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Abstract 

We discuss the low energy implications of gauge coupling unification at the string scale, taking into account string 
threshold corrections in the SU(4) x0(4) model. We express sin* 8~ and u3 as functions of the calculable string threshold 
differences and discuss simple examples of spectra which retain the successful predictions of the supersymmetrlc unification. 
Using further the low energy data and reasonable values of the common gauge coupling at the string scale, we obtain the 
range of the threshold corrections. Finally, we study the top Yukawa coupling ( ht ) evolution whose initial value is determined 
in terms of the common gauge coupling at the string scale. We find that hr reaches its (quasi) infra-red fixed point at the 
weak scale and discuss the implications on the top mass. 

1. Introduction 

Recent experimental evidence indicates that the de- 
sired unification of all fundamental forces can take 
place (within a single gauge group) at a scale MG N 
lOi GeV, where all the couplings attain a common 

value, provided supersymmetry exists above a scale of 
the order 1 TeV. Within the context of supersymme- 
try however, the origin and magnitude of Yukawa cou- 
plings and other parameters are not explained. Among 
the present candidates, string theories can in principle 

give answers to the above questions. In most of the 
string derived models however, this simple unification 
scenario based on a single non-Abelian gauge group 
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is lost. String unification has been shown to occur at 

a scale some 20 times larger than the Mo scale pre- 

dicted by the minimal supersymmetric standard model 

(MSSM). 

Mst, = gsm 
,(I-Y,3-$ 

4lT 
MPI 

M 5.2g,, x 1017 GeV (1) 

In the above, g,, is the universal string coupling which 
is fixed by the vacuum expectation value of the dilaton 

field S, & = 2/ (S + s) . 
The gauge symmetry of the resulting theory be- 

low M,, is usually a product of groups G = n, G, 

rather than a single gauge group. The corresponding 
field theory describing the low energy phenomena is 
achieved by integrating out the massive string states. 
As a result, the evolution of the gauge couplings g, of 
the effective theory should take into account threshold 
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n 

corrections Aa due to the infinite tower of the massive 

string modes. Thus, they are given by 

where 0, is the beta-function and k, characterizes the 

Kac-Moody level of the corresponding coupling g, 

(k, = 1 in what follows). 

As it is obvious from the above formula, string 

thresholds affect decisively the boundary conditions 
of the effective field theory gauge couplings. There- 
fore, the low energy predictions of a particular string 

model are also sensitive on A,. 

String threshold corrections have been extensively 

studied in the literature [ 1,2]. Recently there was a 

revived interest from the point of view of the effec- 
tive field theory [ 31 and their implications in the low 

energy phenomenology [ 4,5]. 
A class of string derived models [ 6-101, which of- 

fer a suitable ground to study the low energy implica- 

tions of these thresholds, is based on the free fermionic 

formulation of the four dimensional superstring [ 111. 
In the present work, we examine some related aspects 

of the string derived SU(4) x O(4) model. We ex- 

plore the possibility of reconciling the low energy data 

with the existence of the string unification point be- 
ing twenty times larger that the conventional unifica- 

tion scale. We take into account the string threshold 
corrections and determine the low energy gauge cou- 

plings in terms of their differences and the spectrum 

of the model. We extend previous analysis on the top 

mass calculations and include the effects of the theory 
above the “GUT” scale including the string threshold 

corrections. 

2. The model 

We briefly start with the basic features of the mini- 
mal supersymmetric version of the SU(4) x O(4) N 
SU( 4) x SU( 2)L x SiY( 2)~ model. The field content 
is summarized in the following table 

F = (4,2,1); F = (4,1,2); 

H = (4,1,2); I?= (4,1,2); 

h = (1,2,2); D = (6,1,1); 

&,o = (1,1,1), m = 1723; 

#=(4,1,1), j&(4,1,1); 

@=(1,1,2); aL=(1,2,1) 

Left and right handed fermions (including the 

right handed neutrinos) are accommodated in the 
(4,2,1) , (4,1,2) representations respectively. 
Both pieces form up the complete 16” repre- 

sentation of SO( 10). The SU(4) x su( 2)R -+ 

SU( 3) x U( 1) symmetry breaking is realized at a scale 
N 10’5-‘6 GeV, with the introduction of a higgs pair 

belonging to H + I? = (4,1,2) + (4,1,2) representa- 
tions. The symmetry breaking of the standard model 

occurs in the presence of the two standard doublet hig- 

gses which are found in the ( 1,2,2) representation of 

the original symmetry of the model. (The decomposi- 
tion of the latter under the SU( 3) x SU( 2)L x U( 1) y 
gauge group results to the two higgs doublets 
(1,2,2) -+ (1,2,i) + (1,2,-i).) The three sin- 

glets &l’~ are engaged in the see-saw type mechanism 

providing Mo-order masses to right handed neutri- 

nos, while 40 is responsible for the appearance of the 
Higgs mixing term. Finally, note the existence of the 

‘exotic’ representations @,$, aR and UL. Although 

they do not arise in the ‘ordinary’ decomposition of 
an SO{ 10) GUT symmetry, they do appear in string 

derived models constructed at the level k = 1 of the 

Kac-Moody algebra. These states possess fractional 

electric charges [7] and are expected to transform 

non-trivially under a hidden gauge group [ 121 which 
becomes strong at an intermediate scale confining 

them into bound states. In our present analysis we are 

not going to discuss such complications. 
The trilinear superpotential is 

W = A, FFh + A; FAh + h2FH&,, + A3HHD 

+ A41?gD $ A5FFD + A$FD + A~DD&.o 

+ &hh&tr,o + A9h4wh + A104d’b,40 

f A,&$m,o + AI@@ + Ani@’ 

+ AwhaLaR+ A15a~a~&n,o + Al6a~a~d'm,O 

f A1#fiaR + Al$Haa + At$FaL (3) 

The phenomenological implications of (3) have been 
discussed elsewhere [ 13-151. Here we will concen- 
trate on the renormalisation of the gauge and Yukawa 
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couplings from the string scale to low energies. From 

the spectrum in (3) we observe first that in the min- 

imal case there is an excess of right doublet over 

left doublet fields. In fact the asymmetric form of the 

higgs fourplets with respect to the two SU(2) sym- 
metries of the model, causes a different running for 

the gL,R gauge couplings from the string scale down 
to MG. The possible existence of a new pair of four- 

plets with SU( 2)~ - transformation properties (as 

suggested in Ref. [ 141)) namely HL = (4,2,1) and 

AL = (4,2,1), could adjust their running so as to 

have gL = gR at MG. This case corresponds to family - 
antifamily representations which can become massive 

close to MG, with a trilinear or higher order term of 

the form (@)(4,2, 1)(4,2, 1). Moreover, a relatively 

large number (no) of sextet fields (nn N 7) remain- 
ing in the massless spectrum down to MC, would also 
result to an approximate equality of the above with g4 

coupling. Other cases of string spectra with the desired 

properties are also possible. 

Obviously, the equality of the three gauge couplings 
g4,J.J at the SU( 4) breaking scale MG, is of great im- 
portance. In practice, this means that the three standard 

gauge couplings g1,z.s start running from MG down 
to low energies, with the same initial condition. The 

only possible splitting would arise only from string 

and GUT threshold corrections [ 131. Thus, choosing 

MC N lOI GeV, we are able to obtain the correct 
predictions for sin2 8~ and us( rnz >. As a matter of 

fact, the intermediate gauge breaking step gives us one 

more free parameter (namely MC). Having obtained 
the desired string spectrum, we are free to choose its 

value in order to reconcile the high string scale M,, 
with the low energy data. Examples of string models 
with such properties have been proposed [ 121. 

The renormalisation group equations of the string 
version have been derived and studied in previous 

works [ 13,16,17]. At the one loop level, taking into 
account the string threshold corrections we can obtain 
the following equations: 

I 
- - ; = (b4 --b~>&~c+(b2 -b3),Q+ A~-AL 
a3 

(4) 

I 32 ---= 
a3 5ff 

~(~~-~R)QLIG+(~~-~,)'Q+~,-AR 

(5) 

In the above, we have denoted Quo = & log( MS@/ 
MC), with s, c the sin and cos of the weak mixing 
angle, while&Q = C, blQn,n_i takes into account all 

possible intermediate scales. Finally, Ai = &/(47r). 
The weak mixing angle is given 

sin* 6~ = i + +{~LR~&uG + b21 .Q + ALY} 

with 

(6) 

bm = 
5bL - 3b.q - 2b4 

5 
9 bij = bi - bj 

ALY = 
~(AL - AR) + ~(AL - A4) 

5 
(8) 

If we assume the minimal supersymmetric spectrum 
bellow MG, where only the supersymmetry breaking 
scale MS enters, we can eliminate MS and determine 

the scale MG in terms of as, CX, sin2 8~ and the dif- 

ferences of the string thresholds. Equivalently, sin2 ow 

can be expressed as follows: 

sin* 0~ =&-{++KE 

+ d(bLm - KhdQuc + (h - &3>Qc 

- (b;y - Kb&>Qz + ALY - ~&,d} (9) 

where ALL = AL -A4, K = &h and the superscript 0 bil - bz 
in the beta functions refers to the non-supersymmetric 

ones. In particular, if the beta functions b4, bL, bR 

above the GUT scale are equal, then b4L = b4R = 0 and 

the above expression for sin2 8~ becomes very simple. 

In this case the g4,L,R gauge coupling splittings at MG 
are determined only in terms of the differences A,. 

Before we proceed to the calculations, let us de- 
scribe briefly the spectrum in two main energy re- 

gions. In the M,, - MG region, in addition to the three 
generations of (4,2,1) and (4, 1,2), we choose the 
following content: 

nH = 2, nh = 1, nn = 8, ng= 4, nar = 4, 

n aR =4, nH1. = 2 (10) 

The above content has the property of giving 64 = 

bL = bR = 7 (note the existence of the HL'S that were 
mentioned before). Therefore, in the MSt, - MG region 
the three gauge couplings ad, L~L, (YR run in parallel, 
their initial points at the Msa scale differing only due 
to the string threshold corrections AL, AR, Ad. In the 
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03’ 1 
02.31 0.2315 0232 0.2325 0233 

d9, 

Fig. I. The AL. AR and Ad thresholds as a function of sin’ Bw, 

for M,,r = 0.4 x 10” GeV and MS = 200 GeV. 

MC - MZ region, the sU(4) x sum x sum 

model breaks down, at MG, to the MSSM, which at 
the scale MS turns to the non-supersymmetric standard 

model SM. 
The procedure we are adopting is as follows: Using 

as input parameters the Mst, scale and the string thresh- 

old differences ALL = A.I_ - A4, ARK = AR - A4, we 
determine MG in order to have acceptable low energy 

parameters sin* 8~ and (~3 (we fix CY = l/127.9). As 
an example, we used the Ai,j = Ai - A,j values obtained 

in Ref. [4] for the spyific SL1(4) x O,(4) model [7]. 

In particular we take AL,~ N 8.47 and ARK N 2.05. We 

can then run the gauge couplings from down to up and 

evaluate the quantities 

& +A4* 
$+AR> 

$+AL 

The relation between Mse and (Y$@ can be used now to 

determine the absolute values of the string thresholds. 
Let us now put our results into figures. In Fig. 1 we 

show the absolute values of the three string thresholds 
as a function of sin* 0~ for Mst, = 0.4 x lOus GeV 

and MS = 200 GeV. We see a weak dependence on 
sin* 0~. In Fig. 2 we plot the threshold AL as a function 

of both sin’ 0~ and M,,. The dependence on the latter 

is strong. In fact, a change of M,, from 0.3 x 10” GeV 
to 0.5 x 10” GeV results a change in AL from N -200 

to N 100 (in Fig. 1, we have chosen the value of M,e 
which corresponds to Ai’s of the same order as their 
differences). In other words, even large threshold cor- 
rections demand only a small change in the value of 
MS,,. If Msm is “pushed” towards MG, then large nega- 
tive threshold corrections are required. For complete- 
ness, in Fig. 3 we plot contours of constant MG in the 
plane of ( sin2 0~, us), for MS = 200 GeV and M,,, = 

Fig. 2. The AL threshold as a function of sin’ 0~ and MS,,.. The 

supersymmetry breaking scale is MS = 200 GeV. 

-ii 
E 
Y4 
0 

0.13 

0.128 

0.126 

0.124 
-2*10 QIV 

0.122 

O.l2 
0.231 0.23ls 0.232 0.2325 0.233 

si29, 

Fig. 3. Contours of constant MG = (2.2.5.3) x 10’h GeV in the 

(sin’ 6~. q( Mz ) ) plane. The line crossing these contours gives 

the acceptable (sin2 0w, a3 (Mz)) pairs which correspond to the 

chosen values of Mstr = 0.4 x lOIs GeV and MS = 200 GeV 

((Y = l/127.9). 

0.4 x 10” GeV. The line that crosses these contours 
gives the acceptable pairs of (sir? &, ~23) that corre- 
spond to the chosen values of M,, and MS (as we 
have mentioned before we keep LY = l/ 127.9). 

3. Top Yukawa coupling fixed point 

In the case of the minimal supersymmetric standard 
model, it is well known that the top-Yukawa coupling 
evolution from the unification scale down to the low 

energies, exhibits a quasi-fixed point structure3 . In 

s In Ref. 1181 it has been shown that in MSSM the infrared fixed 

point is never reached. On the contrary, in theories with a stage of 

compactification the top coupling reaches its infrared fixed point 
since the evolution of couplings is much faster, following a power 

low rather than a logarithmic evolution. 
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fact, starting at the GUT-scale with hr,o > 1 the top 

mass is almost insensitive to the h,,o value. 
Large hr,G values are in perfect agreement with the 

recent experimental evidence for a top mass of the 

0( 170-I 80) GeV. Moreover, the idea of the SU( 2) x 
U( 1) symmetry breaking by radiative corrections in 
supersymmetric theories is realized by large nega- 

tive top-Yukawa corrections to the Higgs mass, which 
need a sufficiently large top coupling. The MSSM the- 

ory with the unification assumption of the three gauge 

couplings at the scale N 1016 GeV does not provide a 

convincing reason why the initial value of the Yukawa 
coupling is large. It thus appears that the infra-red 

structure of the top coupling has its origin in a funda- 

mental theory beyond the MSSM. An interesting pos- 

sibility is that there is additional structure above the su- 
persymmetric ‘unification’ at Mo N lOI GeV which 
determines Yukawas and other parameters at Mo. The 

present string derived model provides such an exam- 

ple. The top Yukawa coupling is related to the gauge 
coupling at the string scale Msu. The SU(4)-breaking 

takes place at the intermediate scale MG N lOi GeV, 
which effectively corresponds to the SUSY ‘unifica- 

tion’ scale. Knowing the evolution equations of the 

gauge and Yukawas between (M,, - MC), it is rather 

easy to determine the h, value at the GUT scale, which 

will serve as initial condition for the ( MG - Mz) run- 

ning. In particular, if the spectrum bellow the GUT 
SLr( 4) breaking scale is that of the minimal supersym- 

metric standard model, then one can make a definite 
prediction about the top mass. 

In the present model, all charged fermions of the 

third generation receive masses from the superpoten- 
tial term AlFFh. Therefore the SO( 10) Yukawa uni- 
fication condition hc,,Gj = hcb,Gj = hc7,Gj E A1 (MC) 
is also retained in the W(4) x SU(2)L x SU(2)R 

symmetry. In the range Mstr - MG the evolution of the 
Yukawa coupling hi is given by 

(11) 

where I = log(Q) is the logarithm of the scale, and 

the index (Y refers to the three gauge group factors CY = 
4, L, R in the range Q = ( Mst, - MC). For the sake 
of simplicity, in the above differential equation we 
have ignored terms proportional to the other Yukawa 
couplings of the superpotential. If all couplings were 

included, only a numerical solution would be possi- 
ble [ 201, however our results concerning the top-mass 
prediction would not be essentially affected. The co- 

efficients c, are given by 

{C,),=4,L,R = { $3,3} 

Thus, in the range Mst, - MG the solution for Ai is 
given by 

Al(f) = Al (tsu)X!JS(t) (12) 

1 

5(t) = (1 + &&,,)I&))‘/2 
(13) 

I 

Z,(t) = J y$(t’)dt’ fa 
(14) 

At the SU( 4) breaking scale MG the original sym- 

metry breaks down to the standard gauge group. As 

pointed out previously the top Yukawa coupling has 
the same initial value at MG with the b - T’S, i.e., we 

are in the case of tan /3 >> 1. In the case of the large 
tanp, ignoring the r-Yukawa, for equal h!, hb cou- 
plings we can obtain the following expression [ 191 
for the top-Yukawa evolution below MG 

(15) 

5(t) = (1+ 
1 

&hi (tG)2r(r))1'2 

where the relation h,,G E AI (tG) has been taken into 

account. The expressions yQ (t) , rQ (t) at! simih to 

those of yu, 1~ in ( 14) respectively. Therefore, com- 

bining the above two equations, we determine the top 
Yukawa coupling and its mass at low energies directly 
from the initial value of the coupling Ai at M,,,. In par- 
ticular, imposing the initial condition Ai ( tstr ) = figstr 

predicted in this particular model, we obtain the fol- 
lowing formula for the top mass: 

with u = 246 GeV. 
Finally, in Table 1 we present the (physical) top 

mass predictions and the range of tar@ in order to 
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Table I 
MS,, = 0.4 x IO’s GeV, gstr = 0.77, sin* Bw = ,232 

,#w 

(dcV) 

tanP Ms MG w(Mz) 
(GeV) (GeW 

190 60-63 1000 1.6 x lOI 0.122 
187 58-61 500 2.0 x 10’6 0.124 
183 56-59 200 2.5 x 10’6 0.127 

have the tUUUiUg bottom mass mb(mb) = (4.15- 

4.35) GeV, for three representative cases of the 

supersymmetry breaking scale Ms. We also show, 

for each case, the corresponding “GUT” scale Mo 
and (~3 ( Mz). The string scale value is M,, = 

0.4 x IO’* GeV (which gives gsu = 0.77) and 

sin’ 0~ = .232. We have checked that the effect of 

string thresholds on m, is of the order of (4-6)%. 

Thus for given mb and sin* 0~ (or as) values, myhys 

is well determined in terms of the infrared fixed 
property of the Yukawa coupling. 

Note that in our actual calculations we have taken 

into account the MS scale, thus running the (non- 

supersymmetric) SM beta-fubctions for gauge as well 

as Yukawa couplings. At the Ms scale, the initial 
conditions for the h, and hb running are of course 

hys(to) = h,(to) sinp and hFs(ro) = hb(ro) cosp. 
We have also checked that, running (numerically) the 
coupled differential equations for h, and hb on the one 

hand and using the Eqs. (13)-( 16) on the other, the 

differences between these procedures are negligible. 
Note that the RGEs for h, and hb in the range MC- Ms 
differ only in the small U( 1)-gauge coefficient. 

4. Conclusions 

In the present work we have analysed the possi- 

bility to obtain low energy predictions compatible 
with the experimental data in string derived models 

with SU( 4) x 0( 4) symmetry. Generally, large string 
thresholds are required to reconcile the experimental 
data with the existence of the large gap between the 

string (MS,, N 5 x lOI7 GeV) and supersymmetric 

(MC - 1.5 x lOI6 GeV) unification scales. It is ar- 
gued here that, a simple and viable scenario - compat- 

ible with the low energy phenomenological expecta- 
tions - is to obtain a massless spectrum which allows 
approximatelly a parallel evolution of the gauge cou- 

plings between Msm - MC. Given the rich spectrum 
of such models [ 6-81, one could choose carefully the 
vacuum expectation values of the singlet fields asso- 

ciated with the large breaking scale of the possible 

surplus U( 1) symmetries and make massive those 
states which allow equal beta function coefficients 
in most of the range above Mo. This would simply 

correspond to a judicious choice of a specific flat 
direction of the effective field theory superpotential. 

In the above context, we have considered the evolu- 

tion of the top Yukawa coupling from the string scale 
down to low energies. We have found that it exhibits 
a fixed point structure thus leading to definite predic- 

tions for the top mass compatible with its present ex- 

perimentally determined range. 
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