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Introduction

Symmetries of bosonic string

@ Action for classical closed bosonic string
1
S = n/ dodTt [Buy(x) + §G”V(X)] O xHO_x¥, O+ =0r +0,
hx

@ Hamiltonian

1
H= Zwu(Gfl)*“’m, + gx'“nyx'” - 2X'“BuP(G71)‘”’ﬂ'V
Ty = kGuuX” — 26Buux" . GE, = Gu, —4(BG'B).,

@ Symmetry generators
He,p) +{9: H(e,8)} = H(c+56,8+58)
@ Diffeomorphisms:

27
géz/ dO’ﬁ‘u(X)ﬂ'M, 65G=£§G, 6§B:L‘,§B
0

@ Local gauge transformations:

27
Gy = doAu(x)rx*, 6,G =0, 6 B=d\
0
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Introduction

T-duality

@ T-duality is a string feature which connects apparently different theories that produce the
same observable results.

@ The simplest example - closed bosonic string with one dimension compactified to a circle

2 2 p2 2
2 N m°R I}
Mfﬁ—i— . R<~ =, m<n

@ T-duality relations between canonical variables
YN}
rx'M =,

@ T-duality relates diffeomorphisms and local gauge transformations
@ T-dual background fields

TG = (G Gl = Guy —4Bup(G1) By
2

B = 2O 0 = (G Bue(GE )T
K
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Introduction

Courant bracket

@ Generalized vectors are elements of the smooth section of the generalized tangent bundle
TM@ T*M.

@ Double symmetry parameter and double canonical variable:
m_ (EH M _ I
M= (8) . x= (%)
@ Generator can be expressed in terms of O(D, D) invariant inner product

Gr=Ge + G = /da(/\,X)
_AM N _(0 &
(N X) = AN v X 77MN7<55 5)
@ Poisson bracket algebra of generators gives rise to the Courant bracket

{Q/\l, g/\g} = —Yn0le

1 . .
A1, Noe = [€1, 8] @ (C§1>\2 — LA — 50’('51/\2 - lg2>\1)>
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Twisted Courant brackets

Twisted Courant bracket

@ Change of basis by transformation e’ that is from O(D, D)

)? _ (eT)M XN /"\M _( T)M /\N

g/\_/da/\X /da e"AeTX) = /da/\)? a{"
@ Poisson bracket algebra:

{g/\u gl\z} = _g[/\1,/\2]c
{o0.¢D} = */dU([/\lJ\z]c,X) - f/do<[e*Ti\1,e*Ti\2]c,e*T>“<>
1 2

_ Tra—TA, o—TA ey — (M
/dcr(e [e /\1,6 /\z]c,X> g[/A\lJA\z]CT’

@ Twisted Courant bracket

A Adde, =eT[emTAr, e TAe .
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Twisted Courant brackets

B-twisted Courant brackets

@ B-shifts ef X .
B:(zos 8) , eB:(le ?)

@ Action of B-shifts on double canonical variable

OM _ (B\M yN _ Kx'H _ (kx"M
X7 = (") W X" = <7ru+2/~$BM,,x”’) :( in )

@ Auxiliary currents algebra gives rise to the H-flux

{(in(0),i(3)} = —26Byu,x"?8(c - 5)
Buvp = OuBup+0uBpu+8pBuv

@ B-twited Courant bracket
B B B
{g/\l’ g/\z} = 7g[/\1,/\2]cé

1. .
[ Ale, = (1, &1 & (Legha — LM 5l ha — iy ) + dB (61 o )
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Twisted Courant brackets

O-twisted Courant brackets

@ 0-transformations e

=@ ). ¢

@ Action of #-transformations on double canonical variable

M — (eé)l\/IIVXN _ (/{x’“ +ﬂ_f:9“‘”7ry> = (k‘u)

@ Auxilliary current algebra gives rise to @ and R-flux

{k(0), K(3)} = —RQ " kPS(0 — &) — K2RMP7,5(0 — 5)
QY = 00", RMVP = PT9,6"P 4 67 9,0PH + 0P 0,0

@ Auxiliary currents in case of B-twisted and 6-twisted Courant brackets relate via T-duality

W“E‘HX”L B‘“,E‘%G‘“j
H /
i =mu + 2B krx"

kx'P + kO*Y 1, = kP
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Courant bracket twisted simultaneously by B and 6

Motivation

@ We would like to construct a basis of currents such that all fluxes appear, and that the basis
is invariant under T-duality.

@ First idea - composition of B-shifts and #-transformations
0.8 _ (1+2k0B k6
ee = ( 2B 1)
@ Two set of currents
=+ 2/$B,“,X'V7 kM = kx™ + kOHV,

@ All fluxes do appear

{in(0),iv(5)} = —2BuvpkPd(c — 5) — F .5, ipd(0 — 5)
{kt(0), k" (5)} = —kQ ¥ kPS(0 — &) — K*RMPipd(o — &)
{in(0), k" (3)} = K61,6" (0 — &) + F %, kPo(0 — &) — KQ,/Pipd(0 — &)

@ However, there is no invariance under T-duality. This is the consequence of
non-commutativity of two transformations

e¥ef £ ePef
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Courant bracket twisted simultaneously by B and 6

Twisting transformations

arxiv:2103.09585, Eur. Phys. J C 81 685 (2021)

@ Second idea - twist by eB
w o ~ /\7 0 Ke
B=B+0= (23 0)

@ |In this instance, all contributions of Taylor's expansion are non-zero

52 _ (2x(6B)", 0 23 0 2K2(6BO)HV
B —( 0 2+(B0),” )+ B = \an(B0B),. 0

B2 _ ((az))“l, ((aTO)”)uV) -2 (2(8(5")“” H(O/E)G)l"u)
@ « is symmetric parameter
a=2k0B, ()" =(a’)}
@ Full transformation
s (SResn),  w(SReerm) o
- 2Bw(2ﬁ0 (2,?7:1);)1 ( 20 ((o;%):
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Courant bracket twisted simultaneously by B and 6

Auxiliary currents

@ We can rewrite the twisting transformation in the following way:

B = (2.(3;8 “CSTQ) , C=cosh(va), S= w

@ Currents

M _ (B N _ [ kr

XM = (eBWM, XN = (m)

kF = kCH X" + k(SO)* 7, = CH (kXM + 0V 7,), O = (SC_I)“pQ’”’

by = 26(BS)ux + (CT) Yy = (CT),M (o 4+ 26Bupx'?), Byuw = Bup(SC71)P,
@ Parameter « is self T-dual

a = (2k0B) = (2kB0) = o
cxcl, s=s8T

@ T-duality between currents

WM%KXIH BHU%’%G“V

ke =cr) (KJX’V + H,éupﬂ'p) Iy = ((’T)/,” (71’1, —+ 21‘?,,,,&)(’”)
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Courant bracket twisted simultaneously by B and 6

Courant bracket simultaneously twisted by B and ¢

arxiv:2103.09585, Eur. Phys. J C 81 685 (2021)

@ Expression for the full bracket: [A, AoJey =N, Ai=& @\

& = [&, 8] — Ké(ﬁgl A2 — £52A1 — 3([{1 A2 — i§2k1)>

+er, k(X)) — [€2, 60(A)]; + =10, 0]6(A1, X2, )

+2k0 dB(., €1,82) —2 A2 k8 dB(., A1, &) +2 A% k0 dB(., A2, &1) + 2 A* k8 dB(A1, Aa, 2)

N NENTI

. . 1.
A = [,51)\2 — [,52)\1 + *d("§1>\2 — i§2)\1) + K[)\l, )\2]5
+2dAé(£1,£2, ) — 20 dB()\z, ,51) + 2K6 Cjé()\l, . Ez) +2 /\2 K0 C?é()\l, A2, )
@ Twisted Lie bracket: C([{l,ﬁz]z) =cl[ce, cels

@ Twisted Koszul bracket
D xaly = LyopAe = Laogyht — d((h, 22))
@ Twisted Schouten-Nijenhuis bracket
[f,gle =0, [&flg = Lece(f), [&1,6]s = [&1,8];
[01,02 A 03] = [01, 02]¢ A 03 + (—1)P7 D90, A[61, 03], [01, 6215 = —(=1)P =D Vg, 01]¢
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Courant bracket twisted simultaneously by B and 6

Fluxes

arxiv:2312.11268

@ We obtain all of the fluxes

{XM XNy = —FMN, XP§(a — 5) 4+ kn™No' (0 — &)

. < ™
EMNp _ (5212“”’;” —K/VQ;;LP) FaN (/ﬂ o

— ) = .

" T —Jup

H-flux B, = (CT),&(CT)(CT), (0aBay + 95 Bya + 04 Bap)
Fflux B0 = .0 — 2680077, £.£ = (CY), (éuci - éycgﬂ)
Quflux B = O + 2mBmo0vBB 0, O = B0 + F 1 Gov —
Roflux AV = RIve 4 2wfiodvB e, 5,

e 6 6 o6 o

Rive = 1o 0, 0ve 1 v7 5,000 1 00o 8,50 — (FHadeBf g + reguBf £ 4 Goagvaf 1)
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Conclusions

Summary

@ Courant bracket governs diffeomorphisms and local gauge transformations for closed bosonic
string.
@ The twisted Courant brackets can be obtained from generator algebra.

@ Courant bracket can be simultaneously twisted by B and @, this way all fluxes are obtained,
and the bracket is invariant under T-duality. All fluxes depend on both B and 6.

@ It would be interesting to see if there is some important mathematical or physical
interpretation of fluxes.

@ In addition, it would be interesting to see some characteristics of Courant algebroid
associated with the Courant bracket simultaneously twisted by B and 6.
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Conclusions

Thank you for your attention
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