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Anagn¸rish ProtÔpwn & Neurwnik� DÐktua

Probl mata 2

(Epistrof : 12 IanouarÐou 2004)

0.1

Up�rqoun di�foroi trìpoi gia na genikeÔsoume thn idèa twn sunart sewn di�krishc dÔo kl�-
sewn se C kl�seic ω1, ω2, . . . , ωk. 'Enac trìpoc ja eÐnai na qrhsimopoi soume (C−1) sunart seic
di�krishc, ètsi ¸ste an gk(

−→x ) > 0 tìte to deÐgma −→x ∈ ωk, en¸ an gk(
−→x ) < 0 tìte −→x 6∈ ωk. Me th

bo jeia enìc paradeÐgmatoc se dÔo diast�seic gia C = 3 (treic kl�seic), na deÐxete ìti autìc
o trìpoc taxinìmhshc mporeÐ na odhg sei se perioqèc sto deigmatoq¸ro twn −→x gia tic opoÐec
h taxinìmhsh ja eÐnai asaf c. 'Enac �lloc trìpoc eÐnai na qrhsimopoi soume mia sun�rthsh
di�krishc gjk(

−→x ) gia k�je dunatì zeÔgoc kl�sewn ωj kai ωk, ètsi ¸ste gia gjk(
−→x ) > 0 to −→x ∈ ωj

kai gia gjk(
−→x ) < 0 to −→x ∈ ωk. Gia C kl�seic, apaitoÔntai C(C − 1)/2 sunart seic di�krishc.

Me èna aplì par�deigma se dÔo diast�seic gia C = 3, na deÐxete ìti kai autìc o trìpoc ja
odhg sei se asafeÐc perioqèc taxinìmhshc.

LÔsh:

Gia treic kl�seic C = 3, ja up�rqoun dÔo grammikèc sunart seic di�krishc g1(
−→x )g2(

−→x ). ja isqÔei:
gia −→x ∈ C1, tìte g1(

−→x ) > 0 kai
gia −→x ∈ C2, tìte g2(

−→x ) > 0.
Autì ja odhg sei sto akìloujo prìblhma. P¸c ja mporèsoume na taxinom soume deÐgmata −→x ta opoÐa
èqoun thn idiìthta:

g1(
−→x ) > 0 KAI g2(

−→x ) > 0.

Profan¸c tètoia −→x ja an koun kai stic dÔo kl�seic, dhlad  C1 KAI C2. To sq ma 1 perigr�fei autì to
prìblhma. Akìmh kai sthn perÐptwsh pou jewr soume tic dÔo sunart seic di�krishc par�llhlec metaxÔ
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g2( x ) > 0

g2( x ) < 0

g1( x ) < 0

g1( x ) > 0

Sq ma 1: Oi dÔo grammikèc sunart seic di�krishc profan¸c orÐzoun perioq  tou q¸rou (grammoskiasmènh
perioq ) pou taxinomeÐtai stic dÔo kl�seic sugqrìnwc.

touc, de ja èqoume lÔsh tou probl matoc, kajìti h tom  twn g1(
−→x ) > 0 KAI g2(

−→x ) > 0 eÐnai èna mh-kenì
sÔnolo. ParathreÐste oti h tom  twn g1(

−→x ) > 0 KAI g2(
−→x ) > 0 eÐnai èna kenì sÔnolo mìno sthn perÐptwsh

pou oi dÔo grammikèc sunart seic di�krishc sumpÐptoun, pou shmaÐnei g1(
−→x ) = g2(

−→x ).
Gia treic kl�seic C = 3, ja up�rqoun C(C − 1)/2 = 3 sunart seic di�krishc, g12(

−→x ), g13(
−→x ), g23)(

−→x ). O
kanìnac taxinìmhshc ja eÐnai wc akoloÔjwc:

1. An g12(
−→x ) > 0 KAI y13(

−→x ) > 0, tìte −→x ∈ C1.

2. An g12(
−→x ) < 0 KAI y23(

−→x ) > 0, tìte −→x ∈ C2.

3. An g13(
−→x ) < 0 KAI y23(

−→x ) < 0, tìte −→x ∈ C3.

Autìc o kanìnac taxinìmhshc odhgeÐ sto akìloujo prìblhma, ìpwc faÐnetai sto sq ma 6. H akìloujh
perioq  de mporeÐ na taxinomhjeÐ.

1. g12(
−→x ) < 0 KAI g13(

−→x ) > 0.

2. g12(
−→x ) > 0 KAI g23(

−→x ) > 0 KAI g13(
−→x ) < 0.

0.2

'Estw ta 6 deÐgmata ekpaÐdeushc pou an koun se dÔo kl�seic ω1, ω2, ìpwc faÐnontai sto sq ma
(3):
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g12( x ) > 0

g12( x ) < 0

g23( x ) < 0

g23( x ) > 0

g13( x ) > 0

g13( x ) < 0

C1

C3

C2

Sq ma 2: Oi treic sunart seic di�krishc profan¸c orÐzoun perioq  tou q¸rou pou den taxinomeÐtai.
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Sq ma 3:
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S =


(
−2
1

)
,

(
1
2

)
︸ ︷︷ ︸

ω2

,

(
0
0

)
,

(
−2
−1

)
,

(
2
0

)
,

(
2
1

)
︸ ︷︷ ︸

ω1

 .

Na orÐsete èna neur¸na (perceptron) pou na orÐsei thn taxinìmhsh aut¸n twn dÔo kl�sewn.
Dhlad , orÐste tic sun�yeic w1, w2 kai to kat¸fli w0.
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Sq ma 4:

LÔsh:

επιφάνεια 
απόφασης

x1

x2

21-1

-2
1

2

-1

-2

Sq ma 5:
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Profan¸c h epif�neia apìfashc eÐnai:

x2 =
1

2
x1 + 1

⇒ 1

2
x1 − x2 + 1 = 0,

ìpwc faÐnetai sto sq ma 5. Epomènwc h exÐswsh aut  mporeÐ na jewrhjeÐ wc :

w1x1 + w2x2 + w0 = 0, (1)
ìpou

w1 =
1

2
, w2 = −1, kai w0 = −1,

 

−→w =

(
w1

w2

)
=

(
1/2
−1

)
, w0 = −1,

kai h exÐswsh (1) eÐnai:

−→w t−→x + w0 = 0,

me

−→x = ( x1 x2 )t.

Σ
w1

w2 w0

x1

x2

συνάρτηση 
ενεργοποίησης

Sq ma 6:

'Ara h taxinìmhsh èqei wc akoloÔjwc:
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ω1 :

{
( −2 + 1 ) → −→w t−→x + w0 = −1 < 0
( 1 2 ) → −→w t−→x + w0 = −1/2 < 0

}

ω2 :


( 0 0 ) → −→w t−→x + w0 = 1 > 0

( −2 − 1 ) → −→w t−→x + w0 = 1 > 0
( 2 0 ) → −→w t−→x + w0 = 2 > 0
( 2 1 ) → −→w t−→x + w0 = 1 > 0

 .

0.3

JewreÐste ton algìrijmo thc apìtomhc pt¸shc (steepest descent) ìpou h sun�rthsh kìstouc
J(w) = k1(w − w0)

2 + k2.
(a) BreÐte th bèltisth lÔsh w∗ pou elaqistopoieÐ th sun�rthsh kìstouc J(w).
(b) Me th bo jeia tou algorÐjmou thc apìtomhc pt¸shc:

w(i + 1) = w(i) + %
dJ

dw
,

na breÐte mia analutik  èkfrash tou w(i). JumhjeÐte p¸c epilÔame diaforoexis¸seic apì thn
An�lush S matoc! Na breÐte th sunj kh pou prèpei na upakoÔei h par�metroc tou rujmoÔ
ekm�jhshc %, ¸ste o algìrijmoc thc apìtomhc pt¸shc na sugklÐnei.
(g) Na breÐte to ìrio tou w(i) gia i →∞.
LÔsh:

(a)

dJ

dw
= 2k1(w − w0) = 0

⇒ w∗ = w0.

(b)
O algìrijmoc thc apìtomhc pt¸shc ja eÐnai:

w(i + 1) = w(i) + 2%k1 (w(i)− w0)

⇒ w(i + 1) = (1− 2%k1)w(i) + 2%k1w0

⇒ w(i) = (1− 2%k1)
iw(0) +

i−1∑
j=0

(1− 2%k1)
j2%k1w0

6



⇒ w(i) = (1− 2%k1)
iw(0) +

2%k1w0

1− (1− 2%k1)

⇒ w(i) = (1− 2%k1)
iw(0) + w0. (2)

Epomènwc to wi gia na sugklÐnei, ja prèpei na isqÔei:

|1− 2%k1| < 1

−1 < 1− 2%k1 < 1

1

k1

< % < 0

(g)
Apì th sqèsh (2):

lim
i→∞

w(i) = w(0).

0.4

'Estw −→x eÐnai mia tuqaÐa metablht  me mèsh tim  −→µ kai pÐnaka diaspor�c Σ. Na deÐxete ìti o
Σ eÐnai jetik� orismènoc, dhlad  na deÐxete ìti:

−→y tΣ−→y > 0 ∀ −→y 6= 0.

LÔsh:
'Estw −→y èna mh mhdenikì di�nusma. Tìte:

−→y tΣ−→y = −→y tE
[
(−→x −−→µ )(−→x −−→µ )t

]−→y
= E

[−→y t(−→x −−→µ )(−→x −−→µ )t−→y
]
. (3)

OrÐzoume mia nèa bajmwt  metablht :

A = −→y t(−→x −−→µ ). (4)
ParathroÔme oti to A eÐnai mia tuqaÐa metablht  me mèsh tim  mhdèn. Apì tic sqèseic (3) kai (4) ja èqoume:

−→y tΣ−→y = E[A2] = σ2
A > 0,

ìpou σA eÐnai h diaspor� thc tuqaÐac metablht c A.
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0.5

'Estw to di�nusma −→x = (x1 x2)
t eÐnai katanemhmèno kat� Gauss me puknìthtec pijanìthtac

p(−→x /ωi) ∼ N(−→µ i, σ
2I). Na sqedi�sete tic epif�neiec apìfashc gia èna taxinomht  el�qisthc

eukleÐdeiac apìstashc an èqoume 5 kl�seic me tic akìloujec mèsec timèc:

−→µ 1 = (0 0)t,

−→µ 2 = (2 0)t,

−→µ 3 = (−2 0)t,

−→µ 4 = (2 2)t,

−→µ 5 = (2 − 2)t.

LÔsh:
Oi epif�neiec apìfashc gia tic pènte kl�seic faÐnontai sto sq ma 7.

x1

x2

-2 -1 1 2

-2

-1

1

2

Sq ma 7:
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0.6

DÐnontai ta parak�tw dianÔsmata ekpaÐdeushc:

S =


(

0, 1
0, 2

)
,

(
0, 2
0, 1

)
,

(
−0, 15
0, 2

)
,

(
1, 1
0, 8

)
,

(
1, 2
1, 1

)
︸ ︷︷ ︸

ω1

,

(
1, 1
−0, 1

)
,

(
1, 25
0, 15

)
,

(
0, 9
0, 1

)
,

(
0, 1
1, 2

)
,

(
0, 2
0, 9

)
︸ ︷︷ ︸

ω2

 .

Na deÐxete grafik� ìti aut� den eÐnai grammik� diaqwrÐsima gegonìta, kai na sqediasteÐ mia
kat�llhlh arqitektonik  Perceptron pou na ta diaqwrÐzei.

LÔsh:

x1

x2

- +- +

g2( x ) = 0g1( x ) = 0

0,5

0,5 1,5

1,5 ω1

ω2

Sq ma 8:

Apì to sq ma 8, profan¸c oi dÔo kl�seic den eÐnai grammik� diaqwrÐsimec. MporoÔme na dialèxoume dÔo
eujeÐec:

2x1 + 2x2 − 1 = 0, kai

2x1 + 2x3 − 3 = 0,

¸ste ta deÐgmata thc kl�shc ω1 na brejoÔn metaxÔ twn dÔo epifanei¸n di�krishc. Ja qreiastoÔme dÔo
str¸mata gia th sqedÐash tou Perceptron. To krufì str¸ma ja perièqei dÔo neur¸nec me exìdouc y1, y2.
O q¸roc y1, y2 faÐnetai sto sq ma 9.
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x1 x2 y1 y2

0,1 -0,2 0 0
0,2 0,1 0 0
-0,15 0,2 0 0
1,1 0,8 1 1
1,2 1,1 1 1
1,1 -0,1 1 0
1,25 0,16 1 0
0,9 0,1 1 0
0,1 1,2 1 0
0,2 0,9 1 0

y1

y2

0,5 1

ω1

ω2

ω1

1

Sq ma 9:

Dhlad  ja mporèsoume na èqoume mia epif�neia apìfashc:

y1 − y2 −
1

2
= 0,

pou mporeÐ na diaqwrÐsei ta ω1, ω2, ìpwc faÐnetai sto sq ma.Epomènwc to neurwnikì dÐktuo ja eÐnai autì
pou faÐnetai sto sq ma 10.

0.7

Upojèste ìti dÔo sÔnola S1 kai S2 sto q¸ro Rl eÐnai grammik� diaqwrÐsima. Dhlad , up�rqei
èna di�nusma −→w ′ ∈ Rl kai èna bajmwtì w0 ∈ R, ètsi ¸ste:

−→w ′t−→x + w0 =

{
> 0 ∀ −→x ∈ S1

< 0 ∀ −→x ∈ S2
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y

-1/2
-3

x1

x2

2

-1
2

2 -1

1

2

y1

y2

Sq ma 10:

JewreÐste ta nèa dianÔsmata wc akoloÔjwc:

−→x =

( −→x
1

)
, −→w =

( −→w ′

w0

)
.

(a) Na deÐxete ìti −→w tx̂ > 0 ∀x̂, an to prìshmo twn dianusm�twn x̂ tou sunìlou S2 all�zei.
(b) Na perigr�yete grafik� tÐ sumbaÐnei sto er¸thma (a) ìtan l = 1, S1 = {−3,−2,−1}, kai
S2 = {5, 6, 7}.

LÔsh:

(a)
Profan¸c isqÔei:

−→w t−→x − w0 = (−→w ′ w0)

( −→x
1

)
= −→w tx̂.

An −→x ∈ S1 ⇒ −→w tx̂ > 0.
An −→x ∈ S2 ⇒ −→w tx̂ < 0 ⇒ −→w t(−1)x̂ > 0.
Epomènwc an to prìshmo tou x̂ all�zei ìtan to −→x ∈ S2, ja isqÔei h sqèsh

−→w tx̂ > 0 ∀x̂.

(b)
H allag  tou pros mou perigr�fetai sto sq ma 11. Met� apì thn allag  thc metablht c se x̂ kai thn
allag  tou pros mou ìla ta deÐgmata brÐskontai sthn Ðdia pleur� thc epif�neiac apìfashc.
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x1

x2

x1

x2

πριν µετά

Sq ma 11:

0.8

Ston algìrijmo tou neur¸na (Perceptron) èqoume:

−→w (i + 1) = −→w (i) + %(i)−→x i,

ìtan to −→x i èqei taxinomhjeÐ lanjasmèna, dhlad ,

−→w t−→x i < 0.

Na breÐte th sunj kh pou dièpei thn par�metro tou rujmoÔ ekm�jhshc %(i), ètsi ¸ste to −→x
na taxinomhjeÐ orj� sto b ma i + 1.

LÔsh:

An −→w (i)t−→x i < 0, tìte to x̂i èqei taxinomhjeÐ lanjasmèna sto i−ostì b ma tou algorÐjmou. Epomènwc gia
na èqoume th swst  taxinìmhsh tou −→x i sto epìmeno b ma, to −→w (i) ja prèpei na all�xei me tètoio trìpo
¸ste −→w (i + 1)t−→x i > 0. O algìrijmoc eÐnai:

−→w (i + 1) = −→w (i) + ρ−→x i

⇒ −→w (i + 1)t−→x i = (−→w (i) + ρ−→x i)
t−→x i

⇒ −→ω (i + 1)−→x i = −→w t−→x i + ρ ‖xi‖2 > 0

⇒ ρ >
−−→w t−→x i

‖−→x i‖
2 .
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0.9

'Estw ìti ta sÔnola S1, S2 eÐnai grammik� diaqwrÐsima, kai èqoume gegonìta ekpaÐdeushc x1 =
−2 ∈ S1, x2 = −1 ∈ S2 kai x3 = 2 ∈ S2. H arqik  tim  tou dianÔsmatoc −→w eÐnai −→w (0) = (1, 1)t, kai
h par�metroc tou rujmoÔ ekm�jhshc eÐnai % = 0, 5. Na prosdioristeÐ to di�nusma −→w ¸ste o
algìrijmoc tou Perceptron na mac d¸sei thn orj  taxinìmhsh.

LÔsh:

Ja qrhsimopoi soume ton algìrijmo tou Perceptron. Se k�je b ma tou algorÐjmou, ja kanonikopoioÔme ta
dianÔsmata b�rouc ŵ = −→w/ ‖−→w ‖. H orjìthta thc taxinìmhshc ja elègqetai gia k�je b ma. Ta dianÔsmata
b�rouc ja dÐnontai apì th sqèsh:

ŵ(i + 1) = ŵ(i)− 0, 5
3∑

i=1

σxi

−→x i,

ìpou σxi
= −1 an to deÐgma −→x i ∈ ω1 all� taxinomeÐtai sthn kl�sh ω2,   σxi

= +1 an to deÐgma −→x i ∈ ω2

all� taxinomeÐtai sthn kl�sh ω1, kai se ìlec tic peript¸seic σxi
= 0.

B ma Di�nusma Kanonikopoihmèno DeÐgmata
algorÐjmou b�rouc di�nusma b�rouc me l�joc taxinìmhsh

0 −→w = (1 1)t (0, 707 0, 707)t x1, x3

1 −→w = (−1, 29 0, 71)t (−0, 88 0, 48)t x2

2 −→w = (−0, 38 − 0, 02)t (−1, 00 − 0, 05)t x2

3 −→w = (−0, 50 − 0, 55)t (−0, 67 − 0, 74)t kanèna

0.10

(a) Na efarmìsete ton aplì algìrijmo eÔreshc twn protÔpwn gia ta dianÔsmata:

S =

{(
0
0

)
,

(
0
−1

)
,

(
−5
−4

)
,

(
−5
−5

)
,

(
−4
−5

)
,

(
−1
0

)}
.

JewreÐste ìti to kat¸fli T = 3.
(b) Na efarmìsete th mèjodo MaxMin sto deigmatoq¸ro S tou erwt matoc (a).
(g) Na efarmìsete th mèjodo twn K-mèswn (K-means) sto deigmatoq¸ro S tou erwt matoc
(a).

LÔsh:

(a) EÐnai parìmoia thc �skhshc ??
(b) blèpe �skhsh ??
(g) blèpe �skhsh ??
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