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1h di�lexh: AnakanonikopoÐhsh

Ja qrhsimopoi soume thn jewrÐa φ4 pou perigr�fetai apì thn
Lagkranzian  (puknìthta)

L =
1

2
(∂µφ)2 − 1

2
m2φ2 − 1

4!
λφ4

Oi kanìnec Feynman gia ton diadìth kai thn allhlepÐdrash
eÐnai

Sth jewrÐa diataraq¸n sunant�me diagr�mmata me brìqouc.
Gia par�deigma, ta parak�tw diagr�mmata perièqoun èna
brìqo kai 2, 4 kai 6 exwterik� ��pìdia�� antÐstoiqa.
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Gia k�je brìqo (met� thn diat rhsh thc tetra-orm c se k�je
koruf ) mia tetra-orm  paramènei eleÔjerh pou ja prèpei na
oloklhrwjeÐ apì −∞ èwc ∞. Ta parap�nw diagr�mmata
emfanÐzoun thn parak�tw sumperifor� gia meg�lec timèc thc
eleÔjerhc orm c q ∫

d4q

q2 −m2
,

4/2
tetragwnik  apeirÐa∫

d4q

(q2 −m2)((P − q)2 −m2)
,

4/4
logarijmik  apeirÐa∫

d4q

(q2 −m2)((P1 − q)2 −m2)((q − P2)2 −m2)
,

4/6
peperasmèno

1-Particle-Irreducible, 1PI, diagr�mmata onom�zoume ta
diagr�mmata pou den qwrÐzontai se dÔo anex�rthta metaxÔ
touc diagr�mmata an kìyoume mia eswterik  gramm  (diadìth).
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Gia par�deigma, ta dÔo parak�tw diagr�mmata an koun s'
aut n thn kathgorÐa

AntÐjeta, Non 1-Particle-Irreducible, Non-1PI, diagr�mmata eÐnai
aut� pou qwrÐzontai, Gia par�deigma

O pl rhc diadìthc i∆(p) (1PI kai Non-1PI diagr�mmata) eÐnai
mia seir� thc morf c
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ìpou

perièqei mìno 1PI diagr�mmata kai sumbolÐzetai me −iΣ(p2).
Opìte, èqoume gia ton pl rh diadìth

i∆(p) =
i

p2 −m2
+

i

p2 −m2

(
−iΣ(p2)

) i

p2 −m2
+ . . .

=
i

p2 −m2

(
1 +

(
−iΣ(p2)

) i

p2 −m2
+ . . .

)
=

i

p2 −m2

1

1 + iΣ(p2)
i

p2 −m2

=
i

p2 −m2 − Σ(p2)

(1)

qrhsimopoi¸ntac to �jroisma twn ìrwn miac �peirhc
algebrik c seir�c.
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To −iΣ(p2), se pr¸th t�xh diataraq¸n, dÐnetai apì to
di�gramma

pou odhgeÐ sto olokl rwma∫
d4q

q2 −m2

pou, ìpwc eÐdame  dh, èqei tetragwnik  apeirÐa. Ac
upojèsoume ìti me k�poio trìpo (omalopoÐhsh) katafèrame na
xeqwrÐsoume to �peiro apì to peperasmèno tm ma tou
oloklhr¸matoc (bèbaia, autìc o diaqwrismìc perièqei k�poia
aujairesÐa), kai gr�foume

Σ(p2) = λ(A∞ + Af )p2 + λ(B∞ + Bf )m2 (2)

me profaneÐc sumbolismoÔc.
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Sthn eidik  perÐptwsh thc jewrÐac pou èqoume dialèxei, eÐnai
fanerì ìti to Σ(p2) den exart�tai apì thn exwterik  orm  p.
Bèbaia, autì sumbaÐnei mìno sto epÐpedo tou enìc brìqou. Gia
na k�noume, par' ìla aut�, mia genik  je¸rhsh, b�zoume kai
ìro an�logo tou p2. O paronomast c tou pl rouc diadìth,
Ex.(1), gr�fetai t¸ra

p2 −m2 − Σ(p2) = p2(1− λA∞)−m2(1 + λB∞)− λAf p
2 − λBfm

2 =

= (1− λA∞)
[
p2 −m2(1 + λB∞)(1 + λA∞)−

(λAf p
2 + λBfm

2)(1 + λA∞)
]

=

= (1− λA∞)
[
p2(1− λAf )−m2(1 + λB∞ + λA∞ + λBf )

]
Prosèxte, ìti ameloÔme ìrouc t�xhc λ2 kai �nw, opìte kai
(1± λA∞)−1 = (1∓ λA∞). Kai o diadìthc gÐnetai

i∆(p) =
i

p2 −m2 − Σ(p2)
=

=
i(1 + λA∞)

p2(1− λAf )−m2(1 + λB∞ + λA∞ + λBf )
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T¸ra k�noume dÔo b mata:
1) EpanaorÐzoume

m2 = m2
R(1 + λB ′)→ m2 = Zmm

2
R (3)

kai o paronomast c gÐnetai p�li

p2(1− λAf )−m2
R(1 + λB ′)(1 + λB∞ + λA∞ + λBf ) =

= p2(1− λAf )−m2
R(1 + λB ′ + λB∞ + λA∞ + λBf )

Epilègontac
B ′ = −B∞ − A∞ (4)

o ìroc o an�logoc me thn m�za gÐnetai

m2
R(1 + λBf )
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2) EpanaorÐzontac thn kumatosun�rthsh φ tou swmatidÐou

φ = (1 + A′λ)1/2φR → φ = Z
1/2
φ φR (5)

o diadìthc pollaplasi�zetai me èna par�gonta (1 + A′λ).
Epomènwc, katal goume

i∆(p) =
i(1 + λA∞)(1 + A′λ)

p2(1− λAf )−m2
R(1 + λBf )

Epilègontac p�li kat�llhla to A′

A′ = −A∞ (6)

katal goume

i∆(p) =
i

p2(1− λAf )−m2
R(1 + λBf )
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Poia eÐnai h m�za tou swmatidÐou mac, se t�xh enìc brìqou,
dhlad  paÐrnontac diorj¸seic apì allhlepidr�seic enìc
brìqou? Apl� ja prèpei na broÔme ton pìlo tou diadìth, gia
poio p2 mhdenÐzetai o paronomast c

p2(1− λAf )−m2
R(1 + λBf ) = 0→ p2 = m2

R(1 + λBf + λAf )

SunoyÐzontac thn èwc t¸ra diergasÐa: antikajist¸ntac sthn
Lagkranzian  mac ta φ kai m2 me ta antÐstoiqa pou dÐnontai
apì tic Ex.(3) kai (5)

m2 = (1 + λB ′)m2
R → m2 = Zmm

2
R

φ = (1 + A′λ)1/2φR → φ = Z
1/2
φ φR

se epÐpedo enìc brìqou den èqoume plèon apeirÐec. Bèbaia, oi
legìmenec gumnèc stajerèc, φ kai m2 eÐnai t¸ra �peirec, all�
autèc den eÐnai metr simec posìthtec! Den mporoÔme na
apofÔgoume tic allhlepidr�seic.
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Ac proqwr soume sth stajer� sÔzeuxhc λ. Se prosèggish enìc
brìqou, to di�gramma pou ja prèpei na upologisteÐ eÐnai to

kai to antÐstoiqo olokl rwma (me P sumbolÐzoume thn
eiserqìmenh orm  apì ta dÔo arister� pìdia) eÐnai∫

d4q

(q2 −m2)((P − q)2 −m2)

me logarijmik  apeirÐa. 'Opwc kai prin, jewroÔme ìti
diaqwrÐzoume to olokl rwma se �peiro kai peperasmèno tm ma

Γ(P2) = λ2 (C∞ + Cf ) (7)

Diastatik�, to olokl rwma eÐnai adi�stato. Epomènwc, h
ex�rthsh ja eÐnai apì to lìgo P2/m2. Gia meg�la q den
perimènoume ex�rthsh apì to P opìte perimènoume o �peiroc
ìroc na eÐnai anex�rthtoc apì P2 kai m2.
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OrÐzoume
λ = λR(1 + C ′λR)→ λ = ZλλR (8)

Opìte, sthn Lagkranzian , o ìroc λφ4 gÐnetai,
qrhsimopoi¸ntac kai thn Ex.(5),

− λ
4!
φ4 →− 1

4!
λR(1 + C ′λR)(1 + A′λR)2φ4

R =

− 1

4!
λR(1 + C ′λR + 2A′λR)φ4

R =

− λR
4!
φ4
R −

1

4!
λ2
R(C ′ + 2A′)φ4

R

(9)

Prosèxte, ìti se ìrouc pou perièqoun  dh th stajer� sÔzeuxhc,
mporoÔme na enall�xoume to λ me to λR miac kai ameloÔme
ìrouc an¸terhc t�xhc. 'Etsi, antikatast same to φ me to
(1 + A′λ)1/2φR = (1 + A′λR)1/2φR . O deÔteroc ìroc sthn
teleutaÐa gramm  thc parap�nw sqèshc, ìntac ènac nèoc ìroc
sthn Lagkranzian , eis�gei èna nèo kanìna Feynman
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Epomènwc, gia ton upologismì se t�xh λ2
R èqoume ta

diagr�mmata

pou dÐnoun
λ2
R (C∞ + Cf ) + λ2

R(C ′ + 2A′)

Epilègontac, loipìn,

C ′ + 2A′ = −C∞ → C ′ = −2A′ − C∞ = 2A∞ − C∞

ìpou k�name qr sh thc Ex.(6), h apeirÐa tou pr¸tou
diagr�mmatoc apaleÐfetai. Bèbaia, kai p�li, to λ, Ex.(8), eÐnai
�peiro, all� kai aut  h gumn  stajer� den eÐnai metr simh!!
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Epomènwc, h Lagkranzian 

L =
1

2
(∂µφR)2−1

2
m2

R (1− λR(−B∞ − A∞))φ2
R−

1

4!
λR (1− λRC∞)φ4

R

den parousi�zei apeirÐec se upologismoÔc èwc t�xh λ2
R .
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2h di�lexh: Diastatik  OmalopoÐhsh

Parathr¸ntac ta dÔo parak�tw oloklhr¸mata∫
d4l

1

(l2 −m2)2
logarijmik  apeirÐa gia l →∞∫

d2l
1

(l2 −m2)2
peperasmèno gia l →∞

parathroÔme ìti h meÐwsh tou arijmoÔ twn diat�sewn mporeÐ
na k�nei to arqik� �peiro olokl rwma na sugklÐnei.
H idèa: o upologismìc tou oloklhr¸matoc gÐnetai gia
di�stash n < 4. OrÐzoume, me analutik  epèktash, to
olokl rwma wc sun�rthsh tou n. H apeirÐa emfanÐzetai wc
pìloc tou oloklhr¸matoc gia n = 4.
Ti shmaÐnei analutik  epèktash?
'Eqontac to olokl rwma

∫
d4l F (l , k), eis�gw thn sun�rthsh

I (n, k) =
∫
dnl F (l , k). UpologÐzw to I (n, k) sthn perioq  ìpou

den èqei apeirÐec. BrÐskw mia sun�rthsh (I ′(n, k)) pou
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sumpÐptei me thn I (n, k) sthn perioq  sÔgklis c thc kai
èqei kajorismèna shmeÐa mh sÔgklishc (apeirÐec) ektìc thc
perioq c aut c. H I ′(n, k) jewreÐtai h analutik  epèktash
thc I (n, k)

Par�deigma. Anapar�stash Euler gia thn sun�rthsh Γ(z),
Re(z) > 0

Γ(z) =

∫ ∞
0

dt e−ttz−1

Gia Re(z) < 0 apoklÐnei. All�

Γ(z) =

∫ a

0
dt e−ttz−1 +

∫ ∞
a

dt e−ttz−1

=

∫ a

0
dt

∞∑
n=0

(−1)n

n!
tn+z−1 +

∫ ∞
a

dt e−ttz−1

=
∞∑
n=0

(−1)n

n!

∫ a

0
dt tn+z−1 +

∫ ∞
a

dt e−ttz−1

Γ(z) =
∞∑
n=0

(−1)n

n!

an+z

z + n
+

∫ ∞
a

dt e−ttz−1
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To pr¸to olokl rwma èqei aploÔc pìlouc gia
z = 0,−1,−2, .... H teleutaÐa gramm  sthn parap�nw sqèsh,
gia a = 1, apoteleÐ thn Weirstrass anapar�stash thc Γ(z).
Parathr ste ìti Γ(z) eÐnai anex�rthth apì thn epilog  tou a
(dΓ
da = 0). Dhlad , qrei�sthke h eisagwg  miac stajer�c all�

to apotèlesma DEN exart�tai apì aut !!

EMEIS JELOUME NA BROUME THN WEIRSTARRS
ANAPARASTASH TWN OLOKLHRWMATWN MAS!!

'Eqoume loipìn to olokl rwma

I =

∫
dnl

1

(l2 + M2)2

Epeid  den èqoume ��gwnÐec��, p�me se ��sfairikèc suntetagmènec��∫
dnl =

=

∫ ∞
0

ln−1dl

∫ 2π

0
dθ1

∫ π

0
dθ2 sin θ2

∫ π

0
dθ3 sin2 θ3...

∫ π

0
dθn−1 sinn−2 θ
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Apì th sqèsh ∫
sinm θdθ =

π1/2Γ
(
m+1

2

)
Γ
(
m+2

2

)
ìpou qrhsimopoi same ìti Γ(1) = 1 kai Γ(1/2) =

√
π, paÐrnoume∫

dnl = 2ππ
n−2

2
Γ
(

1+1
2

)
Γ
(

1+2
2

) Γ
(

1+2
2

)
Γ
(

2+2
2

) ...Γ (n−2+1
2

)
Γ
(
n−2+2

2

) ∫ ln−1dl

= 2πn/2 Γ (1)

Γ (n/2)

∫
ln−1dl =

2πn/2

Γ (n/2)

∫
ln−1dl

To olokl rwma gÐnetai

I =
2πn/2

Γ (n/2)

∫ ∞
0

ln−1dl

(l2 + M2)2

To olokl rwma autì orÐzetai gia 0 < n < 4.
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MporoÔme na epekteÐnoume thn perioq  analutikìthtac me
olokl rwsh kat� par�gontec (nΓ(n) = Γ(n + 1))

I =
2πn/2

Γ (n/2)

∫ ∞
0

ln−1dl

(l2 + M2)2
=

2πn/2

nΓ (n/2)

∫ ∞
0

dln

(l2 + M2)2
=

=
πn/2

Γ (n/2 + 1)

∫ ∞
0

dln

(l2 + M2)2
=

=
πn/2

Γ (n/2 + 1)

[
ln

(l2 + M2)2

∣∣∣∣∣
∞

0

−
∫ ∞

0
ln

d

dl

1

(l2 + M2)2
dl

]
=

=
4πn/2

Γ (n/2 + 1)

∫ ∞
0

ln+1

(l2 + M2)3
dl

T¸ra h perioq  analutikìthtac gÐnetai −2 < n < 4 kai telik�
mporoÔme na katal xoume sth perioq  ∞ < n < 4.
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Ti gÐnetai gia n = 4? Ja qrhsimopoi soume th sqèsh∫ ∞
0

tm−1

(t + a2)m
′ dt =

1

(a2)m
′−m

Γ(m)Γ(m′ −m)

Γ(m′)

MetasqhmatÐzoume to olokl rwma gia na to fèroume sth
morf  pou jèloume∫ ∞

0

tm−1

(t + a2)m
′ dt =

∫ ∞
0

(
t ′2
)m−1

(t ′2 + a2)m
′ 2t ′dt ′ =

∫ ∞
0

2t ′2m−1

(t ′2 + a2)m
′ dt
′

Opìte, to olokl rwm� mac gÐnetai (m = n/2 + 1, m′ = 3)

I =
1

2

4πn/2

Γ(n/2 + 1)

1

(M2)2−n/2

Γ(n/2 + 1)Γ(2− n/2)

Γ(3)
=

= πn/2 Γ(2− n/2)

(M2)2−n/2
= π

4−ε
2

Γ(ε/2)

(M2)ε/2

ìpou gr�yame ε = 4− n. H sun�rthsh G�mma èqei pìlouc sto
mhdèn kai touc arnhtikoÔc akeraÐouc.
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Gia to mhdèn èqoume thn an�ptuxh

Γ(ε) =
1

ε
− γ +O(ε)

ìpou γ eÐnai h stajer� tou Euler

γ = lim
n→∞

(
1 +

1

2
+

1

3
+ ...+

1

n
− ln n

)
= 0.577...

kai to olokl rwma gr�fetai, anaptÔssontac se dun�meic tou ε,

I = π2
(

1− ε

2
lnπ +O(ε2)

)( 1

ε/2
− γ +O(ε)

)(
1− ε

2
ln(M2) +O(ε2)

)
=

=
2π2

ε
− π2γ − π2 lnπ − π2 ln(M2) +O(ε)

dhlad  èqoume pìlo gia ε = 0 dhlad  gia n = 4. Opìte, to
�peiro tm ma to oloklhr¸matìc mac eÐnai o ìroc 2π2/ε kai to
peperasmèno −π2(γ + lnπ + ln(M2)).
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'Etsi èqoume ta oloklhr¸mata1∫
dnk

(2π)n
1

[k2 + 2kp −M2]a
=

i(−1)a

(4π)n/2

Γ(a− n/2)

Γ(a)

1

[M2 + p2]a−n/2∫
dnk

(2π)n
kµ

[k2 + 2kp −M2]a
=

i(−1)a

(4π)n/2

Γ(a− n/2)

Γ(a)

−pµ

[M2 + p2]a−n/2∫
dnk

(2π)n
kµkν

[k2 + 2kp −M2]a
=

i(−1)a

(4π)n/2

{
Γ(a− n/2)

[M2 + p2]a−n/2
pµpν−

Γ(a− n/2− 1)

[M2 + p2]a−n/2−1

1

2
gµν

}

O deÔteroc kai trÐtoc tÔpoc proèrqontai apì parag¸gish tou
pr¸tou wc proc pµ.

1Parat rhsh: Gia touc diadìtec 1/(p2 −m2) k�noume mia

��strof ��-Wiik, p0 → ip4, opìte

p2 = p2
0 − p2 = −p2

4 − p2 = −(p2
1 + p2

2 + p2
3 + p2

4) kai èqoume thn emf�nish

enìc i apì thn allag  dp0 → idp4.
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3h di�lexh: Om�da AnakanonikopoÐhsh

H di�stash thc Lagkranzian c puknìthtac eÐnai 4, se mon�dec
m�zac ([L] = 4) miac kai h dr�sh S eÐnai adi�stato mègejoc

S =

∫ ∞
−∞

L(t)dt =

∫ ∞
−∞

d4xL

Epomènwc, phgaÐnontac se n diast�seic, h di�stash thc
Lagranzian c puknìthtac eÐnai n. Sthn jewrÐa φ4, ìpou

L =
1

2
(∂µφ)2 − 1

2
m2φ2 − 1

4!
λφ4

epeid  [∂µ] = 1 (antistoiqeÐ se orm ), kai bèbeia [m] = 1, ja
prèpei

n = 2 + 2[φ], n = 2 + 2[φ], n = [λ] + 4[φ]

opìte

[φ] =
n − 2

2
, [λ] = n − 4

n − 2

2
= 4− n
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Dhlad  se n diast�seic h stajer� sÔzeuxhc λ den eÐnai
adi�stath! Gia na thn krat soume adi�stath gr�foume sth
jèsh thc λµ4−n ìpou t¸ra to λ eÐnai adi�stato kai tic
diast�seic tic ��koubal�ei�� h par�metroc µ me mon�dec m�zac.
Akrib¸c, h an�gkh na mhn exart�tai to fusikì apotèlesma
apì thn par�metro aut  ja mac odhg sei sthn Om�da
AnakanonikopoÐhshc (jumhjeÐte to a sthn kat� Weirstrass
perigraf  thc sun�rthshc G�mma).
H anakanonikopoihmènh sun�rthsh Green pou perigr�fetai
apì èna di�gramma me N exwterik� pìdia èqei th morf 

G
(N)
R (x1, x2, ..., xN) = 〈0 |T (φR(x1)φR(x2)...φR(xN))| 0〉 =

= Z
−N/2
φ 〈0 |T (φ(x1)φ(x2)...φ(xN))| 0〉 =

= Z
−N/2
φ G (N)(x1, x2, ..., xN)

(10)

ìpou qrhsimopoi same ton epanaorismì thc kumatosun�rthshc

φ = Z
1/2
φ φR

akrib¸c an�loga me thn Ex.(5).
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Sto q¸ro twn orm¸n ja gr�fame

G
(N)
R (p1, p2, ..., pN) = Z

−N/2
φ G (N)(p1, p2, ..., pN)

An p�me stic anakanonikopoihmènec sunart seic Green pou
perigr�foun ta 1PI diagr�mmata qwrÐc touc exwterikoÔc

diadìtec (amputated), Γ
(N)
R , tìte ja prèpei na gr�youme

Γ
(N)
R (p1, p2, ..., pN) =

Z
−N/2
φ

Z−Nφ
Γ(N)(p1, p2, ..., pN) =

= Z
N/2
φ Γ(N)(p1, p2, ..., pN)

O lìgoc pou diairoÔme me ton par�gonta Z−Nφ eÐnai ìti gia na
p�me apì tic GR stic ΓR ja prèpei na afairèsoume N diadìtec
kai apì tic dÔo pleurèc thc Ex.(10) AfairoÔme dhlad  kai apì

tic dÔo pleurèc thc isìthtac 2N pedÐa φR . H sqèsh φ = Z
1/2
φ φR

mac odhgeÐ ston par�gonta Z−Nφ pou emfanÐzetai sthn
parap�nw exÐswsh.
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Ac doÔme analutikìtera tic exart seic twn sunart sewn Γ. H
(mh anakanonikopoihmènh) Γ ja exart�tai apì

Γ(N)(p, λ,m)

ìpou p perigr�fei to sÔnolo twn orm¸n (p1, p2, ..., pN).
H stajer� anakanonikopoÐhshc ja exart�tai apì th stajer�
sÔzeuxhc kai me parousÐa kai thc paramètrou µ miac kai
eÐmaste pia se n diast�seic

Zφ(λµ4−n, n)

kai h anakanonikopoihmènh sun�rthsh Green se n diast�seic

Γ̃
(R)
R

(
p, λR(n, λµ4−n),mZ−1

m (n, λµ4−n), µ, n
)

O ìroc mZ−1
m den eÐnai par� h mR , akrib¸c an�loga me thn

Ex.(3). Xanagr�foume loipìn

Γ̃
(N)
R

(
p, λR(n, λµ4−n),mZ−1

m (n, λµ4−n), µ, n
)

=

= Z
N/2
φ (λµ4−n, n)Γ(N)(p, λ,m)
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Thn anakanonikopoihmènh sun�rthsh Green se 4 diast�seic thn
paÐrnoume

Γ
(N)
R = lim

n→4
Γ̃

(N)
R

To ìti ta fusik� megèjh den mporoÔn na exart¸ntai apì to µ

mac odhgeÐ sto mhdenismì thc parag¸gou wc proc µ thc Γ̃
(N)
R

µ
d

dµ
Γ̃

(N)
R =

(
µ
∂

∂µ
+ µ

∂λR
∂µ

∂

∂λR
+ µm

∂Z−1
m

∂µ

∂

∂mR

)
Γ̃

(N)
R =

=
N

2
Z

N/2−1
φ µ

∂Zφ
∂µ

Γ(N)(p, λ,m)

=
N

2
µ
∂Zφ
∂µ

1

Z
Γ̃

(N)
R

kai phgaÐnontac ìla sto aristerì mèloc paÐrnoume
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(
µ
∂

∂µ
+ µ

∂λR
∂µ

∂

∂λR
+ µm

∂Z−1
m

∂µ

∂

∂mR
− N

2
µ
∂Zφ
∂µ

1

Zφ

)
Γ̃

(N)
R = 0→(

µ
∂

∂µ
+ β̃(λR)

∂

∂λR
− µm 1

Z−2
m

∂Zm

∂µ

∂

∂mR
− N

2
γ̃(λR)

)
Γ̃

(N)
R = 0→(

µ
∂

∂µ
+ β̃(λR)

∂

∂λR
−mR γ̃m(λR)

∂

∂mR
− N

2
γ̃(λR)

)
Γ̃

(N)
R = 0

(11)

ìpou orÐsame

β̃(λR) = µ
∂λR
∂µ

, γ̃m(λR) = µ
∂ lnZm

∂µ
, γ̃(λR) = µ

∂ lnZφ
∂µ

PhgaÐnontac stic 4 diast�seic paÐrnoume tic antÐstoiqec
posìthtec β(λR), γm(λR) kai γ(λR) pou eÐnai ìlec
peperasmènec. EÐnai h sun�rhsh β, h sun�rthsh γm thc m�zac
kai h an¸malh di�stash thc kumatosun�rthshc γ.
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Jèloume na doÔme t¸ra p¸c sumperifèretai h Γ
(N)
R ìtan oi

(exwterikèc) ormèc gÐnoun apì pi se αpi me α adi�statoc

arijmìc. An DΓ eÐnai h di�stash thc Γ
(N)
R , tìte o telest c

α
∂

∂α
+ µ

∂

∂µ
+ mR

∂

∂mR

ja mac d¸sei thn di�stash thc Γ
(N)
R(

α
∂

∂α
+ µ

∂

∂µ
+ mR

∂

∂mR

)
Γ

(N)
R = DΓΓ

(N)
R

Qrhsimopoi¸ntac to ìro µ ∂
∂µΓ

(N)
R apì thn Ex.(11) ja p�roume(

−α ∂

∂α
+ β

∂

∂λR
− N

2
γ −mRγm

∂

∂mR
+ DΓ

)
Γ

(N)
R = 0

Aut  h diaforik  exÐswsh lÔnetai kai h lÔsh eÐnai

Γ
(N)
R (αp,mR , λR , µ) =

= αDΓ exp

[
−N

2

∫ α

1

dα′

α′
γ(λ̄R(α′))

]
Γ

(N)
R (p, m̄R , λ̄R , µ)

(12)
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ìpou m̄R kai λ̄R eÐnai lÔseic twn diaforik¸n exis¸sewn

α
∂λ̄R(α)

∂α
= β(λ̄R(α)), α

∂m̄R(α)

∂α
= m̄R(α)

(
1 + γm(λ̄R(α))

)
Oi λ̄R(α) kai m̄R(α) eÐnai oi legìmenec ��trèqousec�� (running) λ
kai mR . H agkÔlh sthn Ex.12 sqetÐzetai me thn an¸malh
di�stash thc sun�rthshc Γ, miac kai h kanonik  di�stash eÐnai
h DΓ. Prosèxte ìti mporoÔme na gr�youme

exp

[
−N

2

∫ α

1

dα′

α′
γ(λ̄R(α′))

]
= α−N/2

∫ α
1

dα′
α′ γ(λ̄R(α′))/ lnα

Ac doÔme lÐgo kalÔtera th sun�rtish β. Ac jumhjoÔme ìti α
eÐnai o par�gontac pou megal¸noume thn enèrgeia-orm 
α = E/E0. An orÐsoume th nèa par�metro t = lnα ja p�roume

α
∂λ̄R(α)

∂α
= β(λ̄R(α))→ ∂λ̄R(t)

∂t
= β(λ̄R(t))
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H lÔsh aut c thc diaforik c ja mac d¸sei thn ex�rthsh thc
stajer�c λR apì thn t me arqik  sunj kh thn tim  thc λR gia
mia arqik  t0. Epilègontac t0 = 0, dhlad  α = 1, h arqik  tim 
thc λR eÐnai h (peiramatik� metroÔmenh) tim  sthn enèrgeia E0.
Epomènwc, h lÔsh λR(t) mac dÐnei thn ex�rthsh thc λR apì thn
enèrgeia.
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Efarmog  sth jewrÐa φ4

Ac efarmìsoume th suntag  aut  sth jewrÐa mac. Gr�fontac
sthn diastatik  omalopoÐhsh

λµn−4 = λR +
∞∑
ν=1

aν(λR)

(n − 4)ν

m2 = Zmm
2
R = m2

R + m2
R

∞∑
ν=1

bν(λR)

(n − 4)ν

Zφ = 1 +
∞∑
ν=1

cν(λR)

(n − 4)ν

ìpou aν , bν kai cν eÐnai kat�llhla ¸ste na apaleÐyoun touc
pìlouc pou emfanÐzontai sta diagr�mma Feynman (prosèxte,
ìti se diagr�mmata me perissìterouc touc enìc brìqou ja
emfanistoÔn pìloi an¸terhc t�xhc), apodeiknÔetai ìti

β(λR) =

(
a1 − λR

∂a1

∂λR

)
, γ(λR) = λR

∂c1

∂λR
, γm(λR) = λR

∂b1

∂λR
(13)
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O upologismìc tou Σ, Ex.2, dÐnei

Σ =
1

16π2

λ

n − 4
m2 + λ× peperasmèno tm ma

Epeid , ìpwc  dh to anafèrame, se èna brìqo, to Σ den
exart�tai apì thn exwterik  orm , den up�rqei
anakanonikopoÐhsh thc kumatosun�rthshc kai epomènwc
c1 = 0. Gia thn anakanonikopoÐhsh thc m�zac ja èqoume

m2 = m2
R +

m2
R

n − 4
(− λ

16π2
) = m2

R +
m2

R

n − 4
(− λR

16π2
)

opìte, b1 = −λR/(16π2).
O upologismìc tou Γ, Ex.(7), dÐnei

Γ =
µ4−nλ2

R

16π2

3

n − 4
+ λ2

R × peperasmèno tm ma

Epomènwc

λ = µ4−nλR

(
1− 3λR

16π2

1

n − 4

)
kai epomènwc, a1 = −3λR/(16π2).
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Opìte,

β(λR) =
1

16π2

(
−3λ2

R − λR
∂

∂λR
(−3λ2

R)

)
=

3λ2
R

16π2

kai

γm(λR) =
1

16π2

(
λR

∂

∂λR
(−λR)

)
= − λR

16π2

Ac broÔme thn ex�rthsh thc λR apì thn enèrgeia

dλR
dt

=
3λ2

R

16π2
→
∫ λR

λ0

dλ

λ2
R

=
3

16π2

∫ t

0
dt

− 1

λR
+

1

λ0
=

3t

16π2
→ 1

λR
=

1

λ0
− 3t

16π2

λR =
λ0

1− 3λ0

16π2
ln(E/E0)

(14)

ìpou λ0 = λ(E0).
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Efarmog  sth kbantik  hlektrodunamik 

Oi kanìnec Feynman

AnakanonikopoÐhsh thc kumatosun�rthshc tou hlektronÐou kai

thc m�zac tou

−iΣ =

∫
dnq

(2π)n
(−igγµ)

i

p/− q/−m
(−igγν)

−igµν
q2

=

∫
dnq

(2π)n
(−g2)

[
γµ

i

p/− q/−m
γν
]
−igµν
q2

=

∫
dnq

(2π)n
(−g2)

γµ(p/− q/+ m)γµ
(p − q)2 −m2

1

q2
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Oi γ pÐnakec prèpei na eÐnai kai autoÐ se n diast�seic. Opìte
[γν , γµ] = 2gµν , gµν = (1,−1,−1,−1....) kai telik� γµγµ = n
kai γµp/γµ = (2− n)p/. Qrhsimopoi¸ntac th sqèsh tou Feynman
gia ton sunduasmì twn dÔo diadot¸n

1

akbm
=

Γ(k + m)

Γ(k)Γ(m)

∫ 1

0
dx

xk−1(1− x)m−1

(ax + b(1− x))k+m

o pr¸toc ìroc sto olokl rwma gÐnetai∫
dnq

(2π)n
(2− n)(p/− q/)

q2((p − q)2 −m2)
=

∫ 1

0
dx

dnq

(2π)n
(2− n)(p/− q/)

(q2 − 2pqx + p2x −m2x)2
=

=

∫ 1

0
dx

[
iπn/2

(2π)n
Γ(2− n/2)

(p/− p/x)(2− n)

(p2x −m2x − p2x2)2−n/2

]
en¸ o deÔteroc ìroc dÐnei

nm(iπn/2)

∫ 1

0
dx Γ(2− n/2)

1

(p2x −m2x − p2x2)2−n/2
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Epeid  ìmwc mac endiafèrei o �peiroc ìroc (∼ 1/(n − 4)) kai
èqoume mìno aplì pìlo apì thn Γ sun�rthsh, mporoÔme ìlouc
touc �llouc ìrouc na touc upologÐsoume gia n = 4. Opìte,
ajroÐzontac touc dÔo ìrouc èqoume

i

(4π)2
Γ(2− n/2)(4m − p/)

kai telik� (Γ(2− n/2) = Γ(−ε/2) = −2/ε− γ + 1 + ...)

−iΣ =
ig2

(16π2)ε
(−2p/+ 8m)

UpenjumÐzoume gia ton pl rh diadìth tou hlektronÐou

i

p/−m
+

i

p/−m
(−iΣ)

i

p/−m
+

i

p/−m
(−iΣ)

i

p/−m
(−iΣ)

i

p/−m
+ ... =

i

p/−m − Σ

'Etsi, met� touc upologismoÔc mac, o pl rhc diadìthc gr�fetai
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i

p/−m − Σ
=

i

p/−m −
[

g2

(16π2)ε
(2p/− 8m)

] =

i

p/
(

1− 2g2

(16π2)ε

)
−m

(
1− 8g2

(16π2)ε

) =

i
(

1− 2g2

(16π2)ε

)−1

p/−m
(

1− 8g2

(16π2)ε

)(
1− 2g2

(16π2)ε

)−1
=

i
(

1 + 2g2

(16π2)ε

)
p/−m

(
1− 6g2

(16π2)ε

) ≡ Zψ
i

p/−mR

'Ara

Zψ = 1 +
2g2

(16π2)ε
kai

mR = m

(
1− 6g2

(16π2)ε

)
→ m = mR

(
1 +

6g2

(16π2)ε

)
≡ mRZm
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AnakanonikopoÐhsh thc kumatosun�rthshc tou fwtonÐou

iΠµνg2=

∫
dnk

(2π)n
Tr

[
(−igγµ)

i(k/+ m)

k2 −m2
(−igγν)

i(k/− p/+ m)

(k − p)2 −m2

]
(−1) =∫

dnk

(2π)n
g2Tr [γµ(k/+ m)γν [k/− p/+ m]

(k2 −m2)((k − p)2 −m2)
(−1)

Qrhsimopoi¸ntac th sqèsh

Tr [γµ(k/+ m)γν(k/− p/+ m)] = Tr [γµk/γν(k/− p/)] + m2Tr [γµγν ] =

4
[
(gµρgνσ + gµσgνρ − gµνgρσ) kρ(k − p)σ + m2gµν

]
èqoume touc ex c dÔo tÔpouc oloklhrwm�twn∫

dnk

(2π)n
kρ(k − p)σ   m2

(k2 −m2)((k − p)2 −m2)
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Sundu�zontac touc diadìtec a la Feynman kai oloklhr¸nontac
èqoume gia to pr¸to olokl rwma∫ 1

0
dx

[
Γ(2− n/2)pσpρx(x − 1)

[p2x(1− x)−m2]2−n/2
+

Γ(1− n/2) 1
2gσρ

[p2x(1− x)−m2]1−n/2

]
kai gia to deÔtero∫ 1

0
dx m2 Γ(2− n/2)

[p2x(1− x)−m2]2−n/2

Qrhsimopoi¸ntac kai to Tr katal goume sta ex c gia ta dÔo
oloklhr¸mata

4Γ(2−n/2)

[
−1

3
pµpν +

1

3
p2gµν −m2gµν

]
, 4Γ(2−n/2)m24gµν

AjroÐzontac kai paÐrnontac to �peiro tm ma èqoume

iΠµνg2 =
ig2

16π2

1

ε

8

3

[
p2gµν − pµpν

]
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Epomènwc o pl rhc diadìthc tou fwtonÐou iDµν eÐnai

iDµν =

=
−igµν

p2
+

−igµλ

p2
iΠλσg

2−igσν

p2
+
−igµλ

p2
iΠλσg

2−igσρ

p2
iΠρκg

2−igκν

p2
+ ... =

=
−igµν

p2
+
−igµλ

p2
iΠλσg

2iDσν

  xanagr�fontac(
gµσ −

gµλ

p2
Πλσg

2

)
iDσν =

−igµν

p2

'Eqoume  dh breÐ to Πλσg
2, ap' ìpou mporoÔme na agno soume

ton ìro an�logo tou pµpν lìgw thc diat rhshc tou reÔmatoc
(o ìroc autìc den suneisfèrei sto pÐnaka skèdashc).
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LÔnontac wc proc Dµν èqoume

iDµν =
−igµν

p2

1

1− 8
3

g2

16π2ε

=
−igµν

p2

(
1 +

8

3

g2

16π2ε

)
= ZA

−igµν

p2

kai epomènwc ZA = 1 + 8
3

g2

16π2ε
.

AnakanonikopoÐhsh thc stajer�c sÔzeuxhc

∫
dnq

(2π)n
(−igγν)

i

p/− q/− k/−m
(−igγρ)

i

p/− q/−m
(−igγµ)

−igµν
q2

MporoÔme na k�noume kanonik� touc upologismoÔc, all� ac
doÔme p¸c mporoÔme na touc apofÔgoume! ParathroÔme ìti to
olokl rwma apoklÐnei logarijmik� (4/4). Epomènwc, to �peiro
tm ma den exart�tai apì kami� orm  kai mporoÔme na b�loume
k = 0.
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EpÐshc, parathroÔme ìti

∂

∂pµ
−ig

p/− q/−m
=

igγµ
(p/− q/−m)2

=
i

p/− q/−m
(−igγµ)

i

p/− q/−m

Epomènwc, mporoÔme na p�roume to �peiro tm ma tou
diagr�mmatoc 1-brìqou hlektronÐou-hlektronÐou-fwtonÐou
paragwgÐzontac, wc proc thn exwterik  orm , to �peiro tm ma
apì to di�gramma pou qrhsimopoi same gia thn
anakanonikopoÐhsh thc kumatosun�rthshc kai thc m�zac tou
hlektronÐou.

−g ∂

∂pρ
ig2

(16π2)ε
(−2p/+ 8m) =

2ig3γρ
(16π2)ε
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Epomènwc

−igγρ → −igγρ
(

1− 2g2

(16π2)ε

)
≡ Z−1

ψψA(−igγρ)

Gia thn sun�rthsh Green isqÔei ΓR
ψψA = Z

1/2
A ZψΓψψA. Epomènwc

ΓR
ψψA =

(
1 +

8

3

g2

16π2ε

)1/2(
1 +

2g2

(16π2)ε

)
(−igγρ)

(
1− 2g2

(16π2)ε

)
=

=

(
1 +

4

3

g2

16π2ε

)
(−igγρ) ≡ −igRγρ

'Ara,

g = gR

(
1− 4

3

g2

16π2ε

)
= gR

(
1− 4

3

g2
R

16π2ε

)
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SunoyÐzontac

Zψ = 1 +
2g2

R

(16π2)ε
, m = mR

(
1 +

6g2
R

(16π2)ε

)
ZA = 1 +

8

3

g2
R

16π2ε
, g = gR

(
1− 4

3

g2
R

16π2ε

)
kai h sun�rthsh β thc KHD eÐnai (a1 = −4

3
g3
R

16π2 )

β =
1

2

(
a1 − gR

∂a1

∂gR

)
=

4

3

g3
R

16π2

O par�gontac 1/2 mpaÐnei giatÐ sthn KHD h di�stash thc
stajer�c sÔzeuxhc eÐnai (4− n)/2 antÐ (4− n) sthn φ4.
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Par�rthma

ApodeiknÔoume p¸c apì thn an�ptuxh thc stajer�c sÔzeuxhc

λµn−4 = λR +
∞∑
ν=1

aν(λR)

(n − 4)ν

katal goume sth sqèsh pou mac dÐnei thn sun�rthsh β

β(λR) =

(
a1(λR)− λR

∂a1(λR)

∂λR

)
H parag¸gish tou aristeroÔ mèlouc thc pr¸thc sqèshc dÐnei

µ
∂

∂µ

(
λµn−4

)
= (n − 4)λµ(n−4) =

= (n − 4)

(
λR +

∞∑
ν=1

aν(λR)

(n − 4)ν

)
= (n − 4)λR + a1(λR) +

a2(λR)

n − 4
+ ...

(15)

H parag¸gish sto dexÐ mèloc, dÐnei (µ ∂
∂µ = µ∂λR∂µ

∂
∂λR

)
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µ
∂λR
∂µ

(
1 +

a′1(λR)

n − 4
+

a′2(λR)

(n − 4)2
+ ...

)
ìpou a′ eÐnai h par�gwgoc tou a wc proc λR .
H par�stash µ∂λR∂µ eÐnai peperasmènh sun�rthsh, opìte
mporoÔme na gr�youme

µ
∂λR
∂µ

= x0 + x1(n − 4) + x2(n − 4)2 + ...

opìte

µ
∂λR
∂µ

(
1 +

a′1(λR)

n − 4
+

a′2(λR)

(n − 4)2
+ ...

)
=

=
(
x0 + x1(n − 4) + x2(n − 4)2 + ...

)(
1 +

a′1(λR)

n − 4
+

a′2(λR)

(n − 4)2
+ ...

)
ap' ìpou oi suntelestèc twn antÐstoiqwn dun�mewn ton (n − 4)
eÐnai
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(n − 4)0 : x0 + x1a
′
1 + x2a

′
2 + ..., (n − 4) : x1 + x2a

′
1 + x3a

′
2 + ...

(n − 4)2 : x2 + x3a
′
1 + ..., (n − 4)3 : x3 + x4a

′
1 + ...

..........................................

(n − 4)−1 : x0a
′
1 + x1a

′
2 + ..., (n − 4)−2 : x0a

′
2 + x1a

′3 + ...

..........................................

Ta parap�nw ja prèpei na exiswjoÔn me tic antÐstoiqec
dun�meic tou (n − 4) sthn Ex.(15). Gia thn deÔterh, trÐth kai
parap�nw dun�meic tou (n − 4) èqoume

0 = x2 + x3a
′
1(λR) + ..., 0 = x3 + x4a

′
1(λR) + ..., .......

ap' ìpou faÐnetai ìti

xν = 0 gia ν ≥ 2

Gia thn mhdenik  kai pr¸th dÔnamh tou (n − 4) èqoume
(qrhsimopoi¸ntac kai to prohgoÔmenì mac sumpèrasma)

a1(λR) = x0+x1a
′
1(λR), gR = x1 → x0 = a1(λR)−gRa′1(λR)
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en¸ apì tic arnhtikèc dun�meic tou (n − 4) paÐrnoume thn
om�da twn tautot twn

x0a
′
ν−1(λR) + x1a

′
ν(λR) = aν(λR), ν ≥ 2

Epomènwc, apì ton orismì thc sun�rthshc β, gia n = 4,

β ≡ µ∂λR
∂µ

=

(
a1 − λR

∂a1

∂λR

)
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