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Abstract We explore the gauge coupling relations and the
unification scale in F-theory SU(5) GUT broken down to the
Standard Model by an internal U(1)Y gauge flux. We con-
sider variants with exotic matter representations which may
appear in these constructions and investigate their rôle in the
effective field theory model. We make a detailed investiga-
tion on the conditions imposed on the extraneous matter to
raise the unification scale and make the color triplets heavy
in order to avoid fast proton decay. We also discuss in brief
the implications on the gaugino masses.

1 Introduction

Recent activity on model building in the context of F-theory
has received considerable attention [1–5].1 In this set up,
gauge symmetries accommodating successful grand uni-
fied theories (GUTs) are naturally realized on seven-branes
wrapping appropriate compact surfaces. As in the case of
the heterotic string, there are no Higgs fields in the adjoint,
and thus ordinary GUT symmetries cannot break with the
usual Higgs mechanism. In the context of heterotic string,
this inconvenience spawned new ideas [15, 16] of replac-
ing unified GUTs with modified alternative groups which
dispense with the use of the adjoint representation to break
down to the Standard Model (SM) gauge symmetry. The ad-
vantage of F-constructions compared to the heterotic case, is
that the gauge group can break by turning on suitable field
configurations on the compact surface S in a subgroup of the
GUT symmetry supported by the seven-brane. Suppose for
example that the seven-brane supports an SU(5) gauge sym-
metry which, as is well known, is the smallest unified gauge

a e-mail: ntrac@central.ntua.gr
1For related work see also [6–14].

group accommodating the three gauge groups of the Stan-
dard Model. In this case, as described for example in [2] we
can turn on a U(1)Y internal flux which breaks the SU(5)

gauge group down to the SM gauge symmetry. There are
various potential problems in this approach. One important
issue that arises in this scenario concerns the gauge coupling
unification at the string scale. We know that the renormal-
ization group (RG) running of the minimal supersymmet-
ric SM gauge couplings is consistent with the embedding of
the three gauge factors in a unified gauge group at around
MU ∼ 1016 GeV. This value of MU is considerably smaller
than the scale of the heterotic string and the Planck mass
MPl. Thus, if one wishes to maintain the idea of unification
of SM gauge couplings in a single gauge group, it is de-
sirable to work out cases where these two scales decouple
and MU/MPl is a small number. It has been argued [2], that
this can happen in cases where the seven-brane realizing the
GUT gauge symmetry wraps a del Pezzo surface.

Another issue in these constructions related to the mech-
anism employed to break the GUT symmetry is the split-
ting [3, 17] of the values of the three gauge coupling con-
stants when turning on a flux along the U(1)Y . This split-
ting cannot be compatible with the unification scenario at
a scale MU ∼ 1016 GeV, at least not in the context of the
MSSM. Nevertheless, the accommodation of the SM gauge
symmetry into a unified group usually comes at the cost of
extra matter at scales below MU . For example, even in the
simplest SU(5) embedding of the SM gauge symmetry, the
Higgs doublets are incorporated into complete SU(5) five-
plets together with color triplets which mediate proton de-
cay. Additional bulk matter may also be present at scales
below the string scale. The problem of unification in F-
SU(5) is therefore more complicated than in the minimal
GUT scenario [18–22] and a fresh look into the rôle of
the extra-matter representations in conjunction with the new
gauge coupling relations implied by the fluxes is needed. It
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is the purpose of this letter to clarify some of these issues. In
Sect. 2 we give a short description of the F-SU(5) GUT and
its representation content. We discuss the proton decay and
other potential problems caused by the possible appearance
of exotic states. In Sect. 3 we perform a detailed RG analy-
sis and discuss the correlation of the exotic matter states and
the unification scale. In Sect. 4 we present our conclusions.

2 F-SU(5)

We start with a short description of the salient features of
F-theory model building following the work of [2, 5]. In F-
theory a gauge symmetry GS is supported on seven-branes
wrapping a del Pezzo surface S on the internal manifold.
In this set-up, massless spectrum arises when a non-trivial
background field configuration on S obtains a value along
some subgroup HS of GS ⊃ ΓS ×HS . The spectrum is found
in representations which arise from the decomposition of the
adjoint of GS under ΓS × HS

adj(GS) =
⊕

τj ⊗ Tj . (1)

The net number of chiral minus anti-chiral states is given in
terms of a topological index formula [2, 3],

nτ − nτ∗ = −
∫

S

c1(T )c1(S) = χ
(
S, T ∗

j

) − χ(S, Tj )

where τ ∗ is the dual representation of τ , T is the bundle
transforming in the representation T and χ is the Euler char-
acter.

In a more general background containing intersecting
branes, chiral matter appears on Riemann surfaces Σi which
are located at the intersection loci of the compact surface
S with other in general non-compact surfaces S1, S2, . . . .
These chiral states appear in bifundamental representations
in close analogy to the case of intersecting D-brane models.
Along the intersections the rank of the singularity increases.
Designating GS the gauge group on the surface S and GSi

that associated with Si , the gauge group on Σi is enhanced
to GΣi

⊃ GS × GSi
whose the adjoint in general decom-

poses as

adj(GΣi
) = ad(GS) ⊕ ad(GSi

) ⊕ (⊕jUj ⊗ (Ui)j
)

(2)

with Uj , (Ui)j being the irreducible representations of
GS,GSi

. In the simple case of GS = SU(n), GSi
= SU(m),

and GΣi
= SU(n + m) for example, the chiral N = 1 mul-

tiplet is the bifundamental (n, m̄).
We assume that a non-trivial background gauge field con-

figuration acquires a value in a subgroup HS ⊂ GS and sim-
ilarly in HSi

⊂ GSi
. If GS ⊃ ΓS ×HS and GSi

⊃ ΓS1 ×HSi
,

with ΓS,Si
being the corresponding maximal GS,Si

sub-
groups, the GS × GSi

symmetry breaks to the commutant

group Γ = ΓS × ΓSi
. Denoting also H = HS × HSi

, the de-
composition of U ⊗ Ui into irreducible representations of
Γ × H give

U ⊗ Ui =
⊕

j

(rj ,Rj ). (3)

The net number of chiral fermions nrj − nr∗
j

in a specific
representation is

nrj − nr∗
j

= χ
(
Σi,K

1/2
Σi

⊗ Vj

)
(4)

K
1/2
Σi

being the spin bundle over Σi and Vj that of Rj . In the
case of an algebraic curve Σi the Euler character is written
as a function of the genus of the Riemann surface Σi and
the first Chern class [2].

Having described the basic features of the F-theory con-
structions, we discuss now the minimal unified gauge group
that this scenario can be realized [2–8]. In order to ob-
tain a viable effective low-energy model, the seven-brane
wrapping the del Pezzo surface S must support at least an
SU(5) gauge group which is the minimal GUT containing
the SM gauge symmetry. The symmetry breaking down to
the SM cannot occur via the adjoint Higgs field since the
GUT surface does not admit adjoint scalars. The advantage
of constructing SU(5) in F-theory is that it is possible to
turn on a non-trivial U(1)Y flux which breaks SU(5) to the
Standard Model gauge group. This flux is considered as a
connection on a line bundle LY and taken to be localized,
so that it can be non-trivial on the seven-brane wrapping
S but trivial in the base of the F-theory compactification,
thus the final group can be SU(3) × SU(2) × U(1)Y . The
flux also determines the matter context of the low-energy
effective field theory model. In particular, in F-SU(5) the
possible representations with their decompositions under
SU(3) × SU(2) × U(1) are as follows

5 → (3,1)−2 + (1,2)3, (5)

5̄ → (3̄,1)2 + (1,2)−3, (6)

10 → (3̄,1)−4 + (3,2)1 + (1,1)6, (7)

10 → (3,1)4 + (3̄,2)−1 + (1,1)−6, (8)

24 → (8,1)0 + (1,3)0 + (1,1)0 + (3,2)−5 + (3̄,2)5. (9)

The U(1) normalization to obtain the correct charges is Y =
1
6QU(1), with the electric charge given by Q = T3 + Y . The
fermion families belong to 10F and 5̄f ,

10F → uc + Q + ec, (10)

5̄f → dc + � (11)

and the SM Higgs fields to 5h + 5̄h̄

5h → Dh + hu, (12)

5̄h̄ → D̄h + hd. (13)
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The masses arise from the couplings

10F 10F 5h → Quchu + ucecDh + QQDh, (14)

10F 5̄f 5̄h → Qdchd + ec�hd + ucdcD̄h + Q�D̄h. (15)

Clearly, the necessary fermion mass terms are accompa-
nied by dangerous trilinear terms which combine to the well
known dimension five operators causing proton decay. We
will deal with this issue in the context of F-SU(5) in the
next subsection. We note in passing that there could be also
R-parity violating terms

10F 5̄f 5̄f → Qdc� + ec�� + ucdcdc (16)

which must be absent due to some (U(1)PQ-type) symme-
try, or they have to be highly suppressed to avoid rapid pro-
ton decay.

2.1 Exotics and proton decay

From the decomposition of the available SU(5) representa-
tions in F-SU(5), we see that in addition to the minimal SM
spectrum there are also extra states which in principle could
appear in the light spectrum. Below we discuss in brief their
consequences and how they can be removed from the low-
energy effective theory.

Decomposing the adjoint of SU(5) under the SM gauge
symmetry, one finds the representations Q′ = (3, 2̄)−5 and
Q̄′ = (3̄,2)5 which carry non-trivial U(1) charges. Usually,
these bulk exotic states appear in pairs because of well de-
fined transformation properties under discrete symmetries.
The Q′ field has the exotic charges

Q′ ≡ (3, 2̄)−5 =
(

ξ− 1
3

ζ− 4
3

)
(17)

whilst Q̄′ has their conjugates.
The appearance of Q′, Q̄′ in the spectrum of the effective

theory has two undesired consequences. First, as we will see
in detail in the next section, they modify the beta functions
of the SM gauge couplings and as a result they lower the
unification scale. Second, they can form couplings of the
type SΣΣ with Standard Model matter fields. The follow-
ing couplings originate involving bulk fields

24S · 5Σ · 5̄Σ

→ (3, 2̄)−5(1,2)3(3̄,1)2

→ Q′huD̄h,Q
′hud

c + (3̄,2)5(1,2)−3(3,1)−2

→ Q̄′hdDh, Q̄
′�Dh.

These include terms of the form ζh+
u dc + ξh0

ud
c + · · · , thus

the ζ -field decays to dc and ξ -field couples through a mass

term to dc. The following mass terms can exist

h0
dddc + h0

uξdc + MKKξ̄ξ (18)

which imply an unacceptable mixing between the ordinary
down quark mass 3 × 3 matrix md and the exotic(s) state ξ :

mdown ∼
(

md 0
mu MKK

)
. (19)

This problem suggests that either the extra fields Q′, Q̄′
should be absent, or that the couplings of type (SΣΣ )
should be zero.2

A second drawback in SU(5) models comes from the un-
solicited color triplets Dh, D̄h which are always present in
the GUT spectrum. They are constituents of the same 5, 5̄
multiplets where the Higgs doublets—needed to break the
SM gauge symmetry—are found. It is well known that in
the minimal SU(5) there are dimension five operators gen-
erated by Dh, D̄h as well as dimension six operators from
diagrams mediated by gauge bosons, which both induce pro-
ton decay. Among them, the most dangerous ones are those
which are constructed by the exchange of the color scalar
triplets discussed above. A relevant graph generates in the
superpotential the effective operator [23–27],

W5 ∼ λi
1λ

k
2

Meff
V ∗

jkQiQiQj�k (20)

where the coupling λ1 is related to the corresponding up-
quark Yukawa coupling (see (14)), while λ2 has a com-
mon origin with the Yukawa coupling for the down quarks
(see (15)). V ∗

jk is the CKM mixing element and Meff is an ef-
fective scale related to the mass of the color triplet and their
exact relation is determined when the entire color triplet
mass matrix is specified [25–27].

The operator (20), when dressed with charged-wino
and/or higgsino leads to the most dominant decay p →
Kν̄. Therefore these triplets must be heavy enough in
order to imply a proton decay rate consistent with the
present bounds. According to experimental bounds put by
KamioKande (τp ≥ 6.7 × 1032 years), even for relatively
small Yukawa couplings λ1,2 < 1 the triplet mass must be
at least heavier than ∼7 × 1016 GeV. If the GUT breaking
scale is that of the minimal supersymmetric SU(5) model,
MG ∼ 2 × 1016 GeV, the problem is clear, since the triplet
mass is of the order of MG. On way to evade this shortcom-
ing in F-theory, is to assume that the two Higgs fields are lo-
calized at different curves and generating heavy mass terms

2We note in passing that in the presence of additional states originating
from 10,10 vector fields more couplings of the following form might
be present

24 · 10 · 10 → Q′Qūc
H + Q′Q̄H ec + Q̄′Q̄H uc + Q̄′Qēc

H .
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with another triplet pair so that the effective operator (20)
can be avoided [5]. We notice however that this color triplet
arrangement may also impose restrictions or possible zero
entries (texture-zeros) on the mass matrices.

In the following we wish to elaborate on a complemen-
tary solution to this problem. In particular we will examine
the possibility of raising the SU(5) GUT scale at least at the
level of the heterotic string scale3 MU ∼ 2 × 1017 GeV so
that the mass of the triplets can be heavy enough. We may
consider this possibility in conjunction with the fact that in
F-theory constructions it is possible that additional matter
representations arise as vector-like pairs in the bulk or on
some matter curves Σi . In this case one can take advan-
tage of these extra matter and proceed to suitable modifi-
cations [28] of the doublet-triplet splitting problem in order
to avoid rapid proton decay.

The possible vector-like multiplets available in these con-
structions descend from the representations 10 + 10 and
5 + 5 and thus have the quantum numbers of ordinary
SM states. When these latter representations form com-
plete SU(5) multiplets they do not modify the value of the
GUT scale. However, individual pairs of them do have non-
vanishing effects on the GUT scale. In a viable model is
expected of course that at some scale below the unification
they will receive masses and decouple from the light spec-
trum. Depending on the particular combinations that appear
in the spectrum, these states can decrease or increase the uni-
fication scale. In a bottom-up approach, one may determine
the appropriate spectrum to obtain a ‘unification’ point at en-
ergies high enough to avoid rapid proton decay and then de-
termine the admissible line bundle configurations that lead
to the desired zero mode context of the effective theory.

3 Gauge coupling relations and the GUT scale

The issue of the Standard Model gauge couplings running
and their integration into an N = 1 Supersymmetric SU(5)

GUT in the context of F-theory was considered in [17]. In
this work it was observed that the U(1)Y flux turned on to
break the SU(5) symmetry leads to a splitting of gauge cou-
plings at the unification scale. In the presence of the line
bundles discussed above, the following gauge coupling rela-
tions are derived at the string scale[17]

1

a3(MG)
= 1

aG

− y,

1

a2(MG)
= 1

aG

− y + x, (21)

1

a1(MG)
= 1

aG

− y + 3

5
x

3In the cases of MU scales comparable to MPl one may relax the as-
sumption of decoupling discussed in the introduction.

where x = − 1
2S

∫
c2

1(LY ) and y = 1
2S

∫
c2

1(La) associated
with a non-trivial line bundle La and S = e−φ + ıC0 the
axion-dilaton field as discussed in [17]. Then

1

a2(MG)
− 1

a3(MG)
= x, (22)

1

a1(MG)
− 1

a3(MG)
= 3

5
x (23)

so that the following relation is found at the unification
scale[17]

5

3

1

a1(MG)
= 1

a2(MG)
+ 2

3

1

a3(MG)
. (24)

In addition, taking into account (21) and the fact that
− 1

2

∫
c2

1(LY ) = 1 > 0, the following hierarchy of the cou-
plings holds at MG:

a3(MG) ≥ a1(MG) ≥ a2(MG) (25)

where the equalities hold in the case of x = 0. This limiting
case can be reached by twisting La = ı∗(La) appropriately
by a trivial line bundle [3, 12, 17].

In view of (24) and (25) non-standard GUT relations, in
what follows, we will investigate in some detail the issue of
unification in the presence of extra-matter threshold effects.

3.1 The case of the color triplets Dh, D̄h

We consider first the simple case where only the triplet
pairs appear in the spectrum below the SU(5)-GUT breaking
scale MG. We assume that at some scale MX < MG the extra
triplet pairs Dh, D̄h decouple and only the MSSM spectrum
remains massless for scales μ < MX . The low-energy val-
ues of the gauge couplings are then given by the evolution
equations

1

ai(MZ)
= 1

ai(MG)
+ bx

i

2π
ln

MG

MX

+ bi

2π
ln

MX

MZ

(26)

where bx
i , (bi) are the beta functions above (below) the scale

MX and ai(MG) given by (21).
Using the GUT relation (24) one arrives at the following

equation[17]

[
5
(
bx

1 − b1
) − 2

(
bx

3 − b3
)]

ln

(
MG

MX

)
= 0. (27)

For n triplet pairs the differences bx
1 − b1 = 1

5 · 2n and
bx

3 − b3 = 1
2 · 2n. Therefore, as was observed[17], the ex-

pression with the β-functions in (27) vanishes and the equa-
tion is satisfied for any number of triplets irrespectively of
the scale MX they become massive. Thus, for a given value
of x-shift we can choose the scale MX where the triplets de-
couple to modify appropriately the gauge coupling running
so that (24) and (25) are fulfilled.
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Fig. 1 Percentage correction,
between 2- and 1-loop running,
on the SU(5) GUT scale MU as
a function of the decoupling
scale of a color triplet pair
Dh + D̄h

This exact MX-scale independence at the 1-loop level, is
of course spoiled when 2-loop contributions to the beta func-
tions are taken into account. To estimate the effect, we run
the renormalization group equations for the gauge couplings
at 2 loop, including 1-loop contributions from the top quark
coupling. In Fig. 1 we plot the percentage change of the uni-
fication scale as a function of the scale where the triplets
acquire a mass. We notice only a marginal change from the
“no-extra-matter” scenario. We also mention that in 1-loop
running the scale where (24) is satisfied, with no extra mat-
ter at all, is 2.15 × 1016 GeV while in 2-loop running this
scale is slightly higher 2.21 × 1016 GeV.

3.2 The general case

We assume next the more general situation where various
types of extra states remain down to a scale MX < MU after
the breaking of the GUT symmetry MU . When we take into
account the contributions of complete SU(5) (10/10,5/5)
vector-like multiplets, the unification point does not change,
irrespectively of the scale these multiplets become massive.
However, incomplete multiplets may originate from the bulk
surface S as vector-like pairs. In fact, for the SU(5) case,
the exotic superfield pair (3, 2̄)−5 + (3̄,2)5 descends from
the decomposition of the adjoint representation. It is also
possible that after the SU(5) breaking another type of extra
vector-like states appear in the spectrum along the various
matter curves Σi . In Table 1 we summarize the contributions
of the various SM representations to the beta functions. To
investigate their rôle in the determination of the string scale,
we proceed to a more general analysis of the RGEs at the 1-
and 2-loop level. To get an intuition of the specific contribu-
tion of each of the states presented in Table (1) we start first
with the exploration at the 1-loop level where the analytic
formulae are easy to handle. Thus, combining (24) and (26),
we obtain

MU = e
2π
βA ρ

(
MX

MZ

)1−ρ

MZ (28)

Table 1 The contributions of the various extra states to the beta func-
tions and the combination δβ = δ(bY − b2 − (2/3)b3)

bY b2 b3 δβ

Q 1/6 3/2 1 −2

u 4/3 1/2 1

d 1/3 1/2 0

L 1/2 1/2 0

e 1 1

H 3/10 1/2 0

Q′ 1/2 1/2 0 0

with

ρ = β

βx

(29)

and β,βx are the beta-function combinations

βx = bx
Y − bx

2 − 2

3
bx

3 , (30)

β = bY − b2 − 2

3
b3 (31)

while A is a function of the experimentally known low-
energy values of the SM gauge coupling constants

1

A = 5

3

1

a1(MZ)
− 1

a2(MZ)
− 2

3

1

a3(MZ)
. (32)

For ρ = 1, i.e., when there are no extra contributions in the
beta functions or—more precisely—when the extra content
contribution to the specific combination of the beta func-
tions vanishes, we obtain the previous value of the GUT

scale MU = MG = e
2π
βA MZ ≈ 2.1 × 1016 GeV. We can sub-

stitute this into (28) to obtain a more illuminating relation
between the ‘old’ MG and ‘new’ unification scale MU

MU

MG

=
(

MX

MG

)1−ρ

. (33)
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Fig. 2 The unification scale
MU as a function of ρ = β/βx

for several energy scales MX

where the extra matter is
assumed to contribute the
β-functions. We also indicate
the ρ value for several specific
cases of (extra) matter content.
We note that in practice ρ takes
only discrete values and that
only a subset of the above cases
is compatible with the gauge
coupling inequality (25). See
text for details

Furthermore, as can be seen from Table 1 the contributions
of the triplets to 1-loop βx beta-function combination are
zero. Therefore the scale MD at which they become massive
does not affect the scale MU at which (24) is fulfilled and
of course, does not necessarily coincide with MX where the
remaining extra states decouple. Now we can easily classify
all the cases.

• If the contribution of extraneous matter in the beta-
function combination βx is zero, then βx = β , or ρ = 1
and we have no dependence on the MX scale. In this case
the exponent in (33) is zero and then we obtain the old
GUT scale MU = MG.

• If 0 < ρ < 1 (i.e., βx > β), consistency of the hierarchy of
scales requires that we take the extra matter to be massive
at scales4 MX < MG, the scale MU is suppressed.

• Finally, for ρ > 1 the power 1 − ρ of the same factor is
negative and we can take only MX < MG, the MU scale
is enhanced.

To get an insight of the impact of the extra matter on the
determination of the scale MU , in Fig. 2 we plot the scale
MU vs. a sufficiently wide range of ρ values assuming that
the extra matter states receive masses at a scale MX < MG.
In this graph each line corresponds to a certain common (av-
erage) scale MX where the extra matter becomes massive.
When ρ = 1, i.e., when there is no extra matter, or more
precisely when there is no contribution of the extra matter
to the combination (31), we obtain the standard SU(5) GUT
scale MU ≡ MG ∼ 2 × 1016 GeV. As expected all lines of
the graph meet at the same point which is in accordance with
the observation above. For values ρ < 1, the MU scale de-
creases while the effect is obviously enhanced for lower MX

scales. This happens when the extra matter is composed by
states which assign positive contributions to (31). Several

4If we take MX > MG, we see from MU

MX
= (

MG

MX
)ρ that this would

imply MU < MX which is unacceptable.

vertical lines have been drawn on the graph to show the ef-
fect of various individual pairs on the unification scale. It is
observed that the addition of an exotic Q′ + Q̄′ bulk pair de-
scending from the adjoint reduces the unification scale to
unacceptable values. For this reason as well as the unac-
ceptable mixing with ordinary matter induced by the cou-
plings (20) these exotic states must be eliminated from the
spectrum. To this end, if L is assumed to be the line bundle
on S associated with the breaking of SU(5), we must impose
the condition χ(S,L±5) = 0.5 In the presence of sufficiently
large number of bulk states the parameter ρ can also attain
values beyond the range discussed above and we will see
specific examples in the subsequent analysis.

We have already pointed out that the admissible energy
scales with their inextricable exotic matter spectra are re-
stricted by the inequality (25) that holds among the gauge
couplings’ values at the unification scale. We can rewrite
these inequalities in terms of the beta functions

δ

(
b3 − 3

5
bY

)
ln

MU

MX

> +48

5
ln

MU

MZ

− 2π

(
3

5

1

aY

− 1

a3

)
, (34)

δ

(
3

5
bY − b2

)
ln

MU

MX

> −28

5
ln

MU

MZ

+ 2π

(
3

5

1

aY

− 1

a2

)
(35)

where in the right-hand side we have substituted the numer-
ical values of the MSSM beta functions. On the left-hand
side of these constraints we can express the differences in
terms of the integer numbers nQ,nu,nd, nL,ne represent-
ing the multiplicities of the extraneous matter introduced in

5Of course, if L is a line bundle, L5 cannot also correspond to a root
of a Lie algebra; however, it was shown that fractional powers of line
bundles are also consistent [5].
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Fig. 3 The unification scale
MU as a function of the scale
MX (1-loop running) for
extra-matter context βx = 10, 8,
and βx = 20, 26

the spectrum above MX . The aY,2,3 couplings on the right-
hand side assume values at MZ , thus for a desired unifica-
tion scale MU ∼ 1017 GeV, we can turn these inequalities
to constraints on the extra-matter representations. Clearly,
the above inequalities imply strong restrictions on the ex-
otic matter needed to raise the unification scale while being
compatible with the flux-modified conditions on the gauge
coupling hierarchies at MU . Expressing the beta functions
in terms of the extra-matter multiplicities the above inequal-
ities can be written

(nd − 2ne − nu − nL + 3nQ) ln
MU

MX

> 32 ln
MU

MZ

− 4π

(
cos2 θW

aem
− 5

3a3

)
,

(nd + 3ne + 4nu − nL − 7nQ) ln
MU

MX

> −28 ln
MU

MZ

+ 2π
3 − 8 sin2 θW

aem
.

Undoubtedly, there are various combinations of extra-matter
representations satisfying the above conditions. In the fol-
lowing, we restrict our analysis to cases with minimal num-
bers of extra matter, while in our calculations we incorporate
corrections implied by 2-loop contributions to the beta func-
tions. We will also assume that the triplets become massive
at the string scale MU , thus they do not affect in any way the
inequalities or the 2-loop RG running.

We start with the 1-loop analysis and depict our results in
Fig. 3. We choose to plot the unification scale MU as a func-
tion of the extra-matter decoupling scale MX , for various
values of the beta-function combination βx given in (30).

For βx = 10 we see that for MX values in the range
[1010–4 × 1014] GeV, the corresponding unification scale
ranges

MU ∼ 3 × 1016–3.9 × 1017 GeV.

Table 2 The predictions for the SU(5) breaking scale and the cor-
responding decoupling scale MX for two values of the combination
βx = bx

Y − bx
2 − (2/3)bx

3 . Various types of additional matter result to
the same βx and therefore to the same MU prediction

βx Extra matter minMX (GeV) maxMU (GeV)

10 4Q, 6u 1010 3.96 × 1017

6Q, 8u, 2e

2Q, 2u 2 × 1015 3.18 × 1016

4Q, 4u, 2e

4Q, 6u, 4L

6Q, 6u, 4e

6Q, 8u, 2L, 2e

8Q, 8u, 6e

8 6Q, 8u 4 × 1014 1.57 × 1017

4Q, 4u 1016 3.15 × 1016

6Q, 6u, 2e

6Q, 8u, 2L

8Q, 8u, 4e

As far as we keep the extra matter below five pairs, the only
allowed combinations of extra matter consistent with the in-
equalities, is 2 pairs of Q-like and 3 pairs of u-like particles
or 3 pairs of Q-, 4 pairs of u- and 1 pair of e-like matter
(see also Table 2). Note that since we are interested in high
values of the unification scale, we draw the lines only for
scales bigger than MU > 3 × 1016 GeV. For the βx = 10
case in particular, the line is drawn down to a reasonable
lower decoupling scale MX ∼ 1010 GeV, although the con-
ditions (34, 35) would allow even for smaller MX scales.

As a second possibility, we assume the case of extra-
matter content which gives βx = 8 corresponding to the
combination of 3 pairs of Q and 4 pairs of u. Now consis-
tency with (34, 35) requires that the extra matter decouples
at scales MX > 4×1014 GeV. We observe that this case cor-
responds to a string scale as high as MU ∼ 1.6 × 1017 GeV.
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Table 3 Two-loop results for the SU(5) GUT scale MU and the ‘shifted’ gauge coupling values ai(MU) in the case of two vector-like Q + Q̄

quark pairs and three uc + ūc pairs. The corresponding decoupling scale MX is shown in the first column

MX (GeV) MU (GeV) α3(MU) (5/3)α1(MU) α2(MU) x

1011 6.23 × 1017 0.15680 0.15097 0.14730 0.41035

1012 2.90 × 1017 0.09927 0.09734 0.09609 0.33346

1013 1.51 × 1017 0.07429 0.07354 0.07304 0.23075

1014 8.22 × 1016 0.05988 0.05963 0.5947 0.11540

For higher MX values more extra-matter combinations re-
spect the requirements, however the conditions (34, 35) re-
strict the string scale to lower and lower values. Because of
the ln(MU) dependence on the factor 1 − β/βx = 1 − ρ, we
observe that as long as 0 < βx < β = 12 the slope of the
lines are negative thus the lower the MX decoupling scale,
the higher the unification mass MU . For βx > β = 12 the
slope of the lines changes and the opposite is true.

When 2-loop corrections are taken into account, the
SU(5) GUT scale may attain even higher values. To show
the effect, we pick up the case nQ = 4 and nu = 6 of
extra-matter representations. We run numerically the cou-
pled RG equations using the SM beta functions from MZ to
mtop, and the MSSM spectrum from mtop to MX , while we
take into account the extra-matter contributions in the range
MX − MU . In Table 3 we present the results for the unifica-
tion scale and the values of the gauge couplings ai(MU) as
they are shifted by the fluxes’ threshold corrections. From
the findings presented in this table we conclude that in the
presence of a rather moderate number of additional matter
states it is possible to obtain a unification scale MU suffi-
ciently larger than the ordinary GUT breaking scale of the
minimal SU(5). This scale is of the order 1017 GeV and
therefore allows the possibility to make the colored triplets
incorporated in the fiveplets heavy enough in order to avoid
fast proton decay. In the last column we present also the cor-
responding values of the ‘flux’ parameter x which is inti-
mately related to the dilaton field. These values imply dila-
ton vevs leading to a strong coupling regime which is the
appropriate description for F-theory.

We close our analysis with a remark concerning the gaug-
ino masses. The above GUT relations and the threshold cor-
rections induced by the fluxes discussed above are expected
to have also significant implications on the gaugino masses
Mi whose magnitude at low energies is determined by the
renormalization group equations

dMi

dt
= bi

2π
aiMi. (36)

Combining with the RG equations for the gauge couplings
ai we find that at any scale t = lnμ the following equation

Table 4 The gaugino masses for three cases of m1/2 and four possible
MX scales. The extra matter consists of two pairs of Q’s and three pairs
of u’s. All values are in GeV units

MX m1/2 = 300 m1/2 = 350 m1/2 = 400

M1 M2 M3 M1 M2 M3 M1 M2 M3

1011 48 100 300 56 117 347 64 134 394

1012 62 128 392 72 149 453 83 171 515

1013 76 156 482 89 182 559 102 208 634

1014 90 183 572 106 214 663 121 245 752

holds

Mi(μ)

ai(μ)
= Mi(MU)

ai(MU)
(37)

where Mi(MU), ai(MU) are the corresponding values at
the unification scale. Since in a unified gauge group the
gaugino masses belong to the same multiplet, we expect
Mi(MU) = m1/2. This implies the following relation be-
tween the gaugino masses irrespectively of the unification
scale and the mass spectrum of the theory

2
M3

a3
+ 3

M2

a2
− 5

M1

a1
= 0. (38)

In Table 4 we give the predictions of the three masses for the
cases discussed previously. Since the gaugino masses play a
decisive role in the calculation of the various scalar masses,
we note that these definite mass relations would have also a
significant impact on the scalar spectrum of the model.

Up to now we have worked out in detail the effects of the
fluxes on the string scale and the gaugino masses, however
we have ignored threshold corrections which arise when in-
tegrating out Kaluza–Klein (KK) modes. Since the KK-scale
may differ substantially from the decoupling scale in a given
model [3, 12], it is important to give an estimate of the ef-
fect these thresholds can have on the various RG dependent
quantities. In the F-version of the SU(5) model that we dis-
cuss here, we have assumed the existence of chiral matter
residing only on the curves defined by the seven-brane inter-
sections. Therefore, we may assume threshold corrections
arising only from KK-modes of gauge fields propagating in
the bulk and those of chiral matter of the Σ10 and Σ5̄ matter
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curves. Denoting with δi = δ
g
i + δc

i + δh
i the gauge, chiral

matter and Higgs KK-threshold contributions to the three
gauge couplings (i = 1,2,3) respectively, we find that the
modified unification scale M ′

U is given by

M ′
U = e

− 2π
βx

δ
MU (39)

where MU is given by (28) and δ is the combination

δ = 5

3
δ1 − δ2 − 2

3
δ3. (40)

To estimate the effects of these thresholds on the unifica-
tion scale, we follow closely the analysis of [3]. The mas-
sive modes contributing to these thresholds constitute the
spectrum of the Dirac operator in the eight-dimensional the-
ory which in the compactified four-dimensional theory de-
composes to Dolbeault operators of the corresponding holo-
morphic bundle V with representation RV , i.e., ∂̄ : Ω

0,k
S ⊗

RV → Ω
0,k+1
S ⊗ RV , k = 0,1. The quantities involved in

the thresholds are related to the eigenvalues of the corre-
sponding Laplacian �k = ∂̄ ∂̄† + ∂̄†∂̄ acting on Ω

0,k
S ⊗ RV

and can be expressed in terms of the logarithm of the de-
terminant log det′ � = −ζ ′

�(0) [31, 32], where the prime in
det′ means that the zero modes are excluded.

For the bulk gauge fields we may consider the decom-
position (9) and denote each representation RY with respect
to its hypercharge Y = 0,±5/6, while for each group factor
the corresponding contribution is

δ
g
i = 1

4π

∑

Y

2 TrRY

(
Q2

i

)
KY (41)

where

KY = 2 log det′ �0,RV

M2
− log det′ �1,RV

M2
. (42)

It has been argued [3] that this type of thresholds can be ex-
pressed in terms of the Ray–Singer torsion TRV

[33] modulo
the M2 dependence. The corrections may finally be written

δ
g
i = b

g
i

4π
log

M2

μ2
+ δ̃

g
i (43)

with δ̃
g
i = b

(5/6)
i

2π
(T5/6 − T0). To get an estimate of the order

of corrections, following [3] we choose a special case of line
bundle O(n,−n) on P 1 × P 1 and apply for the case n = 1,
so that L5 = O(1,−1). Using the fact that TO(k) = − 1

2ζ ′
k(0)

and the results of [31, 32] we find

δ̃g = 4

π
(TO(−1) − TO(0)) = − 1

π
(44)

which implies a correction of the order M ′
U ∼ 1.22 × MU

on the scale MU .

To estimate the remaining threshold effects we first note
that all chiral and vector-like matter as well as the Higgs
fields, are localized on the Σ5̄ and Σ10 curves. Using
the analogue of formula (41) we find that only the Σ10-
thresholds contribute to MU since for the Σ5̄ curve the
threshold combination (40) is found to be zero. Following
the same reasoning with [3], we consider the simplest non-
trivial case of Σ10 being of genus one and express the cor-
rections in terms of the torsion of flat line bundles Lz, as
follows

δ10 = 1

4π
(4TO − 4TLz) = 1

π
(TO − TLz). (45)

Substituting in the exponent of (39) and noting that the
difference TO − TLz is positive for a large z-range [3],
we infer that contributions from Σ10 tend to abate the ef-
fect of the thresholds on MU since as we can easily ob-
serve this correction works in the opposite direction of
the gauge threshold discussed above. Although there is
no a priori reason that these two contributions are equal
in magnitude, we may work out cases where the total
effect is rather small compared to our previous calcula-
tions.

4 Conclusions

In the present work, we have discussed several phenomeno-
logical issues of the low-energy effective theory derived in
the context of an F-theory SU(5) GUT. We have investi-
gated the rôle of the Yukawa couplings generated from ex-
otic representations and other matter states—beyond those
of the minimal supersymmetric spectrum—which are usu-
ally present in F-theory constructions. We have shown that
the exotic color pairs (3̄,2)5 + (3, 2̄)−5 descending from
the SU(5) adjoint induce unacceptable mixing mass terms
while they lower dangerously the unification scale and they
should be diminished from the matter spectrum, in the way
already described in [2]. Furthermore, we have suggested
that a sensible way to evade the problem of fast proton de-
cay caused by the triplets found in the 5/5̄ Higgs fields, is to
obtain a high enough GUT breaking scale MU  1016 GeV.
Indeed, taking advantage of the splitting of gauge cou-
plings [17] at MU —induced by the SU(5)-breaking U(1)Y

flux—and the presence of appropriate types of exotic mat-
ter, we have shown that the GUT scale can take values of
the order MU � 1017 GeV. This way, if the triplets de-
couple at the GUT scale and acquire a mass of the same
order, they could suppress adequately the relevant proton
decay operators. We finally presented in brief the implica-
tions of the gauge coupling splittings at MU , on the gaugino
masses.
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Note added

While this paper was reaching its final form, we noticed
some recent work [29, 30] where several similar issues are
also discussed.
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