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Symmetries of bosonic string

Action for classical closed bosonic string

S = κ

∫
Σ
dσdτ

[
Bµν(x) +

1

2
Gµν(x)

]
∂+xµ∂−x

ν , ∂± = ∂τ ± ∂σ

Hamiltonian

H =
1

2κ
πµ(G−1)µνπν +

κ

2
x ′µGE

µνx
′ν − 2x ′µBµρ(G−1)ρνπν

πµ = κGµν ẋ
ν − 2κBµνx

′ν , GE
µν = Gµν − 4(BG−1B)µν

Symmetry generators

H(G ,B) + {G,H(G ,B)} = H(G+δG ,B+δB)

Diffeomorphisms:

Gξ =

∫ 2π

0
dσξµ(x)πµ, δξG = LξG , δξB = LξB

Local gauge transformations:

Gλ =

∫ 2π

0
dσλµ(x)κx ′µ, δλG = 0 , δλB = dλ
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T-duality

T-duality is a string feature which connects apparently different theories that produce the
same observable results.
The simplest example - closed bosonic string with one dimension compactified to a circle

M2 =
n2

R2
+

m2R2

l4s
, R ↔

l2s
R
, m↔ n

T-duality relations between canonical variables

κx ′µ ∼= πµ

T-duality relates diffeomorphisms and local gauge transformations

T-dual background fields

?Gµν = (G−1
E )µν , GE

µν = Gµν − 4Bµρ(G−1)ρσBσν

?Bµν =
κ

2
θµν , θµν = −

2

κ
(G−1)µρBρσ(G−1

E )σν .
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Courant bracket

Generalized vectors are elements of the smooth section of the generalized tangent bundle
TM⊕ T?M.

Double symmetry parameter and double canonical variable:

ΛM =
(
ξµ
λµ

)
, XM =

(
κx ′µ
πµ

)
Generator can be expressed in terms of O(D,D) invariant inner product

GΛ = Gξ + Gλ =

∫
dσ〈Λ,X 〉

〈Λ,X 〉 = ΛMηMNX
N ηMN =

(
0 δµν
δµν 0

)
Poisson bracket algebra of generators gives rise to the Courant bracket{

GΛ1
, GΛ2

}
= −G[Λ1,Λ2]C

[Λ1,Λ2]C = [ξ1, ξ2]L ⊕
(
Lξ1

λ2 − Lξ2
λ1 −

1

2
d(iξ1

λ2 − iξ2
λ1)
)
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Twisted Courant bracket

Change of basis by transformation eT that is from O(D,D)

X̂M = (eT )MN XN , Λ̂M = (eT )MN ΛN

GΛ =

∫
dσ〈Λ,X 〉 =

∫
dσ〈eT Λ, eTX 〉 =

∫
dσ〈Λ̂, X̂ 〉 = G(T )

Λ̂

Poisson bracket algebra:{
GΛ1

, GΛ2

}
= −G[Λ1,Λ2]C{

G(T )

Λ̂1
, G(T )

Λ̂2

}
= −

∫
dσ〈[Λ1,Λ2]C ,X 〉 = −

∫
dσ〈[e−T Λ̂1, e

−T Λ̂2]C , e
−T X̂ 〉

= −
∫

dσ〈eT [e−T Λ̂1, e
−T Λ̂2]C , X̂ 〉 = −G(T )

[Λ̂1,Λ̂2]CT
,

Twisted Courant bracket

[Λ̂1, Λ̂2]CT = eT [e−T Λ̂1, e
−T Λ̂2]C .
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B-twisted Courant brackets

B-shifts eB̂

B̂ =
(

0 0
2B 0

)
, eB̂ =

(
1 0

2B 1

)
Action of B-shifts on double canonical variable

X̂M = (eB̂)MNX
N =

(
κx ′µ

πµ + 2κBµνx ′ν
)
≡
(
κx ′µ
iµ

)
Auxiliary currents algebra gives rise to the H-flux

{iµ(σ), iν(σ̄)} = −2κBµνρx
′ρδ(σ − σ̄)

Bµνρ = ∂µBνρ + ∂νBρµ + ∂ρBµν

B-twited Courant bracket{
GB̂Λ1

, GB̂Λ2

}
= −GB̂[Λ1,Λ2]C

B̂

[Λ1,Λ2]C
B̂

= [ξ1, ξ2]L ⊕
(
Lξ1

λ2 − Lξ2
λ1 −

1

2
d(iξ1

λ2 − iξ2
λ1) + dB(ξ1, ξ2, .)

)
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θ-twisted Courant brackets

θ-transformations e θ̂

θ̂ =
(

0 κθ
0 0

)
, e θ̂ =

(
1 κθ
0 1

)
Action of θ-transformations on double canonical variable

X̂M = (e θ̂)MNX
N =

(
κx ′µ + κθµνπνπµ

)
≡
(
kµ
πµ

)
Auxilliary current algebra gives rise to Q and R-flux

{kµ(σ), kν(σ̄)} = −κQ µν
ρ kρδ(σ − σ̄)− κ2Rµνρπρδ(σ − σ̄)

Q µν
ρ = ∂ρθ

µν , Rµνρ = θµσ∂σθ
νρ + θνσ∂σθ

ρµ + θρσ∂σθ
µν

Auxiliary currents in case of B-twisted and θ-twisted Courant brackets relate via T-duality

iµ = πµ + 2Bµνκx
′ν πµ∼=κx′µ Bµν∼= κ

2
θµν

←−−−−−−−−−−−−−−−→ κx ′µ + κθµνπν = kµ
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Motivation
We would like to construct a basis of currents such that all fluxes appear, and that the basis
is invariant under T-duality.
First idea - composition of B-shifts and θ-transformations

e θ̂eB̂ =
(

1 + 2κθB κθ
2B 1

)
Two set of currents

iµ = πµ + 2κBµνx
′ν , k̂µ = κx ′µ + κθµν iν

All fluxes do appear

{iµ(σ), iν(σ̄)} = −2Bµνρk̂
ρδ(σ − σ̄)−F ρ

µν iρδ(σ − σ̄)

{k̂µ(σ), k̂ν(σ̄)} = −κQ µν
ρ k̂ρδ(σ − σ̄)− κ2Rµνρiρδ(σ − σ̄)

{iµ(σ), k̂ν(σ̄)} = κδνµδ
′(σ − σ̄) + F ν

µρ k̂ρδ(σ − σ̄)− κQ νρ
µ iρδ(σ − σ̄)

However, there is no invariance under T-duality. This is the consequence of
non-commutativity of two transformations

e θ̂eB̂ 6= eB̂e θ̂
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Twisting transformations
arxiv:2103.09585, Eur. Phys. J C 81 685 (2021)

Second idea - twist by eB̆

B̆ = B̂ + θ̂ =
(

0 κθ
2B 0

)
In this instance, all contributions of Taylor’s expansion are non-zero

B̆2 =

(
2κ(θB)µν 0

0 2κ(Bθ) νµ

)
, B̆3 =

(
0 2κ2(θBθ)µν

4κ(BθB)µν 0

)

B̆2n =

(
(αn)µν 0

0 ((αT )n) νµ

)
, B̆2n+1 =

(
0 κ(αnθ)µν

2(Bαn)µν 0

)
α is symmetric parameter

α = 2κθB , (α)µν = (αT ) µν

Full transformation

eB̆ =


(∑∞

n=0
αn

(2n)!

)µ
ν

κ
(∑∞

n=0
αn

(2n+1)!

)µ
ρ
θρν

2Bµρ
(∑∞

n=0
αn

(2n+1)!

)ρ
ν

(∑∞
n=0

(αT )n

(2n)!

) ν

µ


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Auxiliary currents
We can rewrite the twisting transformation in the following way:

eB̆ =
( C κSθ

2BS CT
)
, C = cosh(

√
α) , S =

sinh(
√
α)

√
α

Currents

X̆M = (eB̆)MN XN =

(
k̆µ
ῐµ

)
k̆µ = κCµνx ′ν + κ(Sθ)µνπν = Cµν(κx ′µ + κθ̆µνπν) , θ̆µν = (SC−1)µρθ

ρν

ῐµ = 2κ(BS)µνx
′ν + (CT ) νµ πν = (CT ) νµ (πν + 2κB̆νρx

′ρ) , B̆µν = Bµρ(SC−1)ρν

Parameter α is self T-dual

α = (2κθB) ∼= (2κBθ) = αT

C ∼= CT , S ∼= ST

T-duality between currents

k̆µ = Cµν
(
κx ′ν + κθ̆νρπρ

) πµ∼=κx′µ Bµν∼= κ
2
θµν

←−−−−−−−−−−−−−−−→ ῐµ = (CT ) νµ

(
πν + 2B̆νρκx

′ρ
)
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Courant bracket simultaneously twisted by B and θ
arxiv:2103.09585, Eur. Phys. J C 81 685 (2021)

Expression for the full bracket: [Λ1, Λ2]C
B̆

= Λ , Λi = ξi ⊕ λi

ξ = [ξ1, ξ2]L̂ − κθ̆
(
L̂ξ1

λ2 − L̂ξ2
λ1 −

1

2
d̂(iξ1

λ2 − iξ2
λ1)

)
+[ξ1, κθ̆(λ2)]L̂ − [ξ2, κθ̆(λ1)]L̂ +

κ2

2
[θ̆, θ̆]Ŝ (λ1, λ2, .)

+2κθ̆ d̂B̂(., ξ1, ξ2)− 2 ∧2
κθ̆ d̂B̂(., λ1, ξ2) + 2 ∧2

κθ̆ d̂B̂(., λ2, ξ1) + 2 ∧3
κθ̆ d̂B̂(λ1, λ2, .)

λ = L̂ξ1
λ2 − L̂ξ2

λ1 +
1

2
d̂(iξ1

λ2 − iξ2
λ1) + κ[λ1, λ2]θ̆

+2d̂B̂(ξ1, ξ2, .)− 2κθ̆ d̂B̂(λ2, ., ξ1) + 2κθ̆ d̂B̂(λ1, ., ξ2) + 2 ∧2
κθ̆ d̂B̂(λ1, λ2, .)

Twisted Lie bracket: C
(

[ξ1, ξ2]L̂

)
= C−1[Cξ1, Cξ2]L

Twisted Koszul bracket

[λ1, λ2]θ̆ = L̂θ̆(λ1)λ2 − L̂θ̆(λ2)λ1 − d̂(θ̆(λ1, λ2))

Twisted Schouten-Nijenhuis bracket

[f , g ]Ŝ = 0 , [ξ, f ]Ŝ = LCξ(f ) , [ξ1, ξ2]Ŝ = [ξ1, ξ2]L̂

[θ1, θ2 ∧ θ3]Ŝ = [θ1, θ2]Ŝ ∧ θ3 + (−1)(p−1)q
θ2 ∧ [θ1, θ3]Ŝ , [θ1, θ2]Ŝ = −(−1)(p−1)(q−1)[θ2, θ1]Ŝ
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Fluxes
arxiv:2312.11268

We obtain all of the fluxes

{X̆M , X̆N} = −F̆MN
P X̆Pδ(σ − σ̄) + κηMNδ′(σ − σ̄)

F̆MNρ =

(
κ2R̆µνρ −κQ̆ µρ

ν
κQ̆ νρ

µ F̆ ρ
µν

)
, F̆MN

ρ =

(
κQ̆ µν

ρ F̆ µ
νρ

−F̆ ν
µρ 2B̆µνρ

)

H-flux B̆µνρ = (CT ) αµ (CT ) βν (CT ) γρ (∂αB̆βγ + ∂βB̆γα + ∂γ B̆αβ)

F-flux F̆ ρ
µν = f̆ ρ

µν − 2κB̆µνσ θ̆σρ , f̆ ρ
µν = (C−1)ρσ

(
∂̂µCσν − ∂̂νCσµ

)
Q-flux Q̆ µν

ρ = Q̆ µν
ρ + 2κθ̆µαθ̆νβB̆ραβ , Q̆ µν

ρ = ∂̂ρθ̆µν + f̆ µ
ρσ θ̆σν − f̆ ν

ρσ θ̆σµ

R-flux R̆µνρ = R̆µνρ + 2κθ̆µαθ̆νβ θ̆ργ B̆αβγ
R̆µνρ = θ̆µσ ∂̂σ θ̆νρ + θ̆νσ ∂̂σ θ̆ρµ + θ̆ρσ ∂̂σ θ̆µν − (θ̆µαθ̆ρβ f̆ ν

αβ + θ̆ναθ̆µβ f̆ ρ
αβ + θ̆ραθ̆νβ f̆ µ

αβ )
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Summary

Courant bracket governs diffeomorphisms and local gauge transformations for closed bosonic
string.

The twisted Courant brackets can be obtained from generator algebra.

Courant bracket can be simultaneously twisted by B and θ, this way all fluxes are obtained,
and the bracket is invariant under T-duality. All fluxes depend on both B and θ.

It would be interesting to see if there is some important mathematical or physical
interpretation of fluxes.

In addition, it would be interesting to see some characteristics of Courant algebroid
associated with the Courant bracket simultaneously twisted by B and θ.
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Thank you for your attention
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