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We extend a fermion mass matrix ansatz by Giudice to include neutrino masses. The
previous predictions are maintained. With two additional parameters, a large Majorana
neutrinc mass and a hierarchy factor, we have seven further low energy predictions:
the masses of the neutrinos, the mixing angles and the phase in the leptonic sector.
We choose a reasonable hierarchy of Majorana masses and fit the overall mass scale
| according to a solution of the solar neutrino problem via the MSW mechanism, which
‘[ is in agreement with the 37Cl, Kamiokande, SAGE and GALLEX data. We then also
obtain a cosmologically interesting tau-neutrino mass.

One of the fundamental problems of particle physics is to understand the observed
fermion mass spectrum. In the Standard Model it is described by thirteen parame-
ters: nine masses, three quark mixing angles and a CP violating phase. Ultimately
one hopes for a solution in terms of a more fundamental model, e.g. string theory,
where the structure of the mass matrices is determined by a set of symmetries.
Meanwhile any reduction in the set of required parameters could be 2 guide in find-
ing the appropriate symmetries and also lead to a prediction of yet undetermined
fermion masses in terms of experimentally known masses and angles.

There has been much fruitful work on this problem.'™ Recently, motivated by
the observed merging of the Standard Model gauge coupling constants in supersym-

:, metric grand unified theories (SUSY GUTs),® Dimopoulos, Hall and Raby (DHR),?

Giudice® and other groups? have considered simple fermion mass matrices at the
GUT scale and derived the resulting spectrum below the electroweak scale using the
renormalization group equations (RGEs) for the case of minimal supersymmetry.
In the DHR ansatz the fourteen parameters (including tan 3, the ratio of Higgs vevs
in supersymmetry) are given in terms of eight input parameters; hence six predic-
tions. In the modified ansatz studied by Giudice more structure is imposed on the
mass matrices (by hand) leading to one input parameter less and thus one more
prediction. Both are in good agreement with the known experimental values.2~%®
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In a large class of mass matrices these ansatz are the only consistent solutions.”

In the work of DHR and of Giudice neutrino mass matrices were not considered.
Most GUT models. e.g. SO(10), SU(4) ® SU(2)?, SU(5) ® U(1), and Es, predict the
existence of right-handed neutrinos leading to Dirac-neutrino matrix at the GUT
scale. In this letter we extend the ansatz by Giudice to include neutrino masses.
This modifies the analysis in the following points:

(i) New Higgs representations should provide heavy Majorana masses to the right-
handed neutrinos, in order to realize the seesaw mechanism 3

(ii) The leptonic mixing angles are completely determined by the charged-lepton
and up-quark masses. With one additional parameter we obiain the neutrino
mass spectrum and the mixing angles in the lepton sector. We thus have seven
further low-energy predictions. We obtain a possible solution to the solar neu-
trino problem via the MSW mechanism® in agreement with the combined data
of the *'Cl, Kamiokande, SAGE,'® and GALLEX experiments!! and the tau-
neutrino mass is cosmologically relevant.

A realistic fit to the desired structure of the mass matrices in SUSY GUT models
requires a rather complicated Higgs sector. In a more fundamental theory the
structure of the matrices might arise more naturally. However, as an example
we consider here the relevant couplings in an SO(10) SUSY GUT, assuming that
additional discrete svmmetries, as in Harvey et al. of Ref. 1, prevent the appearance
of specific entries in the mass matrices.

Within an SO(10) SUSY GUT the down-like quark and charged lepton masses
arise from the following terms:

£ (18,-16,105))+2d) (16, -165-10(5))+d (16516, 126,55, )+ £ 165 165-10;5,) , (1)

where 16; are the fermion families. The simple relation betwsen the second and
third coefficients is imposed by hand. The 126 Higgs represeniation has a nonzero
vev along the (45) direction of the SU(5). The structure of this vev results in a
relative factor (—3) in the (2, 2)-entry of the mass matrices M; and M, below!213
and leads to the successful Georgi-Jarlskog relations mj ~ m.. m, ~ m,/3 and
mg =~ 3m, at the GUT-scale.’® The up-quark and the Dirac-neutrino masses arise
from ' , _

b(16; - 165 - 105 + 16, - 16, - 10;5,) + & (165 - 16 - 10;5,) (2)

and the heavy Majorana-neutrino mass matrix from
A 16; - 16'(@(1) - Myivi, (3)

where we have assumed a diagonal Majorana mass matrix, diag (M, M2, M3). In
the following we shall make the simple hierarchical ansatz M = M= kMy = K2 M,
k = 10, motivated by the known fermion mass hierarchies. ) is a Yukawa coupling
and i = 1,2,3 is a generation index. As we have already pointed out however,
these are not the most general couplings allowed, but we assume that other relevant
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couplings are not present due to some kind of discrete symmetry of the underlying
theory.

Thus, in the present case, we obtam the Giudice rnass matrices® augmented by
a snnple ansatz for the neutrino masses

0 0 o 0 0 @
‘\ Muz 0 b 0 5 My”C: 0 b O 5 (4)
] b 0 b 0 a
| . .
! 0 fei® 0 0 fef¢ 0
‘ Mg=|fe® d 2|, Mo=|fe* -3d 24|, (5
0 2d ¢ 60 2d ¢/
Mucvcszia'g(k_zyk_l>l}- ! ' (6) ‘

The entries in the mass matrices are given by the corresponding Yukawa coupling
of Egs. (1)~(3) multiplied with the appropriate vev. In general these entries are
complex. However, the fields can be redefined such that all parameters are real and
we only have the shown phases.®> We have included a single phase in the charged
lepton mass matrix, since the neutrinos are no longer degenerate. For simplicity
we have chosen this phase to be identical with the phase in M .2 We thus have
eight parameters at the GUT scale (including k) in order to provide a total of
20 parameters at low energies: six quark masses; three charged lepton masses;
three light neutrino masses; six mixing angles, three for the Cabbibo-Kobayashi-
Maskawa mixing matrix and three for the corresponding leptonic mixing matrix;
and two phases, one for each mixing matrix. Hence, we have seven predictions
for the Standard Model parameters and seven predictions for the extension of the
Standard Model due to the massive neutrinos. ‘

Using the results of Ref. 14 we obtain the renormahzatlon group equations for
the Yukawa couplings at the one-loop level

; .

167rzd_t)*v = (I CTr [3Ap AL + AL +ApAh -1 GU)/\U’ @

167 50w = (T-Te PoAl] +AsX5 ~ -G )aw. - ®
.

1672 230 = (I-Tr [3Ap AL, + ApAL] + 3052} + Ac Al — I-Gp)ip, (9)

d
167°=2p = (I-Tr [Asd] +3ApAb] +3AeAb — 1 Ge) Az, (10)

2In general the leptonic mixing matrix will include three phases.
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where \,, « = U, N, D, E, represent the 3 x 3 Yukawa matrices which are defined in
terms of the mass matrices given in Eqgs. (4)-(6), and I is the 3 x 3 identity matrix.
We have neglected one-loop corrections proportional to A%. ¢ =In(u/po),  is the
scale at which the couplings are to be determined and pq is the reference scale, in
our case the GUT scale. The gauge contributions are given by

Ga=5‘cag,<t) W)

H

i) = — 20 (12)
291 (to)(t - to)

The g; are the three gauge coupling constants of the Standard Model and b; are the

corresponding beta functions in Immmal supersymmetry. The coefficients &, are
given by

13 : 7 16
{¢hiz1,25 = {15 3, }, {chliz1,23 = {E,-?’, ?} ) (13)

. 9 . 3
{cg}iz123 = {57373} s {cn}iz123 = {—5-,3,0} . (14)

We find it convenient to redefine the quark and lepton fields such that Ay and
An are diagonal :

Ay —=Av =K' ApK, Ay — v =KWK, (15)
15
Ap — Ap = K¥ApK, A — A = K'AgK.

The diagonalizing matrix is given by®

cosf§ O siné 9
K= ( 0 1 0 ) , tan2f = —. (16)
2 .

—sinfé § cosf

For the up-quarks and the corresponding Dirac-neutrinos we obtain at the GUT

scale . » .
My = my,, = mp ian~§, me=m,,, = mg tanf,

a (17)
1—tan?64"’
We apply the field redefinitions (13) to the differential equations (7)—(10) and within
the parenthesis on the right-hand side only retam the dominant Yukawa coupling

b :
d~‘ (3 3
16%25,\0—: ALl 3 -GuI |} dv, (18)
6

My = Myp; = Mg . mg =
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d - - -
1622 23w = (3, - GxO1) A, (19)
d < o (© .
16W2.(EAD ={X_ {1 ¢ |-Go®I], (20)
1
167:2%Z\E = —Gg(t)g. (21)

The equations for Av, Xp, and Mg are thus unaffected by the neutrinos. We have

~ solved this (approximate) system by first cbtaining the exact solution for'>? Ay,

XUss(t) = iUs;{iD)CG‘YU(t)v (22)
where
vo(t) = exp (-—- /G&{_i }dt/(16w2)> (23)
3 o Ci/ﬁz .
- 11 (%) (29
jo1 NG
3 ¢l [2b;
b', &j_g{t -1 ol ™ -
=11 (1- AL °)> : (25)
Jj=1
1o,
g = exp ('1—6;3 j;ﬁ }LL’-SS dt) (26)
c  ~ t -1/(2x)
= (1 - g,r_g'AUss(tD)‘/t 7(21(t)dt) 3 (27)

where & is the constant in front of the Ap,, in the differential equation for the Ao
Yukawa coupling. We then use this solution for Ay,, to solve the equations for the
other couplings. We reproduce the results of Ref. 3, including

my = Tir’?-Cmf , (28)
YE
2
me = (s = (29)
= My

g = mq (1 GeV)/mg(m,) for the light quarks and 7, = m, (mg)/mq (m:) for the
¢ and b quark. In our analysis we have taken 1, = 7g = s = 2, 7c = 1.8 and
n = 1.4. yp/ve = 2.1 and Yy /v~ = 24. In order to produce the proper running
. bottom quark mass

16,17

my(msp) = 425 £ 0.1 GeV - (30)
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we require { = 0.81 & 0.2. Following® we obtain the range
125 GeV < m; < 170 GeV (31)

from bounds on tan B from electroweak breaking as well as on m,.17
In order to determine the lepton mixing matrices we must find the matrix V;
such that (V;'AR(AE)1W;) is diagonal. We parametrize the mixing matrix as
clcse""’ — 515953 Sicae® + C15283 ~C383
W = —S81C3 CiC2 S , (32)

61836“# + 83182C3 31836“) — C182C3 CoC3

where ¢; = cos 8, s; =sinfy, etc. Then we find

Viye = |s1]= ﬁ(l - %y) ~69x107%, (33)

Vi =lorl = 321y - 22} = gezz om0, (39
B 14 Vv

VVeT = [S3| = Me o~ (4.9 + 02}10_3 (__5mGe ) ) (35)

cliet t ‘

where z = m,/m,, y = m./m, and we have used the values for the charged
lepion masses given by the particle data group.!® In the last equation we have
used the constraint on the top quark mass (31) and m, = (1.27 + 0.05) GeV.
Thus we predict the “leptonic Cabbibo angle” {#;) to be substantially smaller than
the corresponding quark angle. This is different from phenomenological ansatz for
the angle in Ref. 19, where the leptonic mixing angles are approximated by the
corresponding quark angles. It is directly due to the factor of (—3) in the down-
quark mass matrix, which is necessary to obtzin the proper mass predictions. In
Ref. 20 a similar value is obtained from a different phenomenological ansatz.

The angle ¢ determines a CP violating quantity J discussed in Ref. 3, which
is experimentally only poorly determined. The corresponding J; for the leptonic
mixing matrix is smaller by about a factor of 3. corresponding to s} ~ 3si.

From Egs. (33)-(35) we obtain the following neutrino mixing angles which we
choose to write in the form sin® 24,., motivated by the solutions to the solar neutrino
problem

sin?29,, = 1.9 x 1072 (36)
sin®26,, = (5.2+0.1)10~3 (37)
' sin® 20, = (9.6 +3.4)107° (38)
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and we have estimated the last angle by 63 since this ansatz does not determine the
phase ¢. We thus obtain a mixing angle 6, which is smaller than the phenomeno-
logical ansatz in Ref. 20.

Renormalizing Ay dowr to m; and expressing the eigenvalues in terms of the
up-quark masses, the Dirac-neuirino masses are

- = IN 1
T
w1
™ = 39
b3 YU 77c<2 ( )
_w 1
Meos = L™

In order to obtain realistic nentrino masses at the weak-scale we implement the
seesaw mechanism® via the universal heavy Majorana mass matrix (6). The ma-
trix K, which diagonalizes the Dirac-neutrino mass matrix produces off-diagonal
elements in the heavy Majorana mass matrix M,e,-. However, to a good approxi-
mation the eigenvalues of the complete 6 x 6 neutrino mass matrix are unaffected -
by this rotation. For each generation we thus have the neutrino mass matrix

I Vi Vf
-1
v 0 5Mwpi (40)
' 1
v §mVDi M;

Diagonalizing this matrix we obtain the light neutrino masses m,, = me_ [(4M;),
which we can express in terms of the up-quark masses using Eq. (39)

. 1 k2m2

m:%(“;: Mz) - = (24402)7% (41)
1/ 1 2kmg_ _ym?

m%_4(% m() i = (3.0£0.3)10 i (42)
1 1

m,, = 4_(1’_5) ——-(035:&009) (43)

Recall that we have made the simple hierarchy ansatz M = Mz = kM, = E2M,,
k = 10, which also gives three heavy neutrinos which are inaccessible to experiment.
The ratio of the light neutrino masses is predicted to be

My, : My, My, = (10"111/"711)2 : (3‘1m6/’76)2 (mt /Ca) (44)
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This is what one would vexpect ina general GUT seesaw mechanism.® It is similar

to the phenomenological ansatz discussed in Ref. 20. Due to our restrictive ansatz

(4)-(6) we have the additional constraint (29) and m, is not a free parameter. As
seen above, the mixing angles in the leptonic sector are determined through known
quantities. So with just one additional parameter, M, and a hierarchy, k, we fix
the scale of the neutrino masses and have a completely determined neutrino sector.

We chose to fix M so as to obtain a solution to the solar neutrino problem via the
MSW mechanism.® We assume a two generation mixing solution to this problem.
From Fig. 1 in the second reference of Ref. 11, which includes 37Cl, the Kamiokande
and the GALLEX data, we have two possible solutions® ’

sin26,. = (0.39—2.2)107%2,  Am? =(0.29 — 2.0)107° eV?, (45)

and
sin2f,, =0.2—0.8, Am?=(031-9.1)107% V2, (46)

Comparing with Egs. (36)~(38), we have one possible solution in the range of (45)
for v, — v, mixing. Using Fig. 1 of Ref. 11 this requires

m,, = (1.7—1.9)107% V. : (47)
This fixes M to be
=(2.7£0.5)10" GeV. (48)
- Using Egs. (41) and (43) we then predict the other neutrinc masses
= (2.3+0.6)10~7 &V (49)
= (27.3+8.7) eV (L) g (50)
145 GeV

The resulting tau-neutrino mass is in a cosmologically interesting range.?? Using
the formula Q,A% = m, /91.5 eV, where h = 0.5-1 is the Hubble parameter,?? for
the relic density of the neutrinos we obtain

Q,h% = 0.27 £ 0.07. (51)

This is in the range one would expect from the recent COBE data.

The above predicted ranges of neutrino masses and leptonic mixing angles should
also respect the stringent bounds which arise from neutrino double beta decay
searches. Indeed. it is well known that experimental limits put severe bounds on
the effective neutrino mass parameter, related to this process,® and given by

| \ |
(my) =Y Vi Vi&ilmy, |, (52)

i=1

by complete analysis for the allowed regions using all available data, may be found in Ref. 21.
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where ¢; are the CP-phases of the neutrino mass eigenstates. Substituting (33)—(35)
and (41)—(43) in the above formula, we find that

2 2_ 9
o me ) Lfow 1) me 5
() = (ncmi> 4<7U C“") M A (53)
v 1) m?
- (5754_5) nM’ (54)

The importance of this result lies in the fact that, although both the mixing
angle as well as the v, mass depend explicitly on m, which lies in a wide range from
125 to 175 GeV, the experimentally measured parameter {m, ) in 83,,-decay, turns
out to be independent of the top-mass, leading therefore to a definite prediction
for this process. Substituting the numerical values for the masses and the various
parameters we find

‘ (m,) ~ (06+0.2) x 1073 eV (55)

which respects the experimental limit. We should note, however, that although
there is a large v. mass which might enhance the above lepton number violating
process, the corresponding mixing angle is tiny and therefore it is not possible to
have a sizable effect on 3f,,-decay to be tested in proposed experiments which are
expected to be sensitive to (m, )} =~ 0.2-0.3 eV.2*

Our predictions for the quantity sin® 20,r, relevant for v, < v, oscillations,
together with the predicted range for the v,-mass, are in the expected range of
sensitivity of the NOMAD and CHORUS experiments.?® Our prediction, however,
for v, < v, oscillations are marginally allowed by the results of Fermilab E531
collab.?® where at maximum mixing they give the mass difference bound Am? <
0.9 V2, and at maximum sensitivity, the mixing angle limit sin? 26,, <4.0x1073.
On the other hand, v, < v, oscillations are found to be far below the limit reported
by the same experiment.

In conclusion we have expanded an ansatz by Giudice for the fermion mass ma-
trices at the GUT scale to include massive neutrinos, since these are predicted by
most GUTs. Giudice’s predictions for the Standard Model parameters are retained.
Without any additional parameters we predict the neutrino mixing angles com-
pletely in terms of known fermion masses. In addition with one parameter and a’
simple hierarchy we predict a neutrino mass spectrum, which gives a possible solu-
tion to the solar neutrino problem via the MSW mechanism and gives a significant

contribution to the hot dark matter in agreement with recent interpretations of the
COBE data.

Note Added

While this letter was being written we received two preprints®’ dealing with the
same problems, but in different ansatz. '

We also just received a copy of Ref. 28 where among other topics the constraint
on the Giudice ansatz due to CP-asymmetries in B-meson decays is considered. This

PR T : reshenmia
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leads to stronger bounds on the quark mixing angles and indirectly to a stronger
bound on m; than our Eq. (31}: 125 < m, < 155 GeV.2®
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