoV6Eh4KFjGBtpG7WlxEMbqaDYgnZjluu1MoQ2WeuW0EVQ2pOvY7K0LHRHCWwRHNQfO8HMUkjKjThWKmegxLtZVhqRjidFvqpogkmYzykPUMFjqjysvm9U3hilACGsTQlNJyr3ycyHCk1iXzTGWE9Ur+9mfiX10t1WPMyJpJUU0EWi8KUQx3D2fMwYJISzSeGYCKZuRWSEZaYaBNRwYTw9Sn8n7TLtnNuV6+rpcbFMo48OALH4BQ4wAUNcAWaoAUI4OABPIFn6856tF6s10VrzlrOHIIfsN4+AUt1kCo=</latexit>

dS
<latexit sha1_base64="nNta9eX04XxOgtziXnKtqAAozQA=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GjJtddpd0Y3LivYB7VAymUwbmsmMSUYoQ3/CjQtF3Po77vwb04egogcuHM65l3vv8RPOlEbow8qtrK6tb+Q3C1vbO7t7xf2DtopTSWiLxDyWXR8rypmgLc00p91EUhz5nHb88eXM79xTqVgsbvUkoV6Eh4KFjGBtpG7WlxEMbqaDYgnZjluu1MoQ2WeuW0EVQ2pOvY7K0LHRHCWwRHNQfO8HMUkjKjThWKmegxLtZVhqRjidFvqpogkmYzykPUMFjqjysvm9U3hilACGsTQlNJyr3ycyHCk1iXzTGWE9Ur+9mfiX10t1WPMyJpJUU0EWi8KUQx3D2fMwYJISzSeGYCKZuRWSEZaYaBNRwYTw9Sn8n7TLtnNuV6+rpcbFMo48OALH4BQ4wAUNcAWaoAUI4OABPIFn6856tF6s10VrzlrOHIIfsN4+AUt1kCo=</latexit>

dS

<latexit sha1_base64="nNta9eX04XxOgtziXnKtqAAozQA=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GjJtddpd0Y3LivYB7VAymUwbmsmMSUYoQ3/CjQtF3Po77vwb04egogcuHM65l3vv8RPOlEbow8qtrK6tb+Q3C1vbO7t7xf2DtopTSWiLxDyWXR8rypmgLc00p91EUhz5nHb88eXM79xTqVgsbvUkoV6Eh4KFjGBtpG7WlxEMbqaDYgnZjluu1MoQ2WeuW0EVQ2pOvY7K0LHRHCWwRHNQfO8HMUkjKjThWKmegxLtZVhqRjidFvqpogkmYzykPUMFjqjysvm9U3hilACGsTQlNJyr3ycyHCk1iXzTGWE9Ur+9mfiX10t1WPMyJpJUU0EWi8KUQx3D2fMwYJISzSeGYCKZuRWSEZaYaBNRwYTw9Sn8n7TLtnNuV6+rpcbFMo48OALH4BQ4wAUNcAWaoAUI4OABPIFn6856tF6s10VrzlrOHIIfsN4+AUt1kCo=</latexit>

dS
<latexit sha1_base64="Lmx43jL+hAnHMM6MwUUQNVoVbJc=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4Gma0M213VTcuK9paaYeSyaRtaJIZkoxQhn6FGxeKuPVz3Pk3pg9BRQ9cOJxzL/feEyaMKu04H1ZuaXlldS2/XtjY3NreKe7utVScSkyaOGaxbIdIEUYFaWqqGWknkiAeMnIbji6m/u09kYrG4kaPExJwNBC0TzHSRrrLupLDs+h60iuWHLvq+V6tAh3b8fyaXzbE9Rz/1IWu7cxQAgs0esX3bhTjlBOhMUNKdVwn0UGGpKaYkUmhmyqSIDxCA9IxVCBOVJDNDp7AI6NEsB9LU0LDmfp9IkNcqTEPTSdHeqh+e1PxL6+T6n41yKhIUk0Eni/qpwzqGE6/hxGVBGs2NgRhSc2tEA+RRFibjAomhK9P4f+kdWK7vl2+Kpfq54s48uAAHIJj4IIKqINL0ABNgAEHD+AJPFvSerRerNd5a85azOyDH7DePgHja5B+</latexit>

AdS

<latexit sha1_base64="FTputk18+8I+oTnTCCSeLDKzdb8=">AAAB8XicdVDLSgNBEJz1GeMr6tHLYBA8LZMYk80t6MVjBPPAZAmzk04yZHZ2mZkVwpK/8OJBEa/+jTf/xslDUNGChqKqm+6uIBZcG0I+nJXVtfWNzcxWdntnd28/d3DY1FGiGDRYJCLVDqgGwSU0DDcC2rECGgYCWsH4aua37kFpHslbM4nBD+lQ8gFn1FjprmtGoGAQKejl8sSteuclr4iJWy6XLryyJaRSJR7BBZfMkUdL1Hu5924/YkkI0jBBte4USGz8lCrDmYBptptoiCkb0yF0LJU0BO2n84un+NQqfWz32pIGz9XvEykNtZ6Ege0MqRnp395M/MvrJGbg+SmXcWJAssWiQSKwifDsfdznCpgRE0soU9zeitmIKsqMDSlrQ/j6FP9PmkW3UHZLN6V87XIZRwYdoxN0hgqogmroGtVRAzEk0QN6Qs+Odh6dF+d10briLGeO0A84b59Z8JFk</latexit>)
<latexit sha1_base64="NS8FOsKn1eEXQschqRDzBuwCiuQ=">AAAB9HicdVBNTwIxEO3iF+IX6tFLIzHBy2YXVpQb0YvcMBEkgQ3pli40tN217ZIQwu/w4kFjvPpjvPlvLLAmavQlk7y8N5OZeUHMqNKO82FlVlbX1jeym7mt7Z3dvfz+QUtFicSkiSMWyXaAFGFUkKammpF2LAniASN3wehq7t+NiVQ0Erd6EhOfo4GgIcVIG8lvFOunsKsoh6pX7+ULju2VqyW3DA0586qulxKnAl3bWaAAUjR6+fduP8IJJ0JjhpTquE6s/SmSmmJGZrluokiM8AgNSMdQgThR/nRx9AyeGKUPw0iaEhou1O8TU8SVmvDAdHKkh+q3Nxf/8jqJDi/8KRVxoonAy0VhwqCO4DwB2KeSYM0mhiAsqbkV4iGSCGuTU86E8PUp/J+0SrZbsb0br1C7TOPIgiNwDIrABeegBq5BAzQBBvfgATyBZ2tsPVov1uuyNWOlM4fgB6y3T2JBkTw=</latexit>

P (I) ⇠ sI



▸ Predictive power of criticality lies in universality. 

▸ Scale-invariant observables, characterized by 
critical exponents.

DIRECTED PERCOLATION AND UNIVERSALITY

            # of ancestors of a randomly-selected node s ⌘
<latexit sha1_base64="QwbkAuXmZK0xUuSzKQgctuTJt04=">AAACAnicdVDLSsNAFJ3UV62vqks3g0VwFZL0od0V3bisYB/QhjKZTNqhk0mcmRRK6M4fcKt/4E7c+iP+gN/hpK1gRQ9cOJxzL/fe48WMSmVZH0ZubX1jcyu/XdjZ3ds/KB4etWWUCExaOGKR6HpIEkY5aSmqGOnGgqDQY6Tjja8zvzMhQtKI36lpTNwQDTkNKEZKSx3ZJ/cJnQyKJcu0Hduq1qBlOuWqXc9Iza47lSq0TWuOEliiOSh+9v0IJyHhCjMkZc+2YuWmSCiKGZkV+okkMcJjNCQ9TTkKiXTT+bkzeKYVHwaR0MUVnKs/J1IUSjkNPd0ZIjWSv71M/MvrJSq4dFPK40QRjheLgoRBFcHsd+hTQbBiU00QFlTfCvEICYSVTmhliy+z02YFHcz39/B/0nZMu2w6t5VS42oZUR6cgFNwDmxwARrgBjRBC2AwBo/gCTwbD8aL8Wq8LVpzxnLmGKzAeP8CVN2Yfg==</latexit>

            # of descendants of randomly-selected node t ⌘
<latexit sha1_base64="SllmiOxQCsKvlEYD3UrbVT+0xgo=">AAACAnicdVDLSsNAFJ3UV62vqks3g0VwFZL0od0V3bisYB/QhjKZTNqhk0mcmRRK6M4fcKt/4E7c+iP+gN/hpK1gRQ9cOJxzL/fe48WMSmVZH0ZubX1jcyu/XdjZ3ds/KB4etWWUCExaOGKR6HpIEkY5aSmqGOnGgqDQY6Tjja8zvzMhQtKI36lpTNwQDTkNKEZKSx3VJ/cJnQyKJcu0Hduq1qBlOuWqXc9Iza47lSq0TWuOEliiOSh+9v0IJyHhCjMkZc+2YuWmSCiKGZkV+okkMcJjNCQ9TTkKiXTT+bkzeKYVHwaR0MUVnKs/J1IUSjkNPd0ZIjWSv71M/MvrJSq4dFPK40QRjheLgoRBFcHsd+hTQbBiU00QFlTfCvEICYSVTmhliy+z02YFHcz39/B/0nZMu2w6t5VS42oZUR6cgFNwDmxwARrgBjRBC2AwBo/gCTwbD8aL8Wq8LVpzxnLmGKzAeP8CVnuYfw==</latexit>

At criticality, their distributions  have universal power-law tails:

(s, t � 1)
<latexit sha1_base64="mB3hhfyKOQGN5SVxfrzzaTxI2PQ=">AAACBnicdVDLSgMxFM34rPVVdekmWIQKMkymD+2u6MZlBfuAdiiZTGYamnmQZIRSuvcH3OofuBO3/oY/4HeYaStY0QMXDufcy733uAlnUlnWh7Gyura+sZnbym/v7O7tFw4O2zJOBaEtEvNYdF0sKWcRbSmmOO0mguLQ5bTjjq4zv3NPhWRxdKfGCXVCHETMZwQrLfVK8lzBfhBAdDYoFC0T2ciq1qBl2uUqqmekhup2pQqRac1QBAs0B4XPvheTNKSRIhxL2UNWopwJFooRTqf5fippgskIB7SnaYRDKp3J7OQpPNWKB/1Y6IoUnKk/JyY4lHIcurozxGoof3uZ+JfXS5V/6UxYlKSKRmS+yE85VDHM/oceE5QoPtYEE8H0rZAMscBE6ZSWtngyO22a18F8fw//J23bRGXTvq0UG1eLiHLgGJyAEkDgAjTADWiCFiAgBo/gCTwbD8aL8Wq8zVtXjMXMEViC8f4F+caYrA==</latexit>

Pin(s) ⇠
1

s3/2
<latexit sha1_base64="U7YJPMxGKFxmFG9qFAun960dzXU="></latexit>

Pout(t) ⇠
1

t3/2
<latexit sha1_base64="YWhZMkrQvxObls02w6Ytco0reFU="></latexit>

;
<latexit sha1_base64="3ogBJRlOKQNvBfJQy8yg3AcamK0=">AAAB/HicdVDLSsNAFJ3UV62vqks3g0VwFZL0ocVN0Y3LFuwD2lAmk0k7dDIJMxOhhPoDbvUP3Ilb/8Uf8DuctBWs6IELh3Pu5d57vJhRqSzrw8itrW9sbuW3Czu7e/sHxcOjjowSgUkbRywSPQ9JwignbUUVI71YEBR6jHS9yU3md++JkDTid2oaEzdEI04DipHSUutqWCxZpu3YVrUGLdMpV+16Rmp23alUoW1ac5TAEs1h8XPgRzgJCVeYISn7thUrN0VCUczIrDBIJIkRnqAR6WvKUUikm84PncEzrfgwiIQuruBc/TmRolDKaejpzhCpsfztZeJfXj9RwaWbUh4ninC8WBQkDKoIZl9DnwqCFZtqgrCg+laIx0ggrHQ2K1t8mZ02K+hgvr+H/5OOY9pl02lVSo3rZUR5cAJOwTmwwQVogFvQBG2AAQGP4Ak8Gw/Gi/FqvC1ac8Zy5hiswHj/Ag8clYQ=</latexit>

JK & Wong, 2308.09736

t = 2
<latexit sha1_base64="1Nz4nJhqJn5WWx+KNSzXNlGWTxk=">AAAB/nicdVDLSsNAFJ3UV62vqks3g0VwFZL0oV0IRTcuK9oHtKFMJpN26GQSZiZCCQV/wK3+gTtx66/4A36Hk7aCFT1w4XDOvdx7jxczKpVlfRi5ldW19Y38ZmFre2d3r7h/0JZRIjBp4YhFoushSRjlpKWoYqQbC4JCj5GON77K/M49EZJG/E5NYuKGaMhpQDFSWrpVF86gWLJM27Gtag1aplOu2vWM1Oy6U6lC27RmKIEFmoPiZ9+PcBISrjBDUvZsK1ZuioSimJFpoZ9IEiM8RkPS05SjkEg3nZ06hSda8WEQCV1cwZn6cyJFoZST0NOdIVIj+dvLxL+8XqKCczelPE4U4Xi+KEgYVBHM/oY+FQQrNtEEYUH1rRCPkEBY6XSWtvgyO21a0MF8fw//J23HtMumc1MpNS4XEeXBETgGp8AGZ6ABrkETtAAGQ/AInsCz8WC8GK/G27w1ZyxmDsESjPcvZgKWQA==</latexit>

s = 4
<latexit sha1_base64="ZY0pRebnrq+VnEmkU6ZtLmDA7/U=">AAAB/nicdVDLSsNAFJ3UV62vqks3g0VwFZL0oV0IRTcuK9oHtKFMJpN26GQSZiZCCQV/wK3+gTtx66/4A36Hk7aCFT1w4XDOvdx7jxczKpVlfRi5ldW19Y38ZmFre2d3r7h/0JZRIjBp4YhFoushSRjlpKWoYqQbC4JCj5GON77K/M49EZJG/E5NYuKGaMhpQDFSWrqVF5VBsWSZtmNb1Rq0TKdctesZqdl1p1KFtmnNUAILNAfFz74f4SQkXGGGpOzZVqzcFAlFMSPTQj+RJEZ4jIakpylHIZFuOjt1Ck+04sMgErq4gjP150SKQiknoac7Q6RG8reXiX95vUQF525KeZwowvF8UZAwqCKY/Q19KghWbKIJwoLqWyEeIYGw0uksbfFldtq0oIP5/h7+T9qOaZdN56ZSalwuIsqDI3AMToENzkADXIMmaAEMhuARPIFn48F4MV6Nt3lrzljMHIIlGO9fZ5iWQQ==</latexit>

Very broad universality class:

Random graphs Bethe lattices
Erdös & Rényi (1959)



AVALANCHES AND BRANCHING PROCESS

Snow Stability
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Figure 2: Example of cumulative distribution of
avalanche starting zone sizes obtained by a binary
cellular automaton: In(number of events with an
area larger than x) vs In (x) (arbitrary units). The
slope is close to -3. The roll-off at large sizes is
related to the size of the system.

tame

population of spheres on a slope, experiencing both
a gravitational stress, interactions with the
substrate, and mutual contact interactions. A
gradual increase of the slope or a gradual change in
contact forces (accounting for thermal snow
microstructure evolution) eventually result in
avalanche release. The conditions were adjusted
until the avalanche frequency-magnitude
distribution aligns in a log-log plot along a straight
line characteristic of a scale invariant critical
distribution (Faillettaz et al. 2002).
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on the same diagrams, whatever the triggering
mode, the mountain range, or the gully they start
from. Fig. 1 (top) shows that length distributions
obey an approximate power law, but without any
roll-off at large scales. By contrast, crown crack
surface distributions (fig. 1, bottom) follow a nicer
power law, but with a roll-off at large scales. This
result suggests that the maximum avalanche sizes
are limited by the maximum available snow depth
rather than by the corridor width. It also suggests
that the scale invariant distribution of avalanche
sizes may be ascribed to a scale invariant
distribution of snow shear resistance as a function
of depth, rather than to a particular scatter in
corridor geometry. This might also be an
explanation for the observation that data from
different paths, mountain ranges, etc., align on the
same scale invariant plot.

crawn crack length (m)

Tignes et La Plagne (4000 pointsj

La Plagne et Tignes (4000 avalanches, 3 years)

3. Simulations

10 100 1000 10000 100000

Slab size: heigth'crown crack length (h'L)

In the present paper, we shall focus on
another type of simulations: cellular automata. This
type of simulation is more or less similar to the so-
called game of life: a 2-d grid of boxes represents
the interface between the substrate and the snow
slab, loaded in shear by the slab weight. Each box
can be found in one among two states labelled 0
and 1, according whether the slab/substrate
interface is locally cracked or not. The mechanics
of basal crack growth are taken into account
through a local load transfer between a damaged
box and the non damaged first-neighbour boxes:
the state of a box can be changed depending on the
number of neighbours that are in the 0 state or in
the 1 state. The model is rather crude, in that long
range direct elastic coupling is not taken into
account. The automaton is run from various
randomly generated initial box populations in 0 and
1 states. A group of adjacent boxes in the 0 state
represents a basal crack. Basal cracks of various
sizes are obtained at the end of each run. The local
rules are adjusted until the final basal crack
frequency-size distribution aligns in a log-log plot
along a straight line characteristic of a scale
invariant critical distribution, as shown in fig. 2.
However, we have to keep in mind that the size we
deal with in this type of simulation represents the
total area of damaged boxes at the end of a run and
not the length nor the surface of the crown step. It
is therefore difficult to relate the critical exponent
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In order to better understand the origin of
a possible scale invariant behaviour for snow
avalanches, we independently simulated avalanche
release using both by discrete elements simulations
and cellular automata.

Discrete elements simulations dealt with a

Figure 1: Statistical cumulative distributions of
avalanche sizes obtained from field data. Sizes can
be represented by the crown crack height (top) or
the crown crack surface (height X width) (bottom).
The corresponding slopes are -2.27 and - 1.38.

'i?Q

P (s) ⇠ s�3/2
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L’ancêtre, en haut de l’arbre, a un enfant, qui en a lui-même deux, et ainsi de suite.

L’animation suivante montre la croissance d’un tel arbre :

Critical (Galton-Watson) branching process
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THE BRAIN AT CRITICALITY

Critical boundary between stable and unstable dynamics (“edge of chaos”) maximize 
computational capabilities

Beggs and Timme Being critical of criticality in the brain

of distance, the distribution of domain sizes that we talked about
earlier would also follow a power law at the critical point. The rea-
son the straight line does not extend to larger distances is because
the simulation had a limited size. The bigger the simulation, the
further the power law line would extend.

Mnemo: Ok, for the moment I will assume you are right that
this power law would extend to indefinitely large distances if the
system were large enough. What is so special about a power law,
besides the fact that it might suggest your system is critical?

Critio: An interesting feature of power laws is that they show
no characteristic scale. When plotted in log-log coordinates, they
produce a straight line that has the same slope everywhere. This
implies that the data will have a fractal structure. For example,
imagine what the distribution of correlation strength would look
like if you were only able to sample separation distances from
101 to 102 units. It would be a straight line with a slope of −α

when plotted logarithmically. Interestingly, this would look just
like the distribution that you would observe if you were only able
to sample separation distances from 102 to 103 units. Again, the
exponent would be −α. This has caused some people to use the
phrase “scale-free” when describing power law distributions (Stam
and de Bruin, 2004). If you zoom in or zoom out, things look very
similar (Teich et al., 1997). This self-similarity is a characteristic
of fractals.

Mnemo: So is where the name“scale-free”network comes from?
Critio: Yes! In scale-free networks, the degree distribution – the

distribution of the number of connections each node possesses –
follows a power law. But notice, in the Ising model, the nodes are
connected in a lattice and the Ising model exhibits critical behav-
ior. So, here we can see the distinction between criticality and
scale-free networks in action. The nodes are not connected as in a
scale-free network, yet the activity is scale-free.

Mnemo: That is certainly interesting, but I am still searching
for a strong argument, not nice pictures. So power laws are an indi-
cator of criticality? And you are going to tell me that you see some
power laws in your neural data? This is the argument? It must be
more substantial than that! After all, this is science, not just loose
associations!

Critio: A critical system will produce power laws, yes, but power
laws do not prove criticality! There are many ways to get power
laws, and I can tell you more about that in a minute. The key thing
to remember here is that exhibiting power laws is strongly sugges-
tive of criticality. However, power laws alone are not sufficient to
establish criticality.

Mnemo: Ok, I want to ask about these other ways to get power
laws in a minute. But to return to the issue I raised earlier, you are
going to tell me about some neural data that display power laws?

Critio: Yes, I can tell you about that first and then we can get to
all the potential objections.

Mnemo: That sounds fine. Proceed with the data.

POWER LAWS AND NEURAL DATA
Critio: Well, there were several early reports that the nervous
system could produce power law distributions (Chen et al.,
1997; Teich et al., 1997; Linkenkaer-Hansen et al., 2001; Wor-
rell et al., 2002). These data all came from “one-dimensional”
measurements, were a single variable, like spike count, temporal

correlation, or total energy, was found to follow a power law dis-
tribution. While these important findings were very suggestive,
they did not immediately provide insight as to what the underly-
ing network was doing to produce these distributions. The earliest
data to explore power law distributions at the network level came
from recordings from microelectrode arrays that had 60 electrodes.
There, the experimenters were able to observe bursts of sponta-
neous activity. They found that if they counted the number of
electrodes activated in each distinct burst, that the burst sizes were
distributed according to a power law (Beggs and Plenz, 2003).
Because the statistics of these bursts followed the same equations
used to describe avalanche sizes in critical systems, they called
these events “neuronal avalanches.” I have on my laptop here a
figure from one of their papers that shows the power law distri-
bution of avalanche sizes, measured either as the total number
of electrodes activated per avalanche, or as the total amplitude of
local field potential (LFP) signal measured at all the electrodes
involved in the avalanche. [Critio shows Figure 6 to Mnemo.]

Since these initial results, power law distributions of avalanche
sizes have been reported in awake monkeys (Petermann et al., 2006,
2009), anesthetized rats (Gireesh and Plenz, 2008), isolated leech
ganglion (Mazzoni et al., 2007), and dissociated cultures (Maz-
zoni et al., 2007; Pasquale et al., 2008), suggesting that this is a very
general and robust phenomenon. It is interesting to mention that
some of these reports have relied on spike data, and not just LFP
data (e.g., Beggs, 2007, 2008; Mazzoni et al., 2007; Pasquale et al.,
2008; Hahn et al., 2010; Friedman et al., 2011, 2012). Avalanche
dynamics also have been reported in human brain oscillations
(Poil et al., 2008) and there are several reports of power law scaling
(Miller et al., 2009) even though these are not necessarily attrib-
uted to avalanches. In addition, the size of phase locking intervals
in human fMRI has been reported to follow a power law, and the
authors have related this to criticality in the awake, healthy human
brain (Kitzbichler et al., 2009). This is intriguing, despite the fact
that the temporal resolution of fMRI is much lower than that of

FIGURE 6 | Probability distribution of neuronal avalanche size. (Black)
Size measured using the total number of activated electrodes. (Teal) Size
measured using total LFP amplitude measured at all electrodes
participating in the avalanche (Beggs and Plenz, 2003).
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Systems at criticality achieve optimal compromise between robustness and adaptability.



CRITICALITY AND THE VACUUM ENERGY
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vacuum energy distribution follows ordered statistics

In downward approximation, ancestors have higher vacuum energy, while descendants 
have lower vacuum energy. 
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- Insensitive to detailed understanding of string landscape (which is lacking)

Probability of having      ancestors and     descendants  translates to 
probability distribution for       :                           
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Outlook: some implications
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V (h)

▸ Using Ashok-Denef-Douglas density of SUSY flux vacua, 
can estimate average distance between minima:

General expectation: There should be many other dS nearby.

Ashok & Douglas (2004); 
Denef & Douglas (2004, 2005)

Can be viewed as prediction, albeit sensitive to new particles at intermediate energy scale.

Existence of 2nd minimum is sensitive to top quark mass:
<latexit sha1_base64="oTb2f/zOrlVxWn/P4Q/p0dCXKH4="></latexit>

mt = 171.36± 0.46 GeV

Latest experimental value of top pole mass (CMS 2022):
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mexp
t = 172.94± 1.37 GeV

dimensionality of moduli space
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FLAT MINIMA Hochreiter & Schmidhuber (1997); Sagun, Bottou & LeCun (2016); Xie et al. (2022)

(a) 0.0, 128, 7.37% (b) 0.0, 8192, 11.07% (c) 5e-4, 128, 6.00% (d) 5e-4, 8192, 10.19%

(e) 0.0, 128, 7.37% (f) 0.0, 8192, 11.07% (g) 5e-4, 128, 6.00% (h) 5e-4, 8192, 10.19%

Figure 3: The 1D and 2D visualization of solutions obtained using SGD with different weight decay
and batch size. The title of each subfigure contains the weight decay, batch size, and test error.

the Appendix. We also visualize these results using two random directions and contour plots. The
weights obtained with small batch size and non-zero weight decay have wider contours than the
sharper large batch minimizers. Results for ResNet-56 appear in Figure 15 of the Appendix. Using
the filter-normalized plots in Figure 3, we can make side-by-side comparisons between minimizers,
and we see that now sharpness correlates well with generalization error. Large batches produced
visually sharper minima (although not dramatically so) with higher test error.

6 What Makes Neural Networks Trainable? Insights on the (Non)Convexity
Structure of Loss Surfaces

Our ability to find global minimizers to neural loss functions is not universal; it seems that some
neural architectures are easier to minimize than others. For example, using skip connections, the
authors of [17] trained extremely deep architectures, while comparable architectures without skip
connections are not trainable. Furthermore, our ability to train seems to depend strongly on the initial
parameters from which training starts. Using visualization methods, we do an empirical study of
neural architectures to explore why the non-convexity of loss functions seems to be problematic
in some situations, but not in others. We aim to provide insight into the following questions: Do
loss functions have significant non-convexity at all? If prominent non-convexities exist, why are
they not problematic in all situations? Why are some architectures easy to train, and why are results
so sensitive to the initialization? We will see that different architectures have extreme differences
in non-convexity structure that answer these questions, and that these differences correlate with
generalization error.

(a) ResNet-110, no skip connections (b) DenseNet, 121 layers

Figure 4: The loss surfaces of ResNet-110-noshort and DenseNet for CIFAR-10.
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(a) Eigenvalue Rank (b) Eigengap Rank

Figure 2: The power-law Hessian eigengaps. Model: LeNet. Datsets: MNIST. Subfigure (a)
displayed the eigengaps by original rank indices sorted by eigenvalues. Subfigure (b) displayed the
eigengaps by rank indices re-sorted by eigengaps. We also present the results of Fashion-MNIST in
Figure 12 of Appendix E.

2.4 ROBUST AND LOW-DIMENSIONAL LEARNING SPACE

Deep learning happens in a low-dimensional space. Gur-Ari et al. (2018) empirically observed
that deep learning (via SGD) mainly happens in a low-dimensional space during the whole training
process. Ghorbani et al. (2019) studied and reported that, throughout the optimization process, large
isolated eigenvalues rapidly appear in the spectrum, along with a surprising concentration of the
gradient in the corresponding eigenspace. Xie et al. (2021a) theoretically demonstrated that the
learning space is a low-dimensional subspace spanned by the eigenvectors corresponding to large
eigenvalues of the Hessian, because SGD diffusion mainly happens along these principal components.
Note that the low-dimensional learning space implicitly reduces deep models’ complexity. However,
existing work cannot explain why the low-dimensional learning space is robust during training. In
this paper, robust space means that the space’s dimensions are stable during training.

We try to mathematically answer this question by studying the Hessian eigengaps. We define the i-th
eigengap as �k = �k � �k+1. According to Equation (2), we have �k approximately meeting

�k = Tr(H)Z�1
d

(k�
1

��1 � (k + 1)�
1

��1 ) = �k


1� (

k

k + 1
)s
�
. (9)

Interestingly, it demonstrates that eigengaps also approximately exihibit a power-law distribution
when k is large. Particularly, we will have an approximate power law

�k = Tr(H)Z�1
d

(k + 1)�(s+1) (10)

under the approximation s ⇡ 1. The power exponent s+ 1 is larger than the one in Equation (2) by 1.

Empirical analysis of the decaying Hessian eigengaps. The empirical study about the Hessian
eigengaps is missing in previous papers. Our experiments filled this gap. Our experiments show that
top eigengaps dominate others in deep learning similarly to eigenvalues. We further empirically veri-
fied the approximate power-law distribution of the eigengaps in Figure 2. Moreover, the observation
that the power exponent of eigengaps is larger than the power exponent of eigenvalues by ⇠ 1 even
fully matches our theoretical result by comparing Equations (2) and (10).

Note that the existence of top large eigenvalues does not necessarily indicate their gaps are also
statistically large. Previous papers revealed that top eigenvalues dominate others but did not reveal
if top eigengaps dominate others in deep learning. Fortunately, we theoretically and empirically
demonstrate that both eigenvalues and eigengaps decay, are power-law as the rank order increase.
Eigengaps even decay faster than eigenvalues due to the larger magnitude of the power exponent. We
will show that this is the foundation of learning space robustness in deep learning.

Eigengaps Bound Learning Space Robustness. Based on the well-known Davis-Kahan sin(⇥)
Theorem (Davis and Kahan, 1970), we use the angle of the original eigenvector uk and the perturbed
eigenvector ũk, namely huk, ũki, to measure the robustness of space’s dimensions. We directly
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▸ Hessian eigenvalues are power-law distributed (consistent with Zipf’s law!)

Large basin volume Low-curvature minima

▸ Deep learning: Loss function of neural networks feature wide, flat minima, 
that generalize well and are easily accessible.

Implications for the weak hierarchy problem?
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Xie et al. (2022)

Can be derived on general grounds using the principle of maximal entropy Visser (2012)



SCALE-FREE NETWORKS/LANDSCAPES
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FIG. 1: Beta3s conformation space network. The size and
color coding of the nodes reflect the statistical weight w and
average neighbor connectivity knn, respectively. White, cyan,
and red nodes have knn < 30, 30 ≤ knn ≤ 70, and knn > 70,
respectively. Representative conformations are shown by a
pipe colored according to secondary structure: white stands
for coil, red for α-helix, orange for bend, cyan for strand and
the N-terminus is in blue. The variable radius of the pipe
reflects structural variability within snapshots in a confor-
mation. The yellow diamonds are folding TS conformations
(TSE1, TSE2, see text for details) characterized by a con-
nectivity/weight ratio k/2w̃ > 0.3, a clustering coefficient
C < 0.3, and 60 < knn < 80. This figure was made using
visone (www.visone.de) and MOLMOL16 visualization tools.

hairpins in about 10 ns22 and triple-stranded β-sheets
in about 100 ns13, while the experimental values are
∼0.1 µs23, ∼1 µs23 and ∼10 µs10, respectively. Recently,
four molecular dynamics simulations of beta3s were per-
formed at 330 K for a total simulation time of 12.6 µs14.
There are 72 folding events and 73 unfolding events and
the average time required to go from the denatured state
to the folded conformation is 83 ns. The 12.6 µs of sim-
ulation length is about two orders of magnitude longer
than the average folding or unfolding time, which are
similar because at 330 K the native and denatured states
are almost equally populated14. For the network analysis
the first 0.65 µs of each of the four simulations were ne-
glected so that along the 10 µs of simulations there are a
total of 5×105 snapshots because coordinates were saved
every 20 ps. The sequence of the random heteropolymer
is a randomly scrambled version of the beta3s sequence

with the same residue composition. It was simulated for
2 µs and 105 snapshots were saved. The conditions for
the molecular dynamics simulations, i.e., force field, sol-
vation model, temperature, and time interval between
saved snapshots were the same for both peptides.

Construction of the protein folding network To
define the nodes and links of the network the secondary
structure was calculated24 for each snapshot (Carte-
sian coordinates of the atomic nuclei) saved along the
molecular dynamics trajectory. A ”conformation” is a
single string of secondary structure24, e.g., the most
populated conformation for beta3s (FS in Fig. 1) is
-EEEESSEEEEEESSEEEE- where ”E”, ”S”, and ”-” stand
for extended, turn, and unstructured, respectively. There
are 8 possible ”letters” in the secondary structure ”al-
phabet”. Since the N- and C-terminal residues are al-
ways assigned an ”-”24 a 20-residue peptide can assume
818 ≃ 1016 conformations. Conformations are nodes of
the network and the transitions between them are links.
A weight w̃ is assigned to each node to take into ac-
count the free-energy of each conformation and is equal
to the number of snapshots with a given secondary struc-
ture string. The statistical weight w of a node is equal
to the weight normalized by the total number of snap-
shots in the simulations (5× 105 and 105 for beta3s and
the random heteropolymer, respectively). Considering
all the conformations visited during a µs− scale simula-
tion can yield to a computationally intractable network
size. For this reason we used for the network analysis
the 1287 conformations of beta3s with significant weight
(w̃ ≥ 20 per conformation). Two nodes are connected by
an undirected link (and called neighbors) if they either
include a pair of snapshots that are visited within 20 ps
or they are separated by one or more conformations with
less than 20 snapshots each. For the 2 µs of the random
heteropolymer a threshold of w̃ ≥ 4 was used, so that
w ≥ 4 × 10−5 as in the beta3s network. The choice of
a threshold value is somewhat arbitrary but the network
properties are robust for a large range of threshold values
(see Supplementary material).

The properties of the network are robust also with re-
spect to the length of the simulation time and the def-
inition of the nodes. The topological properties are in-
dependent from simulation lengths if one considers more
than 2 µs. The correlation between statistical weight
and connectivity, as well as power-law behavior of the
connectivity distribution and 1/k behavior of the clus-
tering coefficient distribution (see below) are essentially
identical after 2, 4, and 10 µs. As an example, the expo-
nent of the power-law is 2.0 for the beta3s networks based
on 2, 4 and 10 µs of simulation time. Defining nodes by
grouping snapshots according to root mean square devi-
ations (rmsd) in coordinates of Cα-Cβ atoms yields the
same overall properties i.e., power-law distribution of the
links (with similar γ value) and 1/k tail of the clustering
distribution. Grouping snapshots according to secondary
structure motifs does not require the use of an arbitrarily

Beta3s protein

▸ Degree distribution is scale free

P (k) ⇠ 1

k2
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Rao & Caflisch (2004)

Folded states are “hubs” of very high connectivity

▸ Hierarchical: funnels nested within larger funnels

▸ “Small-world” property

Eleni Katifori

These properties are generic of complex “real-world” networks:

▸ World wide web

▸ Social networks

▸ Academic citations

Different percolation universality class!

Implications for the energy scale of slow-roll inflation?

Georgios Gounaris
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k = degree (# of links to given nodes)


