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We investigate the SU(3)3 GUT model when signs of the model (precursors), due to
low compactification scale, appear before the gauge couplings of the Standard Model
get unified. The Kaluza–Klein state contribution seems to lead the gauge couplings
to unification through a wide energy scale only in the case when the colour group is
augmented to SU(4).
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1. Introduction

The unification of the SM gauge couplings to a common value at some high energy

scale still plays an attractive role in our efforts to understand the fundamental

interactions of nature. The supersymmetric extensions of the SM provides us with

such a scenario. The energy scale of this unification is, however, of the order of

1016 GeV, rendering experimental evidence at best indirect. On the other hand,

large extra dimension can lower the scale of gauge coupling unification due to the

appearance of the Kaluza–Klein (KK) tower of states above the compactification

scale.1–6 Inclusion of KK states (either from the Higgs and the gauge bosons or

from all the spectrum) in the MSSM could lead to lower energy scale unification.2,7

The same idea was also applied7 to successful GUT models that could be originated

from strings, namely the S(4)× SU(2)L × SU(2)R and the SU(3)3 models. In both

models, the inclusion of several numbers of exotic states (i.e. states not appearing

in the SM spectrum but present in models derived from strings) helps in providing

the gauge coupling unification. We can use the standard Higgs mechanism to break

the GUT model. It is obvious that the masses of the extra GUT fields are of the

order of the vev used which in turn is of the order of the GUT breaking scale.

On the other hand, using the orbifold method to break the larger symmetry, the

extra fields acquire masses of the order of the compactification scale (the inverse

of the circle S1 for one extra dimension). Thus, in case that this scale is lower

than the scale where the gauge coupling meet (MGUT), we have the appearance

of KK states of the extra GUT fields. These fields are the so-called “precursors”
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which of course influence the running of the β-functions for energy scales above the

compactification one. In the present work, we will concentrate on the SU(3)3 GUT

model. Assuming a low compactification scale we will try to accomplish the gauge

coupling unification incorporating in the MSSM β-functions the contribution of the

GUT precursors.

2. The Model

Let us briefly describe the SU(3)C × SU(3)L × SU(3)R GUT model, which is one of

the few that can be derived from strings. The MSSM content can be found in the

27 representation of the E6:

27 → (3, 3̄, 1) + (3̄, 1, 3) + (1, 3, 3̄) ,

where

Q = (3, 3̄, 1) =





u

d

D



 , Qc = (3̄, 1, 3) =







uc

dc

Dc






,

L = (1, 3, 3̄) =







h0 h+ ec

h− h̄0 νc

e ν N






.

(1)

The emergence of the SM comes as follows: The SU(3)C is the colour group. The

second SU(3) breaks to SU(2)L × U(1)L while SU(3)R breaks to U(1)R. The SM

U(1) comes as a linear combination of the two U(1)L,R. The hypercharge Y is

related to the X and Z charges of the U(1)L and U(1)R correspondingly, through

the relation

Y =
1√
5

X +
2√
5

Z (2)

while the corresponding relation between the couplings at the breaking scale is

α3 = αC , α2 = αL , α−1

Y =
1

5
α−1

L +
4

5
α−1

R .

The one-loop β-functions are given by

βC = −9 +
1

2
(3nQ + 3nQc) ,

βL = −9 +
1

2
(3nQ + 3nL) ,

βR = −9 +
1

2
(3nQc + 3nL) ,

(3)

where n shows the number of the corresponding representation.
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3. The Precursor Contribution to the MSSM β-Functions

The general form for the Kaluza–Klein state contribution to the β-function is:

βKK = −2C2(G) +
∑

i

T (Ri) , (4)

where the first term comes from the gauge multiplet (gauge bosons and gaugi-

nos), while the second comes from the chiral multiplets (quarks, leptons, Higgs and

superpartners). We should find the contribution to the MSSM β-functions com-

ing from the members of the gauge sector and chiral sector which do not appear

in the corresponding MSSM sectors. Let us start from the former ones. In the

SU(3)L → SU(2)L × U(1) breaking, the adjoint of the SU(3) gives:

8 → 3 + 2 + 2̄ + 1

while the U(1) charges are zero for the 3 and the singlet and ±
√

3/2 for the 2’s.

The 3 are the gauge bosons of the SU(2)L of the SM, while the singlet is completely

blind in all SM interactions. The doublets appear as spin 1 (plus the SUSY partners)

particles having SU(2)L gauge interactions.

Now, the C2(G), appearing in Eq. (4), for an SU(N) group is equal to N which

comes from the contraction of the structure constants of the group: fijkfi′jk =

Nδii′ . In our case we should find this summation when i, i′ and j correspond to

the doublet while k corresponds to the triplet. In the SU(3) case this summation

gives 3/2 instead of 3.a Therefore the contribution of these two doublets to the

β-function of the SU(2) is −2 ∗ (3/2) = −3 for each doublet.

Let us now find the contribution of the doublets to the SM U(1) β-function.

The charge under U(1)L is ±
√

3/2. Their charges under U(1)R, coming from the

breaking of the SU(3)R, is of course zero. Therefore, using Eq. (2), the contribution

of each doublet to the U(1) β-function is: −2[(1/
√

5)(
√

3/2)]2 ∗ 2.

Following the same procedure, the contribution of each doublet, coming from

the breaking of the adjoint of the SU(3)R, to the SM U(1) is: −2[(2/
√

5)(
√

3/2)]2∗2.

We turn now to the contribution of the D and Dc appearing in the Q and Qc

representations. Both, D and Dc, being in the fundamental representation of the

SU(3)C , contribute a term (1/2)Ng each, in the colour group β-function (Ng is the

number of generations). In the breaking of SU(3)L, the D’s appear as the singlets

in the breaking of the fundamental representation: 3 → 2 + 1, with charge under

U(1)L equal to −1/
√

3. Therefore, they do not contribute to the SU(2)L β-function

while their contribution to the U(1) β-function is [(1/
√

5)(−1/
√

3)]23Ng = (1/5)Ng.

Finally, the Dc do not contribute to the SU(2)L β-function and since SU(3)R breaks

to U(1)R, the charge under the last group could be arbitrary, fixed in such a way as

to give the correct electrical charge. Indeed, the U(1)R charge of the Dc is 1/(2
√

3)

and the contribution to the U(1) β-function is [(2/
√

5)(1/(2
√

3))]2∗3Ng = (1/5)Ng.

The two states, N and νc, appearing in L are totally blind in the SM interactions.

aFor the general case SU(N + 1) → SU(N) + U(1), this summation gives (N2 − 1)/N .
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Gathering all the above we can write the contribution of the Kaluza–Klein states

of the non-SM particles to the β-function as follows (Ng = 3):

β3 = 3 , β2 = −6 , βY = −24/5 . (5)

4. The Running of the One-Loop β-Functions

We assume that from MZ to MSUSY = 1 TeV, we have the non-SUSY SM β-

functions. We use the following experimental values as our starting point at MZ :

sin2 θW = 0.23151± 0.00017 , αem = 1/128.9 , αs = 0.119± 0.003 .

From MSUSY to the compactification scale MC we have the MSSM β-functions.

Above MC , all Kaluza–Klein states start to appear. We assume the successful

approximation of incorporating the massive KK-states with masses less than the

running scale. The running of the couplings above MC is given by

α−1
i (M ′) = α−1

i (MC) −
βi

2π

(

2N log
M ′

MC

− 2 log(N !)

)

,

where N is an integer such that (N + 1)MC > M ′ > NMC , which counts the

KK-states that have masses below the running scale (we have assumed only one

extra dimension and in that case the multiplicity of the states at each level is 2).

In Fig. 1 we show such a running. It is obvious from the positivity of the KK-state

contribution to the β-function that the three couplings could not converge to a

point. And this fact, of course, persists whatever the choice of the scale MC is,

since we know that the MSSM couplings converge at the scale 1016 GeV which

means that the strong coupling is always larger than the other two up to that scale.

Figure 1: Running of the SM couplings. MC = 108GeV.

The Running of the One-Loop β-Functions

We assume that from MZ to MSUSY = 1TeV, we have the non-SUSY SM β-functions.
We use the following experimental values as our starting point at MZ :

sin2 θW = 0.23151 ± .00017, αem = 1/128.9, αs = 0.119 ± 0.003

From MSUSY to the compactification scale MC we have the MSSM β-functions.
Above MC , all Kaluza-Klein states start to appear. We assume the successful
approximation of incorporating the massive KK-states with masses less than the
running scale. The running of the couplings above MC is given by

α−1

i (M ′) = α−1

i (MC) −
βi

2π

(

2N log
M ′

MC

− 2 log(N !)

)

where N is an integer such that (N + 1)MC > M ′ > NMC , which counts the KK-
states that have masses below the running scale (we have assumed only one extra
dimension and in that case the multiplicity of the states at each level is 2). In
Fig.(1) we show such a running. It is obvious from the positivity of the KK-state
contribution to the β-function that the three couplings could not converge to a point.
And this fact, of course, persists whatever is the choice of the scale MC , since we
know that the MSSM couplings converge at the scale 1016GeV which means that
the strong coupling is always larger than the other two up to that scale.
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Fig. 1. Running of the SM couplings. MC = 108 GeV.
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5. Upgrading the Colour Group to SU(N), N > 3

The idea that at high energies the colour group is SU(N > 3) has a long history8

and was considered as requirement for “asymptotic convergence” on top of asymp-

totic freedom. Recently, this idea was applied to Grand Unification.9 In our case,

therefore, it is more than tempting to investigate the case where the colour group

of our model is upgraded to SU(N) with N > 3. We assume that the breaking

from SU(N)C down to SU(3)C is stepwise: SU(N)C → SU(N − 1)C + U(1). The

conjugate and the fundamental representation breaking are:

(N2 − 1) → ((N − 1)2 − 1) + (N − 1) + (N − 1) + 1 ,

N → (N − 1) + 1 .
(6)

We further assume that all singlets produced by these breakings get masses and

therefore they do not contribute to the colour group. At the end, we are left with the

fundamental representation of SU(3)C coming from the fundamental one of SU(N)

(i.e. the coloured quarks of the SM) while from the conjugate representation of

SU(N) we get the gluons plus a number of 3’s and 3̄’s. The number of these states

is proportional to N − 3 (the number of times breaking occurs from SU(N)C to

SU(3)C). For example, if we have an SU(5)C group, the breaking of the adjoint

down to SU(3)C is:

24 → 15 + 4 + 4̄ + 1




y





y 3̄ + 1




y
3 + 1

8 + 3 + 3̄ + 1

The contribution of the 3’s and 3̄’s (KK-) states to the β-function of SU(3)C will

be:

−2
N(N − 2)

(N − 1)
2(N − 3) .

Now we are ready to run the coupling constants with the above new contribution.

In Fig. 2 we show the running for two values of N = 4 and 5.

We clearly see that for N = 4 the three coupling constant runnings are suitable

for unification, while for N = 5 the strong coupling decreases very rapidly and

unification is missed. Of course, for higher values of N the situation will be even

worst (the strong β-function will be even more negative).

In Fig. 3 we show the running for N = 4 and for several values of the com-

pactification scale MC . We see that for all chosen values the three couplings show

the same tendency to unify to a common value. Of course, the unification scale

is just above the compactification one and only a small number of the KK-states

contribute to the running. Nevertheless, we can achieve a low energy unification

and the value of the unified coupling is well in the perturbative region.
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Figure 2: Running of the SM couplings for N = 4 and N = 5. MC = 108GeV.

tendency to unify to a common value. Of course, the unification scale is just above
the compactification one and only a small number of the KK-states contribute to
the running. Nevertheless, we can achieve a low energy unification and the value of
the unified coupling is well in the perturbative region.

We would like to stress that the above is of course a toy model. Nevertheless,
it shows how the precursor idea can be applied to a successful grand unified group,
namely SU(3)3, and that only in the case where the colour group is coming from
an SU(4) the gauge coupling unification seems possible. Application of two-loop
running in the RGE (in order to check how precise is the gauge coupling unification)
will not have any meaning at this stage since there are theoretical simplifications
(the breaking of SU(4) → SU(3)+U(1), inclusion of KK states step-by-step as well
as the detailed compactification scenario) which introduce uncertainties. On the
other hand it is clear that for the specific group, i.e. SU(3)3, only the case where
SU(3)C ⊂ SU(4) could lead to gauge coupling unification.

Conclusions

Using the precursor idea, i.e. the appearance of KK states of the SU(3)3 GUT
model before the SM couplings get unified, we have study the gauge coupling run-
ning. The contribution of KK states, due to low compactification scale, accelerates
the convergence of the couplings but unification seems possible only if the colour
group is SU(4) at the GUT scale providing therefore extra precursors. The unifi-
cation scale appears near the chosen compactification scale but the tendency of the
gauge couplings to unify is independent of the latter scale.

6

Fig. 2. Running of the SM couplings for N = 4 and N = 5. MC = 108 GeV.
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Fig. 3. Running of the SM couplings for N = 4 and several values of the compactification scale
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We would like to stress that the above is of course a toy model. Nevertheless, it

shows how the precursor idea can be applied to a successful grand unified group,

namely SU(3)3, and that only in the case where the colour group is coming from

an SU(4) the gauge coupling unification seems possible. Application of two-loop

running in the RGE (in order to check how precise is the gauge coupling unification)

will not have any meaning at this stage since there are theoretical simplifications

(the breaking of SU(4) → SU(3)+U(1), inclusion of KK states step-by-step as well

as the detailed compactification scenario) which introduce uncertainties. On the

other hand it is clear that for the specific group, i.e. SU(3)3, only the case where

SU(3)C ⊂ SU(4) could lead to gauge coupling unification.
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6. Conclusions

Using the precursor idea, i.e. the appearance of KK states of the SU(3)3 GUT model

before the SM couplings get unified, we have studied the gauge coupling running.

The contribution of KK states, due to low compactification scale, accelerates the

convergence of the couplings but unification seems possible only if the colour group

is SU(4) at the GUT scale providing therefore extra precursors. The unification

scale appears near the chosen compactification scale but the tendency of the gauge

couplings to unify is independent of the latter scale.
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