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e Quantum Minkowski space-times in short

e Algebra for p-Minkowski from group algebra and Weyl quantization
e p-deformed Poincaré algebra

e Scalar field theory on p-Minkowski

e A gauge theory model on p-Minkowski

e 1-loop tadpole: p versus &
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The most popular quantum Minkowski space-time: x-Minkowski

e Coordinates algebra (x > 0, [x] = 1) of k-Minkowski space:
[XOvX"]:éX"7 [Xi7)(f]:07 i?j:17"'7d- (1)

Informally, x-Minkowski ~ universal enveloping algebra of g
Acted on by a deformation of the Poincaré algebra
Pioneering papers:

J. Lukierski, H. Ruegg, A. Nowicki, V. N. Tolstoi, Phys. Lett. B264 (1991) 331.
J. Lukierski, A. Nowicki, H. Ruegg, Phys. Lett. B293 (1992) 344.

S. Majid and H. Ruegg, Phys. Lett. B334 (1994) 348.

e Subject of a huge literature since ~ 3 decades:
algebra + phenomenological impacts + scalar field theories

Reviews: See for instance

J. Lukierski, "kappa-Deformations: Historical Developments and Recent Results”, J. Phys. Conf.
Ser. 804, 012028 (2017)

J. Kowalski-Glikman, "Introduction to Doubly Special Relativity", Lect. Notes Phys. 669 (2005) 131
1

1(1) belongs to a wider class of deformations of the form [x,, x.] = i(a. X, — avXu),
a,a, = +1,0, see J. Lukierski, V. Lyakhovsky, M. Mozrzymas, Phys.Lett. B538 (2002) 375.
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Another deformation of Minkowski: p-Minkowski space-time

e Coordinates algebra g (p > 0, [p] = —1) of p-Minkowski space:
Euclidean algebra ¢(2) plus central coordlnate X3

[X07X1] = isz, [Xo,Xg] = —I',0X17 [X1,X2] = 07
[x3,x]=0,i=0,1,2

— If Exchange xo «— x3: "commutative time". Does not alter the following
conclusions.

e Considered closely more recently from various viewpoints:

— NC field theory?,

— Black hole physics 3

— Localisation and quantum observers*

— AdS/CFT: gauge dual of Yang-Baxter deformation® of AdSs x Ss superstring

e Appeared a long ago ( see J. Lukierski, M. Woronowicz, Phys. Lett. B 633 (2006) 116)

2M. Dimitrijevi¢ Cirié, N. Konjik, M. A. Kurkov, F. Lizzi and P. Vitale, Phys. Rev. D 98 (2018)
085011.

3M. Dimitrijevi¢ Ciri¢, N. Konjik and A. Samsarov, Class. Quant. Grav. 35 (2018) 175005; Phys.
Rev. D 101 (2020) 116009

“F. Lizzi, L. Scala and P. Vitale, Phys. Rev. D 106 (2022) 025023; F. Lizzi, P. Vitale, Phys. Lett. B
818 (2021) 136372

5T. Meier, S. J. van Tongeren, Phys. Rev. Lett. 131 (2023) 121603, JHEPA2 (2023) 045:
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Star product, involution, trace from group algebra and Weyl quantization

o p-Minkowski «— (A, *,, 1)

e Extend the old construction of von Neumann to formalize the Weyl
quantization of phase space — Moyal product

J. von Neumann, Math. Ann. 104 (1931) 570. H. Weyl, Zeitschrift fir Physik 46 (1927) 1.

e Exploit main properties of convolution algebras for the group G related to
the coordinates algebra g combined with Weyl quantization map

Yields star-product as twisted convolution, natural involution plus natural trace

— In the following, corresponding *-algebra denoted by M,

e Convenient to construct star-products when the noncommutativity of space
is of "Lie algebra type"

B. Durhuus, A. Sitarz, J. Noncommut. Geom. 7 (2013) 605. J.-C. Wallet, Nucl. Phys. B912 (2016)
354. T. Poulain, J.-C. Wallet, Phys. Rev. D 98 (2018) 025002.
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Sketching the construction of x, and t

K. Hersent, J.-C. Wallet, JHEP 07 (2023) 031

e Start from non trivial part of coordinate algebra ¢,. Relevant group G is

G = S0(2) x4 R?, ¢(x) = ax, ac SO(2), x € R?
(a1, x1)(@2, x2) = (a1a2, x1 + a1 x2), (a, X)_1 = (a_1,—a_1x),]1g = (I, 0)
 Convolution algebra C[G] = (L'(G),0,*)—For F,G e L'(G),s,t € G

(FoG)(s /dﬂ(t)F(St)G(f_1) F*(s)=F(s7)A(s™)

— du((a,X)) = duge(x) dpsoz)(a) | det(a )r djizs (Lebesgues)
- A((a, X)) = Ape(x) Asop)(a) |det(a)| ™" = 1 (unimodular)

— F = Ff, i.e interpreted as functions on momentum space: F(po, pi)
e Use Weyl quantization Q(f) = n(Ff), Q *-morphism of algebra

7 C[G] = B(H), n(F) = /g du(s)F(s)ru(s)
e Combine Q with 7(F o G) = 7(F)n(G), n(F)" = n(F*) to obtain:

frg=F "(FfoFg), f! = F(F()")
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Star-product and involution for p-Minkowski

K. Hersent, J.-C. Wallet, JHEP 07 (2023) 031

e Star-product and involution for M,
X dpo —ipoYo v v
(f*P g)(X07X7X3) = o dyo € f(XO+y0,x)g(X07R(7pp0)X7X3)7
"(X0, X, Xa) / o dyo € P F(xo + Yo, R(—ppo)X, Xs),

R(—ppo) € SO(2)
e Properties.

/d4x x5 9)( /d4xf g(x), /dxf*pg /dx(g*,, X),

— Lebesgue integral defines a trace w.r.t. x,; cyclicity holds. x, "almost”
closed (K. Hersent, J.-C. Wallet, JHEP 07 (2023) 031 ).

— x, different from star-product already used in literature®. Does not derive
from a twist.

M. Dimitrijevi¢ Ciri¢, N. Konjik, M. A. Kurkov, F. Lizzi and P. Vitale, Phys. Rev. D 98 (2018)
085011.
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p-Poincaré algebra

V. Maris, J.-C. Wallet, JHEP 2024, 119 (2024)

e p-Minkowski space M, acted on by a deformation of Poincaré algebra P,.
— One can check M, is a left module algebra over P,
— M, dual to 7,{Po, Ps, P+} deformed translations

[Mi, N] = iewNk, [M;, Mj] = ieMx, [Ni, N] = —iejxMk, [N, Po] = iP;
[Ni, Bl = i6jPo, [M;, Pj] = iexPx, [Py, P.] = [M;, Po] =0,

AML) =ML @1+ Ex @My, A(N£) =Ni @I+ Ex ® Nt
AM) =M QI +1®@ Mz, A(N3) = Na @T+T® N3
A(Po3)=Pos@I+1® Pz, A(P+) =P+ @I+ &+ ® Py,
AlL)=Er @Es, Ex = 5P
(P) =0, (&) =1, (M)=eN)=0, j=1+3,
S(Po) = —Po, S(Ps) = —P3, S(P+) = —E+P+, S(€)=¢&7"
S(M)) = —M;, S(N))=-N;, j=+£,3,
Action of P, :
(Pu> 1)(x) = —i0uf(x), (Mj> )(x) = (gx“Pr>£)(x),
(N> f) = ((xoP; — X;Po) > f)(x)
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p-Poincaré invariance

e One can check:
h» /d“xc ::/d4xh>L:e(h)/d4x£,

forany he P,, L € M,.

e Accordingly, the scalar and gauge actions we will consider will be
p-Poincaré invariant.
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1-loop exploration of ¢* scalar field theory on p-Minkowski.

UV/IR mixing? K. Hersent, J.-C. Wallet, JHEP 07 (2023) 031

S(6.9) = / o (8,80,6 + MP36) + S,

/nt— /d4X¢T*p¢*p¢ *p b; slnt —g/d4X¢T*p¢T*p¢*p¢
e 2-point function:

k1 (k1 y k1 ¢(k2)
: : : :¢(k) d(kz) o(ki) zé

V(1233) V(3312) (3213) V(1332)

Figure: Diagrams contributing to the 2-point function - Orientable interaction

o(ks) o(ks) % ) o(ka)
: 3 C :¢k4 X% (e)

vno (3411)  V™(1134) Vno 1431) Vo 3114)

Figure: Diagrams contribution to the 2-point function — Non orientable interaction
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1-loop exploration of ¢* scalar field theory on p-Minkowski

K. Hersent, J.-C. Wallet, JHEP 07 (2023) 031

e 4-point function — Orientable case:

(ki) Ks o(ka) d(ke)  D(ks) k)
><>< .
(ko) ko o(ks) o(ka) ks
V(1256) V(3465) = V(1256) V(5643) V(5462) V(3615)

Figure: Typical diagrams among the 12 diagrams for the 4-point function.

Orientable Non orientable | UV/IR mixing
2-point function | no IR singularity | IR singularity YES
4-point function IR singularity X YES

¢ |R singularities responsible for UV/IR mixing

e D = 4 quadratic UV divergence for 2-point function in orientable case

e Conclusions similar to M. Dimitrijevi¢ et al., Phys. Rev. D 98 (2018) 085011.
¢ UV/IR mixing of Lie algebra-type noncommutatitive ¢*-theories recently
re-investigated in K. Hersent, JHEP 2024 (2024) 23.
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ge theory model on p-Minkowski

V. Maris, J.-C. Wallet, JHEP 2024, 119 (2024)

e Convenient to use a twisted derivation-based differential calculus.

— Introduced a long ago 7,
— Untwisted versions in NC gauge theories &
— Graded and extended versions introduced in °

o Start from set of twisted derivations of 7,
@ = {P/‘ : MI’ — Mﬁ’ .LL = 0737:t7 {P07 P3}H @ {P+}5+ @ {P—}57}7

5} — eiipPO

Poa(fxg) = Pos(f) x g+ fx Pos(9),
Pi(fxg) = Ps(f)x g+ Ex(f) x P+(9)

"Michel Dubois-Violette. Lectures on graded differential algebras and noncommutative
geometry. 2000. arXiv: math/9912017 [math.QA].

8E. Cagnache, T.Masson, and J.-C. Wallet, J. Noncommut. Geom. 5 (2011) 39

9A. de Goursac, T. Masson, J.-C. Wallet, J. Noncommut. Geom. 6 (2012):343
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A gauge theory model on p-Minkowski - Differential calculus

V. Maris, J.-C. Wallet, JHEP 2024, 119 (2024)

e One checks: © is a graded abelian Lie algebra and Z(M,,)-bimodule:
(z.P.)(f) = zx Pu(f) = Pu(f) x 2 := (Pu.2)(f)
Grading defined by 7(Po3) = 0, 7(P+) = %1:
D=0 ©D_

o Exterior algebra of differential forms defined as usual from the spaces of
Z(M,)-multilinear antisymmetric maps w : ®" — M,,.
One has w(Pi, Pa, ..., Pn) € M, and w(P1, Ps, ..., Pn.Z) = w(P1, Pa, ..., Pn) % Z.

(Q*(M,) = @¢_,Q"(M,), x, d) graded differential algebra can be
constructed with differential d with d* = 0.
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A gauge theory model on p-Minkowski - Differential calculus

V. Maris, J.-C. Wallet, JHEP 2024, 119 (2024)

e Forany w € Q°(M,), n € QY (M,), w x n € QP*I(M,)

(wx M)(Pry--., Ppiq)

1 -
= oigl > (N W(Port), - s Paio) *1(Poipitys - > Poipia);
’ '066p+q
p+1 '
dw(Pr,. .. Popt) =Y (1Y Pe (w(Pr, .., V)., Poyi)),
j=1

=0
o Differential satisfies a twisted Leibnitz rule:

S(w

d(w x ) = dw x 7+ (=1)°“w x¢ dn

forany w,n € Q*(M,)

—§(.): degree of form

— X¢: indicates that a twist acts on the 1st factor depending on the actual
derivation acting on the 2nd factor
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Gauge theory on p-Minkowski - Twisted connection and curvature

V. Maris, J.-C. Wallet, JHEP 2024, 119 (2024)

e Pick right hermitian module over M, says, E.
e Twisted connection definedas V: D; xE— E, i =0, %
Ve,+p, (M) = Ve, (M) + Ve, (M), V(Pu, P,) €D xDj, i =0,+
Vzp,(m)=Vp,(m)xz, VP, € D,VZ € Z(M,),
Ve, (maf)=Vp,(m)af+Bp,(m)aPuf), VP, €D, 2
((2) holds for linear combinations of P,,'s homogeneous in twist degree

e Assume now: E ~ M,, m<f=mxf, h(my,my) = m{ x my
Ve, (maf) = Ve, (m) <f +E.(m) < Pu(f), YP, € D.
E,=L1Le"""" =03+
e The curvature F(Py, P.) :== Fuu : E - E (Fuu(mx f) = Fu(m) x f) is

Fuv = ENVWE 'V — ENVLE 'V, v =0,3,+
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Gauge theory on p-Minkowski - Gauge transformations

V. Maris, J.-C. Wallet, JHEP 2024, 119 (2024)

-FW(]I) = Fuv

e Gauge transformations: automorphisms of E preserving the hermitian
structure h(my, my)

o Set: AM = VP“, (]I), VN :=Vp

"o

U={geE~M, gxg=gxg' =1}
e Twisted gauge transformations for the connection:
Vi) = (Eur g") *Vu(g*.)

Ai = (EuDgT)*AM*g—Q— (‘SMDQT)*PMQ
o Twisted gauge transformations for the field strength

Fl, = (Eu€urg')x Fuvxg

(no summation over indices p, v in the RHS)
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Gauge theory on p-Minkowski - Gauge transformations

V. Maris, J.-C. Wallet, JHEP 2024, 119 (2024)

e Gauge invariant action ([G] = 0)

S, =

1 1 —
= @(FM, F..)= @/d“x Fl, % Fu = @/d“x Frow (X)Fpun (x),

also p-Poincaré invariant. (Assume A,, © = 0, 1,2, 3 real-valued).
— Gauge-invariance: use ((£.&,)>9)' = (£.6.)> g, p,v = 0,3, £ plus
cyclicity of the integral w.r.t x,

e Comments (classical level):

— "dimension" d > 3

— Kinetic operator = the one for usual QED (comes from differential calculus)
— "photon" has self-interactions as expected (o~ large)

— comparison with similar construction for x-Minkowski'®: gauge invariance is
obtained for a unique value of dimension: d =5

Lost of cyclicity of the integral w.r.t . — KMS weight "twisted trace"

°Ph. Mathieu, J.-C. Wallet, JHEP 05(2020) 115, JHEP 03 (2021) 209
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1-loop tadpole: p versus «

V. Maris, J.-C. Wallet, to appear (2024)

e BRST gauge-fixing — BRST symmetry is twisted as for x-Minkowski case"

S=5,+ s/d4x (€« (Pu(A) + c.c.\ (8 =0)

— Lorentz-type gauge : P.(A,) = PoAo + PsAs + PLA_ +P_A.
— BRST operation: sA,, = P,C+ A, xC — (£, C) x A,, sC' = bt, sbt =0

o Result: Tadpole vanishes! There is no 1-point function (I'"(A) = 0)

o Non-vanishing tadpole frequent in gauge theories on quantum spaces'?

— Effective action not gauge-invariant ("gauge symmetry radiatively broken")
— Vacuum not stable against quantum fluctuations

— non zero tadpole in gauge theory on x-Minkowski'® obtained similarly to S,
(computation done for a whole family of gauge functions)

— comparison of the computations for p and « suggests that the structure
of differential calculus strongly matters for the vanishing of tadpole (within the
considered type of differential calculus)

"'P. Mathieu, J.-C. Wallet, Phys. Rev. D 103, 086018 (2021)

2K, Hersent, P. Mathieu, J.-C. Wallet, Physics Reports 1014 (2023) 1-83
13K Hersent, P. Mathieu, J.-C. Wallet, Phys. Rev. D 105 (2022) 106013
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Outlook

e Delicate but routine computations for p-Minkowski gauge theory: Perform
computation of tadpole in a family of gauge functions ', plus search for
UV/IR mixing (freedom?) °.

e Explore other available deformations of Minkowski plus gauge theories on
them (in progress) — more NC gauge theory prototypes

Note: all these present (and forthcoming) gauge theories are "only" NC
versions of Yang-Mills theory.

e One step ahead: NC analogs of Einstein-Hilbert action using notion of NC
(quantum) analog of tangent bundle'®, with x-Minkowski space as NC analog
of tangent space. Exploration of classical properties of resulting actions in
progress...

to be continued...

THANK YOU !

4V, Maris, J.-C. Wallet (2024)
5A. Besson, V. Maris, J.-C. Wallet (2024)
8K. Hersent, J.-C. Wallet (2024)
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