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Anagn¸rish ProtÔpwn & Neurwnik� DÐktua

Probl mata 3

(Epistrof : 26 IanouarÐou 2004)

0.1

OrÐzoume wc θ thn pijanìthta na fèroume ”kor¸na” ìtan rÐqnoume èna nìmisma. Upojèste
ìti to nìmisma èqei riqteÐ n forèc. 'Estw ìti nH eÐnai o arijmìc pou èqoume fèrei ”kor¸na”.
Na deÐxete ìti h ektÐmhsh thc mègisthc pijanof�neiac (MLE) thc metablht c θ eÐnai θ̂ = nH/n.

0.2

'Estw ìti mia tuqaÐa metablht  x upakoÔei sthn ekjetik  puknìthta pijanìthtac:

p(x/θ) =

{
θe−θx x ≥ 0,

0 alloÔ.

(a) Na d¸sete èna gr�fhma thc p(x/θ) wc proc x gia θ = 1. EpÐshc na d¸sete èna gr�fhma
thc p(x/θ) wc proc θ gia x = 2.
(b) 'Estw ìti èqoume n deÐgmata x1, x2, . . . , xn pou proèrqontai apì thn p(x/θ). Na deÐxete ìti
h ektÐmhsh thc mègisthc pijanof�neiac (MLE) thc metablht c θ eÐnai:

θ̂ =
1

(1/n)
∑n

k=1 xk

.

Sto gr�fhma tou erwt matoc (a) na deÐxete th MLE θ̂ gia meg�la n.
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0.3

Ta dianÔsmata ekpaÐdeushc gia duo kl�seic ω1, ω2 eÐnai:
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kai

S2 =
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0

)
,

(
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)
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2

)
,

(
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,

(
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,

(
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)
,

(
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2

)}
∈ ω2,

Na taxinom sete to di�nusma ~x = (1, 5 0)t sÔmfwna me ton taxinomht  k = 3 plhsiestèrwn
geitìnwn.

0.4

Na d¸sete th puknìthta pijanìthtac p(x) miac di�stashc me th mèjodo thc parajuropoÐhshc
tou Parzen qrhsimopoi¸ntac ta akìlouja deÐgmata:

S = {2, 5 2, 8 3, 4 4, 2 4, 5 4, 7 5, 2 5, 6 7, 5} .

Na jewr sete to eÔroc thc sun�rthshc parajÔrou hn = 1.

0.5

'Estw ìti oi sunart seic pijanof�neiac gia duo kl�seic ω1, ω2, eÐnaip(~x/ωi), me mèsec timèc kai
pÐnakec diaspor�c ~µi, Σi antÐstoiqa (to i eÐnai 1, 2). Den upojètoume gkaousianèc sunart seic
sto prìblhma autì.
JewroÔme mia monodi�stath metablht  y = ~wt~x. Epomènwc mporoÔme na jewr soume nèec
sunart seic pijanof�neiac gia tic duo kl�seic ω1, ω2, pou eÐnai p(y/ωi).
Na deÐxete ìti h sun�rthsh kìstouc:

J(~w) =
(m1 −m2)

2

σ2
1 + σ2

2

,

gÐnetai mègisth gia:
~w = (Σ1 + Σ2)

−1(~µ1 − ~µ2),

ìpou mi, σ2
i eÐnai oi mèsec timèc kai oi diasporèc twn sunart sewn p(y/ωi).
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0.6

'Estw mia tuqaÐa omoiìmorfh metablht  X pou orÐzetai sto di�sthma [0, θ] me sun�rthsh
pijanof�neiac:

p(x/θ) =

{
1/θ 0 ≤ x ≤ θ,
0 alloÔ.

'Estw ìti lamb�noume èna sÔnolo n deigm�twn D = {x1, x2, . . . , xn} apì thn puknìthta pijanìth-
tac p(x/θ). Na deÐxete ìti h ektÐmhsh thc mègisthc pijanof�neiac (MLE) thc metablht c θ
eÐnai:

θ̂ = max
k

xk.

0.7

'Estw ìti p(x) ∼ N(µ, σ2) kai jewroÔme wc sun�rthsh parajÔrou thn φ(x) ∼ N(0, 1).
Na deÐxete ìti h ektÐmhsh Parzen thc sun�rthshc p(x):

p̂(x) =
1

nhn

n∑
i=1

φ

(
x− xi

hn

)
,

èqei thn akìloujh mèsh tim :
E [p̂n(x)] ∼ N(µ, σ2 + h2

n).

0.8

'Estw ìti p(x) eÐnai mia omoiìmorfh katanom  sto di�sthma [0, a], kai èstw ìti h sun�rthsh
parajÔrou èqei th morf :

φ(x) =

{
e−x x ≥ 0,
0 x < 0.

Na deÐxete ìti h mèsh tim  thc ektÐmhshc Parzen gia th sun�rthsh p(x) dÐnetai apì th sqèsh:

E [p̂n(x)] =


0 x < 0,

(1/a)
(
1− e−x/hn

)
0 ≤ x ≤ a,

(1/a)
(
ea/hn − 1

)
e−x/hn x > a.
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0.9

'Estw ìti p̂n(~x) eÐnai h ektÐmhsh Parzen gia mia �gnwsth puknìthta pijanìthtac p(~x) kai èstw
φ(~x) eÐnai mia sun�rthsh parajÔrou apì thn opoÐa sqhmatÐzetai h p̂n(x) me mèsh tim  mhdèn:∫

~xφ(~x) = 0.

Na breÐte mia apl  èkfrash thc mèshc tim c thc ektÐmhshc Parzen:

~̂µ =

∫
~xp̂n(~x)d~x.

0.10

'Estw ìti −→x eÐnai èna duadikì di�nusma, kai p(−→x /θ) eÐnai èna meÐgma C poludi�statwn katanom¸n
Bernoulli:

p(−→x /θ) =
C∑

i=1

p(−→x /ωi,
−→
θ i)P (ωi),

ìpou

p(−→x /ωi,
−→
θ i) =

d∏
j=1

θ
xj

ij (1− θij)
1−xj .

(a) Na deÐxete ìti:

∂ ln p(−→x /ωi, θi)

∂θij

=
xj − θij

θij(1− θij)
.

(b) Me th bo jeia thc genik c exÐswshc thc ektÐmhshc thc mègisthc pijanof�neiac, na deÐxete
ìti h MLE thc θi (

−̂→
θi ) ja eÐnai:

−̂→
θi =

∑n
k=1 P (ωi/

−→x k,
−̂→
θi )
−→x k∑n

k=1 P (ωi/
−→x k,

−̂→
θi )

.
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0.11

Oi mèsec timèc dÔo kl�sewn ω1, ω2 eÐnai −→m1 = (−2 − 2)t kai −→m2 = (2 2)t kai oi pÐnakec diaspor�c
eÐnai:

Σ1 =

(
1 0
0 1

)
, Σ2 =

(
a 0
0 1

)
, a > 0 ∈ R.

(a) Na breÐte thn klÐsh thc sun�rthshc di�krishc tou Fisher apì th sqèsh:

−̂→w = S
−1

w (−→m1 −−→m2).

(b) Na breÐte thn klÐshc thc sun�rthshc di�krishc tou Fisher upologÐzontac tic idiotimèc tou
pÐnaka:

S
−1

w SB.

0.12

To dÐktuo N (pou faÐnetai sto sq ma 1) ekpaideÔthke qrhsimopoi¸ntac ton algìrijmo opisjo-
dromik c di�doshc, (a, b) ∈ {−1, 1} kai h sun�rthsh metafor�c eÐnai tanh(x).
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Sq ma 1:

(a) Na elègxete an to dÐktuo N upologÐzei th sun�rthsh XOR.
(b) Perigr�yte p¸c gÐnetai h ekm�jhsh tou diktÔou sÔmfwna me ton algìrijmo opisjodromik c
di�doshc, upologÐzontac thn pr¸th allag  tou b�rouc ∆w, gia thn kruf  mon�da h1. Gia thn
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ekpaÐdeush jewreÐste p = (−1, 1), t = 1, n = 0, 1, kaj¸c kai ta b�rh kai tic merolhyÐec pou
faÐnontai sto sq ma 1.

0.13

To dÐktuo N èqei summetrik� b�rh (wab = wba) kai den èqei merolhyÐa (w0a = 0), kai èqei 3
neur¸nec (N = {1, 2, 3}). O stìqoc mac eÐnai na apojhkeÔsoume to prìtupo: ξ = (−1, 1, 1).
Na jèsete ta b�rh ¸ste na epiteuqjeÐ o stìqoc mac akolouj¸ntac ton kanìna tou Hebb
wab = (1/|N |)

∑
i ξ

i
aξ

i
b, na sqedi�sete to dÐktuo kai na topojet sete sto sq ma ta antÐstoiqa

b�rh. Na apodeÐxete ìti to ξ eÐnai èna stajerì shmeÐo èlxhc (shmeÐo isorropÐac) gia to dÐktuo
autì. Stajerèc katast�seic eÐnai tupik� minima thc enèrgeiac:

E(w, s) = −1

2

∑
a,b

wabsasb −
∑

a

w0asa.

Upìdeixh: SugkrÐnete thn enèrgeia gia to shmeÐo ξ me thn enèrgeia stic geitonikèc katast�seic.

0.14

'Estw mia tuqaÐa omoiìmorfh metablht  X pou orÐzetai sto di�sthma [θ, 1] me sun�rthsh
pijanof�neiac:

p(x/θ) =

{
1/(1− θ) θ ≤ x ≤ 1,

0 alloÔ.
'Estw ìti lamb�noume èna sÔnolo n deigm�twn D = {x1, x2, . . . , xn} apì thn puknìthta pi-
janìthtac p(x/θ). Na breÐte thn ektÐmhsh thc mègisthc pijanof�neiac (MLE) thc metablht c
θ.
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