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Background dynamics

The FLRW metric:

ds2 = dt2 − a2(t)dx⃗2 = a2(τ )
[
dτ2 − dx⃗2]

The action:

S =
∫

d4x
√

−g

[M2
Pl
2

R + Lϕ + LVB

]
The α-attractor T-model

Lϕ = 1
2

∂µϕ ∂µϕ − V (ϕ)

V (ϕ)= Λ4 tanh2n
(

|ϕ|√
6αMPl

)
≃


Λ4 |ϕ|≫MPl

Λ4
∣∣∣∣ ϕ

MPl

∣∣∣∣2n |ϕ|≪MPl
,

where n > 0, 6α = 1, Λ = 3.0 × 10−3 MPl
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ρϕ = 1
2

ϕ̇2 + V (ϕ) pϕ = 1
2

ϕ̇2 − V (ϕ)

Classical background equations of motion:

ϕ̈ + 3Hϕ̇ + V,ϕ(ϕ) = 0

H2 = 1
3M2

Pl

(
1
2

ϕ̇2 + V (ϕ)
)

, with H ≡ ȧ

a

Assumption: ρX ≪ ρϕ
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Vector boson spectator (dark matter)

SVB =
∫

d4x
√

−g

{
−1

4
gµαgνβXµνXαβ + m2

X

2
gµνXµXν+

−ξ1

2
gµνRXµXν + ξ2

2
RµνXµXν

}
,

where Xµν ≡ ∂µXν − ∂νXµ with Z2 : Xµ → −Xµ.

O. Özsoy and G. Tasinato, "Vector dark matter, inflation and non-minimal
couplings with gravity", 2310.03862,
C. Capanelli, L. Jenks, E.W. Kolb, E. McDonough, "Runaway Gravitational
Production of Dark Photons", 2403.15536,
BG., A. Socha, "Purely gravitational production of dark vectors non-minimally
coupled to gravity", in progress,
A. Ahmed, BG, A. Socha, "Gravitational production of vector dark matter", JHEP
08 (2020) 059, 2005.01766.
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Gravitational production of DM

Xµ(τ, x⃗) =
∫

d3k

(2π)3
Xµ(τ, k⃗)e i k⃗·x⃗ , X⃗ (τ, k⃗) =

∑
λ=±,L

ϵ⃗λ(k⃗)Xλ(τ, k⃗),

ST =
∑
T=±

∫
dτ

∫
d3k

(2π)3

{
1
2

|X ′
T(τ, k⃗)|2−1

2
[k2 + a2m2

eff,x(a)]|XT(τ, k⃗)|2
}

,

SL =
∫

dτ

∫
d3k

(2π)3

{
1
2

1
A2

L (a, k)
|X ′

L(τ, k⃗)|2−1
2
a2m2

eff,x(a)|XL(τ, k⃗)|2
}

,

where k2 ≡ |k⃗ |2, and

A2
L (a, k) ≡

k2 + a2m2
eff,t(a)

a2m2
eff,t(a)

,

m2
eff,t(a) ≡ m2

X − ξ1R(a) + 1
2

ξ2R(a) + 3ξ2H
2(a),

m2
eff,x(a) ≡ m2

X − ξ1R(a) + 1
6

ξ2R(a) − ξ2H
2(a).
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m2
eff,t(a) = m2

X − 3
[(

ξ1 − 1
2

ξ2

)
(3w (a) − 1) − ξ2

]
H2(a),

m2
eff,x(a) = m2

X −
[
3

(
ξ1 − 1

6
ξ2

)
(3w (a) − 1) + ξ2

]
H2(a).

where

w (a) ≡ p(a)
ρ(a)

=
1
2 ϕ̇2 − V (ϕ)
1
2 ϕ̇2 + V (ϕ)

, w (a) ∈ [−1, 1]

• For minimal couplings, i.e. ξ1 = ξ2 = 0:
m2

eff,x(a) = m2
eff,t(a) = m2

X .
• During inflation (dS)

m2
eff,x(a) = m2

eff,t(a) = m2
X + 3(4ξ1 − ξ2)H2(a) ≃ const.
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ϕ̈ + 3Hϕ̇ + V,ϕ(ϕ) = 0

H2 = 1
3M2

Pl

(
1
2

ϕ̇2 + V (ϕ)
)

Figure 1: 8



s(a) ≡ sign

k2 + a2m2
eff,t(a)

a2m2
eff,t(a)


To avoid ghost instability s(a) > 0 for any a: ; m2

eff,t(a) > 0

⇓

f (w (a), ξ1, ξ2) ≤
(
mX

He

)2

≡ η−1
e

with

f (w (a), ξ1, ξ2) ≡ 3
[(

ξ1 − 1
2

ξ2

)
(3w (a) − 1) − ξ2

]
for w (a) ∈ [−1, 1]
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For

ξ1 = 1
2

ξ2.

The Lagrangian density reads

√
−gLNM

X =
√

−g

[
−ξ1

2
RgµνX

µX ν + ξ2

2
RµνX

µX ν

]
=

√
−g

1
2

ξ2GµνX
µX ν ,

where Gµν ≡ Rµν − 1
2Rgµν .

m2
eff,x(a)

∣∣∣∣
ξ1=ξ2/2

= m2
X − w (a)3ξ2H

2(a)

m2
eff,t(a)

∣∣∣∣
ξ1=ξ2/2

= m2
X + 3ξ2H

2(a)
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Figure 2: Left: Region in the ξ1 − ξ2 parameter space satisfying
f (w (a), ξ1, ξ2) ≲ 1, i.e. for ηe = 1, with two limiting choices of the
equation-of-state parameter w = −1 (light pink region) and w = 1 (light cyan
region). Right: Values of ξ1 − ξ2 ensuring the positivity of m2

eff,t(a) for two
values of η−1

e ∈ {0, 1}.
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SL =
∫

dτ

∫
d3k

(2π)3

{
1
2

1
A2

L (a, k)
|X ′

L(τ, k⃗)|2−1
2
a2m2

eff,x(a)|XL(τ, k⃗)|2
}

XL(τ, k⃗) = AL(a, k)XL(τ, k⃗)

Integrating by parts and dropping the boundary term

SL = 1
2

∫
dτ

∫
d3k

(2π)3
×

×

{
|X ′

L(τ, k⃗)|2−

[
a2m2

eff,x(a)A2
L (a, k) + A′′

L (a, k)
A(a, k)

− 2
(
A′

L(a, k)
AL(a, k)

)2
]

|XL(τ, k⃗)|2
}

X ′′
T (τ, k⃗) + ω2

T (τ, k)XT(τ, k⃗) = 0,

X ′′
L (τ, k⃗) + ω2

L (τ, k)XL(τ, k⃗) = 0,

where the time-dependent frequencies are defined as

ω2
T (τ, k) ≡ k2 + a2m2

eff,x(a),

ω2
L (τ, k) ≡ a2m2

eff,x(a)A2
L (a, k) + A′′

L (a, k)
AL(a, k)

− 2
(
A′

L(a, k)
AL(a, k)

)2
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ω2
T (a, k) = k2 + a2m2

X − a2H2(a)
[
3(3w (a) − 1)

(
ξ1 − 1

6
ξ2

)
+ ξ2

]
ω2

L (a, k) = k2m
2
eff,x

m2
eff,t

+ a2m2
eff,x(a) − k2

k2 + a2m2
eff,t(a)

×

×

a′′

a
+
m′′

eff,t
meff,t

+ 2
a′

a

m′
eff,t

meff,t
− 3

(a′meff,t + m′
eff,ta)2

k2 + a2m2
eff,t(a)


For ξ1 = ξ2 = 0, the frequency recovers the standard formula

ω2
L (τ, k) = ω2

L (τ, k) |ξ1=ξ2=0 = k2 + a2m2
X − k2

k2 + a2m2
X

[
a′′

a
− 3

a′2m2
X

k2 + a2m2
X

]
see also

• A. Ahmed, B.G. and A. Socha, “Gravitational production of vector dark
matter,” JHEP 08 (2020), 059

• E. W. Kolb and A. J. Long, “Completely dark photons from gravitational
particle production during the inflationary era,” JHEP 03 (2021), 283 13



UV behaviour, i.e. k2 → ∞:

ω2
T (a, k) → k2, ω2

L (a, k) → k2
m2

eff,x(a)

m2
eff,t(a)

m2
eff,x(a)

m2
eff,t(a)

≶ 0

m2
eff,x(a)

m2
eff,t(a)

< 0 ⇒ massive creation of short-wavelength modes

Remark:

• during dS inflation m2
eff,x(a) = m2

eff,t(a), therefore for k2 → ∞
ω2

T (a, k) = ω2
L (a, k) = k2, i.e. no massive production of

short-wavelength modes, i.e. no "runaway production"
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Credibility might be restored:

• One could impose the positivity condition on m2
eff,x(a)

analogously to m2
eff,t(a):

f̃ (w , ξ1, ξ2) ≲
(

mX

H(ae )

)2

= η−1
e ,

with

f̃ (w , ξ1, ξ2) ≡ 3
[
3w (a) − 1

] (
ξ1 − 1

6
ξ2

)
+ ξ2.

• For mX → 0 and ξ1, ξ2 ̸= 0 there is no region such that
m2

eff,x(a) > 0 and m2
eff,t(a) > 0 for arbitrary w ∈ [−1, 1].

• If m2
eff,x(a) > 0 for any a, then ω2

T (τ, k) ≡ k2 + a2m2
eff,x(a) > 0, so

no tachyonic production of XT .
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Figure 3: Left: Region in the ξ1 − ξ2 parameter space satisfying
f (w (a), ξ1, ξ2) ≲ η−1

e and f̃ (w (a), ξ1, ξ2) ≲ η−1
e , for η−1

e = 0 (left panel) and
η−1
e = 1 (right panel).
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Figure 4: Evolution of various length scales, ηe ≡
(

He
mX

)2
.
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Figure 5: Evolution of the kc momentum mode of the transversely polarized
vectors with mass mX = 5 · 1012GeV for different non-minimal couplings for
n = 1 (left) and n = 2 (right). Lower panels: Evolution of the transverse
frequency ω2

±/k2
e , ηe ≡

(
He
mX

)2
.

18



Figure 6: Evolution of the kc momentum mods of the redefined longitudinal
polarization with mass mX = 5 · 1012GeV (left) and mX = 1012GeV (right) for
different non-minimal couplings assuming quadratic inflaton potential
during reheating, i.e., n = 1. Lower panels: Evolution of longitudinal
frequency ω2

L /k2
e , ηe ≡

(
He
mX

)2
.
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Figure 7: Evolution of the kc momentum mod of the redefined longitudinal polarization with mass mX = 5 · 1012GeV (left) and
mX = 1012GeV (right) for different non-minimal couplings assuming quadratic inflaton potential during reheating, i.e., n = 1. Lower

panel: Evolution of longitudinal frequency ω2
L /k2e , ηe ≡

(
He
mX

)2
. 20



Energy density

Tµν := 2√
−g

δSM

δgµν
, T X

µν = TM
µν + T ξ1

µν + T ξ2
µν

TM
µν = gµν

(
1
4
gρσgαβXραXσβ − m2

X

2
gαβXαXβ

)
− gαβXµαXνβ + m2

XXµXν

T ξ1
µν = ξ1

[
− RXµXν − Gµνg

ρσXρXσ+

− gµνg
ρσgαβ∇σ∇ρ(XαXβ) + gρσ∇µ∇ν(XρXσ)

]
T ξ2

µν = ξ2

2

[
− gµνg

αρgβσRρσXαXβ + 2gρσRνσXµXρ + 2gρσRµσXνXρ+

+ gρσ∇ρ∇σ(XµXν) + gµνg
λρgκσ∇λ∇κ(XρXσ) − gλσ∇µ∇σ(XλXν)+

− gλσ∇ν∇σ(XλXµ)
]
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ˆ⃗X (τ, x⃗) =
∑

λ=±,L

∫
d3k

(2π)3
ϵ⃗λ(k⃗)e i k⃗·x⃗ X̂λ(τ, k),

X̂λ(τ, k) ≡ âλ(k⃗)Xλ(τ, k) + â†
λ(−k⃗)X ⋆

λ (τ, k)

The power spectra:

⟨0|X̂λ(τ, k) · X̂λ′ (τ, q)|0⟩ = δλλ′ (2π)3δ(3)(k⃗ + q⃗)2π2

k3 PXλ
(τ, k)

⟨0|X̂ ′
λ(τ, k) · X̂ ′

λ′ (τ, q)|0⟩ = δλλ′ (2π)3δ(3)(k⃗ + q⃗)2π2

k3 PX ′
λ
(τ, k)

⟨0|X̂λ(τ, k) · X̂ ′
λ′ (τ, q)|0⟩ + ⟨0|X̂ ′

λ(τ, k) · X̂λ′ (τ, q)|0⟩ = δλλ′ (2π)3δ(3)(k⃗ + q⃗)2π2

k3 PXλX ′
λ
(τ, k)

where λ, λ′ = ±, L

⟨0|ρ̂X |0⟩ = ⟨0|ρ̂L|0⟩ + ⟨0|ρ̂±|0⟩,

where

⟨0|ρ̂L|0⟩ = ⟨0|ρ̂M
L |0⟩ + ⟨0|ρ̂ξ1

L |0⟩ + ⟨0|ρ̂ξ2
L |0⟩,

⟨0|ρ̂±|0⟩ = ⟨0|ρ̂M
±|0⟩ + ⟨0|ρ̂ξ1

± |0⟩ + ⟨0|ρ̂ξ2
± |0⟩
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⟨0|ρ̂M
±|0⟩ = 1

2a4

∫
d3k

(2π)3
2π2

k3

{
PX ′

±
(τ, k) + (k2 + a2m2

X )PX± (τ, k)
}

⟨0|ρ̂ξ1
± |0⟩ = ξ1

a4

∫
d3k

(2π)3
2π2

k3

{
− 3a2H2PX± (τ, k) + 3aHPX±X ′

±

}
⟨0|ρ̂ξ2

± |0⟩ = ξ2

a4

∫
d3k

(2π)3
2π2

k3

{
2a2H2PX± (τ, k) − 3aHPX±X ′

±

}

Spectral energy densities

d⟨0|ρ̂M
±|0⟩

d ln k
∝ 1

2a4

{
PX ′

±
(τ, k) + (k2 + a2m2

X )PX± (τ, k)
}

d⟨0|ρ̂ξ1
± |0⟩

d ln k
∝ ξ1

a4

{
−3a2H2PX± (τ, k) + 3aHPX±X ′

±

}
d⟨ρ̂ξ2

± |0⟩
d ln k

∝ ξ2

a4

{
2a2H2PX± (τ, k) − 3aHPX±X ′

±

}
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Figure 8: Spectral energy density of the longitudinal (L) and transverse (T)
components of the minimally (dashed green) and non-minimally (violet
curves) coupled vector field for the quadratic (left panel) and quartic (right
panel) reheating model. 24



Normal ordering

The physical expectation value of the energy density is calculated
with respect to the initial vacuum state, e.g., Bunch-Davies vacuum,
whereas the normal ordering is performed with respect to the
late-time ladder operators. At late time, i.e., when the evolution of
the modes becomes adiabatic, the total energy density can be
approximated by the following formula:

⟨0IN |: ρ̂L : |0IN⟩ ≃ lim
τ→∞

⟨ρ̂L⟩ ≈ 1
a4

∫
d3k

(2π)3
ωL|βL

k |2,

lim
τ→∞

|βL
k |2= 1

2ωL
|X ′

L|2+ωL

2
|XL|2−1

2
,

and similarly for ⟨0IN |: ρ̂T : |0IN⟩.
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Figure 9: Normally ordered spectral energy density of longitudinal modes.
Left: Comparison of the unregulated (solid curves) and regularized (dashed
curves) spectral energy density. The results perfectly overlap in the low-k
regime.
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Figure 10: Normally ordered spectral energy density of longitudinal (L) and transverse (T) components of the minimally (dashed
green) and non-minimally (violet curves) coupled vector field for the quadratic (left panel) and quartic (right panel) reheating potential.
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Summary

• Gravitational production of Abelian massive gauge fields,
candidates for dark matter, that are coupled non-minimally to
gravity has been discussed.

• The α-attractor T-model potential for the inflaton field has been
adopted:

V (ϕ) = Λ4 tanh2n
(

|ϕ|√
6αMPl

) 
Λ4 |ϕ|≫MPl

Λ4
∣∣∣∣ ϕ

MPl

∣∣∣∣2n |ϕ|≪MPl

• Spectator vector Xµ: ρX ≪ ρϕ

• Energy density corresponding to various polarization
components of the vector field have been calculated.
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• It has been shown that the presence of the non-minimal
couplings may imply a massive, tachyonic production of
high-momentum modes of the gauge field.

• For mX → 0 and ξ1, ξ2 ̸= 0 there is no region such that
m2

eff,x(a) > 0 and m2
eff,t(a) > 0 for arbitrary w ∈ [−1, 1].

• If m2
eff,x(a) > 0 for any a, then ω2

T (τ, k) ≡ k2 + a2m2
eff,x(a) > 0, so

no tachyonic production of XT .
• During dS inflation m2

eff,x(a) = m2
eff,t(a), therefore for k2 → ∞

ω2
T (a, k) = ω2

L (a, k) = k2, i.e. no massive production of
short-wavelength modes, i.e. no "runaway production".

• Appearance of a second maximum in normally ordered spectral
energy density of longitudinal modes has been noticed.
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Backup slides

Figure 11: 30
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Figure 12: The amplitude squared of the longitudinal polarization normalized
to the Bunch-Davies value for different choices of the non-minimal coupling
ξ1, ξ1 satisfying constraints f (w (a), ξ1, ξ2) ≳ η−1

e , and f̃ (w (a), ξ1, ξ2) ≳ η−1
e . 31


