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Primordial black holes
Zeldovich and Novikov 1967, Hawking1971, Hawking & Carr 1974, etc…

• Dark matter candidate
• Reheat the universe after inflation
• Catalysers for particle dark matter production
• Baryogenesis
• Seeds of supermassive black holes
• Possible BH merger outliers
• PTA indications of a stochastic GW background
• Window into the early universe



Outline

• Bounds on the PBH abundance

• Basic formation mechanism

• Most studied single-field inflation scenario

• Breakdown of perturbation theory?

• Other inflationary possibilities

• (The problem of the abundance)
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FIG. 3. All constraints on the fraction of DM in the form of PBHs, fPBHs, with mass MPBH, coming from PBH evaporation,
microlensing, gravitational waves, PBH accretion and dynamical constraints. Each region shows the envelope of constraints
from the corresponding panel in Fig. 2. Digitised bounds and plotting codes are available online at PBHbounds.

H. Indirect constraints

In this subsection we look at constraints on the amplitude of large primordial perturbations, which lead to indirect
constraints on the abundance of PBHs formed via the collapse of large density perturbations during radiation domi-
nation (Sec. II A). These constraints do not apply to PBHs formed via other mechanisms (see Sec. II D). As discussed
in Sec. IIA, there are large uncertainties in the calculation of the abundance of PBHs formed from a given primordial
power spectrum.

First order scalar perturbations generate tensor perturbations at second order [247, 248]. If the density perturbations
are su�ciently large then the amplitude of the resulting ‘scalar induced gravitational waves’ (SIGWs) is larger than
that of the GWs generated by the primordial tensor perturbations. Constraints on the energy density of stochastic
GWs, from e.g. Pulsar Timing Arrays, therefore limit the abundance of PBHs formed via the collapse of large
density perturbations [249]. These constraints depend on the shape of the primordial power spectrum, and also the
assumed probability distribution of the density perturbations, and are therefore (inflation) model dependent [250–
252]. Models which produce a broad peak in the primordial power spectrum are most tightly constrained [251, 252].
For PBHs forming from large density perturbations during radiation domination, Refs. [59, 108] find fPBH < 1 for
10�2 . MPBH/M� . 1. Reference [109] finds, using data from NANOGrav, fPBH < 10�23 for MPBH = 0.1M� and
fPBH < 10�6 for 0.002 < MPBH/M� < 0.4. However this calculation makes approximations which have a huge e↵ect
on the constraint on fPBH (including setting the PBH formation threshold equal to unity, and �

2 = A). There are
also tight constraints on the abundance of light, MPBH ⇠ 1013�15 g, PBHs from limits on SIGWs from LIGO [253].
Such light PBHs are expected to have evaporated by the present day, however if Hawking evaporation is not realised

Green, Kavanagh (review). 2020
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In the in6ationary scenario of the early Universe the
spectrum of the primordial perturbations is determined
by the potential V(y) of the scalar field y ("inflaton").
Note that in more complicated theories it can be sev-
eral infiatons (see for example [9—14]). In the most sim-
ple theory with smooth, featureless V(y) the spectr»m
very slightly depends on scale [15—20] and cannot produce
PBH's in a large amount. The requirement that the spec-
trum increases with a decrease of scale as a power leads
to special "trigonometric" potentials [4] and also cannot
explain the large PBH production (see above and [4]).
The introduction of two or more infiatons or taking the
potential to have one break [21] may produce the bump
in the spectrum, but such a type of spectrum possesses
additional power at large scales [10,21]. Thus normal-
ized at COBE data, spectra of this type seem not to
produce a large amount of PBH's. From this discussion
it follows that the most natural way for large PBH pro-
duction to occur is to introduce the specially engineering
local feature to the infiation potential at PBH scales. Al-
though the known particle physics may not support such
features, the possible discovery of PBH's may turn the
problem around and demand the existence of such fea-
tures in any realistic particle physics. The purpose of our
paper is the following. We shall demonstrate that an in-
fiation potential V(y) leading to the formation of a great
number of PBH's must have a feature of the "plateau"-
type in some range yq & y & y2, and we shall calculate
the mass spectrum of PBH's for such a V(y).
Qualitatively the conclusion about the plateau in V(y)

follows from a well-known estimate for the spectrum of
primordial metric fiuctuations in the model of chaotic
infiation ass~+ning the friction-dominated and slow-roll
conditions, (y( « H~y( and y && V(y), respectively.
Here the overdot denotes differentiation with respect to
time, and H is the expansion rate. The power spectrum
P(k) in this case can be written as [9]

V3
P(k) k

k=aH(~)

0'
0

FIG. l. Schematic representation of the potential V(y) of
the scalar field y (infiaton). The potential has a plateau in
the range y~ ( y & yq and is of the power-law type outside
of this range. The breaks of the potential are smoothed out
in small ranges Ayq &( yq and Ayq &( yq around p~ and y2
correspondingly.

sky [21] (for a potential with one break), and Demiansky,
Ivanov, and Novikov [22] for any number of breaks. Sec.
III is devoted to the analysis of the mass spectrum of the
PBH's. In Sec. IV we discuss the possible role of the
"gas" of PBH's in the origin of the large-scale structure
of the Universe, and summarize the main conclusions.

II. SPECTRUM OF SCALAR METRIC
PERTURBATIONS IN THE INFLATIONARY
SCENARIO W'ITH A "PLATEAU" IN THE

POTENTIAL V(y)

The simple approach to the in6aton based on one
scalar field y is to specify the physics by choosing an
appropriate form for V(y) and assuming the friction-
dominated and slow-roll conditions [9]:

Iyl «»lyl, (y)'«2V(y),
where H(y) is the value of the Hubble parameter at the
moment when the Universe has the value p of the in-
fiaton field and a is the scale factor. If the potential
V(y) has a plateau in the range yq & y & y2, V(y) =
const and BV/By ~ 0, then the spectral amplitude P(k)
is strongly increased [see the formula (1)]. Outside the
range yq & y & y2, V(y) has a standard (for example
a power law) shape. In the range k « k2 and k )) kq,
where k; = a(y;)H(y;), the corresponding P(k) has also
a standard shape [for example it can be the Harrison-
Zeldovich spectr»~ P(k) = A2k, with A = 5 x 10 s].
The structure of the paper is the following. In Sec. II

the mo+Rcation of the in8aton scenario with the plateau-
type peculiarity in V(y) is discussed, and we calculate the
distortion of the spectr»m of the primordial metric Buc-
tuations due to this peculiarity. For simplicity we shall
use the simple approximation with two breaks for poten-
tial form (see Fig. 1). The spectrum of adiabatic pertur-
bations in such type theories was calculated by Starobin-

where H = a/a; a(t) is the scale factor. In this regime
Fourier components of the scalar metric perturbations
are b-correlated random values with a Gaussian distribu-
tion.
Our task is to increase the spectral amplitude in some

range k2 ( k ( kq, where k is a wave number, without
changing the standard spectrum of perturbations outside
this range. We propose to introduce the potential V(y) of
the inaaton p, which is depicted in Fig. 1. This potential
has a plateau in the range yq & y ( y2 and is a power-
law type outside of this range.
There are two breaks of the potential at p = yq and

y = y2. We suppose that these breaks are smoothed out
in small ranges Ayg &( pg and Ap2 (& (p2 around yg and
y2 correspondingly (see Fig. 1).
The conditions (2) are violated in these ranges.

Starobinsky has pointed out [10] that this violation re-
sults is a nonmonotonic spectrum of perturbations. In
the vicinities of breaks of the potential V(y), but outside
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We discuss the hypothesis that a large (or even a major) fraction of dark matter in the Universe
consists of primordial black holes (PBH's). PBH's may arise &om adiabatic quantum Suctuations
appearing during inSation. We demonstrate that the inSation potential V(rp) leading to the for-
mation of a great number of PBH's should have a feature of the "plateau"-type in some range
y~ & y g yq of the inaation Beld y. The mass spectrum of PBH's for such a potential is calculated.

PACS number(s): 98.80.Cq, 95.35.+d, 97.60.Lf, 98.70.Vc

I. INTRODUCTION

The nature of dark matter (DM) in the Universe is one
of the greatest puzzles of modern cosmology. The DM
may consist of baryons, weakly interacting massive exotic
particles predicted by grand»nified theory (GUT), pri-
mordial black holes, or some combination of these species.
In this paper we shall consider the hypothesis that the

DM consists mainly of primordial black holes (PBH's).
(The earlier works on PBH's are [1,2] see also [3] and [4].)
Recently the possible discovery of microlensing of stars

in the Large Magellanic Cloud by massive compact halo
objects (MACHO's) with probable masses 0.1 solar
mass was reported [5,6]. It was supposed (among other
possibilities) that such objects might be black holes. We
would like to emphasize that black holes with masses
of the order of 0.1MD can only be of primordial origin.
Thus, this discovery gives additional ar@|~ents for con-
sidering the possibility of the PBH nature of DM.
Let us consider the conditions for PBH formation in

the early Universe. The simple estimates (see, for exam-
ple, [4,7]) show that for the formation of PBH's with a
total mass density close to the critical one (OpsH = 1),
and with a mass MpgH around 0.1MG one needs a
rms amplitude h, ,(0.1Mo) of the Gaussian distribu-
tion of the scalar metric auctuations of the order of
h;" (0.1M~) 0.06. This estimate depends on OpsH and
MpBH only logarit&rnically. For example, h;"~ = 0.04 at
10 g and her't = 0.08 at 10 Mo. On the other hand, the

Cosmic Background Explorer (COBE) measurements of
the anisotropy of the cosmic microwave background ra-
diation and other satellite, balloon, and ground-based
radio telescope measurements, and also deep surveys of
galaxy distributions, strongly indicate that on scales of
galaxies and greater scales (up to the horizon scale) the
amplitude of b,~, was significantly less, probably around
10 -5 x 10
It is worth noting that COBE data are compatible

with a power spectral' of the adiabatic perturbations
P(k) oc k" with n = 1.15+a'ss (see [8]). This means
that a direct extrapolation of the COBE data to smaller
scales even with the maximal possible value n 1.6, can
give b, , great enough for the formation of an essential
nnmber of black holes only for MpsH less than 10 g
[4]. However, such small PBH's would have evaporated a
long time ago and could not contribute to DM [1].~ No-
tice that if we believe that the main part of a PBH has
some specific mass M„ then the spectrum of the primor-
dial fiuctuations must have a decrease or a cutoff from
the side of smaller mass at MpsH M, .
Thus, for the hypothesis of PBH DM one needs the fol-

lowing behaviors of the spectrum of the primordial scalar
metric perturbations. The rms amplitude must be the or-
der of 10 at large scales, must increase by a factor 104
at the scales corresponding to the masses of the PBH,
and must decrease at smaller scales.

Permanent address.

Note that if one supposes that evaporating PBH's leave
stable Planck mass relics, these relics could contribute to DM
and constrain the spectrum [32], but we shall not discuss this
possibility helot.
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η > η0. Incidentally, this behavior is quite similar to the
behavior of the lowest order decaying mode v0(η) given
in Eq. (13). In other words, the growing mode can be
substantially contaminated by a component that behaves
like the decaying mode, and it can no longer be assumed
as being constant on large scales.
The above discussion suggests that we may take ad-

vantage of the ambiguity in defining the growing mode
to redefine u accurate to O(k2) by

u = [1 + F (η)]u0 − Fk v0(η) , (17)

where Fk = F (ηk). The growing mode will be now ap-
proximately constant on superhorizon scales: u ≈ u0, or
at least u(ηk) = u(η∗). However, u′/u at η = ηk will no
longer be negligible. We find

[

u′

u

]

η=ηk

= −Fk

[

v′0
v0

]

η=ηk

=
3Hk

Dk
Fk . (18)

Then Eq. (10) for α may be approximated as

α ≈ 1 +
Dk

3Hk

R′
c

Rc
− Fk , (19)

where Dk and Fk are those given in the long-wavelength
approximation, Eqs. (14) and (16), and for definiteness
we will take (k/Hk)2 = 0.1.
In slow-roll inflation, the time variation of φ̇ is small

and z increases rapidly, approximately proportional to
the scale factor a. Hence neither the integral Dk nor
Fk cannot become large. Soon after horizon crossing
R′

c/Rc # H, so that α ≈ 1 and the standard result
Rc(η) ≈ Rc(ηk) holds. However, if the slow-roll condi-
tion is violated, φ̇ may become very small and z may
decrease substantially to give a large value of Dk and
Fk. (The case where z actually crosses zero is treated
separately in an Appendix.) Then at late times, we have

Rc(η∗) = αu(η∗) ≈ αu(ηk) = αRc(ηk) . (20)

Thus the final amplitude will be enhanced by a factor
|α|, which can be large if Dk $ 1 or Fk $ 1.

IV. STAROBINSKY’S MODEL

As an example we consider the model discussed by
Starobinsky [8], where the potential has a sudden change
in its slope at φ = φ0 such that

V (φ) =

{

V0 +A+(φ− φ0) for φ > φ0

V0 +A−(φ− φ0) for φ < φ0
. (21)

If the change in the slope is sufficiently abrupt [8] then
the slow-roll can be violated and for A+ > A− > 0 the
field enters a friction-dominated transient (or “fast-roll”)
solution with φ̈ ≈ −3Hφ̇ [3] until the slow-roll conditions
are once again satisfied

3H0 φ̇ =

{

−A+ for φ > φ0

−A− − (A+ −A−)e−3H0∆t for φ < φ0
.

(22)

For φ < φ0 we have

z % −a0
A−eH0∆t + (A+ −A−)e−2H0∆t

3H2
0

. (23)

This decreases rapidly to a minimum value zmin ≈
(A−/A+)2/3z0 for A+ $ A−, which can cause a signifi-
cant change in Rc on superhorizon scales.
First let us discuss the behavior of D(η). For a mode

that leaves the horizon in the slow-roll regime z grows
proportional to a while φ > φ0, so that the integrand of
D(η) remains small. Hence D(η) ≈ Dk, which implies
Rc(η) ≈ Rc(ηk) until η = η0. Even after the slow-roll
condition is violated Rc(η) still remains constant until
z becomes smaller than zk and the integrand of D(η)
becomes large again. Then D(η) may increase rapidly
until Rc approaches the asymptotic value for η → η∗,
given by Eq. (20). Substituting the above solution for z
in Eq. (23) into Eq. (14) we obtain

Dk ≈















1 +
A+

A−

(

k

Hk

H0

k

)3

for k > (k/Hk)H0

1 +
A+

A−

(

Hk

k

k

H0

)3

for k < (k/Hk)H0

,

(24)

which shows that for A+/A− $ 1, we have Dk $ 1 on
scales (A−/A+)1/3H0

<
∼ k <

∼ (A+/A−)1/3H0.
A similar behavior is expected for F (η). Using again

the solution for z in Eq. (23), the double integral in
Eq. (15) is evaluated to give

Fk ≈















1

15

A+

A−

(

k

Hk

H0

k

)5

for k > (k/Hk)H0

2

5

A+

A−

(

k

H0

)2

for k < (k/Hk)H0

. (25)

Thus Fk $ 1 for (A−/A+)1/2H0
<
∼ k <

∼ (A+/A−)1/5H0.
Combining the effects of Dk and Fk, we see that the

correction due to Fk dominates on scales k < H0 and Dk

on scales k > H0. In particular the spiky dip in the spec-
trum seen in Fig. 1 at k ∼ (A−/A+)1/2H0 is caused by
Fk, i.e., it is the O(k2) effect in the perturbation equa-
tion (3). To summarize, the curvature perturbation is
significantly affected by the discontinuity at φ ∼ φ0 even
on superhorizon scales from k ∼ (A−/A+)1/2H0 up to
k ∼ (A+/A−)1/3H0.
Similar behavior was observed in the model studied by

Leach & Liddle [3] for false-vacuum inflation with a quar-
tic self-interaction potential [9], whose power spectrum is
shown in Fig. 2. In this model there is no discontinuity
in the potential, so the oscillations seen in Starobinsky’s
model are washed out.
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Figure 2. Schematic representation of the kind of inflationary potential required to fit the CMB data,
produce PBHs and reheat the Universe after inflation.

this happens twice for each k-mode; first during inflation itself, when H = H/a is approximately
constant; and then after the end of it, when H

�1 grows in the subsequent epochs. In the usual
single field slow-roll framework, the cosmological perturbations of wavenumber k generated during
inflation remain essentially constant in between these two crossing times, with an amplitude, As,
that is approximately given by4

As =
1

24⇡2M2
P

V

✏V
, where ✏V =

M
2
P

2

✓
V

0

V

◆2

, (1.2)

V and V
0 are the inflationary potential and its first derivative and MP = 1/

p
8⇡G = 2.8435 ⇥

1018 GeV is the reduced Planck mass. Therefore, the mass of the PBHs is determined by the
dynamics of the Universe during inflation and can be linked to the number of e-folds of expansion
elapsed since the largest observable distance today became equal to H�1 during inflation.

The CMB constrains As to be of the order of 10�9 at those scales, whereas the values required
for creating PBHs are much larger, typically As ⇠ 10�3–10�2. If we assume that the potential
V is nearly constant during inflation (which is indeed the case in standard slow-roll, leading to a
quasi-de Sitter universe), the expression (1.2) tells that the required enhancement of As may be
achieved by significantly reducing the value of the slow-roll parameter ✏V . Since this parameter
quantifies the flatness of the potential, PBHs are produced provided that the rolling field encounters
a sufficiently flat region of the potential during the course of inflation, which generates a peak in
the spectrum of primordial fluctuations. To the best of our knowledge, this idea was first proposed
in [35], where it was pointed out that a single-field inflationary potential that produces a PBH
population capable of accounting for the DM must feature a near-inflection point.

A renormalizable potential that can have an inflection point is (see e.g. [36, 37]):

V (�) = a2 �
2 + a3 �

3 + a4 �
4
, (1.3)

4We will later show that this approximation cannot be safely used in the cases of interest, and we will indeed
require a more accurate expression. However, it is sufficient to illustrate well the point we want to convey now.
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where the ellipsis stand for higher powers of the logarithm, coming from higher order loops, which we

are neglecting. Therefore, we see that a plateau may arise from the interplay of the one- and two-loop

corrections to the e↵ective potential. Actually, the expression (2.7) shows that a plateau can arise

already at the two-loop leading log level, as we will discuss next.

Another way of understanding the potential is the following. Starting anew with the Coleman-

Weinberg expansion (2.3), we choose the renormalization scale to be µ = " � and keep only the terms

containing the fourth power of �. With this choice, the logarithms are e↵ectively resummed into an

e↵ective quartic coupling �(�), which multiplies �4, as we anticipated in (2.2). This e↵ective coupling

�(�) includes the quartic terms at all orders, arising from the the Coleman-Weinberg potential in the

large field limit. Then, we expand �(�) around the location of the plateau, �0, obtaining an expression

analogous to (2.5), i.e.

�(�) = �(�0) +
1

2
��(�0) log

�2

�2
0

+
1

8
�0
�
(�0)

✓
log

�2

�2
0

◆2

+ · · · . (2.8)

This shows explicitly that the coe�cients c1, c2, etc. of (2.5) are related to the beta function of the

e↵ective quartic coupling,

�� =
@�

@ logµ
, (2.9)

and its logarithmic derivatives, indicated with primes in (2.8). Therefore, the conditions (2.6) can be

interpreted in terms of the variation of the beta function of the e↵ective quartic coupling at the plateau.

The need of including two loops to describe a plateau also becomes automatically apparent in this

way, since �0
�
is of order two in the loop expansion. By construction, evaluating the e↵ective quartic

coupling � at �0 corresponds to evaluating the original couplings of the Lagrangian (and their beta

functions) at " �0 since we have chosen our renormalization scale to be µ0 = " �0. It is also important

to stress that ��, the beta function of the e↵ective quartic coupling �(�), is not the same as the one

of its tree-level counterpart, because �(�) absorbs the loop corrections from the Coleman-Weinberg

expansion.8 In the large field limit, a logarithmic expansion of the tree-level quartic coupling around

�0 would obviously lead to an expression for the potential with the same functional form as (2.4), but

failing to reproduce the loop e↵ects appropriately.

Coming back to the choice of renormalization scale, µ, it should be pointed out that the Callan-

Symanzik equation guarantees that the the e↵ective potential is independent of it, when computed to

all loop orders. The truncation of the loop expansion (needed for practical computations) introduces a

marginal scale dependence which is never worse than the precision of the truncation. In other words,

upon truncation, the e↵ective potential remains scale-invariant up to subleading terms. However, as

we mentioned before, the numerical e↵ect of these subleading terms at large field values can actually be

better accounted for with the choice µ / �, because it can suppress the potentially large logarithms of

the form (logM2
i
(�)/µ2) [68]. It is worth remarking that the energies of the virtual fluctuations inside

loops are related to their inflaton-dependent masses, which may remain well below the Planck mass

even when the field takes Planckian values (as it is generically the case in chaotic large-field inflation) if

the couplings are su�ciently small. This will be ensured in our concrete examples, for which successful

inflation demands a very flat potential, which implies that ⌘ ⌘ M2
P
V 00/V ⌧ 1, where MP denotes the

8In concrete examples, it is nonetheless straightforward to obtain �� and �0
� from the expression of �(�) in terms of

the rest of the couplings and their beta functions.
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<latexit sha1_base64="93IydYwUFWBPPjunbO1FmLEojHI=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwFRIf6LJUF92IFewDmhAm00k7dCYJMxOhhPyFG3/FjQtF3OrOv3HaZmGrBy4czrmXe+8JEkalsu1vo7S0vLK6Vl6vbGxube+Yu3ttGacCkxaOWSy6AZKE0Yi0FFWMdBNBEA8Y6QSjq4nfeSBC0ji6V+OEeBwNIhpSjJSWfNNyQ4Fw5t5yMkB+5goOm/VGns8p1zd57krKoeObVduyp4B/iVOQKijQ9M0vtx/jlJNIYYak7Dl2orwMCUUxI3nFTSVJEB6hAelpGiFOpJdN/8rhkVb6MIyFrkjBqfp7IkNcyjEPdCdHaigXvYn4n9dLVXjpZTRKUkUiPFsUpgyqGE5Cgn0qCFZsrAnCgupbIR4iHZTSUVZ0CM7iy39J+8RyTq3zu7NqrV7EUQYH4BAcAwdcgBpogCZoAQwewTN4BW/Gk/FivBsfs9aSUczsgzkYnz/YZ5+1</latexit>

10�16M�
<latexit sha1_base64="bLdgy0o2W9xZbc1xvQ3th4jmd7M=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBiyWpoh6LXrwIFewHtDFsNtt26SYbdjeFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKK6tr6xvFzdLW9s7unr1/0FQilYQ2iOBCtgOsKGcxbWimOW0nkuIo4LQVDG+nfmtEpWIiftTjhHoR7sesxwjWRvJt23WesjP3coLu/a4IhfbtslNxZkDLxM1JGXLUffurGwqSRjTWhGOlOq6TaC/DUjPC6aTUTRVNMBniPu0YGuOIKi+bXT5BJ0YJUU9IU7FGM/X3RIYjpcZRYDojrAdq0ZuK/3mdVPeuvYzFSappTOaLeilHWqBpDChkkhLNx4ZgIpm5FZEBlphoE1bJhOAuvrxMmtWKe16pPlyUazd5HEU4gmM4BReuoAZ3UIcGEBjBM7zCm5VZL9a79TFvLVj5zCH8gfX5A8iQkng=</latexit>

<latexit sha1_base64="w9S6VWa56v5d3dPqE1JrS+ngkbE=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBiyUpRT0WvXgRKtgPaGPYbLbt0k027G4KJfSfePGgiFf/iTf/jds2B219MPB4b4aZeUHCmdKO820V1tY3NreK26Wd3b39A/vwqKVEKgltEsGF7ARYUc5i2tRMc9pJJMVRwGk7GN3O/PaYSsVE/KgnCfUiPIhZnxGsjeTbtus8ZRdudYru/Z4IhfbtslNx5kCrxM1JGXI0fPurFwqSRjTWhGOluq6TaC/DUjPC6bTUSxVNMBnhAe0aGuOIKi+bXz5FZ0YJUV9IU7FGc/X3RIYjpSZRYDojrIdq2ZuJ/3ndVPevvYzFSappTBaL+ilHWqBZDChkkhLNJ4ZgIpm5FZEhlphoE1bJhOAuv7xKWtWKe1mpPdTK9Zs8jiKcwCmcgwtXUIc7aEATCIzhGV7hzcqsF+vd+li0Fqx85hj+wPr8AcP8knk=</latexit>
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<latexit sha1_base64="SfnOOPE9BabcYvzPXlDqWNv27Vc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0IPu6X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6tWqtfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP2QOjeM=</latexit>ns
<latexit sha1_base64="ukhTb79h9erQCSKJUqIHDjXG7yo=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9lVqR6LXjxWsB/QLiWbZtvQJBuSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfju5nffqLasEQ+2omiocBDyWJGsHVS+7Jn2FDgfrniV/050CoJclKBHI1++as3SEgqqLSEY2O6ga9smGFtGeF0WuqlhipMxnhIu45KLKgJs/m5U3TmlAGKE+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNb8KMSZVaKsliUZxyZBM0+x0NmKbE8okjmGjmbkVkhDUm1iVUciEEyy+vktZFNahVaw9XlfptHkcRTuAUziGAa6jDPTSgCQTG8Ayv8OYp78V79z4WrQUvnzmGP/A+fwATbI9r</latexit>
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GB, Taoso 2017
GB, Rey, Taoso, Urbano 2020

<latexit sha1_base64="EfYURSFWCFP8KmMziKIVnEK5wKM="></latexit>
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<latexit sha1_base64="iuLutXN3Byjj74zDz+pglk8Md80=">AAAB/3icbZBNS8MwGMfT+TbnW1Xw4iU4hIky2iHT49CLxynuBdY60izdwtK0JKk46g5+FS8eFPHq1/DmtzHdetDNBxJ+/P/PQ578vYhRqSzr28gtLC4tr+RXC2vrG5tb5vZOU4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre8DL1W/dESBryWzWKiBugPqc+xUhpqWvulY6dE+g80PSOBvSuouHmqGsWrbI1KTgPdgZFkFW9a345vRDHAeEKMyRlx7Yi5SZIKIoZGRecWJII4SHqk45GjgIi3WSy/xgeaqUH/VDowxWcqL8nEhRIOQo83RkgNZCzXir+53Vi5Z+7CeVRrAjH04f8mEEVwjQM2KOCYMVGGhAWVO8K8QAJhJWOrKBDsGe/PA/NStmulqvXp8XaRRZHHuyDA1ACNjgDNXAF6qABMHgEz+AVvBlPxovxbnxMW3NGNrML/pTx+QNXAZPC</latexit>
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Breakdown of perturbation theory in USR inflation?

Claim: a large enough tree-level primordial spectrum for PBH DM implies perturbation theory 
breaks at CMB scales. 

Toy model: SR —> USR —> SR

(with sharp transitions)

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="QhaWXmnGoOlgmZu6DZZxvnONEzE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVqqNq3LtNo+jAKdwBhfgwTXU4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A47uNAw==</latexit>
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Kristiano and Yokoyama, 2022 & 2023 

<latexit sha1_base64="IH99G8YC+7FK/9naSUZLCbEurvM=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBRXEhJRKrLopsuK9gLNKFMJpN26OTCzIlQQt7Aja/ixoUibt26822ctllo6w8DH/85hzPn9xLBFVjWt1FaWV1b3yhvVra2d3b3zP2DjopTSVmbxiKWPY8oJnjE2sBBsF4iGQk9wbre+HZa7z4wqXgc3cMkYW5IhhEPOCWgrYF56jAgjuIhdgJJaOb4fgxOMuK5xjk55818YFatmjUTXga7gCoq1BqYX3qcpiGLgAqiVN+2EnAzIoFTwfKKkyqWEDomQ9bXGJGQKTeb3ZPjE+34OIilfhHgmft7IiOhUpPQ050hgZFarE3N/2r9FIJrN+NRkgKL6HxRkAoMMZ6Gg30uGQUx0UCo5PqvmI6IzgV0hBUdgr148jJ0Lmp2vVa/u6w2boo4yugIHaMzZKMr1EBN1EJtRNEjekav6M14Ml6Md+Nj3loyiplD9EfG5w/Nsp0p</latexit>
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<latexit sha1_base64="yXsQ0Nnkk3Kxvj/gOW5RvKIjCLg=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbCrEj0GvXiMYh6QhDA7mU2GzM4uM71CWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dfiyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0y6eGS6F4HQVK3oo1p6EvedMf3U795hPXRkTqEccx74Z0oEQgGEUrPZxd9Iolt+zOQJaJl5ESZKj1il+dfsSSkCtkkhrT9twYuynVKJjkk0InMTymbEQHvG2poiE33XR26YScWKVPgkjbUkhm6u+JlIbGjEPfdoYUh2bRm4r/ee0Eg+tuKlScIFdsvihIJMGITN8mfaE5Qzm2hDIt7K2EDammDG04BRuCt/jyMmmcl71KuXJ/WareZHHk4QiO4RQ8uIIq3EEN6sAggGd4hTdn5Lw4787HvDXnZDOH8AfO5w/qfIz5</latexit>�3
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<latexit sha1_base64="kyK+FhMsoIrxNiA0iXZH98o5tbU=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclUSkuiy6cVnBPqANYTK9aYdOJmFmotTYT3HjQhG3fok7/8ZJm4W2Hhg4nHMv98wJEs6Udpxva2V1bX1js7RV3t7Z3du3KwdtFaeSQovGPJbdgCjgTEBLM82hm0ggUcChE4yvc79zD1KxWNzpSQJeRIaChYwSbSTfrvQjokeU8Kw59fuPoIlvV52aMwNeJm5BqqhA07e/+oOYphEITTlRquc6ifYyIjWjHKblfqogIXRMhtAzVJAIlJfNok/xiVEGOIyleULjmfp7IyORUpMoMJN5ULXo5eJ/Xi/V4aWXMZGkGgSdHwpTjnWM8x7wgEmgmk8MIVQykxXTEZGEatNW2ZTgLn55mbTPam69Vr89rzauijpK6Agdo1PkogvUQDeoiVqIogf0jF7Rm/VkvVjv1sd8dMUqdg7RH1ifP7H+lE0=</latexit>P⇣

<latexit sha1_base64="NsjKO6FvOGDmdJJbvTvwmNzF414=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD1heM+g==</latexit>
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Claim: a large enough tree-level primordial spectrum for PBH DM implies perturbation theory 
breaks at CMB scales 

Method: Primordial spectrum at one-loop with the in-in formalism. SR approximation.

A single cubic interaction:

UV divergence: Cut-off given by location of spectral peak

Kristiano and Yokoyama, 2022 & 2023 

(for perturbation theory to hold)

<latexit sha1_base64="XrzqLKDcMatH1mFPiNCREuYw7bQ="></latexit>
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<latexit sha1_base64="bUaeZsON8KKxwA2rEV5eBkCx78k="></latexit>
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Breakdown of perturbation theory in USR inflation?

NOT FOR DISTRIBUTION JCAP_071P_0424 v1

<latexit sha1_base64="SBWvLG+bDnOrw6emAVpRlNx6yFo=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyURqeKq6KaurGAf0MYwmU7aoZNJmJkIIdRfceNCEbd+iDv/xkmbhbYeGDiccy/3zPEiRqWyrG+jsLK6tr5R3Cxtbe/s7pn7Bx0ZxgKTNg5ZKHoekoRRTtqKKkZ6kSAo8BjpepPrzO8+EiFpyO9VEhEnQCNOfYqR0pJrlgcBUmOMWHo7rTbdmwfr5NI1K1bNmgEuEzsnFZCj5Zpfg2GI44BwhRmSsm9bkXJSJBTFjExLg1iSCOEJGpG+phwFRDrpLPwUHmtlCP1Q6McVnKm/N1IUSJkEnp7MospFLxP/8/qx8i+clPIoVoTj+SE/ZlCFMGsCDqkgWLFEE4QF1VkhHiOBsNJ9lXQJ9uKXl0nntGbXa/W7s0rjKq+jCA7BEagCG5yDBmiCFmgDDBLwDF7Bm/FkvBjvxsd8tGDkO2XwB8bnD2qQk/o=</latexit>
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<latexit sha1_base64="oReMX4gONy4XrHtBINg26KGM8fE=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyURqeKq6KaurGAf0MYwmU7aoZNJmJkIIdRfceNCEbd+iDv/xkmbhbYeGDiccy/3zPEiRqWyrG+jsLK6tr5R3Cxtbe/s7pn7Bx0ZxgKTNg5ZKHoekoRRTtqKKkZ6kSAo8BjpepPrzO8+EiFpyO9VEhEnQCNOfYqR0pJrlgcBUmOMWHo7rTbdmwf75NI1K1bNmgEuEzsnFZCj5Zpfg2GI44BwhRmSsm9bkXJSJBTFjExLg1iSCOEJGpG+phwFRDrpLPwUHmtlCP1Q6McVnKm/N1IUSJkEnp7MospFLxP/8/qx8i+clPIoVoTj+SE/ZlCFMGsCDqkgWLFEE4QF1VkhHiOBsNJ9lXQJ9uKXl0nntGbXa/W7s0rjKq+jCA7BEagCG5yDBmiCFmgDDBLwDF7Bm/FkvBjvxsd8tGDkO2XwB8bnD2wWk/s=</latexit>
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<latexit sha1_base64="C1CMDoRdR9WHPCJUDqkqi8foixQ=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiRFqrgquqkrK9gHtDFMppN26GQSZiZCCPVX3LhQxK0f4s6/cdJmoa0HBg7n3Ms9c7yIUaks69tYWV1b39gsbBW3d3b39s2Dw44MY4FJG4csFD0PScIoJ21FFSO9SBAUeIx0vcl15ncfiZA05PcqiYgToBGnPsVIack1S4MAqTFGLL2dVpruzUPt9NI1y1bVmgEuEzsnZZCj5Zpfg2GI44BwhRmSsm9bkXJSJBTFjEyLg1iSCOEJGpG+phwFRDrpLPwUnmhlCP1Q6McVnKm/N1IUSJkEnp7MospFLxP/8/qx8i+clPIoVoTj+SE/ZlCFMGsCDqkgWLFEE4QF1VkhHiOBsNJ9FXUJ9uKXl0mnVrXr1frdWblxlddRAEfgGFSADc5BAzRBC7QBBgl4Bq/gzXgyXox342M+umLkOyXwB8bnD22ck/w=</latexit>
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<latexit sha1_base64="NsjKO6FvOGDmdJJbvTvwmNzF414=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD1heM+g==</latexit>
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<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>
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<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>
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Figure 2. Diagrams arising from eq. (3.1) when calculating
⌦
��

2
↵
. We distinguish the tree-level (first

row), the one-loop (first diagrams of rows second and third) and the counterterms (second diagram of
the second row). Additionally, there is a term proportional to the tadpole, bubble diagrams and a term
composed of two tadpoles. None of the latter diagrams (in shaded boxes) contribute to P⇣ .

canonical commutation rules for �� [33]. Their time evolution is

��k(⌧) = (�k⌧)3/2 (↵kJ⌫(�k⌧) + �kY⌫(�k⌧)) , (3.5)

where J⌫ and Y⌫ are the first and second kind Bessel functions, respectively. We stress
that during the first transition ⌫

2 can be negative and therefore ⌫ can be imaginary. The
coe�cients ↵k and �k are obtained in each phase imposing that ��k and ��

0
k

are continuous
across the boundaries.

4 Structure of P⇣

Due to momentum conservation,

h��(⌧,x)��(⌧,y)i ⌘
Z

d3
k

(2⇡)3
e
ik(x�y)

D(⌧, k) , (4.1)

at all loop orders, for some function D(⌧, k) = D(⌧, k)tl+D(⌧, k)1l+D(⌧, k)ct , where we have
split the contributions at tree-level (tl), one-loop (1l) and those coming from the counterterms
(ct) (see Figure 2), so that P⇣(⌧, k) = k

3
D(⌧, k)/(4⇡

2
M

2
P

✏). The tree-level contribution is
just

Ptl
⇣
(⌧, k) =

k
3

4⇡2M2
P
✏(⌧)

|��k(⌧)|2 . (4.2)

The one-loop can be separated into terms coming from cubic and quartic interactions. The
quartic part is

P1l,V4
⇣

(⌧, k) =
k
3

4⇡2M2
P
✏(⌧)

Im
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Z
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�
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(4.3)

Since the transitions are instantaneous, the prescription ⌧
0
� = ⌧

0(1 � i!) has no e↵ect on

P1l,V4
⇣

and we omit it. The loop integral has no dependence on the external momentum k,
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It has been argued that the one-loop power spectrum at large scales is small (even zero)

Riotto 2023. Firouzjahi and Riotto 2023. Iacconi, Mulryne and Seery 2023. Inomata 2024.

“Loop corrections of short modes on the power spectrum of long modes are not large enough to violate 
perturbativity, but remain appreciable.”

E.g. Franciolini, Iovino, Taoso, Urbano 2023

“We find that Maldacena's consistency relation is satisfied and guarantees the cancellation of 
contributions from the short-scale modes.”

E.g. Tada, Terada, Tokuda 2023: 

Breakdown of perturbation theory in USR inflation?
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Although we do not implement a full renormalization procedure, we are able to analyze the
validity of perturbation theory, providing an answer to the issue raised in [14].

We find that whether perturbation theory breaks down depends on the duration of the
transition between slow-roll (SR) inflation and USR inflation. Our results indicate that for
P⇣ ⇠ 10�2 and well-motivated inflationary models considered in the literature [23, 24], cos-
mological perturbation theory is valid, in the sense that the one-loop spectrum is significantly
smaller than the tree-level one.

2 Model of USR inflation

We consider a two-parameter, piece-wise, description of the inflationary dynamics leading
to a large tree-level P⇣ . We assume a phase of SR followed by USR and then, again, SR.
The transitions between these phases are characterized by a single parameter, which controls
the duration of both transitions. The other parameter of the model is the duration of the
USR phase. Imposing a value for P⇣ establishes a one-to-one correspondence between both
parameters. The dynamics of the SR phases is controlled by the small quantity 0 < ✏ =
�Ḣ/H

2 ⌧ 1, whose actual value is largely irrelevant in what follows. The quantity ⌘ =
✏̇/(H✏) is, by definition, exactly equal to �6 in the USR phase and, will be assumed to
vanish during both SR phases. The transitions between phases are described in terms of a
third quantity, ⌫, as we explain next.

Assuming a single inflaton �, with a canonical kinetic term and a potential V (�), work-
ing in conformal time, ⌧ , and neglecting terms suppressed by powers of ✏, the action for
fluctuations in the ��-gauge is
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n. The interactions that arise from the metric fluctuations are suppressed
(see Appendix B), and only the interactions coming from the potential survive at lowest order
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where primes denote derivatives with respect to conformal time,
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and M
2
P

= 1/(8⇡ G) is the reduced Planck mass squared. In both SR (✏, |⌘| ⌧ 1) and USR,
⌫ = 3/2, see also [25–27]. We impose that ⌫

2 is piece-wise constant. The function ⌫
2 in

the transition from SR to USR and, also in the subsequent transition from USR to SR, is
then set by their (equal) duration. This in turn determines ⌘ and ✏ completely, which are
found integrating their respective definitions. Figure 1 shows in an example ⌫

2, ✏ and ⌘ as
functions of the number of e-folds of inflation (N =

R
Hdt) elapsed from the beginning of

the first transition. In terms of this variable, the duration of the USR phase is denoted �N
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�Ḣ/H

2 ⌧ 1, whose actual value is largely irrelevant in what follows. The quantity ⌘ =
✏̇/(H✏) is, by definition, exactly equal to �6 in the USR phase and, will be assumed to
vanish during both SR phases. The transitions between phases are described in terms of a
third quantity, ⌫, as we explain next.

Assuming a single inflaton �, with a canonical kinetic term and a potential V (�), work-
ing in conformal time, ⌧ , and neglecting terms suppressed by powers of ✏, the action for
fluctuations in the ��-gauge is

S =

Z
d⌧ d3

x

2

4a
2

2

⇣
(@⌧��)2 � (@i��)2

⌘
� a

4
X

n�2

Vn ��
n

n!

3

5 (2.1)

and Vn = dn
V/d�

n. The interactions that arise from the metric fluctuations are suppressed
(see Appendix B), and only the interactions coming from the potential survive at lowest order
in ✏:

a
2
V2 = �(aH)2(⌫2 � 9/4) , a

2
V3 = �aH(⌫2)0p

2✏MP

, (2.2)

a
2
V4 = � 1

2✏M
2
P

⇣
(⌫2)00 � aH(⌫2)0

⇣
1 +

⌘

2

⌘⌘
, (2.3)

where primes denote derivatives with respect to conformal time,

⌫
2 ⌘ 9

4
+

1

2

✓
3 ⌘ +

⌘
2

2
+

⌘
0

aH

◆
2 R (2.4)

and M
2
P

= 1/(8⇡ G) is the reduced Planck mass squared. In both SR (✏, |⌘| ⌧ 1) and USR,
⌫ = 3/2, see also [25–27]. We impose that ⌫

2 is piece-wise constant. The function ⌫
2 in

the transition from SR to USR and, also in the subsequent transition from USR to SR, is
then set by their (equal) duration. This in turn determines ⌘ and ✏ completely, which are
found integrating their respective definitions. Figure 1 shows in an example ⌫

2, ✏ and ⌘ as
functions of the number of e-folds of inflation (N =

R
Hdt) elapsed from the beginning of

the first transition. In terms of this variable, the duration of the USR phase is denoted �N

– 3 –

<latexit sha1_base64="5PmVhcKIMZ13MGgQzvyFXhv05vY=">AAACAHicbVBNS8NAEN34WetX1YMHL8EieLEkItVj0YvHCvYDmlI222m6dLMJuxOxhFz8K148KOLVn+HNf+O2zUFbHww83pthZp4fC67Rcb6tpeWV1bX1wkZxc2t7Z7e0t9/UUaIYNFgkItX2qQbBJTSQo4B2rICGvoCWP7qZ+K0HUJpH8h7HMXRDGkg+4IyikXqlQ68PAqkXD/mZh/CIaUCTALJeqexUnCnsReLmpExy1HulL68fsSQEiUxQrTuuE2M3pQo5E5AVvURDTNmIBtAxVNIQdDedPpDZJ0bp24NImZJoT9XfEykNtR6HvukMKQ71vDcR//M6CQ6uuimXcYIg2WzRIBE2RvYkDbvPFTAUY0MoU9zcarMhVZShyaxoQnDnX14kzfOKW61U7y7Ktes8jgI5IsfklLjkktTILamTBmEkI8/klbxZT9aL9W59zFqXrHzmgPyB9fkDX1KW7g==</latexit>

��� gauge
<latexit sha1_base64="Bt7eNuWmIP1yP9QONNmWl/nY0gM=">AAACD3icbVA9SwNBFNyLXzF+RS1tFoNiEcKdSLQM2lhGMCrkguxtXnTJ3u6x+04NR/6BjX/FxkIRW1s7/42beIVGBxaGmXm8fRMlUlj0/U+vMDU9MztXnC8tLC4tr5RX186sTg2HFtdSm4uIWZBCQQsFSrhIDLA4knAe9Y9G/vkNGCu0OsVBAp2YXSnRE5yhky7L2yHCHWYMqdS3YJFq0wVDhRqG1bBKQ0iskKNgxa/5Y9C/JMhJheRoXpY/wq7maQwKuWTWtgM/wU7GDAouYVgKUwsJ4312BW1HFYvBdrLxPUO65ZQu7WnjnkI6Vn9OZCy2dhBHLhkzvLaT3kj8z2un2DvoZEIlKYLi34t6qaSo6agc2hUGOMqBI4wb4f5K+TUzjKOrsORKCCZP/kvOdmtBvVY/2as0DvM6imSDbJIdEpB90iDHpElahJN78kieyYv34D15r97bd7Tg5TPr5Be89y/rspyX</latexit>

at lowest order in ✏

NOT FOR DISTRIBUTION JCAP_071P_0424 v1

<latexit sha1_base64="SBWvLG+bDnOrw6emAVpRlNx6yFo=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyURqeKq6KaurGAf0MYwmU7aoZNJmJkIIdRfceNCEbd+iDv/xkmbhbYeGDiccy/3zPEiRqWyrG+jsLK6tr5R3Cxtbe/s7pn7Bx0ZxgKTNg5ZKHoekoRRTtqKKkZ6kSAo8BjpepPrzO8+EiFpyO9VEhEnQCNOfYqR0pJrlgcBUmOMWHo7rTbdmwfr5NI1K1bNmgEuEzsnFZCj5Zpfg2GI44BwhRmSsm9bkXJSJBTFjExLg1iSCOEJGpG+phwFRDrpLPwUHmtlCP1Q6McVnKm/N1IUSJkEnp7MospFLxP/8/qx8i+clPIoVoTj+SE/ZlCFMGsCDqkgWLFEE4QF1VkhHiOBsNJ9lXQJ9uKXl0nntGbXa/W7s0rjKq+jCA7BEagCG5yDBmiCFmgDDBLwDF7Bm/FkvBjvxsd8tGDkO2XwB8bnD2qQk/o=</latexit>

O(H0
I ) :

<latexit sha1_base64="oReMX4gONy4XrHtBINg26KGM8fE=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyURqeKq6KaurGAf0MYwmU7aoZNJmJkIIdRfceNCEbd+iDv/xkmbhbYeGDiccy/3zPEiRqWyrG+jsLK6tr5R3Cxtbe/s7pn7Bx0ZxgKTNg5ZKHoekoRRTtqKKkZ6kSAo8BjpepPrzO8+EiFpyO9VEhEnQCNOfYqR0pJrlgcBUmOMWHo7rTbdmwf75NI1K1bNmgEuEzsnFZCj5Zpfg2GI44BwhRmSsm9bkXJSJBTFjExLg1iSCOEJGpG+phwFRDrpLPwUHmtlCP1Q6McVnKm/N1IUSJkEnp7MospFLxP/8/qx8i+clPIoVoTj+SE/ZlCFMGsCDqkgWLFEE4QF1VkhHiOBsNJ9lXQJ9uKXl0nntGbXa/W7s0rjKq+jCA7BEagCG5yDBmiCFmgDDBLwDF7Bm/FkvBjvxsd8tGDkO2XwB8bnD2wWk/s=</latexit>

O(H1
I ) :

<latexit sha1_base64="C1CMDoRdR9WHPCJUDqkqi8foixQ=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiRFqrgquqkrK9gHtDFMppN26GQSZiZCCPVX3LhQxK0f4s6/cdJmoa0HBg7n3Ms9c7yIUaks69tYWV1b39gsbBW3d3b39s2Dw44MY4FJG4csFD0PScIoJ21FFSO9SBAUeIx0vcl15ncfiZA05PcqiYgToBGnPsVIack1S4MAqTFGLL2dVpruzUPt9NI1y1bVmgEuEzsnZZCj5Zpfg2GI44BwhRmSsm9bkXJSJBTFjEyLg1iSCOEJGpG+phwFRDrpLPwUnmhlCP1Q6McVnKm/N1IUSJkEnp7MospFLxP/8/qx8i+clPIoVoTj+SE/ZlCFMGsCDqkgWLFEE4QF1VkhHiOBsNJ9FXUJ9uKXl0mnVrXr1frdWblxlddRAEfgGFSADc5BAzRBC7QBBgl4Bq/gzXgyXox342M+umLkOyXwB8bnD22ck/w=</latexit>

O(H2
I ) :

<latexit sha1_base64="NsjKO6FvOGDmdJJbvTvwmNzF414=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD1heM+g==</latexit>

k

<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>

x
<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>

y

Figure 2. Diagrams arising from eq. (3.1) when calculating
⌦
��

2
↵
. We distinguish the tree-level (first

row), the one-loop (first diagrams of rows second and third) and the counterterms (second diagram of
the second row). Additionally, there is a term proportional to the tadpole, bubble diagrams and a term
composed of two tadpoles. None of the latter diagrams (in shaded boxes) contribute to P⇣ .

canonical commutation rules for �� [33]. Their time evolution is

��k(⌧) = (�k⌧)3/2 (↵kJ⌫(�k⌧) + �kY⌫(�k⌧)) , (3.5)

where J⌫ and Y⌫ are the first and second kind Bessel functions, respectively. We stress
that during the first transition ⌫

2 can be negative and therefore ⌫ can be imaginary. The
coe�cients ↵k and �k are obtained in each phase imposing that ��k and ��

0
k

are continuous
across the boundaries.
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at all loop orders, for some function D(⌧, k) = D(⌧, k)tl+D(⌧, k)1l+D(⌧, k)ct , where we have
split the contributions at tree-level (tl), one-loop (1l) and those coming from the counterterms
(ct) (see Figure 2), so that P⇣(⌧, k) = k
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Figure 2. Diagrams arising from eq. (3.1) when calculating
⌦
��

2
↵
. We distinguish the tree-level (first

row), the one-loop (first diagrams of rows second and third) and the counterterms (second diagram of
the second row). Additionally, there is a term proportional to the tadpole, bubble diagrams and a term
composed of two tadpoles. None of the latter diagrams (in shaded boxes) contribute to P⇣ .

canonical commutation rules for �� [33]. Their time evolution is

��k(⌧) = (�k⌧)3/2 (↵kJ⌫(�k⌧) + �kY⌫(�k⌧)) , (3.5)

where J⌫ and Y⌫ are the first and second kind Bessel functions, respectively. We stress
that during the first transition ⌫

2 can be negative and therefore ⌫ can be imaginary. The
coe�cients ↵k and �k are obtained in each phase imposing that ��k and ��

0
k

are continuous
across the boundaries.

4 Structure of P⇣

Due to momentum conservation,
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at all loop orders, for some function D(⌧, k) = D(⌧, k)tl+D(⌧, k)1l+D(⌧, k)ct , where we have
split the contributions at tree-level (tl), one-loop (1l) and those coming from the counterterms
(ct) (see Figure 2), so that P⇣(⌧, k) = k

3
D(⌧, k)/(4⇡

2
M

2
P

✏). The tree-level contribution is
just

Ptl
⇣
(⌧, k) =

k
3

4⇡2M2
P
✏(⌧)

|��k(⌧)|2 . (4.2)

The one-loop can be separated into terms coming from cubic and quartic interactions. The
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(4.3)

Since the transitions are instantaneous, the prescription ⌧
0
� = ⌧

0(1 � i!) has no e↵ect on

P1l,V4
⇣

and we omit it. The loop integral has no dependence on the external momentum k,
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Figure 2. Diagrams arising from eq. (3.1) when calculating
⌦
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2
↵
. We distinguish the tree-level (first

row), the one-loop (first diagrams of rows second and third) and the counterterms (second diagram of
the second row). Additionally, there is a term proportional to the tadpole, bubble diagrams and a term
composed of two tadpoles. None of the latter diagrams (in shaded boxes) contribute to P⇣ .

canonical commutation rules for �� [33]. Their time evolution is

��k(⌧) = (�k⌧)3/2 (↵kJ⌫(�k⌧) + �kY⌫(�k⌧)) , (3.5)

where J⌫ and Y⌫ are the first and second kind Bessel functions, respectively. We stress
that during the first transition ⌫

2 can be negative and therefore ⌫ can be imaginary. The
coe�cients ↵k and �k are obtained in each phase imposing that ��k and ��
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across the boundaries.
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at all loop orders, for some function D(⌧, k) = D(⌧, k)tl+D(⌧, k)1l+D(⌧, k)ct , where we have
split the contributions at tree-level (tl), one-loop (1l) and those coming from the counterterms
(ct) (see Figure 2), so that P⇣(⌧, k) = k
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Since the transitions are instantaneous, the prescription ⌧
0
� = ⌧

0(1 � i!) has no e↵ect on

P1l,V4
⇣

and we omit it. The loop integral has no dependence on the external momentum k,
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N

Figure 1. Evolution of ⌫
2 (black dotted), ⌘ (black continuous) and ✏ (orange continuous, right axis)

as functions of N for �N = 0.25, �N = 2 and ✏(N < 0) = 10�3. The transitions (of duration �N)
between SR (⌘ = 0) and USR (⌘ = �6) are shown as shaded bands.

and that of the transitions is �N . For �N = 0, we recover the model used in [14]. For the
(well-motivated) known potentials that lead to transient USR compatible with P⇣ ⇠ 10�2

[23, 24], the function ⌫
2 is indeed approximately constant during the transitions, which satisfy

�N . 1 < �N .
Since ⌫ is discontinuous at the beginning and at the end of each transition, the self-

interactions of �� (proportional to V3,4) are Dirac deltas centered on those instants. In the
limit �N ! 0, ⌫

2 satisfies
��⌫2

�� ! 3/�N during the transitions; i.e. the interactions diverge
in the limit of instantaneous transitions between SR and USR. It is therefore important to
consider smooth transitions. This e↵ect is not as transparent in the ⇣-gauge because the
dependence on ⌫

2 does not arise so naturally.
Although we use the ��-gauge, we are interested in P⇣ , defined, at any order in pertur-

bation theory, through the two-point correlation function:

h⇣(x)⇣(y)i =

Z
d3
k

4⇡k3
e
ik(x�y)P⇣(⌧, k) . (2.5)

For modes satisfying k ⌘ |k| ⌧ aH in the last SR phase (⌘ = 0) we have h��(x)��(y)i =
2✏M

2
P

h⇣(x)⇣(y)i (see Appendix D).2

3 In-In formalism, regularization and counterterms

In the in-in formalism [17, 28], at second order in the interaction Hamiltonian, HI , the
vacuum expectation value of an operator Q(⌧) can be obtained as (see Appendix A)

hQ(⌧)i = h0| QI(⌧) |0i + 2 Im

⇢Z
⌧

�1
d⌧

0 h0| QI(⌧)HI(⌧
0
�) |0i

�

+ 2 Re

⇢Z
⌧

�1
d⌧

0
Z

⌧

⌧ 0
d⌧

00 h0|
�
HI(⌧

00
+)QI(⌧) � QI(⌧)HI(⌧

00
�)

�
HI(⌧

0
�) |0i

�
. (3.1)

2
In a general model where in the last phase of inflation ⌘ 6= 0, this expression has corrections proportional

to the value of ⌘ in that phase.
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V3,4 ⇠ �⌫2�(N �N⇤)

GB, Gambín Egea, 2024

 Two-parameter model.



Interaction Hamiltonian in the interaction picture: 
(in which the conjugate momentum only sees the free action)

1. Same two-point function computed in both gauges in the limit of instantaneous transitions.

2. The consistency relation holds (checked at tree-level) by direct calculation in both gauges:

(Finite tree-level bispectrum for instantaneous transitions)

(See also Firouzjahi, 2023)
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Figure 3. The orange shaded region represents the integration domain of the (cosmic) time integrals
that arises calculating P⇣ at second-order in HI . The red diagonal line represents t

0 = t
00. The

(thinner) black line parallel to it restricts the integration regime due to the cuto↵, see eq. (3.2). The
separation between the two lines is given by ⇤�1

UV. The green lines mark the times of the transitions
between di↵erent phases. Their intersections within the shaded area correspond to the points (black
dots) contributing to the time integrals in our model. At each point, the interaction is a Dirac delta
in time, which simplifies the integration greatly.

interaction in the ⇣-gauge, whereas we obtain a finite result thanks to the regulator we use
(and the appropriate use of the i! prescription). However, l shows an infrared (IR) divergent
part (lIR), which we regularize with an IR cuto↵ ⇤IR. This type of IR divergence arises from
eq. (3.1) in perturbation theory for massless free fields. In this work we are only concerned
with UV divergences, and assume that IR divergences are either unphysical and disappear
when calculating physical observables [35–37] or can be addressed beyond perturbation theory
[38].10 Therefore, in practice, we redefine l as follows: l ! l � l

IR. Finally, the contribution
of the counterterms (ct) will be

Pct
⇣

(⌧, k) =
k
3

4⇡2M2
P
✏(⌧)

✓
2 �� |��k(⌧)|2 + 8 Im

⇢
��

2
k
(⌧)

Z
⌧

�1
d⌧

0
a
2(��k

2 + �̃V )��⇤2
k

����
⌧ 0

�◆
.

(4.7)

After making the replacement

�̃V ! �̃V � 1

8
a
2
V4

Z
d3
p

(2⇡)3
|��p|2 (4.8)

the (divergent and finite) contributions of P1l,V4
⇣

can be completely absorbed by the coun-

terterms –as it happens in ��
4 in Minkowski–. We stress that we can make this redefinition

thanks to the arbitrary time dependence of �̃V . The situation is di↵erent for P1l,V3
⇣

, where

10
In the latter case, we will assume that the finite contribution of the IR e↵ect will not be larger than the

finite part of the rest of the calculation we make.
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Two point function in the In-In Formalism (at 1-loop) in flat gauge
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One momentum integral:

Two time integrals: 
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y

Figure 2. Diagrams arising from eq. (3.1) when calculating
⌦
��

2
↵
. We distinguish the tree-level (first

row), the one-loop (first diagrams of rows second and third) and the counterterms (second diagram of
the second row). Additionally, there is a term proportional to the tadpole, bubble diagrams and a term
composed of two tadpoles. None of the latter diagrams (in shaded boxes) contribute to P⇣ .

canonical commutation rules for �� [33]. Their time evolution is

��k(⌧) = (�k⌧)3/2 (↵kJ⌫(�k⌧) + �kY⌫(�k⌧)) , (3.5)

where J⌫ and Y⌫ are the first and second kind Bessel functions, respectively. We stress
that during the first transition ⌫

2 can be negative and therefore ⌫ can be imaginary. The
coe�cients ↵k and �k are obtained in each phase imposing that ��k and ��

0
k

are continuous
across the boundaries.

4 Structure of P⇣

Due to momentum conservation,

h��(⌧,x)��(⌧,y)i ⌘
Z

d3
k

(2⇡)3
e
ik(x�y)

D(⌧, k) , (4.1)

at all loop orders, for some function D(⌧, k) = D(⌧, k)tl+D(⌧, k)1l+D(⌧, k)ct , where we have
split the contributions at tree-level (tl), one-loop (1l) and those coming from the counterterms
(ct) (see Figure 2), so that P⇣(⌧, k) = k

3
D(⌧, k)/(4⇡

2
M

2
P

✏). The tree-level contribution is
just

Ptl
⇣
(⌧, k) =

k
3

4⇡2M2
P
✏(⌧)

|��k(⌧)|2 . (4.2)

The one-loop can be separated into terms coming from cubic and quartic interactions. The
quartic part is

P1l,V4
⇣

(⌧, k) =
k
3

4⇡2M2
P
✏(⌧)

Im

⇢
��

2
k
(⌧)

Z
⌧

�1
d⌧

0
a
4(⌧ 0)V4(⌧

0)��⇤2
k

(⌧ 0)

Z
d3
p

(2⇡)3
����p(⌧

0)
��2
�

,

(4.3)

Since the transitions are instantaneous, the prescription ⌧
0
� = ⌧

0(1 � i!) has no e↵ect on

P1l,V4
⇣

and we omit it. The loop integral has no dependence on the external momentum k,
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is not UV divergent
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Figure 2. Diagrams arising from eq. (3.1) when calculating
⌦
��

2
↵
. We distinguish the tree-level (first

row), the one-loop (first diagrams of rows second and third) and the counterterms (second diagram of
the second row). Additionally, there is a term proportional to the tadpole, bubble diagrams and a term
composed of two tadpoles. None of the latter diagrams (in shaded boxes) contribute to P⇣ .

canonical commutation rules for �� [33]. Their time evolution is

��k(⌧) = (�k⌧)3/2 (↵kJ⌫(�k⌧) + �kY⌫(�k⌧)) , (3.5)

where J⌫ and Y⌫ are the first and second kind Bessel functions, respectively. We stress
that during the first transition ⌫

2 can be negative and therefore ⌫ can be imaginary. The
coe�cients ↵k and �k are obtained in each phase imposing that ��k and ��

0
k

are continuous
across the boundaries.

4 Structure of P⇣

Due to momentum conservation,
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at all loop orders, for some function D(⌧, k) = D(⌧, k)tl+D(⌧, k)1l+D(⌧, k)ct , where we have
split the contributions at tree-level (tl), one-loop (1l) and those coming from the counterterms
(ct) (see Figure 2), so that P⇣(⌧, k) = k
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The one-loop can be separated into terms coming from cubic and quartic interactions. The
quartic part is

P1l,V4
⇣

(⌧, k) =
k
3

4⇡2M2
P
✏(⌧)

Im

⇢
��

2
k
(⌧)

Z
⌧

�1
d⌧

0
a
4(⌧ 0)V4(⌧

0)��⇤2
k

(⌧ 0)

Z
d3
p

(2⇡)3
����p(⌧

0)
��2
�

,

(4.3)

Since the transitions are instantaneous, the prescription ⌧
0
� = ⌧

0(1 � i!) has no e↵ect on

P1l,V4
⇣

and we omit it. The loop integral has no dependence on the external momentum k,
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row), the one-loop (first diagrams of rows second and third) and the counterterms (second diagram of
the second row). Additionally, there is a term proportional to the tadpole, bubble diagrams and a term
composed of two tadpoles. None of the latter diagrams (in shaded boxes) contribute to P⇣ .
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where J⌫ and Y⌫ are the first and second kind Bessel functions, respectively. We stress
that during the first transition ⌫

2 can be negative and therefore ⌫ can be imaginary. The
coe�cients ↵k and �k are obtained in each phase imposing that ��k and ��
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across the boundaries.
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at all loop orders, for some function D(⌧, k) = D(⌧, k)tl+D(⌧, k)1l+D(⌧, k)ct , where we have
split the contributions at tree-level (tl), one-loop (1l) and those coming from the counterterms
(ct) (see Figure 2), so that P⇣(⌧, k) = k
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Since the transitions are instantaneous, the prescription ⌧
0
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0(1 � i!) has no e↵ect on

P1l,V4
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and we omit it. The loop integral has no dependence on the external momentum k,
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Figure 4. The dotted curves represent lines of constant P⇣ (with values 1, 10�2, 10�4 and 10�6

from top to bottom), computed at tree-level. In the shaded region, the one-loop contribution to P⇣ is
larger than its tree-level counterpart at the scales near the maximum of the latter. The three black
dots correspond to the three examples shown in Figure 5. The region where P1l

⇣ > Ptl
⇣ is approximately

scale invariant, as can be seen in Figure 8.

the counterterms cannot absorb its finite part for all k. Therefore, the only relevant contri-
bution at one-loop –and the only one we include– comes from P1l,V3

⇣
⌘ P1l

⇣
. Since the only

UV divergence appearing in the one-loop calculation is reabsorbed with the counterterms,
the two-point correlation is, after this procedure, completely finite.

We note that in Figure 2 there are diagrams that are not relevant in our calculation
at one-loop. These diagrams fall in one of the following three categories: 1) bubble dia-
grams (whose contribution vanishes), 2) diagrams that do not contribute to P⇣ ,11 and 3)
diagrams proportional to the tadpole (which vanishes imposing h��i = 0 at loop level, using
counterterms, as shown in Appendix E).

5 Discussion

A full renormalization procedure would require imposing a set of conditions on P⇣ allowing
us to extract the finite part of the counterterms that make the theoretical prediction of the
total power spectrum coincide with the one inferred from observations, which is currently
unconstrained at small enough scales. Although we have not performed a full renormalization,
which would have required working with a tractable functional form for the potential, we can
use our results to draw conclusions about the validity of perturbation theory. The validity of
eq. (3.1), which is the basis of our analysis, assumes P1l

⇣
⌧ Ptl

⇣
. For consistency, eq. (3.1) also

requires Pct
⇣

⇠ P1l
⇣

⌧ Ptl
⇣
. The contributions to P⇣ coming from the counterterms must be

of the same order as those coming from the loops because otherwise the divergences cannot
be absorbed. Taking the condition P1l

⇣
⇠ Ptl

⇣
as a proxy for perturbation theory breakdown,

we find that whether perturbation theory breaks or not depends on the values chosen for

11
We have only one diagram in this category, the disconnected one formed by two tadpoles (last diagram

of the last row of Figure 2). Although this diagram does a↵ect the two-point correlation, its momentum

structure is di↵erent from that of the power spectrum, so it does not modify P⇣ .
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Other mechanisms to form PBH

✴  Transient Dissipation during inflation

✴  Single-field inflation other than USR



GB, Beltrán Jiménez, Pieroni. 2018 
  GB, Céspedes, Santoni. 2021
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✴      Single-field inflation other than USR
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Background:

✴        Dissipation during inflation



System of stochastic differential equations System of ODE for two-point functions

10000 realizations required for a ~1% relative error  
in the primordial spectrum Exact solution (in a single “realization”)

~1 day (in a 50-core cluster) ~1 minute (in a 4-core laptop)

Langevin approach
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Matrix formalism

✴        Dissipation during inflation



GB, A. Pérez Rodríguez, J. Rey,  M. Pierre, 2023

Each blue vertical band 
=

About 2000 realizations per k-mode

✴        Dissipation during inflation



Summary

• Asteroid-mass PBHs are a strong contender to explain DM

• Ultra-slow roll inflation: alive

• Other ideas worth exploring (e.g. EFT of inflation, transient dissipation)

• PBH studies are leading to new insights and methods for inflation
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The problem of the abundance



How does the tail of the PDF look like?
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The relation between ⇣ and � is non-linear
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⇣ is, in general, intrinsically non-gaussian



Small corrections for small

Several indications of non-gaussian tails, for large 
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�N formalism Pattison, Vennin, Wands, Assadullahi 2021 
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Non-Gaussian tails in the PDF of curvature perturbations arise in USR inflation without invoking stochastic inflation.



Microlensing

Copyright: ESA/Gaia/DPAC, L. Wyrzykowski, 
OGLE team (Warsaw), Z. Kostrzewa-Rutkowska (SRON/RU)

Eros, OGLE: Galactic Bulge and Magellanic Clouds.  
      Subaru HSC: M31 (finite source and wave optics effects) 

<latexit sha1_base64="O9nbblXu/CzSeSw5p3dKBl3HURs=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR3FiSIuqy6MZNoYJ9QBPDZDJph85kwsxEKLELf8WNC0Xc+hvu/Bunj4W2HrhwOOde7r0nTBlV2nG+rcLS8srqWnG9tLG5tb1j7+61lMgkJk0smJCdECnCaEKammpGOqkkiIeMtMPB9dhvPxCpqEju9DAlPke9hMYUI22kwD6oe4py6Dr3+anrjGA98EQkdGCXnYozAVwk7oyUwQyNwP7yIoEzThKNGVKq6zqp9nMkNcWMjEpepkiK8AD1SNfQBHGi/Hxy/wgeGyWCsZCmEg0n6u+JHHGlhjw0nRzpvpr3xuJ/XjfT8aWf0yTNNEnwdFGcMagFHIcBIyoJ1mxoCMKSmlsh7iOJsDaRlUwI7vzLi6RVrbjnlertWbl2NYujCA7BETgBLrgANXADGqAJMHgEz+AVvFlP1ov1bn1MWwvWbGYf/IH1+QPpT5TD</latexit>

M ⇠ 10�10M�
<latexit sha1_base64="rF1CETvQ8VRtirW3WapzljW4Bvs=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRF1GXRjcsK9gFNCJPJpB06k4SZSaGE/okbF4q49U/c+TdO2yy09cDA4Zx7uHdOmHGmtON8W5WNza3tnepubW//4PDIPj7pqjSXhHZIylPZD7GinCW0o5nmtJ9JikXIaS8c38/93oRKxdLkSU8z6gs8TFjMCNZGCmxbBgp5ignkcZOKcGDXnYazAFonbknqUKId2F9elJJc0EQTjpUauE6m/QJLzQins5qXK5phMsZDOjA0wYIqv1hcPkMXRolQnErzEo0W6u9EgYVSUxGaSYH1SK16c/E/b5Dr+NYvWJLlmiZkuSjOOdIpmteAIiYp0XxqCCaSmVsRGWGJiTZl1UwJ7uqX10m32XCvG83Hq3rrrqyjCmdwDpfgwg204AHa0AECE3iGV3izCuvFerc+lqMVq8ycwh9Ynz/xu5M4</latexit>

rs ⇠ �
<latexit sha1_base64="rNTm3n5UlJxtVPyCwxCnDcQWorc=">AAAB8XicbVDLSgNBEJyNrxhfUY9eFoPgKewGUY9BQTxGMA9MljA76SRDZmeWmV4xLPkLLx4U8erfePNvnCR70MSChqKqm+6uMBbcoOd9O7mV1bX1jfxmYWt7Z3evuH/QMCrRDOpMCaVbITUguIQ6chTQijXQKBTQDEfXU7/5CNpwJe9xHEMQ0YHkfc4oWumhg/CE6Y3Sk26x5JW9Gdxl4mekRDLUusWvTk+xJAKJTFBj2r4XY5BSjZwJmBQ6iYGYshEdQNtSSSMwQTq7eOKeWKXn9pW2JdGdqb8nUhoZM45C2xlRHJpFbyr+57UT7F8GKZdxgiDZfFE/ES4qd/q+2+MaGIqxJZRpbm912ZBqytCGVLAh+IsvL5NGpeyflyt3Z6XqVRZHnhyRY3JKfHJBquSW1EidMCLJM3klb45xXpx352PemnOymUPyB87nDwMokSU=</latexit>

For <latexit sha1_base64="w4zV13LRZ9b5EHmbZK5lGYFsOnM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcJuEPUY9OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6he9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpe1flSv2yVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD3VTjLc=</latexit>,



Evaporation by Hawking radiation
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decades. We also estimate the expected improvement in
the bounds from a putative future experiment. We do so
by assuming that such a (more sensitive) experiment will
resolve a significantly larger number of individual AGNs
and blazars and will therefore provide a lower isotropic
unresolved background for energies above ⇠ 200 keV. We
show that, under this assumption, a significantly better
upper limit on the PBH abundance than the current one
may be placed in the future. This result motivates the
investment in future gamma- and X-ray experiments in
this range, as well as in further theoretical studies geared
towards a more precise modeling of astrophysical sources.

II. HAWKING RADIATION FROM PBHS

The photon emission from a population of PBHs of
mass M accounting for a fraction f = ⌦PBH/⌦DM of
the total DM density in the Universe is

�M =
dN

dE dt
= f

c ⇢

4⇡M

Z
dz

e
�⌧(z)

H(z)
 M [(1 + z)E] , (1)

where ⇢ = 2.17⇥ 10�30g/cm3 is the current DM density
of the Universe [28], and H(z) is the Hubble rate of ex-
pansion as a function of redshift. The function  M [E]
denotes the di↵erential flux emitted by a single PBH, as
a function of the energy E, per unit of energy and time.
For PBHs of masses above 1016 g is well approximated
by the primary2 Hawking emission:

 M [E] = (2⇡~)�1�s/(exp(E/kBT )� 1) , (2)

where the so-called grey factor �s is a function of M and
E. In the high-energy limit E � kBT , the grey fac-
tor approximately satisfies �s / (M/mP )2(E/mP c

2)2;
whereas for E ⌧ kBT , �s / (M/mP )4(E/mP c

2)4 [22].
These expressions are insu�cient to render adequately
the peak height and position of  M [E], which is best
computed numerically. To do so we use the public code
BlackHawk [29], which also allows to include the (sub-
dominant) secondary emission. We find that the di↵er-
ential flux for BHs of mass between 1016g and 1020g can
be approximated by

 M [E] '
2.5⇥ 1021 GeV�1s�1

(M18 E/E0)�2.7 + (M18 E/E0)6.7
, (3)

where E0 = 6.54⇥ 10�5 GeV and M18 ⌘ M/1018g. This
approximation is accurate to better than ⇠ 1% around
the emission’s peak (until  M [E] decreases an order of
magnitude), which is enough for our purposes. Neverthe-
less, we obtain the bounds on the PBH abundance from
the instantaneous spectra given by BlackHawk.

2
The spectrum of BHs may feature a secondary emission compo-

nent, depending on their mass, which is due to the interactions

among the primary emitted particles, see e.g. [4].
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FIG. 1. Cosmic X-ray background spectrum, as measured by
various experiments. Overimposed are the Ueda+14 model
(blue dashed line), the fit to a double power-law (black dashed
line) of Eq. 4, and the corrections to the latter due to two
hypothetical monochromatic PBH distributions with di↵erent
masses M and cosmological abundances f = ⌦PBH/⌦DM .

The factor (1+z) inside  M [(1+z)E] accounts for the
Doppler shift from the time of emission to the time of ar-
rival to the detector. The optical depth ⌧(z) describes the
attenuation due to the propagation of the signal over the
relevant cosmological redshifts. Unlike for hard gamma
rays, this is negligible for soft gamma-rays and X-rays.
The integrand in (1) decreases very rapidly with z and ac-
curate results are obtained integrating up to z ⇠ O(100).

III. THE X-RAY AND GAMMA-RAY AGN
BACKGROUND

There has been a considerable e↵ort dedicated to in-
terpreting the measurements of the X-ray and gamma-
ray background from keV energies all the way up to
⇠ 100 GeV in terms of a superposition of a large number
of unresolved extra-Galactic sources. In particular, the
data in the range ⇠ 5–200 keV observed by Swift/BAT
[30], MAXI [31], ASCA [32], XMM-Newton [33], Chan-
dra [34] and ROSAT [35] are well reproduced by a pop-
ulation synthesis model of active galactic nuclei (AGNs)
developed by Ueda et al. in [36] (see the blue dotted line
in Figure 1). AGNs are powered by gas accretion onto
a supermassive black hole and are very e�cient X-ray
emitters. The model of [36] is based on the extrapolation
of the luminosity functions of AGNs in di↵erent redshift
ranges inferred by a sample of 4039 AGNs in soft (up to
2 keV) and/or hard X-ray bands (>2 keV). The objects
in the sample include both Compton-thin and Compton-
thick AGNs (with the latter being heavily obscured by
dust). As can be seen if Figure 1, this AGN modeling
fails to describe adequately the SMM data.
Indeed, for energies above ⇠ 50 � 100 keV the contri-

bution from blazars is expected to become progressively
more important. These objects correspond to the AGNs
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