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Anagn¸rish ProtÔpwn & Neurwnik� DÐktua

Probl mata 1

(Kef�laio: Statistik  JewrÐa tou Bayes)

(Epistrof : 24 NoembrÐou 2003)

0.1

O akìloujoc pÐnakac tou sq matoc (1) mac dÐnei tic upì sunj kh pijanìthtec miac tuqaÐac
metablht c X gia treic kl�seic ω1, ω2, kai ω3. 'Estw ìti gnwrÐzoume tic a priori pijanìthtec
P (ω1) = 0, 3 kai P (ω2) = 0, 3.
UpologÐste thn pijanìthta l�jouc thc taxinìmhshc qrhsimopoi¸ntac ton kanìna apìfashc
Bayes.
ParathreÐste ìti

∑
x p(x/ωi) = 1, 0 kai h tuqaÐa metablht  X paÐrnei timèc sto di�sthma [1, 6].

LÔsh:

Gia tic a priori pijanìthtec èqoume:

P (ω1) = P (ω2) = 0, 3

⇒ P (ω3) = 1− P (ω1)− P (ω2) = 0, 4.

Oi timèc P (ωi)p(x/ωi), ∀i = 1, 2, 3 pou ja qrhsimopoi soume gia thn taxinìmhsh twn kl�sewn faÐnontai
ston pÐnaka 1.
ParathroÔme ìti

∑
x P (ωi)p(x/ωi) = P (ωi). O taxinomht c Bayes ja apofasÐsei gia thn kl�sh ωi ìtan:

P (ωi)p(x/ωi) > P (ωj)p(x/ωj) ∀ j 6= i.
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Sq ma 1: ParathreÐste ìti
∑

x p(x/ωi) = 1, 0 kai h tuqaÐa metablht  X paÐrnei timèc sto di�sthma [1, 6].

P (ωi)p(x/ωi) x = 1 x = 2 x = 3 x = 4 x = 5 x = 6
ω1 0, 09 ∗ 0,06 0,03 0, 03 ∗ 0,06 0,03
ω2 0,06 0,06 0, 12 ∗ 0,015 0,03 0,015
ω3 0,04 0, 12 ∗ 0,06 0,02 0, 12 ∗ 0, 040 ∗

PÐnakac 1:

�� �� � � �

� �� � � �

Sq ma 2:
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Epomènwc apì ton pÐnaka, h apìfash sto q¸ro twn qarakthristik¸n shmeÐwn eÐnai aut  pou faÐnetai sto
sq ma (2). H pijanìthta l�jouc taxinìmhshc eÐnai:

Pe = 1− Pc = 1− [0, 09 + 0, 12 + 0, 12 + 0, 03 + 0, 12 + 0, 04] = 0, 48,

ìpou Pc eÐnai h pijanìthta thc orj c taxinìmhshc.

0.2

Na upologÐsete thn pijanìthta tou l�jouc taxinìmhshc kat� Bayes gia duo kl�seic ω1, ω2,
ìpou jewroÔme deÐgmata se 2-diast�seic apì gkaousianèc katanomèc pou perigr�fontai apì
tic akìloujec puknìthtec pijanìthtac:

p(~x/ω1) ∼ N(~µ1, Σ1),

me
~µ1 =

(
1
2

)
, Σ1 =

(
4 1
1 9

)
,

kai
p(~x/ω2) ∼ N(~µ2, Σ2),

me
~µ1 =

(
−2
−1

)
, Σ2 =

(
4 1
1 9

)
.

Jewr ste ìti h a priori pijanìthta P (ω1) = 0, 25.

LÔsh:

ParathroÔme ìti gia touc pÐnakec diaspor�c Σ1 = Σ2 èqoume: Σ1 = Σ2 = Σ. O antÐstrofoc pÐnakac
diaspor�c eÐnai:

Σ
−1

=
1

35

(
9 −1
−1 4

)
.

Oi sunart seic di�krishc, g1(
−→x ), g2(

−→x ), eÐnai:

gi(
−→x ) =

(
Σ
−1

i
−→µ i

)t−→x − 1

2
−→µ t

iΣ
−1

i
−→µ i + ln P (ωi),

me

P (ω2) = 0, 25, P (ω2) = 0, 75,

kai h sun�rthsh apìfashc eÐnai:

d(−→x ) = g1(
−→x )− g2(

−→x )
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⇒ d(−→x ) =
(
Σ
−1−→µ 1

)t−→x − 1

2
−→µ t

1Σ
−1−→µ 1−

−
(
Σ
−1−→µ t

2

)−→x +
1

2
−→µ t

2

−→
Σ−→µ 2 + ln

(
P (ω1)

P (ω2)

)
⇒ d(−→x ) = 24x1 + 9x2 − 31,

ìpou −→x = ( x1 x2 )t.
H epif�neia apìfashc eÐnai:

d(−→x ) = 0

⇒ 24x1 + 9x2 − 31 = 0

⇒ −→w t−→x + w0 = 0, ìpou

−→w =

(
24/35
9/35

)
, w0 = −31/35 = −0, 885.

OrÐzoume mia nèa metablht  y = −→w t−→x . Tìte oi upì sunj kh pijanìthtec eÐnai:

p(−→x /ωi) ∼ N
(−→µ i, Σi

)
⇒ p(−→w t−→x /ωi) ∼ N

(−→w t−→µ i,
−→w tΣi

−→w t
)

,

 

p(−→w t−→x /ω1) ∼ N (1, 20, 2, 829) ,

p(−→w t−→x /ω2) ∼ N (−1, 63, 2, 829) .

Dhlad  to prìblhm� mac ègine prìblhma mÐac di�stashc, ìpwc faÐnetai sto sq ma (3). H pijanìthta orj c
taxinìmhshc eÐnai:

Pc = P (ω1)

∫
R1

p(−→w t−→x /ω1)d(−→w t−→x ) + P (ω2)

∫
R2

p(−→w t−→x /ω2)d(−→ω t−→x )

⇒ Pc =
1

4

∫ ∞

0,885

N
(
1, 2,

√
2, 829

)
dy +

3

4

∫ 0,885

−∞
N
(
−1, 628,

√
2, 829

)
dy

⇒ Pc =
1

4
− 1

4
Φ

(
0, 885− 1, 2√

2, 83

)
+

3

4
Φ

(
0, 885 + 1, 628√

2, 83

)
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Sq ma 3:

⇒ Pc =
1

4
− 1

4
Φ(−0, 187) +

3

4
Φ(1, 494)

⇒ Pc =
1

4
− 1

4
× (0, 425) +

3

4
× (0, 933)

⇒ Pc = 0, 84.

0.3

JewreÐste mia mètrhsh se treic diast�seic ~x = (x1 x2 x3)
t. 'Estw ìti èqoume 4 deÐgmata apì

thn kl�sh ω1 kai 4 deÐgmata apì thn kl�sh ω2:

ω1 :
{
(1 0 1)t, (0 0 0)t, (1 0 0)t, (1 1 0)t

}
,

ω2 :
{
(0 0 1)t, (0 1 1)t, (1 1 1)t, (0 1 0)t

}
.

Na upojèsete ìti h metablht  ~x eÐnai gkaousian , ìpou mporeÐte na qrhsimopoi sete tic
akìloujec sqèseic gia ton prosdiorismì thc mèshc tim c kai tou pÐnaka diaspor�c:

~µ =
1

N

N∑
k=1

~xk,

Σ =
1

N

N∑
k=1

~xk~x
t
k − ~µ~µt,

ìpou N eÐnai to pl joc twn deigm�twn.
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Na qrhsimopoi sete ton kanìna apìfashc Bayes gia ton prosdiorismì thc epif�neiac apì-
fashc. ProsdiorÐste thn olik  pijanìthta gia thn orj  taxinìmhsh tou kanìna apìfashc
Bayes.

LÔsh:

Oi mèsec timèc eÐnai:

−→µ 1 =
1

4

 3
1
1

 , −→µ 2 =

 1
3
3

 ,

kai oi pÐnakec diaspor�c:

Σ1 = Σ2 =
1

16

 3 1 1
1 3 −1
1 −1 3

 .

Efìson Σ1 = Σ2, o kanìnac tou Bayes ja mac d¸sei èna taxinomht  el�qisthc apìstashc Mahalanobis me
sunart seic di�krishc:

gi(
−→x ) =

(
Σ
−1−→µ i

)t−→x − 1

2
−→µ t

iΣ
−1−→µ i,

ìpou

Σ
−1

=

 8 −4 −4
−4 8 4
−4 4 8

 kai −→x =

 x1

x2

x3

 .

Epomènwc:

g1(
−→x ) = 4x1 −

3

2
, g2(

−→x ) = −4x1 + 8x2 + 8x3 −
1

2
.

H epif�neia apìfashc eÐnai:

d(−→x ) = g1(
−→x )− g2(

−→x ) = 0

⇒ 8x1 − 8x2 − 8x3 + 4 = 0

⇒ 2( 1 − 1 − 1 )

 x1

x2

x3

+ 1 = 0

⇒ −→w t−→x + w0 = 0,
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ìpou

−→w =

 1
−1
−1

 , kai w0 = 1/2.

Efìson Σ1 = Σ2 kai p(−→x /ωi) ∼ N(−→µ i, Σi), tìte:

p(−→w t−→x /ωi) ∼ N(−→w t−→µ i,
−→w tΣi

−→w ).

Epomènwc oi nèec monodi�statec puknìthtec pijanìthtac eÐnai:

p(−→w t−→x /ω1) ∼ N(0, 25, 0, 1875),

p(−→w t−→x /ω2) ∼ N(−1, 25, 0, 1875).

������
���	


�	���	� 
���

Sq ma 4:

H pijanìthta tou l�jouc taxinìmhshc eÐnai:

Pe =
1

2

[
Φ

(
−0, 5 + 1, 25√

0, 1875

)
+ Φ

(
−0, 5− 1, 2√

0, 1875

)]
= 0, 041.

0.4

'Estw ta deÐgmata:
(1 2)t, (2 2)t, (3 1)t, (3 2)t, (2 3)t
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an koun se mia kl�sh ω1. Epiplèon, èstw ta deÐgmata:

(7 9)t, (8 9)t, (9 8)t, (9 9)t, (8 10)t

an koun se mia kl�sh ω2. 'Estw ìti ta deÐgmata twn duo kl�sewn proèrqontai apì gkaousianèc
puknìthtec pijanìthtac. Na breÐte thn epif�neia apìfashc efarmìzontac ton kanìna Bayes.
JewreÐste isopÐjanec kl�seic.

LÔsh:

'Oi mèsec timèc twn dÔo katanom¸n eÐnai:

−→µ 1 =

(
11/5

2

)
, −→µ 2 =

(
41/5

9

)
,

ìpou qrhsimopoi same th sqèsh:

−→µ i =
1

5

5∑
k=1

−→x k ∀ i = 1, 2 (gia tic dÔo kl�seic),

Gia ton prosdiorismì twn mèswn tim¸n kai gia touc pÐnakec diaspor�c:

Σi =
1

5

5∑
k=1

−→x k
−→x t

k −−→µ i −−→µ t
i,

Epomènwc ja èqoume:

Σ1 =
1

5

{(
1 2
2 4

)
+

(
4 4
4 4

)
+

(
9 3
3 1

)
+

(
9 6
6 4

)
+

+

(
4 6
6 9

)}
−
(

(11/5)2 (11/5)× 2
(11/5)× 2 22

)

⇒ Σ1 =

(
11/25 −1/5
−1/5 2/5

)

⇒ Σ
−1

1 =

(
2, 17 1, 09
1, 09 3, 04

)
.

DeÐxte ìti Σ2 = Σ1. Oi sunart seic di�krishc g1(
−→x ), g2(

−→x ) kai h sun�rthsh apìfashc eÐnai:

d(−→x ) = g1(
−→x )− g2(

−→x )

⇒ d(−→x ) =

{
( Σ

−1

1
−→µ 1 )t−→x − 1

2
−→µ t

1Σ1
−→µ 1

}
−
{(

Σ
−1

2
−→µ 2

)t−→x − 1

2
−→µ 2Σ2

−→µ 2

}

8



⇒ d(−→x ) = (−→µ 1 −−→µ 2)
tΣ1
−→x − 1

2

(−→µ t
1Σ

−1

1 −−→µ 2Σ
−1

2
−→µ 2

)
,

ìpou −→x = ( x1 x2 )t. Epomènwc h epif�neia apìfashc eÐnai:

d(−→x ) = x1 + 1, 35x2 − 12, 61 = 0

⇒ x1 + 1, 35x2 − 12, 61 = 0.

0.5

(a) H epif�neia apìfashc gia duo kl�seic ω1 kai ω2 pou eÐnai katanemhmènec kat� Gauss me
pÐnakec diaspor�c:

Σ1 = Σ2 6= σ2I,

kai mèsec timèc µ1, µ2, kai a priori pijanìthtec:

P (ω1) 6= P (ω2),

eÐnai mia uperepif�neia pou perigr�fetai apì thn akìloujh grammik  exÐswsh:

~At(~x− A0) = 0.

Na ekfr�sete tic paramètrouc ~A kai A0 wc sun�rthsh twn ~µ1, ~µ2, Σ, P (ω1), kai P (ω2).
(b) O Ðdioc kanìnac apìfashc Bayes gia duo kathgorÐec me pÐnakec diaspor�c:

Σ1 6= Σ2, P (ω1) 6= P (ω2)

ja d¸sei mia epif�neia apìfashc pou perigr�fetai apì thn exÐswsh:

~xtB~x + ~At~x + C = 0.

Na kajorÐsete tic paramètrouc B, ~A, kai C.

LÔsh:

(a)
H sun�rthsh di�krishc gi(

−→x ) eÐnai:

gi(
−→x ) = −1

2
−→x tΣ

−1−→x +
(−→µ t

iΣ
−1)−→x−

−1

2
−→µ t

iΣ
−1−→µ i + ln P (ωi),

9



me epif�neia apìfashc

d(−→x ) = g1(
−→x )− g2(

−→x ) = 0

⇒ g1(
−→x ) = g(−→x )

⇒
(−→µ t

1 −−→µ t
2

)
Σ
−1−→x−

−1

2

(−→µ t
1Σ

−1−→µ 1 −−→µ t
2Σ

1−→µ 2

)
+ ln

P (ω1)

P (ω2)
= 0. (1)

'Estw ìti:

C =
1

2

(−→µ t
1Σ

−1−→µ 1 −−→µ t
2Σ

−1−→µ 2

)
− ln

P (ω1)

P (ω2)
.

Tìte, h sqèsh (1) ja gÐnei:

(−→µ 1 −−→µ 2)
tΣ
−1

(
−→x − C(−→µ 1 +−→µ 2)

(−→µ 1 −−→µ 2)tΣ
−1

(−→µ 1 +−→µ 2)

)
= 0

⇒
−→
A t(−→x − A0) = 0,

ìpou

−→
A = Σ

−1
(−→µ 1 −−→µ 2) ,

A0 =

1/2
(−→µ t

1Σ
−1−→µ 1 −−→µ t

2Σ
−1−→µ 2

)
− ln

P (ω1)

P (ω2)

(−→µ 1 −−→µ 2)tΣ
−1

(−→µ 1 +−→µ 2)
(−→µ 1 +−→µ 2).

ParathroÔme ìti:

(−→µ 1 −−→µ 2)
tΣ
−1

(−→µ 1 +−→µ 2) = −→µ t
1Σ

−1−→µ 1 −−→µ t
2Σ

−1−→µ 2.

Epomènwc,

A0 =
1

2
(−→µ 1 +−→µ 2)−

ln (P (ω1)/P (ω2))

(−→µ 1 −−→µ 2)tΣ
−1

(−→µ 1 +−→µ 2)
(−→µ 1 +−→µ 2).

(b)

Gia Σ1 6= Σ2 kai P (ω1) 6= P (ω2), h sun�rthsh di�krishc eÐnai:

10



gi(
−→x ) = −1

2
−→x tΣ

−1

i
−→x +

(−→µ t
iΣ
−1

i

)−→x−
−1

2
−→µ t

iΣ
−1

i − 1

2
ln |Σi|+ ln P (ωi).

H epif�neia apìfashc d12(
−→x ) eÐnai:

g1(
−→x ) = g2(

−→x )

⇒ −1

2
−→x t(Σ

−1

1 − Σ
−1

2 )−→x + (−→µ t
1Σ

−1

1 −−→µ t
2Σ

−1

2 )−→x−

−1

2

(−→µ t
1Σ

−1

1
−→µ 1 −−→µ t

2Σ
−1

2
−→µ 2

)
+

+
1

2
ln
|Σ1|
|Σ2|

+ ln
P (ω1)

P (ω2)
= 0

⇒ −→x tB−→x +
−→
A t−→x + C = 0,

ìpou profan¸c èqoume orÐsei tic akìloujec paramètrouc:

B = −1

2
(Σ

−1

1 − Σ
−1

2 ),

−→
A = Σ

−1

1
−→µ 1 − Σ

−1

2
−→µ 2,

kai

C = −1

2

(−→µ t
1Σ

−1

1
−→µ 1 −−→µ t

2Σ
−1

2
−→µ 2

)
+

+
1

2
ln
|Σ1|
|Σ2|

+ ln
P (ω1)

P (ω2)
.
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0.6

(a) JewreÐste èna prìblhma anagn¸rishc protÔpwn me M-kathgorÐec miac di�stashc ìpou
k�je kathgorÐa qarakthrÐzetai apì mia katanom  puknìthtac pijanìthtac Rayleigh:

p(x/ωi) =

{
(x/σ2

i ) e−x2/2σ2
i gia x ≥ 0

0 gia x < 0.

BreÐte th sun�rthsh apìfashc Bayes tou probl matoc, upojètontac ìti oi a priori pijanì-
thtec eÐnai P (ωi) = 1/M .
(b) Epanal�bate to Ðdio prìblhma sthn perÐptwsh gia thn katanom  puknìthtac pijanìthtac:

p(x/ωi) =

{
(x/Ti) e−x/Ti gia x ≥ 0
0 gia x < 0.

,

LÔsh:

(a)
H sun�rthsh di�krishc eÐnai:

gi(x) = p(x/ωi)P (ωi),

  mporoÔme na qrhsimopoi soume to fusikì log�rijmo,

gi(x) = ln p(x/ωi) + ln P (ωi)

⇒ gi(x) = ln x− 2 ln σi −
x2

2σ2
i

+ ln
1

M

⇒ gi(x) = ln x− 2 ln σi −
x2

2σ2
i

− ln M.

Gia dÔo kl�seic i, j o taxinomht c ja mac d¸sei mia epif�neia apìfashc:

dij(x) = gi(x)− gj(x) = 0

⇒ −2 ln

(
σi

σj

)
− x2

2

(
1

σ2
i

− 1

σ2
j

)
= 0

⇒ x =

√√√√4 ln

(
σj

σi

)/(
1

σ2
i

− 1

σ2
j

)
.

(b)

12



H sun�rthsh di�krishc eÐnai:

gi(x) = ln p(x/ωi)− ln P (ωi),

ìpou

p(x/ωi) =
x

T 2
i

e−x/Ti , P (ωi) =
1

2
,

kai h epif�neia apìfashc eÐnai:

dij(x) = gi(x)− gj(x)

⇒
(
−2 ln Ti −

x

Ti

)
−
(
−2 ln Tj −

x

Tj

)
= 0

⇒ xT =
2 ln(Tj/Ti)

1

Ti

− 1

Tj

.

��

����� � � ��� ��

����� 	�� ��� 	�
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Sq ma 5:

H pijanìthta tou l�jouc taxinìmhshc eÐnai:

Pe =
1

2

[∫ xT

0

x

T 2
j

e−x/Tjdx +

∫ ∞

xT

x

T 2
j

e−x/Tidx

]

⇒ Pe =
1

2

[
xT

(
−e−xT /Tj

Tj

+
e−xT /Ti

Ti

)
+
(
−e−xT /Tj + e−xT /Ti

)]
⇒ Pe =

1

2

[
e−xT /Ti

(
xT

Ti

+ 1

)
− e−xT /Tj

(
xT

Tj

+ 1

)]
,

13



ìpou xT eÐnai to shmeÐo apìfashc:

xT =
2 ln(Tj/Ti)

1

Ti

− 1

Tj

.

0.7

'Estw ìti duo kl�seic perigr�fontai apì tic sunart seic puknìthtac pijanìthtac tou sq -
matoc (6). BreÐte to sÔnoro apìfashc Bayes. Na upojèsete ìti èqoume isopÐjanec kl�seic
ω1 kai ω2.

��

���� ��

���� ��
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�
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Sq ma 6:

LÔsh:

Apì to sq ma (6) èqoume:

p(x/ω1) = −x

2
+ 1, p(x/ω2) = x− 1.

P (ω1) = P (ω2) =
1

2
.

H sun�rthsh di�krishc eÐnai:

gi(x) = p(x/ωi)P (ωi),

kai h epif�neia apìfashc eÐnai:

14



d12(x) = g1(x)− g2(x) = 0

⇒ 1

2

(
−x

2
+ 1
)
− (x− 1) = 0

⇒ x =
4

3
.

H pijanìthta tou l�jouc thc taxinìmhshc eÐnai:

Pe = P (ω1)

∫ 4/3

1

(x− 1)dx + P (ω2)

∫ 2

4/3

−
(x

2
+ 1
)

dx

⇒ Pe =
1

2

1

2

(
1× 1

3

)
=

1

12
.

0.8

Upojètoume ìti oi akìloujec duo kathgorÐec (ω1, ω2) perigr�fontai apì gkaousianèc sunart -
seic puknìthtac pijanìthtac:

ω1 :
{
(0 0)t, (2 0)t, (2 2)t, (0 2)t

}
,

kai
ω2 :

{
(4 4)t, (6 4)t, (6 6)t, (4 6)t

}
.

'Estw ìti oi a priori pijanìthtec eÐnai Ðsec, P (ω1) = P (ω2). Na breÐte thn exÐswsh pou peri-
gr�fei to sÔnoro apìfashc Bayes metaxÔ twn duo aut¸n kathgori¸n.

LÔsh:

'Eqoume

P (ω1) = P (ω2) =
1

2
,

−→µ 1 =
1

4

4∑
j=1

−→x 1j =

(
1
1

)
,

ìpou −→x 1j eÐnai ta prìtupa thc kl�shc ω1,

−→µ 2 =
1

4

4∑
j=1

−→x 2j =

(
5
5

)
,

15
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Sq ma 7:

ìpou −→x 2j eÐnai ta prìtupa thc kl�shc ω2. Oi pÐnakec diaspor�c eÐnai:

Σ1 =
1

4

4∑
j=1

−→x 1j
−→x t

1j −−→µ 1
−→µ t

1

⇒ Σ1 =
1

4

[(
0
0

)
( 0 0 ) +

(
2
0

)
( 2 0 ) +

(
2
2

)
( 2 2 ) +

(
0
2

)]
−

−
(

1
1

)
( 1 1 ) =

(
1 0
0 1

)
= I,

kai omoÐwc breÐte oti o pÐnakac diaspor�c Σ2 eÐnai:

Σ2 =
1

4

4∑
j=1

−→x 2j
−→x t

2j = I.

Efìson Σ1 = Σ2 = Σ = I, oi sunart seic di�krishc eÐnai:

g1(
−→x ) = −→x tΣ

−1−→µ 1 −
1

2
−→µ t

1Σ
−1−→µ 1

⇒ g1(
−→x ) = −→x t−→µ 1 −

1

2
−→µ t

1
−→µ 1 = ( x1 x2 )

(
1
1

)
− 1

2
( 1 1 )

(
1
1

)
⇒ g1(

−→x ) = x1 + x2 − 1.

'Omoia gia th g2(
−→x ) èqoume:

16



g2(
−→x ) = −→x tΣ−→µ 2 −

1

2
−→µ t

2Σ
−→µ 2

⇒ g2(
−→x ) = 5x1 + 5x2 − 25.

Epomènwc, h epif�neia apìfashc eÐnai:

d12(
−→x ) = g1(

−→x )− g2(
−→x ) = 0

⇒ x1 + x2 − 6 = 0,

ìpwc faÐnetai sto sq ma (7).

0.9

Na epanal�bete to prìblhma (0.8) gia tic akìloujec kl�seic:

ω1 :
{
(−1 0)t, (0 − 1)t, (1 0)t, (0 1)t

}
,

kai
ω2 :

{
(−2 0)t, (0 − 2)t, (2 0)t, (0 2)t

}
.

ParathreÐste ìti oi duo autèc kl�seic den eÐnai grammik� diaqwrÐsimec.

LÔsh:
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Sq ma 8:

Oi mèsec timèc twn dÔo kl�sewn eÐnai:

17



−→µ 1 =
1

4

4∑
j=1

−→x 1j =

(
0
0

)
,

−→µ 2 =
1

4

4∑
j=1

−→x 2j =

(
0
0

)
,

ìpou ta deÐgmata −→x 1j kai −→x 2j eÐnai:

−→x 1j ∈
{(

−1
0

)
,

(
0
−1

)
,

(
1
0

)
,

(
0
1

)}
,

kai

−→x 2j ∈
{(

−2
0

)
,

(
0
−2

)
,

(
2
0

)
,

(
0
2

)}
.

Oi pÐnakec diaspor�c eÐnai:

Σ1 =
1

4

4∑
j=1

−→x 1j
−→x t

1j −−→µ 1
−→µ t

1

⇒ Σ1 =
1

4

[(
−1
0

)
( −1 0 ) +

(
0
−1

)
( 0 − 1 ) +

(
1
0

)
( 1 0 )+

+

(
0
1

)
( 0 1 )

]
−
(

0
0

)
( 0 0 )

⇒ Σ1 =
1

2

(
1 0
0 1

)
=

1

2
I,

kai

Σ2 =
1

4

[(
−2
0

)
( −2 0 ) +

(
0
−2

)
( 0 − 2 )+

+

(
2
0

)
( 2 0 ) +

(
0
2

)
( 0 2 )

]
−
(

0
0

)
( 0 0 )

Σ2 = 2

(
1 0
0 1

)
= 2I.

ParathroÔme ìti Σ1 6= Σ2 epomènwc oi dÔo autèc kl�seic ω1, ω2 den eÐnai grammik� diaqwrÐsimec. Oi
sunart seic di�krishc eÐnai:

g1(
−→x ) = −1

2
ln |Σ1| −

1

2
(−→x −−→µ 1)Σ

−1

1 (−→x −−→µ 1)

18



⇒ g1(
−→x ) = −1

2
ln(1/4)− 1

2
(−→x −−→µ 1)

t(−→x −−→µ 2)2

⇒ g1(
−→x ) =

ln 4

2
−
(
x2

1 + x2
2

)
= ln 2−

(
x2

1 + x2
2

)
,

ìpou

−→x =

(
x1

x2

)
.

'Omoia:

g2(
−→x ) = −1

2
ln |Σ2| −

1

2
(−→x −−→µ 2)

tΣ
1

2(
−→x −−→µ 2)

⇒ g2(
−→x ) = −1

2
ln 4− 1

4
−→x t−→x

⇒ g2(
−→x ) = − ln 4

2
− 1

4

(
x2

1 + x2
2

)
= ln 2− 1

4

(
x2

1 + x2
2

)
.

Epomènwc, h epif�neia apìfashc eÐnai:

d12(
−→x ) = g1(

−→x )− g2(
−→x ) = 0

⇒ 2 ln 2− 3

4
(x2

1 + x2
2) = 0

⇒ x2
1 + x2

2 =
8

3
ln 2.
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