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The “magic” of neutrinos

QM (Simp. 2-flavors) [B. Pontecorvo (1978)]

|νe〉 = |ν1〉 cos θ + |ν2〉 sin θ

|νµ〉 = −|ν1〉 sin θ + |ν2〉 cos θ

Unitary equivalence between flavor and mass representations

(
|νe〉
|νµ〉

)
= Û

(
|ν1〉
|ν2〉

)

Û =

(
cos θ sin θ
− sin θ cos θ

)
=⇒ Û† = Û−1
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The “magic” of neutrinos

Time evolution

|νe(t)〉 = cos θe−iE1t |ν1〉+ sin θe−iE2t |ν2〉

Flavor oscillations:

Pνe→νµ(t) = |〈νe |νµ(t)〉|2 = sin2 2θ sin2
(

∆E

2
t

)
= 1−Pνe→νe (t)

Flavor conservation:

|〈νe |νe(t)〉|2 + |〈νe |νµ(t)〉|2 = 1
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QM vs QFT
QFT [M.Blasone and G.Vitiello (1995)]

νe(x) = ν1(x) cos θ + ν2(x) sin θ

νµ(x) = −ν1(x) sin θ + ν2(x) cos θ

Mass (Dirac free) fields

νi (x) =
∑
k,σ

1√
V

[
ασk,i u

σ
k,i e
−ik·x + βσ†k,i v

σ
k,i e

+ik·x
]
, i = 1, 2,

{
ασk,i , α

σ′†
q,j

}
=
{
βσk,i , β

σ′†
q,j

}
= δk,q δσσ′δij

Flavor (free-like) fields

νχ(x) =
∑
k,σ

1√
V

[
ασk,χ(t)uσk,j e

−ik·x + βσ†k,χ(t) vσk,j e
+ik·x

]
, (χ, j) = (e, 1), (µ, 2)
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QM vs QFT
Flavor ladder operators

ασk,e = cos θ ασk,1 + sin θ︸ ︷︷ ︸
Pontecorvo rotation

(
ρk ∗

12 (t) ασk,2 + εσ λk
12(t) βσ†−k,2

)
︸ ︷︷ ︸

Bogoliubov transformation

Bogoliubov coefficients

ρk
12(t) ≡ uσ†k,2(t) uσk,1(t) = vσ†−k,1(t) vσ−k,2(t)

λk
12(t) ≡ εσ uσ†k,1(t) vσ−k,2(t) = −εσ uσ†k,2(t) vσ−k,1(t)

|ρk
12|2 + |λk

12|2 = 1 =⇒
{
ασk,e(t), ασ†k,e(t)

}
= cos θ +

(
|ρk

12|2 + |λk
12|2
)
sin2 θ = 1

Inequivalent Fock spaces (|0〉e,µ 6= |0〉1,2 = |0〉1 ⊗ |0〉2)

lim
V→∞

1,2〈0|0(θ)〉e,µ = 0
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QM vs QFT

• Quantum Mechanics:

- Finite ] of degrees of freedom

- Unitary equivalence of the representations of the canonical
commutation relations (Stone-von Neumann theorem)

• Quantum Field Theory:

- Infinite ] of degrees of freedom

- ∞ many unitarily inequivalent representations of the field algebra ⇔
many vacua

- Examples: theories with spontaneous symmetry breaking, particle
creation (Hawking-Unruh effect), etc.
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QM vs QFT

Algebraic structure of mixing transformations:

ναe (x) = G−1
θ (t) να1 (x) Gθ(t)

ναµ (x) = G−1
θ (t) να2 (x) Gθ(t)

Mixing generator:

Gθ(t) = exp
[
θ

∫
d3x

(
ν†1(x) ν2(x)− ν†2(x) ν1(x)

)]

10 of 46



Flavor vacuum

• Flavor vacuum: Perelomov-like coherent state

|0(θ)〉e,µ = G−1
θ |0〉1,2

=
∏
k,r

[
(1− sin2 θ |λk

12|2)− εr sin θ cos θ |λk
12| (α

r†
k,1β

r†
−k,2 + αr†

k,2β
r†
−k,1)

+εr sin2 θ |λk
12||ρk

12| (α
r†
k,1β

r†
−k,1 − α

r†
k,2β

r†
−k,2) + sin2 θ |λk

12|2 α
r†
k,1β

r†
−k,2α

r†
k,2β

r†
−k,1

]
|0〉1,2

• Condensation density:

e,µ〈0(θ)|αr†
k,iα

r
k,i |0(θ)〉e,µ = e,µ〈0(θ)|βr†

k,iβ
r
k,i |0(θ)〉e,µ = sin2 θ |λk

12|2
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Condensation density

Fig.: Solid line: m1 = 1, m2 = 100; Dashed line: m1 = 10, m2 = 100

• Maximum at k =
√
m1m2

• |λk
12|2 '

(m2−m1)2

4k2 for k � √m1m2

• λk
12 = 0 for m1 = m2 and/or θ = 0 (no mixing)

• λk
12 → 0 for k →∞ (ultrarelativistic limit = Pontecorvo limit)
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Vacuum entanglement
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Fig.: von Neumann entropy versus θ for different ε

• von Neumann entropy (ε ∝ √m1m2/k)

SV = −
[
1− ε2

32
(1− cos 4θ)

]
lg2

[
1− ε2

32
(1− cos 4θ)

]
− ε

2

16
sin2 2θlg2

(
ε2

16
sin2 2θ

)
.

• Maximum at θ = π/4

• SV → 0 for ε→ 0 (Pontecorvo limit)
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QM vs QFT

In the spotlight
Physical neutrinos: flavor or mass?

A = out〈¯̀, ν , . . . | ŜI | . . . 〉in

−→

|νe,µ〉 or |ν1,2〉 ?
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Unruh effect (UE)

[. . . ] the behavior of particle detectors under acceleration a is
investigated, where it is shown that an accelerated detector even in
flat spacetime will detect particles in the vacuum [. . . ]

[. . . ] This result is exactly what one would expect of a detector in a
thermal bath of temperature [W. Unruh (1976)]

TU =
~a

2πckB
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Unruh effect (UE)

Rindler coordinates

x0 = ξ sinh η, x1 = ξ cosh η

Rindler vs Minkowski metrics

ds2 =
(
dx0
)2−(dx1)

2 − (d~x)2 →

→ ds2 = ξ2dη2 − dξ2 − (d~x)2

Rindler worldline

η = aτ, ξ= const ≡ a−1, ~x = const

a: proper acceleration.
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Unruh effect (UE)

Fig.: Pictorial representation of UE: on the left the uniformly accelerated (“burned”) observer in
Minkowski vacuum, on the right the (“frozen”) inertial observer
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Decay of accelerated particles

Non-universality of decay properties [R. Muller (1997)]

Proton decay:

τ
(obs)
proton � τuniverse =⇒ inertial protons are stable (in the SM)

Fig.: Credit to Sandbox Studio, Chicago with Reidar Hahn, Fermilab
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Decay of accelerated particles

However, if we “kick” the proton..

acceleration lifetime
a
LHC

τp ∼ 103×108yr
apulsar τp ∼ 10−1 s

p a→ n + e+ + νe
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Decay of accelerated particles

p a→ n + e+ + νe

Fig.: Credit to Sandbox Studio, Chicago with Reidar Hahn, Fermilab
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Accelerated proton decay

Laboratory frame

p → n + e+ + νe

p

ne +νe

(i)
Fig.: Proton decay (laboratory frame)
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Comoving frame

p + e → n + νe p + ν̄e → n + e+ p + e + ν̄e → n

Fig.: Proton decay (comoving frame)
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Accelerated proton decay

[D. Vanzella and G. Matsas (1999)]

Massless neutrinos

|ke | ∼ |kνe | � Mp,n (no-recoil approximation)

a� mZ0 ,mW± (Fermi-like effective theory)

ŜI =

∫
d4x
√
−g ĵµ

(
Ψ̂νγ

µΨ̂e + Ψ̂eγ
µΨ̂ν

)
ĵµ = q̂(τ) uµ δ

(
u − a−1) , q̂(τ) = e i Ĥτ q̂0 e

−i Ĥτ

Ĥ |n〉 = mn |n〉 , Ĥ |p〉 = mp |p〉 , ∆m = mn−mp ' 1.7MeV, GF = |〈p| q̂0 |n〉|
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Laboratory frame

(Tree-level) Transition amplitude

Ap→n = 〈n| ⊗ 〈e+
ke σe

, νkν σν |ŜI |0〉 ⊗ |p〉

Differential transition rate

d2Pp→n
lab

dkedkν
=

1
2

∑
σe=±

∑
σν=±

|Ap→n|2

Mean proper lifetime (scalar decay rate)

Γp→n
lab ≡

Pp→n
lab

T
=

4G 2
Fa

π2eπ∆m/a

∫ ∞
0

dk̃e

∫ ∞
0

dk̃νK2i∆m/a [2 (ω̃e + ω̃ν)]
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Comoving frame

Γp→n
com =

G 2
F me

a π2 eπ∆m/a

∫ +∞

−∞
dω

Kiω/a+1/2(me/a)Kiω/a−1/2(me/a)

cosh [π (ω −∆m)/a]

Result
Γp→n
lab = Γp→n

com
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Fig.: Mean proper lifetime τ of the proton versus proper acceleration a.
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UE and accelerated proton decay

[D. Ahluwalia, L. Labun and G. Torrieri (2016)]

“ In the laboratory frame, the interaction is the electroweak vertex, hence
neutrinos are flavor eigenstates.

In the comoving frame, the proton interacts with neutrinos in Rindler
states, which display a thermal weight and are mass eigenstates [. . . ]

[. . . ] we conclude that the rates in the two frames disagree when
taking into account neutrino mixings ”.

.

Violation of General Covariance of QFT!
.
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UE and accelerated proton decay

The “paladins” of General Covariance
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UE and accelerated proton decay

Ap→n = 〈n|⊗〈e+
ke σe

, νkν σν |ŜI |0〉⊗|p〉

Flavor states: Laboratory frame [G. L. et al. 2018]

Γp→n
lab = cos4 θ Γp→n

1 + sin4 θ Γp→n
2 + cos2 θ sin2 θ Γp→n

12

Γp→n
i ≡ 1

T

∑
σν ,σe

GF
2
∫

d3kν

∫
d3ke

∣∣Iσνσe (ωνi , ωe)
∣∣2, i = 1, 2,

Γp→n
12 ≡ 1

T

∑
σν ,σe

GF
2
∫

d3kν

∫
d3ke

[
Iσνσe (ων1 , ωe) I ∗σνσe

(ων2 , ωe) + c.c.
]
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Flavor states: Comoving frame

Γp→n
com = cos4 θ Γ̃p→n

1 + sin4 θ Γ̃p→n
2 + cos2 θ sin2 θ Γ̃p→n

12

Γ̃p→n
12 =

2G 2
F

a2 π7
√

lν1 lν2 e
π∆m/a

∫ +∞

−∞
dω

{∫
d2ke le

∣∣∣Kiω/a+1/2

(
le
a

)∣∣∣2
×
∫

d2kν
(
κ2ν + mν1mν2 + lν1 lν2

)
×Re

{
Ki(ω−∆m)/a+1/2

(
lν1
a

)
Ki(ω−∆m)/a−1/2

(
lν2
a

)}
+me

∫
d2ke

∫
d2kν

(
lν1mν2 + lν2mν1

)
×Re

{
K 2

iω/a+1/2

(
le
a

)
Ki(ω−∆m)/a−1/2

(
lν1
a

)

× Ki(ω−∆m)/a−1/2

(
lν2
a

)}}
, κν ≡ (kx

ν , k
y
ν )
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UE and accelerated proton decay

Laboratory vs comoving decay rates

Γp→n
lab = cos4 θ Γp→n

1 + sin4 θ Γp→n
2 + cos2 θ sin2 θ Γp→n

12 ,

Γp→n
com = cos4 θ Γ̃p→n

1 + sin4 θ Γ̃p→n
2 + cos2 θ sin2 θ Γ̃p→n

12

Γp→n
i = Γ̃p→n

i , i = 1, 2

Interference terms?

Γp→n
12

?
= Γ̃p→n

12
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Comparing the decay rates

Non-trivial calculations. . .

. . . but for δm/m1,2 � 1

Γp→n
12 = Γ̃p→n

12 up to O
(
δm

m1,2

)
Result

Γp→n
lab = Γp→n

com up to O
(
δm

m1,2

)
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General Covariance and mass eigenstates?

[G. Cozzella et al (2018)]

“ [. . . ] a physical Fock space for flavor neutrinos cannot be constructed.
Flavor states are only phenomenological since their definition depends on
the specific process.”

“ We should view neutrino states with well defined mass as fundamental.
[. . . ] The decay rates calculated in this way are perfectly in agreement”.

36 of 46



Why not mass eigenstates?

Non-phenom. definition of flavor space [M. Blasone et al. (1995)]

Violation of flavor charge in the vertex [M. Blasone et al. (2010)]

p → n + ¯̀
α + νi , i = 1, 2

No quantum interference

Γp→n+¯̀
α+νi = |Uα,i |2Γi , i = 1, 2

Inconsistency with CP-violation in neutrino oscillations
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Neutrino oscillations (laboratory frame)

No oscillations

Γ
(νe )
lab = c4θ Γp→n

1 + s4θ Γp→n
2 + c2θ s

2
θ Γp→n

12

Oscillations

Γ
(νµ)
lab = c2θ s

2
θ

(
Γp→n
1 + Γp→n

2 − Γp→n
12

)

Total decay rate [G.L. et al. (2020)]

Γtot
lab ≡ Γ

(νe)
lab + Γ

(νµ)
lab = cos2 θ Γp→n

1 + sin2 θ Γp→n
2
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Neutrino oscillations (comoving frame)

No oscillations

Γ
(νe )
com = c4θ Γ̃p→n

1 +s4θ Γ̃p→n
2 +c2θ s

2
θ Γ̃p→n

12

Oscillations

Γ
(νµ)
com = c2θ s

2
θ

(
Γ̃p→n
1 + Γ̃p→n

2 − Γ̃p→n
12

)

Total decay rate [G.L. et al. (2020)]

Γtot
com = cos2 θ Γ̃p→n

1 + sin2 θ Γ̃p→n
2 = Γtot

lab
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Three generations and CP-violation

PMNS matrix

U =

 c12 c13 s12 c13 s13 e
−iδ

−s12 c23 − c12 s23 s13 e
iδ c12 c23 − s12 s23 s13 e

iδ s23 c13

s12 s23 − c12 c23 s13 e
iδ −c12 s23 − s12 c23 s13 e

iδ c23 c13



Jarlskog invariant

Im
[
UδiU

∗
γiU
∗
δjUγj

]
≡ J

∑
λ,k

εδγλ εijk

δ, γ, λ = {e, µ, τ}, i , j , k = {1, 2, 3}

Physics cannot depend on PMNS matrix parameterization =⇒
Observables ∝ J
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Three generations and CP-violation

[G. L. et al. (2020)]

Mass states:

A
(e,j)
CP = Γνe ,νj − Γν̄e ,ν̄j = |Uej |2 |Aj |2 − |U∗ej |

2 |Aj |2 = 0 , j = 1, 2, 3

Flavor states:

A(e,µ)
CP ≡ Γνe ,νµ − Γν̄e ,ν̄µ = 4J

{
−Im [A1A∗2] + Im [A1A∗3]− Im [A2A∗3]

}
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Take-home message

Hybrid Mass-mass Flavor-flavor
Physical νs (Inertial f.) Flavor Mass Flavor

Physical νs (Comoving f.) Mass Mass Flavor

Agreement btw decay rates 7 3 3

Lepton charge conservation 7 7 3

Neutrino oscillations 7 ? 3

CP-violation 7 7 3
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Open issues

Beyond the linear approximation

Full quantum treatment

Extension to curved spacetime

Theoretical test of quantum equivalence principle

...
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Fig.: Mon Repos. Corfu Painting by Danish School - Fine Art America

Thank you!
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BACKUP slides
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• Structure of the annihilation operators for |0(t)〉e,µ:

αr
k,e(t) = cos θ αr

k,1 + sin θ
(
ρk ∗

12 (t)αr
k,2 + εrλk

12(t)βr†
−k,2

)
αr

k,µ(t) = cos θ αr
k,2 − sin θ

(
ρk

12(t)αr
k,1−εrλk

12(t)βr†
−k,1

)
βr
−k,e(t) = cos θ βr

−k,1 + sin θ
(
ρk ∗

12 (t)βr
−k,2−εrλk

12(t)αr†
k,2

)
βr
−k,µ(t) = cos θ βr

−k,2 − sin θ
(
ρk

12(t)βr
−k,1+εrλk

12(t)αr†
k,1

)
• Mixing transformation = Rotation + Bogoliubov transformation

• Bogoliubov coefficients:

ρk
12(t) = ur†k,2u

r
k,1 e i(ωk,2−ωk,1)t , λk

12(t) = εr ur†k,1v
r
−k,2 e i(ωk,2+ωk,1)t

|ρk
12|2 + |λk

12|2 = 1
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Currents and charges for mixed fermions

– Lagrangian in the mass basis:

L = ν̄m (i 6∂ −Md) νm

where νTm = (ν1, ν2) and Md =

(
m1 0
0 m2

)
.

• L invariant under global U(1) with conserved charge Q = total charge.

– Consider now the SU(2) transformation:

ν′m = e iαjτj νm ; j = 1, 2, 3.

with τj = σj/2 and σj being the Pauli matrices.
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• L invariant under global U(1) with conserved charge Q = total charge.

– Consider now the SU(2) transformation:

ν′m = e iαjτj νm ; j = 1, 2, 3.

with τj = σj/2 and σj being the Pauli matrices.
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Associated currents :

δL = iαj ν̄m [τj ,Md ] νm = −αj ∂µJ
µ
m,j

Jµm,j = ν̄m γ
µ τj νm

– The Charges Qm,j(t) ≡
∫
d3x J0

m,j(x) satisfy the su(2) algebra:

[Qm,j(t),Qm,k(t)] = i εjkl Qm,l(t) .

– Casimir operator proportional to the total charge: Cm = 1
2Q.

• Qm,3 is conserved ⇒ charge conserved separately for ν1 and ν2:

Q1 =
1
2
Q + Qm,3 =

∫
d3x ν†1(x) ν1(x)

Q2 =
1
2
Q − Qm,3 =

∫
d3x ν†2(x) ν2(x).

These are the flavor charges in the absence of mixing.
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– Lagrangian in the flavor basis:

L = ν̄f (i 6∂ −M) νf

where νTf = (νe , νµ) and M =

(
me meµ

meµ mµ

)
.

– Consider the SU(2) transformation:

ν′f = e iαjτj νf ; j = 1, 2, 3.

with τj = σj/2 and σj being the Pauli matrices.

– The charges Qf ,j(t) ≡
∫
d3x J0

f ,j satisfy the su(2) algebra:

[Qf ,j(t),Qf ,k(t)] = i εjkl Qf ,l(t).

– Casimir operator proportional to the total charge Cf = Cm = 1
2Q.
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• Qf ,3 is not conserved ⇒ exchange of charge between νe and νµ.

Define the flavor charges as:

Qe(t) ≡ 1
2
Q + Qf ,3(t) =

∫
d3x ν†e (x) νe(x)

Qµ(t) ≡ 1
2
Q − Qf ,3(t) =

∫
d3x ν†µ(x) νµ(x)

where Qe(t) + Qµ(t) = Q.

– We have:

Qe(t) = cos2 θQ1 + sin2 θQ2 + sin θ cos θ
∫

d3x
[
ν†1ν2 + ν†2ν1

]
Qµ(t) = sin2 θ Q1 + cos2 θ Q2 − sin θ cos θ

∫
d3x

[
ν†1ν2 + ν†2ν1

]
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To summarize:

– In presence of mixing, neutrino flavor charges are defined as

Qe(t) ≡
∫

d3x ν†e (x) νe(x) ; Qµ(t) ≡
∫

d3x ν†µ(x) νµ(x)

– They are not conserved charges ⇒ flavor oscillations.

– They are still (approximately) conserved in the vertex ⇒ define flavor
neutrinos as their eigenstates

• Problem: find the eigenstates of the above charges.
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Charge operator, flavor state and oscillations

• Charge operator and observable (relative, e.g., to |νe〉):

Qχ(t) =

∫
d3x ν†χ(x)νχ(x) , Qk,χ(t) ≡ 〈νrk,e |Qχ(t) |νrk,e〉

• Flavor state:

|νrk,χ〉 ≡ α
r†
k,χ(0)|0e,µ〉 =⇒ Qχ(t = 0)|νrk,χ〉 = |νrk,χ〉

• Oscillation probability [P.Henning et al. (1999)]

Qk,µ(t) = |ρk
12|2 sin2(2θ) sin2

(
ωk,2 − ωk,1

2
t

)
+ |λk

12|2 sin2(2θ) sin2
(
ωk,2 + ωk,1

2
t

)
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Lepton charge violation for Pontecorvo states

• Pontecorvo states:

|νrk,e〉P = cos θ |νrk,1〉 + sin θ |νrk,2〉

|νrk,µ〉P = − sin θ |νrk,1〉 + cos θ |νrk,2〉 ,

are not eigenstates of the flavor charges.

⇒ violation of lepton charge conservation in the production/detection
vertices (at tree level)

P〈νrk,e |Qe(0) |νrk,e〉P = cos4 θ + sin4 θ + 2|ρk
12| sin2 θ cos2 θ < 1

for any θ 6= 0, k 6= 0 and for m1 6= m2.

• Pontecorvo states are (approximate) flavor eigenstates in the
ultrarelativistic regime (|ρk

12| → 1).
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Setting the stage

In 2D with massless neutrino (a� MZ0 ,MW± ≈ 1036cm/s2)

ĵµ = q̂(τ) uµ δ
(
u − a−1) , q̂(τ) = e i Ĥτ q̂0 e

−i Ĥτ

Ĥ |n〉 = mn |n〉 , Ĥ |p〉 = mp |p〉 , GF = |〈p| q̂0 |n〉|

In this regime a Fermi current-current interaction can be
considered

ŜI =

∫
d2x
√
−g ĵµ

(
Ψ̂νγ

µΨ̂e + Ψ̂eγ
µΨ̂ν

)
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Inertial frame calculation

Field quantization:

Ψ̂ =
∑
σ=±

∫ +∞

−∞
dk
[
b̂kσ ψ

(+ω)
kσ + d̂†kσ ψ

(−ω)
−k−σ

]
, ω =

√
m2 + k2

ψ
(±ω)
k+ =

e i(∓ωx
0+kx3)

√
2π


±
√

(ω ±m) /2ω
0

k/
√

2ω (ω ±m)
0



ψ
(±ω)
k− =

e i(∓ωx
0+kx3)

√
2π


0

±
√

(ω ±m) /2ω
0

−k/
√

2ω (ω ±m)
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Inertial frame calculation

The tree-level transition amplitude...

Ap→n = 〈n| ⊗ 〈e+
ke σe

, νkν σν |ŜI |0〉 ⊗ |p〉

... and the related differential transition rate...

d2Pp→n
in

dkedkν
=
∑
σe=±

∑
σν=±

|Ap→n|2 , Pp→n

T
= Γp→n

... give the inertial decay rate

Γp→n
in =

4G 2
Fa

π2eπ∆m/a

∫ ∞
0

dk̃e

∫ ∞
0

dk̃νK2i∆m/a [2 (ω̃e + ω̃ν)]
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Comoving frame calculation
Field quantization:

Ψ̂ =
∑
σ=±

∫ +∞

0
dω
[
b̂ωσ ψωσ + d̂†ωσ ψ−ω−σ

]

ψω+ =

√
m cosh(πω/a)

2π2a


Kiω/a+1/2(m ξ) + iKiω/a−1/2(m ξ)

0

−Kiω/a+1/2(m ξ) + iKiω/a−1/2(m ξ)

0

 e−iωη/a

ψω− =

√
m cosh(πω/a)

2π2a


0

Kiω/a+1/2(m ξ) + iKiω/a−1/2(m ξ)

0

Kiω/a+1/2(m ξ)− iKiω/a−1/2(m ξ)

 e−iωη/a
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Comoving frame calculation

The tree-level transition amplitude for each process...

Ap→n
(I) = 〈n| ⊗ 〈 emit |ŜI | abs 〉 ⊗ |p〉 , I = i , ii , iii

... and the respective differential transition rates...

d2Pp→n
I

dωedων
=
∑
σe=±

∑
σν=±

|Ap→n
I |2 n(abs)

F (ωe(ν))[1− n
(emit)
F (ων(e))],

nF (ω) =
1

1 + e2πω/a
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Comoving frame calculation

... give the total (comoving) decay rate

Γp→n
com = Γp→n

(i) + Γp→n
(ii) + Γp→n

(iii)

=
G 2
F me

a π2 eπ∆m/a

∫ +∞

−∞
dω

Kiω/a+1/2(me/a)Kiω/a−1/2(me/a)

cosh [π (ω −∆m)/a]
.

Result
At tree level

Γp→n
in = Γp→n

com
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Remarks
The equality of the two decay rates confirms:

the necessity of Unruh effect in QFT

the General Covariance of QFT in curved background
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Generalizing to 4D with massive neutrino [H. Suzuki et al. (2003)]

ĵµ = q̂(τ)uµδ
(
u − a−1) δ(x1)δ(x2), q̂(τ) = e i Ĥτ q̂0e

−i Ĥτ

Ĥ |n〉 = mn |n〉 , Ĥ |p〉 = mp |p〉 , GF = |〈p| q̂0 |n〉|

ŜI =

∫
d4x
√
−g ĵµ

(
Ψ̂νγ

µΨ̂e + Ψ̂eγ
µΨ̂ν

)
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Inertial frame calculation

Field quantization:

Ψ̂ =
∑
σ=±

∫
d3k

[
b̂kσψ

(+ω)
kσ + d̂†kσψ

(−ω)
−k−σ

]

ψ
(±ω)
k+ (x0, x) =

e i(∓ωx
0 + k·x)

22π
3
2

1√
ω(ω ±m)


m ± ω

0
k3

k1 + ik2



ψ
(±ω)
k− (x0, x) =

e i(∓ωx
0 + k·x)

22π
3
2

1√
ω(ω ±m)


0

m ± ω
k1 − ik2

−k3
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Inertial frame calculation

Using the integral representation of the Bessel function

Kµ(z) =
1
2

∫
C1

ds

2πi
Γ(−s)Γ(−s − µ)

(z
2

)2s+µ

together with the expansion formula...

(A + B)z =

∫
C

dt

2πi
Γ(−t) Γ(t − z)

Γ(−z)
At+z B t
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Inertial frame calculation

...the decay rate in the inertial frame becomes

Γp→n
in =

a5 G 2
F

25 π7/2 e∆m/a

∫
Cs

ds

2πi

∫
Ct

dt

2πi
(me

a )2 (mν
a )2

Γ(−s − t + 3) Γ (−s − t + 7/2)

×
[
|Γ(−s − t + i∆m/a + 3)|2 Γ(−s) Γ(−t) Γ(−s + 2) Γ(−t + 2)

+ Re
{

Γ(−s − t + i∆m/a + 2) Γ(−s − t − i∆m/a + 4)
}

× Γ(−s + 1/2) Γ(−t + 1/2) Γ(−s + 3/2) Γ(−t + 3/2))

]
where Cs (t) picks up all poles of gamma functions in s (t) complex plane.
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Comoving frame calculation

Field quantization:

Ψ̂ =
∑
σ=±

∫ +∞

0
dω

∫
d2k

[
b̂wσψ

(+ω)
wσ + d̂†wσψ

(−ω)
w−σ

]
, w ≡ (ω, kx , ky )

ψ
(ω)
w+ = N

e i(−ωη/a + kxx+ky y)

(2π)
3
2



i lKiω/a−1/2(ξ l) + mKiω/a+1/2(ξl)

−(k1 + ik2)Kiω/a+1/2(ξl)

i lKiω/a−1/2(ξ l) − mKiω/a + 1/2(ξl)

−(k1 + ik2)Kiω/a+1/2(ξl)



with l =
√

m2 + (kx)2 + (ky )2
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Comoving frame calculation

Summing up the contributions of the three processes and using

xσKνKµ =

√
π

2
G 40
24

(
x2

∣∣∣∣∣
1
2σ,

1
2σ + 1

2

1
2 (ν + µ+ σ), 12 (ν − µ+ σ), 12 (−ν + µ+ σ), 12 (−ν − µ+ σ)

)

the total decay rate in the comoving frame becomes

Γp→n
com =

a5 G 2
F

25 π7/2 e∆m/a

∫
Cs

ds

2πi

∫
Ct

dt

2πi
(me

a )2 (mν
a )2

Γ(−s − t + 3) Γ (−s − t + 7/2)

×
[
|Γ(−s − t + i∆m/a + 3)|2 Γ(−s) Γ(−t) Γ(−s + 2) Γ(−t + 2)

+ Re
{

Γ(−s − t + i∆m/a + 2) Γ(−s − t − i∆m/a + 4)
}

× Γ(−s + 1/2) Γ(−t + 1/2) Γ(−s + 3/2) Γ(−t + 3/2))

]
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Proton decay and neutrino mixing: a paradox?

Recently, it has been argued that neutrino mixing can spoil the
agreement between the two decay rates [D. V. Ahluwalia et al. (2016)]

The leitmotiv is the violation of the KMS thermal condition for the
accelerated neutrino vacuum. In particular, this would occur when one
requires asymptotic (observed) neutrinos in the comoving frame to be in
flavor eigenstates

The authors conclude by claiming that the contradiction must be solved
experimentally
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The authors conclude by claiming that the contradiction must be solved
experimentally

Remark
No experiment can be used for checking the internal consistency of
theory against a theoretical paradox.

The question must be settled at a theoretical level, in conformity with
the General Covariance of QFT in curved background.
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The source of the ambiguity

Under the “magnifying glass"
Are the asymptotic neutrinos in mass or flavor eigenstates?

An attempt to solve the ambiguity has been proposed by requiring
asymptotic neutrinos to be in mass eigenstates in both the inertial and
comoving frames (on the basis that flavor eigenstates make physical
sense only for δm2

ij ∼ 0) [Cozzella et al. (2018)]

Inverse β decay with mixed neutrinos
p → n + ¯̀

α + νi , ` = {e, τ, µ}, i = {1, 2, 3}
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...but some criticism arises with reference to such a choice:

flavor eigenstates can be rigorously defined in any regime

if flavor states are well-defined for δm2
ij ∼ 0, as those authors claim,

why would they not use them, at least in that regime?

using asymptotic mass neutrinos washes out mixing from
calculations (and, indeed, in this case the same decay rates as in
absence of mixing are obtained, up to a factor cos2 θ or sin2 θ)

It is clear that some fundamental point is missing in the treatment of
mixing by Cozzella et al.
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Inertial frame calculation (our approach)

Requiring asymptotic neutrinos to be in flavor eigenstates as in
Ahluwalia’s approach, the transition amplitude in the inertial frame
becomes [G. L. et al. (2018)]

Ap→n
in = GF

[
cos2 θ Iσνσe (ων1 , ωe) + sin2 θ Iσνσe (ων2 , ωe)

]

Iσνσe (ωνi , ωe) =

∫ +∞

−∞
dτ e i∆mτuµ

[
ψ̄

(+ωνi )
σν γµ ψ

(−ωe)
−σe

]
, i = 1, 2
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The decay rate thus takes the form

Γp→n
in = cos4 θ Γp→n

1 + sin4 θ Γp→n
2 + cos2 θ sin2 θ Γp→n

12

Γp→n
j ≡ 1

T

∑
σν ,σe

GF
2
∫

d3kν

∫
d3ke

∣∣Iσνσe (ωνj , ωe)
∣∣2, j = 1, 2,

Γp→n
12 ≡ 1

T

∑
σν ,σe

GF
2
∫

d3kν

∫
d3ke

[
Iσνσe (ων1 , ωe) I ∗σνσe

(ων2 , ωe) + c.c.
]
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Violating the KMS condition?

Assuming asymptotic neutrinos to be in flavor eigenstates would violate
the KMS definition of a thermal state of a quantum system by adding
coherent, off-diagonal correlations in the density matrix. Consequently,
the accelerated neutrino vacuum state would not be thermal,
contradicting the essential characteristic of the Unruh effect [D. V.
Ahluwalia et al. (2016)]
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Non-thermal Unruh effect for mixed neutrinos

Two Bogoliubov transformations involved [G. L. et al. (2017)]

φR

thermal Bogol. (a)
−→ φM ⇒ condensate in |0M〉

φ1, φ2

mixing Bogol. (θ)
−→ φe , φµ ⇒ condensate in |0e,µ〉

How do they combine when flavor mixing for an accelerated observer is
considered?
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Non-thermal Unruh effect for mixed fields

Condensation density of Rindler mixed neutrinos in |0〉M:

〈0M|N̂(θ, ω)|0M〉 =
1

eaω/TFDU + 1︸ ︷︷ ︸
Unruh thermal spectrum

+ sin2 θ

{
O
(
δm2

m2
ν1

)}
︸ ︷︷ ︸

non−thermal mixing corrections

Remark
Non-thermal corrections only appear at orders higher than O

(
δm
m

)
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Comoving frame calculation (Ahluwalia’s approach)

Requiring asymptotic neutrinos to be in mass eigenstates, calculations
in the comoving frame give for the process (i)

Ap→n
(i) =

GF

a

[
cos θJ (1)

σνσe
(ων , ωe) + sin θJ (2)

σνσe
(ων , ωe)

]

Jσνσe =

∫ +∞

−∞
dη e i∆m η uµ

[
ψ̄(ων)

wνσν γ
µ ψ(ωe)

weσe

]
Similar calculations for the other two processes lead to

Γp→n
com ≡ Γp→n

(i) + Γp→n
(ii) + Γp→n

(iii)

= cos2 θ Γ̃p→n
1 + sin2 θ Γ̃p→n

2
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Comoving frame calculation (Ahluwalia’s approach)

Γp→n
com = cos2 θ Γ̃p→n

1 + sin2 θ Γ̃p→n
2

Γ̃p→n
j =

2G 2
F

a2π7eπ∆m/a

∫ +∞

−∞
dω

∫
d2kν lνj

∣∣∣Ki(ω−∆m)/a+1/2

(
lνj
a

)∣∣∣2
×
∫

d2ke le

∣∣∣Kiω/a+1/2

(
le
a

)∣∣∣2 + mνjme

×Re
{∫

d2kνK
2
i(ω−∆m)/a−1/2

(
lνj
a

)∫
d2keK

2
iω/a+1/2

(
le
a

)}
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Comparing the rates

Inertial vs comoving rates

Γp→n
in = cos4 θ Γp→n

1 + sin4 θ Γp→n
2 + cos2 θ sin2 θ Γp→n

12

Γp→n
com = cos2 θ Γ̃p→n

1 + sin2 θ Γ̃p→n
2

Although:

Γp→n
j = Γ̃p→n

j , j = 1, 2

there is no counterpart of the off-diagonal term in Γp→n
com

Pontecorvo matrix elements appear with different powers
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Comoving frame calculation with flavor eigenstates
(our approach)

Requiring asymptotic neutrinos to be in flavor eigenstates, calculations
in the comoving frame now give for the process (i)

Ap→n
(i) =

GF

a

[
cos2 θJ (1)

σνσe
(ων , ωe) + sin2 θJ (2)

σνσe
(ων , ωe)

]
,

Jσνσe (ων , ωe) =

∫ +∞

−∞
dη e i∆mη uµ

[
ψ̄(ων)

wνσν γ
µ ψ(ωe)

weσe

]
Analogous procedures for the other processes lead to

Γp→n
com ≡ Γp→n

(i) + Γp→n
(ii) + Γp→n

(iii)

= cos4 θ Γ̃p→n
1 + sin4 θ Γ̃p→n

2 + cos2 θ sin2 θ Γ̃p→n
12
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Γp→n
com = cos4 θ Γ̃p→n

1 + sin4 θ Γ̃p→n
2 + cos2 θ sin2 θ Γ̃p→n

12 ,

Γ̃p→n
12 =

2G 2
F

a2 π7
√
lν1 lν2 e

π∆m/a

∫ +∞

−∞
dω

{∫
d2ke le

∣∣∣Kiω/a+1/2

(
le
a

)∣∣∣2
×
∫

d2kν
(
κ2
ν + mν1mν2 + lν1 lν2

)
×Re

{
Ki(ω−∆m)/a+1/2

(
lν1

a

)
Ki(ω−∆m)/a−1/2

(
lν2

a

)}
+me

∫
d2ke

∫
d2kν

(
lν1mν2 + lν2mν1

)
×Re

{
K 2
iω/a+1/2

(
le
a

)
Ki(ω−∆m)/a−1/2

(
lν1

a

)

× Ki(ω−∆m)/a−1/2

(
lν2

a

)}}
, κν ≡ (kx

ν , k
y
ν )
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Comparing the rates

Inertial vs comoving rates

Γp→n
in = cos4 θ Γp→n

1 + sin4 θ Γp→n
2 + cos2 θ sin2 θ Γp→n

12 ,

Γp→n
com = cos4 θ Γ̃p→n

1 + sin4 θ Γ̃p→n
2 + cos2 θ sin2 θ Γ̃p→n

12

Γp→n
j = Γ̃p→n

j , j = 1, 2

...what about the "off-diagonal" terms?

Γp→n
12

?
= Γ̃p→n

12
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Small neutrino mass difference

Evaluating these terms is non-trivial.

However, for δm
mν1
≡ mν2 −mν1

mν1
� 1,

Γp→n
12 = 2Γp→n

1 +
δm

mν1

Γδm + O
(
δm2

m2
ν1

)

Γ̃p→n
12 = 2Γ̃p→n

1 +
δm

mν1

Γ̃δm + O
(
δm2

m2
ν1

)
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Result...

Γδm
mν1

=
Γ̃δm
mν1

... and its full expression

Γδm
mν1

= lim
ε→0

G 2
F me a

3

π3 eπ∆m/a

∫
Cs

ds

2πi

∫
Ct

dt

2πi

(ε
a

)2s+2 (me

a

)2t+2

×Γ(−2s)Γ(−2t)Γ(−t − 1)Γ(−s − 1)

Γ(−s + 1
2 )Γ(−t + 1

2 )Γ(−2s − 2t)

×
[

Γ

(
−s − t + 1 + i

∆m

a

)
Γ

(
−s − t − 1 − i

∆m

a

)
+ Γ

(
−s − t + 1 − i

∆m

a

)
Γ

(
−s − t − 1 + i

∆m

a

)]
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Tsallis statistics

Tsallis statistics

Long-range interactions

Long-time memory

Entanglement

Non-equilibrium
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Tsallis statistics in UE for mixed fields

• Tsallis entropy [C.Tsallis (1988)]

Sq =
1−

∑W
i=1 p

q
i

q − 1
=

W∑
i=1

pi logq
1
pi

logq z ≡
z1−q − 1
1− q

, (log1 z = log z)

• q → 1: Boltzmann-Gibbs entropy

• Generalized Planckian distribution (maximum entropy principle)

Nq(εn) =
1

[1 + (q − 1)βεn]1/(q−1) ± 1
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Tsallis statistics in UE for mixed fields

• For |q − 1| � 1 (bosons) [G.L. et al. (2021)]

Nq(Ωn) = NBE(Ωn) +
π2

2
Ω2

n csch2 (πΩn) (q − 1) + O (q − 1)2
,

• UE for mixed bosons (|δm2|/k2 � 1)

Nθ,δm(Ωn) = NBE(Ωn) − |δm
2|

4k2 sin2 θΩn csch
2(πΩn) + O

(
|δm2|
k2

)2

• Mixing and Tsallis statistics

Nθ,δm(Ωn) = Nq(Ωn) =⇒ |q − 1| ∝ |δm
2|

k2Ωn
sin2 θ
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