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Motivation: understand aspects of string field theory through the toy model example of a
spinning particle.

With Huĺık, Grassi and Sachs arXiv:2402.09868
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The particle sigma model
Massless relativistic particle:

S[x, e] =

∫
I

dt det e e−2 ∂tx
µ∂txµ .

Explicitly invariant under line diffeomorphisms.

First order, equivalent formulation: ∫
I

dt pẋ− e
p2

2
.

BRST: change parity, spin of v and introduce extra fields:

S[x, e, p, b, c, π̄] =

∫
I

dt pẋ− e
p2

2
+ bċ− π̄(e− efixed)

δBRSTe = d(c), δBRSTb = π̄, δBRSTẋ = c ṗ

The action localises:

S[x, e, p, b, c, π̄] = S[x, e] + δBRST(b(e− efixed))
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dt pẋ− e
p2

2
.

BRST: change parity, spin of v and introduce extra fields:

S[x, e, p, b, c, π̄] =

∫
I

dt pẋ− e
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dt pẋ− e
p2

2
.

BRST: change parity, spin of v and introduce extra fields:

S[x, e, p, b, c, π̄] =

∫
I

dt pẋ− e
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After fixing the einbein to the reference value, there remains a BRST symmetry generated
by Poisson brackets with

Q = c
p

2

2

which is nilpotent.
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Canonical quantization:

[p, x] = 1, [b, c]+ = 1

|Φ⟩ = (ϕ(x) + cϕ∗(x)) |0⟩

Hilbert-Poincaré series:
P(s) =

∑
(−1)tst dimVt .

In our example we have
V = V0 ⊕ V1

and it turns out that
P(s) = 1− s

(this counts how many fields we are dealing with).
Dynamics: since Q = c□

Q |Φ⟩ = 0 ⇐⇒ □ϕ = 0, ∀ϕ∗

ImQ|V1
= {φ(x) |0⟩ |ϕ∗ = □φ}

which says that ϕ∗ is pure gauge if it is not harmonic.

0
Q−→ ϕ(x)

Q−→ ϕ∗(x)
Q−→ 0
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Off-shell formulation
Remaining ingredient: non-degenerate pairing

(Φ|Φ) =
∫

dxdc ⟨0|ϕ(x)cϕ∗(x) |0⟩

Free field theory (kinetic term):

(Φ|QΦ) =

∫
dxϕ□ϕ

Interactions by homotopy algebra:

Mk : ⊗kV 7→ V, k ≥ 2, Q =:M1, ”

∞∑
k=n+1

(Mk)
2 = 0”

For polynomial interactions: multiproducts are given e.g. by

M2(Φ1,Φ2) = cΦ1Φ2

that is associative. Maurer-Cartan form of the interacting action:

SBV [Ψ] = (Ψ|QΨ) +
λk

(k + 1)!
(Ψ|Mk(Ψ1, . . . ,Ψk)) =

∫
dxϕ□ϕ+

λ

3!
ϕ3 + . . .
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Relativistic spinning particle
(1|1)-line:

x 7→ X ≡ x(t) + iηψ(t) and e 7→ E ≡ e(t) + 2iηχ(t)

Superdiffeos:
W := v + ω, v = v(t)∂t, ω = ξ(t)∂η + ηv(t)∂t.

Invariant action (2nd order formulation) [Brink, Di Vecchia, Howe 1977]:

−i

∫
dtdη

E

2
DX∂tX D := ∂η + η∂t

After Berezin integral: ∫
I

dt ηµν
1

e

(
ẋµẋν + iψµψ̇ν

)
− i

e2
χψµẋν
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ẋµẋν + iψµψ̇ν

)
− i

e2
χψµẋν
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For the path integral then :

S[x, ψ, e, χ, p] + bċ+ βγ̇ + π̄(e− efixed) + µ̄(χ− χfixed)

Now the BRST operator is:

Q = c
p2

2
+ γψ · p+ γ2b

and acts on the fields as:

{Q, x} = cp+ γψ, {Q,ψ} = γp, {Q, b} =
p2

2
, {Q, β} = ψ · p+ γb, {Q, c} = γ2
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Canonical quantization
We will rather focus on N = 2:

[p, x] = 1, [b, c]+ = 1, [ψ, ψ̄]+ = 1, [γ, β̄] = 1, [γ̄, β] = 1

Vacuum:
(p, ψ̄, γ̄, β̄, b) |0⟩ = 0

Wavefunction options [Belopolski 1997]

:

• superforms (picture 0): f(x, ψ, c)γkβl |0⟩

• integral forms (picture 2): f(x, ψ, c)∂kγ∂
l
β |δ(γ)δ(β)⟩.

• pseudoforms (picture 1): f(x, ψ, c)βl∂kγ |δ(γ)⟩
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The graded vector space (with function coefficients) has an extra U(1) grading (generator
is ψ · ψ̄ − γβ̄ + βγ̄):

V =
⊕
r,s

Vr,s .

Hilbert-Poincaré series:

P(s, r) =
(1− s)(1 + r)D

(1 + rs)(1 + r/s)
.

First order in r gives:

r(D − 1

s
− s)(1− s)

which is possible to arrange as:

0
Q−→ V1,−1︸ ︷︷ ︸

C(x)

Q−→ V1,0︸︷︷︸
Aµ(x)ψµ,φ(x)

Q−→ V1,1︸︷︷︸
A∗

µ(x)ψ
µ,φ∗(x)

Q−→ V1,2︸︷︷︸
C∗(x)

Q−→ 0

of respective dimensions: 1, D+1, D+1, 1. Interpretation: Maxwell theory in BV form:

|Ψ⟩ :=
(
C(x)β +Aµ(x)ψ

µ + cβφ(x) + cA∗
µ(x)ψ

µ + γφ∗(x) + cγC∗(x)
)
|0⟩

Q |Ψ⟩ =dC + γ(d†A+ φ)− c(□A+ dφ) + cβ□C + cγ(□φ∗ + d†A∗)
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Off-shell formulation
For the pairing:

Hodge star

A Hodge star isomorphism can be found (non-unique)

⋆ : Ωp
∼−→ Ωpmax−p.

The target space BV symplectic pairing is produced by means of ⋆.
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Interactions
Would it be possible to build the interacting BV theory?

• higher products are not easy to cook up;
• another solution based on imposing some operator-state correspondence:

Operator-state correspondence

Looking for a surjection Q(·) : F 7→ (V 7→ V ) s.t.

Q(ω)β |0⟩ = |Ψ⟩ .

Q(ω) =− c
(
p2 + p ·B +B · p−Gµνψ

µψ̄ν − ϕ− [p,B]
)

+ γΠ · ψ̄ + γ̄Π · ψ + C − cγ̄ψ ·A∗ + cγψ̄ ·A∗

+ γγ̄ϕ∗ + cγγ̄C∗ + γγ̄b .

[Q(ω), Q(ω)] ≡ 0 ⇐⇒ BV eoms of YM with Bµ = Aµ and Gµν = −2[Πµ,Πν ].
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Then the interacting action functional of BV YM is:∫
dxdψdγdβdc Tr

(
⋆(βQ(ω) |0⟩)

(
1

2
Q(0) +

1

3
Q(ω)

)
Q(ω)β |0⟩

)

BV-BRST invariance: from

m1(ω) := [Q(0), Q(ω)]β

m2(ω1, ω2) := [Q(ω1), Q(ω2)]β

m1 ◦m2 = 0 and m2 ◦m2 = 0, moreover m2 is cyclic w.r.t. pairing.
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Recap

Summary

• review of relativistic massless and spinning particle;

• index/partition function helps navigate what happens with different pictures;

• canonical quantization of the BRST theory yields on-shell free BV theory in target
space;

• the off-shell, interacting theory can also be produced.
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Conclusions

On-going work:

• topological field theory: analogue of topological twist can retrieve Chern–Simons,
BCOV theory (Kodaira–Spencer gravity);

• N = 4 yields (g,B, ϕ)-gravity, what about other fields of the sugra multiplet?

Thanks for the attention!
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