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ANTISWMATIDIA

Oi perissìterec allhlepidr�seic, p.q.

e+e− → µ+µ−, eq → eq, γq → e+e−q

apoteloÔn sust mata poll¸n swmatidÐwn kai apì ta
peir�mata pou èqoume sth di�jes  mac briskìmaste sthn
perioq  thc sqetikistik c kinhmatik c. EpÐ plèon emfanÐzontai
kai antiswmatÐdia pou den apaitoÔntai sthn mh sqetikistik 
jewrÐa.
Qrhsimopoi¸ntac th jewrÐa diataraq¸n ja qrhsimopoioÔme tic
kumatosunart seic pou perigr�foun eleÔjero swmatÐdio (IN
kai OUT katast�seic) kai thn allhlepÐdrash metaxÔ twn
swmatidÐwn ja th jewroÔme wc diataraq  se periorismèno q¸ro
kai qrìno.
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QrhsimopoioÔme sqetikistikì formalismì thc jewrÐac
diataraq¸n. Shmantikì rìlo paÐzoun ta ��diagr�mmata
Feynman��. Me th qr sh twn ��kanìnwn Feynman�� mporoÔme na
upologÐsoume fusikèc posìthtec (energèc diatomèc, rujmoÔc
met�bashc k.lp.) qwrÐc na katafeÔgoume k�je for� sth
jewrÐa pedÐou. Bèbaia, oi kanìnec autoÐ kajorÐzontai apì ton
Lagkranzianì formalismì kai th jewrÐa pedÐou.
Arqik� ja agno soume to spin twn swmatidÐwn, pou k�pwc
periplèkei thn eikìna, kai ja asqolhjoÔme me ��hlektrìnia��
qwrÐc spin.

5/389



Mh sqetikistik  Kbantomhqanik 
Me tic antikatast�seic

E → i~
∂

∂t
, p→ −i~∇

h klasik  sqèsh E = p2

2m gÐnetai (~ = 1)

E =
p2

2m
→ i

∂Ψ

∂t
+

1

2m
∇2Ψ = 0

ìpou ρ = |Ψ|2 eÐnai h puknìthta pijanìthtac (|Ψ|2d3x dÐnei thn
pijanìthta na broÔme to swmatÐdio ston ìgko d3x). Aut  eÐnai
h exÐswsh Schrödinger gia eleÔjero swmatÐdio m�zac m.
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An�loga me thn diat rhsh fortÐou ston hlektromagnhtismì, h
diat rhsh thc pijanìthtac mac odhgeÐ sthn exÐswsh

∂ρ

∂t
+ ∇ · j = 0 diaforik  morf 

d

dt

∫
V
ρ dv +

∮
S(V )

j · da = 0 oloklhrwtik  morf 

ìpou j eÐnai h puknìthta reÔmatoc pijanìthtac. Ac broÔme th
morf  tou. Pollaplasi�zoume thn exÐswsh Schrödinger me
−iΨ∗ kai thn suzug  thc me iΨ kai ajroÐzoume

−iΨ∗
(
i
∂Ψ

∂t
+

1

2m
∇2Ψ

)
+ iΨ

(
−i ∂Ψ∗

∂t
+

1

2m
∇2Ψ∗

)
= 0→

Ψ∗
∂Ψ

∂t
− i

2m
Ψ∗∇2Ψ + Ψ

∂Ψ∗

∂t
+

i

2m
Ψ∇2Ψ∗ = 0→
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∂|Ψ|2

∂t
− i

2m

(
Ψ∗∇2Ψ−Ψ∇2Ψ∗

)
= 0→

∂ρ

∂t
+ ∇ ·

[
− i

2m
(Ψ∗∇Ψ−Ψ∇Ψ∗)

]
︸ ︷︷ ︸ = 0

j

H lÔsh thc ex. Schrödinger gia to eleÔjero swmatÐdio
Ψ = N exp [i (p · x− Et)] dÐnei ρ = |N|2 kai

j =
−i |N|2

2m
(∇(ip · x)−∇(−ip · x)) =

|N|2

2m
2p =

|N|2

m
p
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TetradianÔsmata kai analloÐwta Lorentz

'Askhsh 1 DeÐxte ìti o metasqhmatismìc Lorentz antistoiqeÐ
me strof  kat� gwnÐa iθ ston q¸ro (ict, x)

'O,ti metasqhmatÐzetai ìpwc to (ct, x) kaleÐtai tetradi�nusma.
QrhsimopoioÔme ton sumbolismì

(ct, x) = (ct, x1, x2, x3) = (x0, x1, x2, x3) ≡ xµ

EpÐshc, to E/c kai p sugkrotoÔn tetradi�nusma

(E/c ,p) = (E/c , p1, p2, p3) = (p0, p1, p2, p3) ≡ pµ

OrÐzoume to bajmwtì ginìmeno dÔo tetradianusm�twn
Aµ = (A0,A) kai Bµ = (B0,B)

A · B = A0B0 − A · B
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OrÐzontac to Aµ = (A0,−A) mporoÔme na gr�youme to
bajmwtì ginìmeno wc (epanalambanìmenoc deÐkthc �nw kai
k�tw ajroÐzetai)

A · B = AµBµ = AµB
µ = A0B0 + A1B1 + A2B2 + A3B3 =

A0B
0 + A1B

1 + A2B
2 + A3B

3 = A0B0 − A1B1 − A2B2 − A3B3

OrÐzoume ton (metrikì) tanust  gµν

g00 = 1, g11 = g22 = g33 = −1, oi �lloi ìroi mhdenikoÐ

O antÐstrofìc tou gµν (dhlad  gµνgνµ′ = δµµ′) eÔkola faÐnetai
ìti èqei touc Ðdiouc ìrouc. To ginìmeno twn dÔo
tetradianusm�twn mporeÐ na grafeÐ

A · B = gµνA
µBν = gµνAµBν

Me to gµν kai to gµν mporoÔme na anebokateb�soume touc
deÐktec enìc tetradianÔsmatoc

Aµ = gµνAν , Aµ = gµνA
ν
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To di�nusma me �nw deÐkth onom�zetai antalloÐwto
(contravariant), en¸ me k�tw deÐkth sunalloÐwto (covariant). Gia
na sqhmatisteÐ èna analloÐwto, wc proc metasqhmatismoÔc
Lorentz, mègejoc ja prèpei gia k�je �nw deÐkth na up�rqei o
antÐstoiqoc k�tw. EpÐshc, mia sqèsh eÐnai Lorentz sunalloÐwth
ìtan oi mh epanalambanìmenoi (�nw kai k�tw) deÐktec stic duo
pleurèc thc isìthtac antistoiqÐzontai ènac proc ènan.

'Askhsh 2 DeÐxte ìti gµνg
µν = 4

ParadeÐgmata bajmwt¸n ginomènwn eÐnai

pµxµ ≡ p · x = Et − p · x, pµpµ ≡ p · p ≡ p2 = E 2 − p2

'Askhsh 3 DÔo swmatÐdia me Ðsh m�za M sugkroÔontai sto
sÔsthma Kèntrou M�zac. H sunolik  enèrgeia eÐnai Ecm.
DeÐxte ìti
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s ≡ (p1 + p2)µ(p1 + p2)µ ≡ (p1 + p2)2 = E 2
cm

An h sÔgkroush gÐnei sto sÔsthma ergasthrÐou ìpou to èna
swmatÐdio eÐnai akÐnhto, tìte h enèrgeia Elab tou �llou
swmatidÐou dÐnetai apì th sqèsh (upologÐste to s sto sÔsthma
ergasthrÐou)

Elab =
E 2

cm

2M
−M

Prosoq  sto tetradi�nusma(
∂

∂t
,−∇

)
= ∂µ kai

(
∂

∂t
,∇
)

= ∂µ

MporeÐte na deÐxete ìti to pr¸to metasqhmatÐzetai ìpwc to
(t, x) en¸ to deÔtero ìpwc to (t,−x).
H antikat�stash thc enèrgeiac kai thc orm c me touc
antÐstoiqouc telestèc genikeÔetai

pµ → i∂µ
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Tèloc, qrhsimopoeÐtai o sumbolismìc

�2 ≡ ∂µ∂µ

H exÐswsh Klein-Gordon
Qrhsimopoi¸ntac thc sqetikistik  exÐswsh E 2 = p2 + m2 kai tic
antikatast�seic E → i~ ∂

∂t kai p→ −i~∇, odhgoÔmeja sthn
(~ = 1) (

i
∂

∂t

)2

φ =
(
(−i∇)2 + m2

)
φ

− ∂2

∂t2
φ+∇2φ = m2φ

pou apoteleÐ thn exÐswsh Klein-Gordon.
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Jèloume na gr�youme thn exÐswsh sunèqeiac kai na
anagnwrÐsoume thn puknìthta pijanìthtac kai thn puknìthta
reÔmatoc pijanìthtac. Pollaplasi�zoume thn exÐswsh
Klein-Gordon epÐ −iφ∗ kai thn suzug  thc epÐ iφ kai
prosjètoume

−iφ∗
(
− ∂2

∂t2
φ+∇2φ

)
+ iφ

(
− ∂2

∂t2
φ∗ +∇2φ∗

)
= 0→

∂

∂t

[
i

(
φ∗

∂

∂t
φ− φ ∂

∂t
φ∗
)]

+ ∇ · [−i (φ∗∇φ− φ∇φ∗)] = 0

opìte anagnwrÐzoume ìti

ρ = i

(
φ∗

∂

∂t
φ− φ ∂

∂t
φ∗
)

kai j = −i (φ∗∇φ− φ∇φ∗)

An p�roume gia φ th lÔsh thc exÐswshc Klein-Gordon pou
antistoiqeÐ se eleÔjero swmatÐdio φ = Ne i(p·x−Et) = Ne−ixµpµ ,
tìte

ρ = i(−2iE )|N|2 = 2E |N|2 kai j = −i(2ip)|N|2 = 2p|N|2
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H Klein-Gordon mporeÐ na grafeÐ me tetradianÔsmata[(
i
∂

∂t

)2

− (−i∇)2

]
φ = m2φ→ −

[
∂2

∂t2
−∇2

]
φ = m2φ→

−∂µ∂µφ = m2φ→
(
�2 + m2

)
φ = 0

kai
jµ ≡ (ρ, j) = 2(E ,p)|N|2 = 2pµ|N|2

Prosèxte ìti h ρ den eÐnai analloÐwth se metasqhmatismoÔc
Lorentz, afoÔ eÐnai an�logh me thn enèrgeia, all� to ρ d3x
eÐnai analloÐwto.
Tic idiotimèc enèrgeiac thc Klein-Gordon tic paÐrnoume
antikajist¸ntac th lÔsh φ = Ne−ixµpµ sthn exÐswsh kai
paÐrnoume

E = ±
√

p2 + m2
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Me arnhtikèc enèrgeiec mporoÔme na èqoume metapt¸seic se ìlo
kai qamhl¸terec enèrgeiec kai epiplèon h pijanìthta ρ mporeÐ
na gÐnei arnhtik . Den mporoÔme apl� na agno soume tic
arnhtikèc enèrgeiec giatÐ prèpei na èqoume p�ntote to pl rec
sÔnolo twn katast�sewn.

Istorik  anadrom 
��Ex ghsh�� tou Dirac gia tic arnhtikèc enèrgeiec thc exÐsws c
tou.
��Ex ghsh�� twn Pauli kai Weisskopf gia tic arnhtikèc enèrgeiec
thc Klein-Gordon. Metètreyan to jµ se puknìthta reÔmatoc
hlektrikoÔ fortÐou jµ = −ie

(
φ∗ ∂∂tφ− φ

∂
∂tφ
∗).
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H perigraf  twn lÔsewn me E < 0 apì touc
Feynman-Stückelberg
H basik  idèa eÐnai ìti h kat�stash me ARNHTIKH ENERGEIA
perigr�fei swmatÐdio pou ��diadÐdetai�� pÐsw sto qrìno,  
ANTISWMATIDIO pou diadÐdetai kanonik� me ton qrìno.
Ac xeq�soume th ��duskolÐa�� tou spin kai ac jewr soume ìti h
KG perigr�fei hlektrìnia me fortÐo −e. Opìte, to
tetradu�nusma tou hlektromagnhtikoÔ reÔmatoc gÐnetai

jµ(e−) = −2e|N|2(E ,p)

Gia to antiswmatÐdio, me fortÐo +e ja gr�fame

jµ(e+) = +2e|N|2(E ,p) = −2e|N|2(−E ,−p)

Autì perigr�fei swmatÐdio fortÐou −e me enèrgeia −E kai
orm  −p. Dhlad 

17/389



Prosèxte ìti
e−iEt = e−i(−E)(−t)

Gi' autì akrib¸c mporoÔme na perigr�foume arnhtik c
enèrgeiac swmatÐdia pou phgaÐnoun ��pÐsw�� sto qrìno wc
jetik c enèrgeiac antiswmatÐdia pou phgaÐnoun ��mprost���
ston qrìno.

Dipl  skèdash hlektronÐou apì pedÐo. Sto deÔtero di�gramma,
metaxÔ twn t1 kai t2, h kat�stash perigr�fei 3 swmatÐdia!!
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MporoÔme na perigr�youme ta p�nta me thn kumatosun�rthsh
tou e−. Den qreiazìmaste thn kumatosun�rthsh tou e+.
Mh sqetikistik  jewrÐa diataraq¸n
Ac jewr soume ìti gnwrÐzoume tic lÔseic φn thc exÐswshc
Schrödinger gia to eleÔjero swmatÐdio. H qamiltonian  H0 eÐnai
anex�rthth apì to qrìno.

H0φn = Enφn me

∫
V
φ∗mφnd

3x = δmn

(normalismìc=1 swmatÐdio/ìgko, ρ = |φ|2 → N = V−1/2)
Zht�me na lÔsoume thn

(H0 + V (x, t))ψ = i
∂ψ

∂t
(1)
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Oi lÔseic φn apoteloÔn pl rec sÔnolo, opìte mporoÔme na
analÔsoume thn ψ

ψ =
∑

n

an(t)φn(x)e−iEnt

B�zontac aut n thn èkfrash sthn ex.1 paÐrnoume

(H0 + V (x, t))
∑

n

an(t)φn(x)e−iEnt = i
∂

∂t

∑
n

an(t)φn(x)e−iEnt →∑
n

an(t)Enφn(x)e−iEnt + V (x, t)
∑

n

an(t)φn(x)e−iEnt =

i
∑

n

dan

dt
φn(x)e−iEnt + i

∑
n

an(t)(−iEn)φn(x)e−iEnt

ApaloÐfontac ton pr¸to kai teleutaÐo ìro sthn parap�nw
isìthta katal goume sthn sqèsh

V (x, t)
∑

n

an(t)φn(x)e−iEnt = i
∑

n

dan

dt
φn(x)e−iEnt
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Pollaplasi�zontac me φ∗f kai oloklhr¸nontac

i
∑

n

dan

dt

∫
d3x φ∗f (x)φn(x)e−iEnt =

∑
n

∫
d3x V (x, t)an(t)φ∗f (x)φn(x)e−iEnt →

daf

dt
= −i

∑
n

an(t)

∫
d3x φ∗f (x)V (x, t)φn(x)e−i(En−Ef )t (2)

Ac upojèsoume t¸ra ìti to V dra se mia orismènh kat�stash
φi thc eleÔjerhc qamiltonian c thn qronik  stigm  t = −T/2,
dhlad 

gia t = −T

2
, φn = φi →

an = 1, n = i
an = 0, n 6= i

kai tìte

daf

dt
= −i

∫
d3x φ∗f (x)V (x, t)φi (x)e−i(Ei−Ef )t (3)
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Jewr¸ntac ìti to V eÐnai asjenèc kai arg� metabalìmeno, h
metabol  k�je an eÐnai mikr  kai epomènwc k�je an me n 6= i ja
paramènei kont� sto mhdèn. Me autì to sullogismì h ex.3
isqÔei gia k�je qronik  stigm  (kai ìqi mìno gia t = −T/2).
Oloklhr¸nontac thn ex.3 paÐrnoume

af = −i
∫ t

−T/2
dt ′
∫

d3x φ∗f Vφie
−i(Ei−Ef )t′ → (4)

Tfi ≡ af (T/2) = −i
∫ T/2

−T/2
dt

∫
d3x

(
φf e

−iEf t
)∗

V
(
φie
−iEi t

)
→

Tfi = −i
∫

d4x φ∗f (x, t)V (x, t)φi (x, t)

Gia na isqÔei h prosèggish ja prèpei af (t) << 1. MporoÔme na
apodìsoume sto |Tfi |2 thn ènnoia thc pijanìthtac ìti to
swmatÐdio apì thn arqik  kat�stash i phgaÐnei sthn telik  f ?
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Ac upojèsoume ìti V (x, t) = V (x). Tìte

Tfi =− i

∫ T/2

−T/2
dt

∫
d3x φ∗f e

iEf tV (x)φie
−iEi t =

=− i

[∫
d3x φ∗f Vφi

] ∫ T/2

−T/2
dt e−i(Ei−Ef )t =

=− iVfi 2π δ(Ef − Ei )

ìpou orÐsame Vfi to olokl rwma mèsa sthn agkÔlh thc
deÔterhc seir�c en¸ h sun�rthsh δ deÐqnei thn diat rhsh thc
enèrgeiac. All� gia Ef = Ei , h arq  thc abebaiìthtac mac lèei
ìti qreiazìmaste �peiro qrìno gia na metaboÔme apì th mia
kat�stash sthn �llh. Gi' autì kalÔtera orÐzoume thn
posìthta

W = lim
T→∞

|Tfi |2

T
= lim

T→∞

1

T
|Vfi |2 4π2 [δ(Ef − Ei )]2

pou apoteleÐ thn pijanìthta met�ptwshc an� mon�dou qrìnou
(transition probability per unit time).
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O tetragwnismìc thc sun�rthshc δ dÐnei

(2π)2 [δ(Ef − Ei )]2 = 2π

∫ T/2

−T/2
e i(Ef−Ei )tδ(Ef − Ei )dt

= T 2π δ(Ef − Ei )

opìte paÐrnoume

W = |Vfi |2 2π δ(Ef − Ei )

Aut  h teleutaÐa exÐswsh èqei ènnoia an oloklhrwjeÐ se èna
sÔnolo telik¸n katast�sewn. Sun jwc xekin�me apì mia
kajorismènh kat�stash kai katal goume se èna sÔnolo
telik¸n katast�sewn me puknìthta ρ(Ef ) (dhlad  ρ(Ef )dEf

eÐnai o arijmìc katast�sewn me enèrgeia metaxÔ twn Ef kai
Ef + dEf ). Opìte orÐzoume wc rujmì met�ptwshc (transition
rate)

Wfi =

∫
dEf ρ(Ef )W = 2π

∫
dEf ρ(Ef )|Vfi |2δ(Ef − Ei ) =

= 2π|Vfi |2ρ(Ei )
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MporoÔme na p�me mÐa t�xh prosèggishc parak�tw b�zontac
thn lÔsh gia to af , ex.4, sthn diaforik  exÐswsh tou af , ex.2

daf

dt
= ...+(−i)

∑
n 6=i

[
(−i)

∫ t

−T/2
dt ′ Vnie

−i(Ei−En)t′

]
Vfne

−i(En−Ef )t

ìpou ... eÐnai o ìroc pr¸thc t�xhc kai h èkfrash mèsa stic
agkÔlec eÐnai o suntelest c an. Opìte, èqoume

Tfi = ...+(−i)2
∑
n 6=i

VfnVni

∫ T/2

−T/2
dt e−i(En−Ef )t

∫ t

−T/2
dt ′ e−i(Ei−En)t′

Gia na èqei nìhma h deÔterh olokl rwsh eis�goume mia
apeirost  posìthta ε > 0 kai sto tèloc bèbaia ε→ 0∫ t

−∞
dt ′ e−i(Ei−En+iε)t′ = i

e−i(Ei−En+iε)t

(Ei − En + iε)
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kai to Tfi gr�fetai

Tfi = ...+ (−2πi)
∑
n 6=i

Vfn
1

Ei − En + iε
Vniδ(Ef − Ei )

'Askhsh 4 DeÐxte ìti o rujmìc met�bashc i→f gia thn
prosèggish 2hc t�xhc dÐnetai apì th sqèsh
Wfi = 2π |Vfi |2 ρ(Ei ), ìpou to Vfi antikajÐstatai apì th sqèsh

Vfi +
∑
n 6=i

Vfn
1

Ei − En + iε
Vni + ...

Poi� eÐnai h sqèsh gia thn epìmenh diìrjwsh (3hc t�xhc se V ).
Dhlad  gia k�je shmeÐo allhlepÐdrashc èqoume ènan
par�gonta Vij kai gia k�je endi�mesh di�dosh èqoume èna
diadìth ∼ 1/(Ei − Ej ). Aut  h endi�mesh kat�stash eÐnai
��eikonik �� (virtual) me thn ènnoia ìti Ei 6= Ej (den diathreÐtai h
enèrgeia) all� bèbaia Ef = Ei pou faÐnetai apì thn parousÐa
thc δ(Ef − Ei ). 'Ola ta parap�nw prèpei na genikeutoÔn gia
sqetikistik� swmatÐdia kai antiswmatÐdia.
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Kanìnec gia pl�thc skèdash sthn eikìna
Feynman-Stückelberg
Prèpei loipìn na eis�goume antiswmatÐdia pou phgaÐnoun pÐsw
sto qrìno. Bèbaia èwc t¸ra den èqoume doulèyei se
��sunalloÐwto perib�llon�� (to dunamikì V (x)  tan statikì).
P¸c ja perigr�youme kroÔseic swmatidÐwn?
Ac k�noume merik� projÔstera sq mata. Ac eis�goume to
fwtìnio wc to swm�tio thc hlektromagnhtik c aktinobolÐac kai
ac doÔme thn epÐdrash tou dunamikoÔ wc skèdash tou
swmatidÐou me to fwtìnio. Tìte qreiazìmaste mia qronik 
ex�rthsh gia to fwtìnio: e−iωt . To qronikì olokl rwma sto
Tfi gÐnetai

1

2π

∫
dt
(
e−iEf t

)∗
e−iωt e−iEi t = δ(Ef − ω − Ei )

ap' ìpou faÐnetai ìti Ef = Ei +ω. Gia antiswmatÐdio ja èqoume

1

2π

∫
dt
(
e−i(−Ei )t

)∗
e−iωt e−i(−Ef )t = δ(Ef − ω − Ei )
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opìte kai p�li èqoume Ef = Ei + ω. Dhlad  o kanìnac eÐnai∫
d4x φ∗ektìc V φentìc

ìpou φ eÐnai gia swmatÐdia kai ìqi gia antiswmatÐdia.
'Askhsh 5 DeÐxte ìti o kanìnac

∫
φ∗outgoingVφingoing d

4x plhroÐ
th diat rhsh enèrgeiac sthn perÐptwsh thc dhmiourgÐac zeÔgouc
e+e−   sthn antÐstoiqh exaölwsh. Na gÐnei to Ðdio kai gia thn
diat rhsh thc orm c. O ìroc tou fwtonÐou eÐnai e−i(ωt−px).
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H exÐswsh Klein-Gordon kai to hlektromagnhtikì pedÐo
To hlektromagnhtikì pedÐo perigr�fetai apì èna dianusmatikì
dunamikì A kai èna bajmwtì dunamikì V . Xekin¸ntac apì tic
exis¸seic tou Maxwell

∇× E = −∂B

∂t
, ∇ · B = 0

epeid  h deÔterh ikanopoieÐtai an jèsoume B = ∇× A, h pr¸th
gr�fetai

∇×
(

E +
∂A

∂t

)
= 0

kai epomènwc h posìthta sthn parènjesh mporeÐ na grafeÐ wc
h bajmÐda enìc bajmwtoÔ pedÐou

E +
∂A

∂t
= −∇V → E = −∂A

∂t
−∇V

(to arnhtikì prìshmo sto ìro ∇V epilègetai gia na deÐnei th
gnwst  sqèsh sthn hlektrostatik  perÐptwsh). Ta dunamik� A
kai V den orÐzontai monos manta.
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Ja p�roume ta Ðdia E kai B me ta A′ kai V ′ pou orÐzontai apì
touc metasqhmatismoÔc bajmÐdac

A′ = A + ∇f , V ′ = V − ∂f

∂t
  se tetradianÔsmata A′µ =Aµ − ∂µf , gia Aµ = (V ,A)

ìpou f mia tuqaÐa sun�rthsh twn x kai t. Pr�gmati

B′ = ∇× A′ = ∇× (A + ∇f ) = ∇× A + ∇×∇f = ∇× A

E′ = −∂A′

∂t
−∇V ′ = −∂A

∂t
− ∂∇f

∂t
−∇V + ∇∂f

∂t
= −∂A

∂t
−∇V

O trìpoc eisagwg c twn dunamik¸n sthn Klein-Gordon ja
prèpei na eÐnai tètoia ¸ste aut  h eleujerÐa epilog c touc na
mhn èqei fusik  shmasÐa. Autìc o trìpoc eÐnai o legìmenoc thc
��el�qisthc antikat�stashc�� (minimal substitution)

E → E − qV = i
∂

∂t
− qV , p→ p− qA = −i∇− qA

  se tetradianÔsmata pµ → pµ − qAµ = i∂µ − qAµ
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me q to fortÐo tou swmatidÐou. H Klein-Gordon gÐnetai(
i
∂

∂t
− qV

)2

φ = (−i∇− qA)2 φ+ m2φ[
(∂µ + iqAµ) (∂µ + iqAµ) + m2

]
φ = 0

Aut  paramènei analloÐwth k�tw apì touc metasqhmatismoÔc
bajmÐdac an h kumatosun�rthsh all�xei me mia f�sh

φ′ = φe iqf

'Askhsh 6 DeÐxte thn parap�nw prìtash

Sthn hlektrostatik  perÐptwsh, A = 0, o ìroc qV eÐnai h
dunamik  enèrgeia tou swmatidÐou U. Me thn gnwst 
antikat�stash φ(x, t) = φ(x)e−iEt , ìpou E h enèrgeia tou
swmatidÐou, paÐrnoume thn qronoanex�rthth exÐswsh
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(∂µ + iqAµ) (∂µ + iqAµ)φ+ m2φ = 0

(∂t + iqV ,−∇) (∂t + iqV ,∇)φ+ m2φ = 0[
(∂t + iqV )2 −∇2

]
φ+ m2φ = 0[

(∂t + iqV )2 −∇2
]
φ(x)e−iEt + m2φ(x)e−iEt = 0

(E − U)2φ(x) = −∇2φ(x) + m2φ(x)

(5)

H exÐswsh Klein-Gordon kai to pedÐo Coulomb
H dunamik  enèrgeia enìc hlektronÐou sto hlektrikì pedÐo enìc
prwtonÐou eÐnai U = −e2/r . H sfairik  summetrÐa tou
probl matoc mac odhgeÐ �mesa sto na gr�youme th lÔsh me th
morf  qwrizomènwn metablht¸n

φ(r , θ, ϕ) = R(r)Y m
l (θ, ϕ) (6)

ìpou Y m
l (θ, ϕ) oi sfairikèc armonikèc (ìpwc akrib¸c sthn

exÐswsh tou Schrödinger). An sugkrÐnoume to tetr�gwno tou
telest  thc stroform c
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l2 = −
[

1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1

sin2 θ

∂2

∂ϕ2

]
me thn Laplasian  se sfairikèc suntetagmènec

∇2 =
1

r

∂2

∂r2
r +

1

r2

[
1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1

sin2 θ

∂2

∂ϕ2

]
blèpoume ìti mporoÔme na gr�youme

∇2 =
1

r

∂2

∂r2
r − l2

r2

GnwrÐzoume epÐshc ìti Y l
m(θ, ϕ) apoteloÔn idiosunart seic tou

telest  l2 me idiotimèc l(l + 1): l2Y l
m(θ, ϕ) = l(l + 1)Y l

m(θ, ϕ).
Opìte, antikajist¸ntac thn ex.6 sthn ex.5, paÐrnoume

1

r

∂2(rR)

∂r2
Y l

m −
l(l + 1)

r2
RY l

m +
[
(E − U)2 −m2

]
RY l

m = 0

H Y l
m apaloÐfetai. Pollaplasi�zontac epÐ r kai orÐzontac

y(r) = rR(r), paÐrnoume thn diaforik  exÐswsh wc proc y(r)
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∂2y

∂r2
+

[
(E − U)2 − l(l + 1)

r2
−m2

]
y = 0→

∂2y

∂r2
+

[
E 2 −m2 +

2Ee2

r
− l(l + 1)− e4

r2

]
y = 0

(7)

ìpou antikatast same thn dunamik  enèrgeia me −e2/r . Epeid 
y�qnoume gia dèsmiec katast�seic, ja prèpei y(r →∞) = 0
kai bèbaia y(r = 0) = 0 apì ton orismì tou y(r). Gia th lÔsh
thc, akoloujoÔme thn gnwst  diadikasÐa pou akoloujeÐtai gia
thn antÐstoiqh lÔsh thc Schrödinger. Gia meg�la r , h diaforik 
exÐswsh gr�fetai

∂2y∞
∂r2

+
[
E 2 −m2

]
y∞ = 0 (8)

Stic dèsmiec katast�seic pou anazhtoÔme, h dunamik  enèrgeia
eÐnai arnhtik , opìte h olik  enèrgeia eÐnai mikrìterh apì thn
el�qisth m. Opìte, E 2 −m2 = −γ2. H lÔsh thc ex.8 eÐnai
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y∞ = e±γr

Krat�me bèbaia thn fjÐnousa lÔsh kai xanagr�foume

y(r) = e−γrF (r)

ìpou h F ja jèlame na eÐnai èna polu¸numo. H exÐswsh gia
thn F (r), b�zontac thn prohgoÔmenh lÔsh sthn ex.7, gÐnetai

∂2F

∂r2
− 2γ

∂F

∂r
+

[
2Ee2

r
− l(l + 1)− e4

r2

]
F = 0

An h F eÐnai èna polu¸numo n bajmoÔ, gia meg�la r ja èqoume
F (r) ∼ rn, kai h diaforik  exÐswsh gÐnetai

n(n − 1)rn−2 − 2γnrn−1 + 2Ee2rn−1 − (l(l + 1)− e4)rn−2 = 0
r→∞−→

− 2γnrn−1 + 2Ee2rn−1 = 0→ γ =
Ee2

n

An t¸ra s eÐnai h mikrìterh dÔnamh tou poluwnÔmou F , tìte gia
mikr� r ja eÐnai F (r) ∼ r s kai h diaforik  exÐswsh ja dÐnei
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s(s − 1)r s−2 − 2γsr s−1 + 2Ee2r s−1 − (l(l + 1)− e4)r s−2 = 0
r→0−→

s(s − 1)r s−2 − (l(l + 1)− e4)r s−2 = 0→

s =
1±

√
1 + 4l(l + 1)− 4e4

2

Krat�me thn jetik  lÔsh

s =
1 +

√
1 + 4l(l + 1)− 4e4

2
=

1

2
+

√(
l +

1

2

)2

− e4

Bèbaia, o an¸teroc bajmìc tou poluwnÔmou n kai o kat¸teroc
s sundèontai me thn sqèsh n = s + k me k = 0, 1, 2, ....
Apì thn E 2 −m2 = −γ2 kai thn γ = Ee2

n prokÔptei h sqèsh gia
tic enèrgeiec

E 2 −m2 = −E 2 e
4

n2
→ E =

m√
1 + e4

n2
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AnaptÔssontac se dun�meic tou e4 paÐrnoume

E = m − me4

2n2
+

3me8

8n4
+ ...

All�, to n eÐnai sun�rthsh tou s (n = s + k) en¸ to s eÐnai ki
autì sun�rthsh tou e4, epomènwc ja prèpei kai autì na
anaptuqjeÐ se dun�meic tou e4

n =
1

2
+

√(
l +

1

2

)2

− e4 + k =
1

2
+

(
l +

1

2

)√
1− e4(

l + 1
2

)2
+ k =

1

2
+

(
l +

1

2

)(
1− e4

2
(
l + 1

2

)2

)
+ k = l + k + 1− e4

2l + 1
+ ...

Onom�zontac 4N = l + k + 1 paÐrnoume

1

n2
=

1

N2
(

1− e4

N(2l+1)

)2
=

1

N2

(
1 +

2e4

N(2l + 1)

)

37/389



kai h èkfrash gia thn enèrgeia gÐnetai

E = m − me4

2N2
− me8

2N4

(
N

l + 1
2

− 3

4

)

O trÐtoc ìroc apoteleÐ thn sqetikistik  diìrjwsh h opoÐa ìmwc
den sumfwneÐ me thn antÐstoiqh tou tÔpou tou Sommerfeld kai o
lìgoc eÐnai ìti to hlektrìnio èqei idiostroform  (spin). H
Klein-Gordon perigr�fei swmatÐdia me mhdenikì spin, p.q.
swmatÐdia p (piìnia).
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HLEKTRODUNAMIKH SWMATIDIWN QWRIS SPIN

Den up�rqoun stoiqei¸dh swmatÐdia me spin mhdèn. Bèbaia
up�rqoun adrìnia me spin mhdèn all� den eÐnai stoiqei¸dh,
eÐnai sumplègmata apì kou�rk.
Gia na apofÔgoume tic duskolÐec tou spin ja jewr soume
��hlektrìnia�� me spin=0, gia na qrhsimopo soume thn jewrÐa
diataraq¸n me sunalloÐwto trìpo.
'Ena ��hlektrìnio�� se hlektromagnhtikì pedÐo Aµ

'Opwc eÐdame h Klein-Gordon gia eleÔjero swmatÐdio gr�fetai
se sunalloÐwth morf (

∂µ∂µ + m2
)
φ = 0

H parousÐa tou hlektromagnhtikoÔ pedÐou Aµ =
(
A0,A

)
odhgeÐ

sthn antikat�stash

pµ → pµ − (−e)Aµ

kai sthn kbantomhqanik 

i∂µ → i∂µ + eAµ
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ìpou jewr same to fortÐo tou ��hlektronÐou�� Ðso me −e. Tìte h
KG gr�fetai (

∂µ∂µ + m2
)
φ = −Vφ

ìpou
V = −ie (∂µAµ + Aµ∂µ)− e2A2 (9)

To prìshmo tou V epilègetai se sumfwnÐa me to sqetikì
prìshmo thc kinhtik c kai dunamik c enèrgeiac sthn exÐswsh
tou Schrödinger.
To dunamikì qarakthrÐzetai apì thn posìthta e pou
sqetÐzetai me thn stajer� lept c uf c α

α =
e2

4π
' 1

137

Akrib¸c, h mikr  aut  tim  mac epitrèpei na anaptÔxoume to
dunamikì se dun�meic tou α kai na efarmìsoume jewrÐa
diataraq¸n. H qamhlìterhc t�xhc (se dun�meic tou α)
suneisfor� se èna pl�toc skèdashc ja apoteleÐ mia kal 
prosèggish.
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Akrib¸c, douleÔontac sthn qamhlìterh t�xh, paraleÐpoume to
ìro an�logo tou e2 sthn ex.9. To pl�toc skèdashc Tfi apì φi

se φf apì to dunamikì Aµ eÐnai

Tfi = −i
∫

d4x φ∗f (x)V (x)φi (x) =

= −i
∫

d4x φ∗f (x)(−ie) (Aµ∂µ + ∂µA
µ)φi (x)

Qrhsimopoi¸ntac, gia ton deÔtero ìro, olokl rwsh kat� mèrh
(kai di¸qnontac to epifaneiakì olkl rwma miac kai to
dunamikì phgaÐnei sto mhdèn ìtan |x| → ∞ kai t → ±∞)∫

d4x φ∗f (x)∂µ (Aµφi (x)) = −
∫

d4x (∂µφ
∗
f (x))Aµφi (x)

to Tfi gÐnetai

Tfi = −i
∫

d4x (−ie) (φ∗f A
µ∂µφi − (∂µφ

∗
f )Aµφi ) =

= −i
∫

d4x (−ie) (φ∗f ∂µφi − φi∂µφ
∗
f )Aµ = −i

∫
d4x j (fi)

µ Aµ
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ìpou j
(fi)
µ = −ie (φ∗f ∂µφi − φi∂µφ

∗
f ) eÐnai to hlektromagnhtikì

reÔma gia thn met�bash apì i → f . An φi = Nie
−ipi x kai

φf = Nf e
−ipf x , tìte

j (fi)
µ = −eNiNf (pi + pf )µe

i(pf−pi )x

Skèdash ��hlektronÐou�� kai ��mionÐou��
Me ta parap�nw mporoÔme na upologÐsoume thn skèdash
��hlektronÐou�� apì �llo swmatÐdio, gia par�deigma ��miìnio��
(gia na apofÔgoume ìmoia swmatÐdia). To sqetikì di�gramma
Feynman mac kajodhgeÐ gia to p¸c ja gr�youme th skèdash.
To ìlo ��prìblhma�� eÐnai na broÔme to dunamikì Aµ pou
antistoiqeÐ sto reÔma tou ��mionÐou��.
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'Askhsh 7 DeÐxte ìti oi exis¸seic tou Maxwell gr�fontai se
sunalloÐwth morf  ∂µF

µν = jν ìpou Fµν = ∂µAν − ∂νAµ.
Qrhsimopoi¸ntac thn eleujerÐa epilog c thc bajmÐdac
mporoÔme epÐshc na gr�youme ìti �2Aµ = jµ.

Apì thn exÐswsh tou Maxwell èqoume �2Aµ = jµ ìpou, akrib¸c
antÐstoiqa me to reÔma tou ��hlektronÐou��, gr�foume

jµ(2) = −eNBND(pD + pB)µe i(pD−pB )x

All�, �2e iqx = −q2e iqx . 'Ara, h lÔsh thc �2Aµ = jµ(2) eÐnai

Aµ = − 1

q2
jµ(2) me q = pD − pB

Epomènwc, qrhsimopoi¸ntac autì to Aµ paÐrnoume up' ìyh mac
to reÔma tou ��mionÐou��

Tfi = −i
∫

d4x jµ(1)

(
− 1

q2

)
j (2)
µ =

= −i
∫

d4x (−e)2NANBNCND(pD + pB)µ
(
− 1

q2

)
(pA + pC )µ×

e i(pD−pB )xe i(pC−pA)x =
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= −iNANBNCND(2π)4δ(4)(pD + pC − pA − pB)×

(i)

[
(ie)(pA + pC )µ

(
−i gµν

q2

)
(ie)(pB + pD)ν

]
H èkfrash mèsa sthn agkÔlh thc teleutaÐac sqèshc
sumbolÐzetai sun jwc me −iM

−iM = (ie)(pA + pC )µ
(
−i gµν

q2

)
(ie)(pB + pD)ν

ToM onom�zetai analloÐwto pl�toc (invariant amplitude) thc
sugkekrimènhc skèdashc. H sun�rthsh dèlta ekfr�zei thn
diat rhsh enèrgeiac kai orm c. EÔkola mporeÐ na elegqjeÐ ìti
ja eÐqame to Ðdio apotèlesma an eÐqame to ��miìnio�� sto pedÐo
Aµ tou ��hlektronÐou��.
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Prospaj¸ntac na katat�xoume touc di�forouc ìrouc sthn
diataraktik  an�ptuxh, an�loga me ta diagr�mmata sthn mh
sqetikistik  perÐptwsh, k�noume kai ed¸ an�loga
diagr�mmata. Sto prohgoÔmeno di�gramma, pou to
xanadeÐqnoume, h mesaÐa kumatoeid c gramm  anaparist� ton
diadìth tou fwtonÐou kai antistoiqeÐ ston ìro −i gµν

q2 (oi ekjètec

Lorentz afeÐlontai sto ìti to fwtìnio èqei spin=1). To q
kajorÐzetai apì thn diat rhsh thc orm c - enèrgeiac stic dÔo
korufèc q = pC − pA = pD − pB . 'Ara q2 6= 0: to fwtìnio eÐnai
��ektìc tou floioÔ m�zac�� (off mass shell).
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Se k�je koruf  antistoiqoÔme ton ìro ie(pA + pC )µ kai
ie(pB + pD)ν pou perièqei th stajer� sÔzeuxhc tou
hlektromagnhtismoÔ e. Oi deÐktec µ kai ν ja zeugarwjoÔn me
touc antÐstoiqouc tou diadìth tou fwtonÐou. Oi di�foroi
par�gontec i apl� mpaÐnoun gia na mporèsoume na
genikeÔsoune eÔkola autoÔc touc kanìnec gia an¸terhc t�xhc
diagr�mmata.
'Etsi fti�qnoume touc kanìnec Feynman pou mac bohjoÔn na
upologÐzoume gr gora tic suneisforèc twn antÐstoiqwn
diagramm�twn.
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H energìc diatom  kai to analloÐwto pl�toc
Gia na suneqÐsoume ja prèpei na prosdiorÐsoume ton
normalismì thc kumatosun�rthshc φ = Ne−ipx . UpenjumÐzoume
ìti h puknìthta pijanìthtac eÐnai ρ = 2E |N|2. Akrib¸c, to ìti
h ρ eÐnai an�logh thc enèrgeiac E , eÐnai autì pou qrei�zetai
gia na parameÐnei h pijanìthta sqetikistik� analloÐwth: o
ìgkoc d3x sustèlletai kat� Lorentz kai h enèrgeia E
apokajist� aut  thn metabol  sto ginìmeno d3x ρ. Epomènwc,
eÐnai protimìtero na normalÐsoume, antÐ tou ��èna swmatÐdio se
V ��, se ��2E swmatÐdia se ìgko V ��∫

V
d3x ρ = 2E antÐ tou

∫
d3x ρ = 1

opìte èqoume ìti N = 1/
√
V .
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TrÐa b mata gia ton upologismì thc energoÔ diatom c:
1. O ��rujmìc met�ptwshc an� mon�da ìgkou��, gia thn
allhlepÐdrash A + B → C + D, eÐnai

Wfi =
|Tfi |2

VT

ìpou T eÐnai h qronik  di�rkeia thc allhlepÐdrashc kai,
bèbaia,

Tfi = −iNANBNCND(2π)4δ(4)(pA + pB − pC − pD)M

O tetragwnismìc thc δ, se tèsseric diast�seic, ja d¸sei(
δ(4)(pA + pB − pC − pD)

)2
=

δ(4)(pA + pB − pC − pD)
1

(2π)4

∫
d4x e−i(pC +pD−pA−pB ) =

1

(2π)4
(VT )δ(4)(pA + pB − pC − pD)
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Epomènwc,

Wfi = (2π)4δ(4)(pA + pB − pC − pD)|M|2
[(

1√
V

)4
]2

2. Gia na sugkrÐnoume peir�mata prèpei na ��apomon¸soume��

thn ex�rthsh apì thn ro  twn eiserqomènwn
swmatidÐwn kai apì thn puknìthta twn swmatidÐwn tou stìqou.
a) Ro  prospiptìntwn swmatidÐwn

arijm. swmat.

S ∆t
=

(pukn.)·(ìgkoc)
S ∆t

=

2EA/V · vA ∆tS

S ∆t
=

2EA

V
vA

b) Puknìthta swmatidÐwn stìqou 2EB/V
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3. Ja prèpei na oloklhr¸soume se ìlec tic epitreptèc
katast�seic twn telik¸n swmatidÐwn. Upojètoume thn
��sÔgkroush�� enìc swmatidÐou tou stìqou me èna swmatÐdio thc
dèsmhc se ìgko V = L3 (−L/2 ≤ x , y , z ≤)L/2. Epib�loume
periodikèc sunoriakèc sunj kec stic kumatosunart seic

Ψ(x − L/2, y , z) = Ψ(x + L/2, y , z)

Ψ(x , y − L/2, z) = Ψ(x , y + L/2, z)

Ψ(x , y , z − L/2) = Ψ(x , y , z + L/2)

kai sto tèloc L→∞. All� Ψ = e−ikx, kai epomènwc
kx (x + L/2) = kx (x − L/2) + 2πnx me nx akèraio. 'Ara
kx = (2π/L)nx kai an�loga ky = (2π/L)ny kai kz = (2π/L)nz .
Aut  eÐnai akrib¸c h kb�ntwsh thc orm c.
Epomènwc, o arijmìc twn dunat¸n akeraÐwn ∆nx sthn perioq 
kx , kx + dkx eÐnai ∆nx = (L/2π)dkx kai ìmoia gia tic �llec
sunist¸sec. Gia tic pijanèc katast�seic sthn perioq 
k, k + dk eÐnai
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∆nx ∆ny ∆nz =

(
L

2π

)3

dkxdkydkz =
V

(2π)3
d3k

Gia to dikì mac normalismì (2E swmatÐdia ston ìgko V ), ja
èqoume V

2E(2π)3 d
3k . An orÐsoume loipìn wc

energìc diatom  σ =

∫
Wfi

(arqik  ro )
(arijm. tel. katast�swn)

mporoÔme na gr�youme (jewr¸ntac to swmatÐdio B akÐnhto)

dσ =
(2π)4δ(4)(pA + pB − pC − pD)|M|2 1

V 4

2EAvA
V

2EB
V

Vd3pC

(2π)32EC

Vd3pD

(2π)32ED
=

=
1

F
|M|2dQ (10)

ìpou
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F = vA2EA2EB ,

dQ = (2π)4δ(4)(pA + pB − pC − pD)
d3pC

(2π)32EC

d3pD

(2π)32ED

O ìroc d3p/2E eÐnai analloÐwtoc kat� Lorentz, all� mporoÔme
na deÐxoume ìti kai to F eÐnai epÐshc. Na shmei¸soume ìti gia
genik  kroÔsh (to B na mhn eÐnai akÐnhto) ja prèpei na k�noume
thn antikat�stash vA → |vA − vB |.
Ac doÔme xan� ti mac lèei h basik  sqèsh: to ginìmeno

δ(4)(pA + pB − pC − pD)|M|2 d3pC

(2π)32EC

d3pD

(2π)32ED

mac dÐnei ton arijmì twn skedazomènwn swmatidÐwn an� mon�da
qrìnou kai ìgkou. Gia na k�noume thn energì diatom 
anex�rthth apì to sugkekrimèno peÐrama, diairoÔme me thn ro 
twn arqik¸n swmatidÐwn (pou gia akÐnhto swmatÐdio eÐnai h
puknìtht� tou). Sqhmatik�

52/389



arijm.skedaz.swmat.

(ìgko)(∆t)
= (pukn.swmat.stìqou)(pukn.swmat.·vA)σ

nS = (nt)(nAvA)σ diastatik� 1/(L3T ) = (1/L3)(1/L3 · L/T )σ

ìpou, sthn teleutaÐa sqèsh, h pr¸th parènjesh antistoiqeÐ
ston stìqo kai h deÔterh sth dèsmh. P�ntote to nS ja eÐnai
an�logo tou (nt)(nAvA). Sto σ krÔbetai ìlh h Fusik .
Diastatik�, to σ eÐnai embadìn(L2). Gi' autì kai to
prosomoi�zoume wc thn ��energì epif�neia�� thc dèsmhc pou
blèpei o stìqoc, dhlad  h epif�neia allhlepÐdrashc twn A kai
B.
'Askhsh 8 DeÐxte ìti h èkfrash F = |vA − vB |2EA2EB eÐnai,
gia pA kai pB suggramik� kai me antÐjeth for�, Ðsh me
4 (|pA|EB + |pB |EA) kai sth sunèqeia ìti eÐnai Ðsh me

4
[(
pµApBµ

)2 −m2
Am

2
B

]1/2
, opìte kai sqetikistik� analloÐwth.
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'Askhsh 9 DeÐxte ìti sto sÔsthma K.M. thc A + B → C + D oi
ìroi F kai dQ ston tÔpo thc energoÔ diatom c, ex.10, gÐnontai

dQ =
1

4π2

pf

4
√
s
dΩ, kai F = 4pi

√
s

ìpou dΩ eÐnai h stere� gwnÐa gÔrw apì to pC , s = (EA + EB)2,
|pA| = |pB | ≡ pi kai |pC | = |pD | ≡ pf .

Qrhsimopoi¸ntac thn 'Askhsh 9, h energìc diatom  sto K.M.
gr�fetai

dσ

dΩ

∣∣∣∣
K.M.

= |M|2 1

64π2

pf

pi s

'Askhsh 10 DeÐxte ìti gia uyhlèc enèrgeiec, h energìc diatom 
gia thn skèdash ��hlektronÐou��-��mionÐou�� dÐnetai apì th sqèsh

dσ

dΩ

∣∣∣∣
K.M.

=
α2

4s

(
3 + cos θ

1− cos θ

)2
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O rujmìc di�spashc wc sun�rthsh tou |M|
Gia diasp�seic thc morf c A→ 1 + 2 + 3 + ...+ n akoloujoÔme
thn Ðdia mèjodo

dΓ =
1

2EA
|M|2 d3p1

2E1(2π)3
· · · d3pn

2En(2π)3
(2π)4δ4(pA−p1−p2−...−pn)

To dΓ onom�zetai diaforikìc rujmìc (differential rate).
'Askhsh 11 DeÐxte ìti gia th di�spash A→ 1 + 2, kai gia to
sÔsthma hremÐac tou swmatidÐou A, paÐrnoume

Γ =
pf

32π2m2
A

∫
|M|2 dΩ

O olikìc rujmìc di�spashc eÐnai to �jroisma twn Γ gia ìlec
tic dunatèc diasp�seic tou sugkekrimènou swmatidÐou. Bèbaia,
to Γ dÐnetai apì th sqèsh
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Γ = −dNA

dt

1

NA
→ NA(t) = NAe

−Γt

Qrìnoc zw c onom�zetai h posìthta Γ−1.
Skèdash ��hlektronÐou��-��hlektronÐou��
H diafor� me thn antÐstoiqh skèdash ��hlektronÐou�� -
��mionÐou�� eÐnai ìti t¸ra èqoume ìmoia swmatÐdia. Epomènwc,
ja prèpei to pl�tocM gia A + B → C + D na paramènei
analloÐwto sthn allag  A←→ B kai C ←→ D. 'Etsi, ektìc
apì to di�gramma (a) tou Sq.57, ja prèpei na p�roume up'
ìyh mac kai to di�gramma (b) tou idÐou sq matoc. O lìgoc
eÐnai ìti èqontac ìmoia swmatÐdia, den mporoÔme na
xeqwrÐsoume an to hlektrìnio C èrqetai apì thn koruf  me to
hlektrìnio A   apì thn koruf  me to hlektrìnio B .
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Epomènwc, ja prèpei na ajroÐsoume ta pl�th kai ìqi tic
pijanìthtec, miac kai oi dÔo peript¸seic èqoun tic Ðdiec arqikèc
kai telikèc katast�seic. Gia to (a) èqoume  dh gr�yei ìti dÐnei
pl�toc

−iM = −i(−e2)
(pA + pC )µ(pB + pD)µ

(pD − pB)2
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T¸ra loipìn to pl�tocM ja perièqei kai th suneisfor� apì
to di�gramma (b)

−iM = −i(−e2)

[
(pA + pC )µ(pB + pD)µ

(pD − pB)2
+

(pA + pD)µ(pB + pC )µ
(pC − pB)2

]
Blèpoume ìti h allag  pC ←→ pD metatrèpei ton èna ìro tou
ajroÐsmatoc ston �llo. Shmei¸ste ìti h analloi¸thta touM
sthn allag  pc ←→ pD eÐnai arket  gia thn analloi¸thta kai
wc proc pA ←→ pB

Skèdash ��hlektronÐou��-��pozitronÐou�� (crossing)
Sto sq ma blèpoume ta dÔo pijan� diagr�mmata sthn skèdash
��hlektronÐou��-��pozitronÐou�� kaj¸c kai ta antÐstoiqa ìpou ta
pozitrìnia èqoun antikatastajeÐ apì hlektrìnia me antÐjeth
orm  (phgaÐnoun pÐsw sto qrìno kai èqoun arnhtik  enèrgeia).
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To analloÐwto pl�toc ja dÐnetai apì th sqèsh

M = (−e2)

[
(pA + pC )µ(−pB − pD)µ

(−pB − (−pD))2
+

(pA − pB)µ(pC − pD)µ
(pC − (−pD))2

]
(11)
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UpenjumÐzetai ìti h diat rhsh enègeiac-orm c
pA + pB = pC + pD → pA + (−pD) = pC + (−pB). Prosèxte ìti
h koruf  +ie(pB + pD) sthn skèdash e−e− gÐnetai
−ie(pB + pD) gia thn perÐptwsh e−e+ (to fortÐo tou
pozitronÐou eÐnai +e). Tèloc, to pl�toc eÐna analloÐwto sthn
allag  pC ←→ −pB pou antistoiqeÐ se antallag  dÔo
exerqìmenwn hlektronÐwn. Ja mporoÔsame na p�roume to
Me−e+→e−e+ apì toMe−e−→e−e− apl� mèsw thc sqèshc

Me−e+→e−e+(pA, pB , pC , pD) =Me−e−→e−e−(pA,−pD , pC ,−pB)
(12)

'Askhsh 12 Gr�yte to analloÐwto pl�toc gia tic sked�seic
e−µ+ → e−µ+ kai e−e+ → µ−µ+ kai elègxte to crossing me thn
e−µ− → e−µ−.
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AnalloÐwtec metablhtèc
Gia thn skèdash AB → CD èqoume dÔo anex�rthtec metablhtèc
(p.q., sto K.M. èqoume thn orm  kai th gwnÐa skèdashc). All�
eÐnai qr simo na ekfr�soume toM wc sun�rthsh posot twn
analloÐwtwn se metasqhmatismoÔc Lorentz. Apì tic tèsseric
ormèc mporoÔme na fti�xoume 3 analloÐwtec posìthtec: pApC ,
pApD kai pDpB , apì tic opoÐec bèbaia mìno oi dÔo eÐnai
anex�rthtec. QrhsimopoioÔme sun jwc tic stajerèc tou
Mandelstam

s = (pA + pB)2, t = (pA − pC )2, u = (pA − pD)2

'Askhsh 13 DeÐxte ìti s + t + u =
∑

m2
i

Gia na anaparast soume tic epitreptèc (fusikèc) perioqèc twn
s, t kai u qrhsimopoioÔme èna di�gramma dÔo diast�sewn (bl.
sq ma). To isìpleuro trÐgwno èqei Ôyoc iso me

∑
i m

2
i .

UpenjumÐzoume to je¸rhma thc gewmetrÐac ìti to �jroisma twn
apost�sewn k�je shmeÐou sto eswterikì enìc isìpleurou
trig¸nou apì tic pleurèc tou eÐnai stajerì kai Ðso me to Ôyoc
tou trig¸nou.
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Gia thn skèdash e+e− → e+e−, sto K.M., èqoume

s = (p1 + p2)2 = (E + E ,pi − pi )
2 = 4E 2 = 4(m2 + k2)

t = (p1 − p3)2 = (E − E ,pi − pf )2 = −(2k2 − 2k2 cos θ)

u = (p1 − p4)2 = (E − E ,pi + pf )2 = −(2k2 + 2k2 cos θ)

62/389



Ta swmatÐdia èqoun sto K.M. èqoun Ðdio mètro orm c,
|pi | = |pf | = k kai epeid  èqoun Ðdia m�za èqoun kai Ðdia
enèrgeia. 'Ara, s ≥ 0 kai t, u ≤ 0. All� epeid  s + t + u = 4m2

sumperaÐnoume ìti s ≥ 4m2.
Blèpoume apì to Sq ma ìti gia thn e+e− → e+e−, h
metablht  u = (pA − pD)2 apoteleÐ thn s metablht  thc
e−e− → e−e−

se+e−→e+e− = ue−e−→e−e−

opìte, gia thn e−e− → e−e−, h fusik  perioq  eÐnai t, s ≤ 0
kai u ≥ 4m2
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'Askhsh 14 DeÐxte ìti gia thn skèdash e−µ− → e−µ−, h
fusik  perioq  twn metablht¸n eÐnai t = 0 kai su = (M2 −m2)2

ìpou M kai m eÐnai oi m�zec tou mionÐou kai tou hlektronÐou.
Sqedi�ste to di�gramma Mandelstam.

'Askhsh 15 Elègxte ìti h Ex.12 eÐnai thc morf c

Me−e+(s, t, u) =Me−e−(u, t, s)

Ac upologÐsoume to analloÐwto pl�toc thc skèdashc
hlektronÐou-pozitronÐou wc sun�rthsh twn stajer¸n s, t kai u.
Apì th Ex.11 èqoume

− (pA + pC )(pB + pD) = −(2pA − pA + pC )(pB + pD) =

= −(2pA + pB − pD)(pB + pD) = −2pA(pB + pD) + p2
B − p2

D

= −2pA(pB + pD)
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kai
s−u = (pA +pB)2− (pA−pD)2 = 2pApB + 2pApd = 2pA(pB +pD)
'Omoia, t − u = (pA − pC )2 − (pA − pD)2 = −2pApC + 2pApd =
2pA(−pC + pD), kai

(pA − pB)(pC − pD) = (2pA − pA − pB)(pC − pD) =

= (2pA − pC − pD)(pC − pD) = −2pA(−pC + pd )− p2
C + p2

B =

= −2pA(−pC + pD)

kai bèbaia t = (pD − pB)2 kai s = (pA + pB)2 = (pC + pD)2.
Opìte h Ex.11 paÐrnei th morf 

Me+e− = e2

(
s − u

t
+

t − u

s

)
(13)

GiatÐ to pl�toc parousi�zei summetrÐa sthn enallag  s ←→ t?

AB → CD AC̄ → B̄D

e+e− → e+e− e+e− → e+e−
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Dhlad , sthn perÐptws  mac, h AB → CD kai h AC̄ → B̄D
eÐnai h Ðdia skèdash. Oi sked�seic AB → CD kai AC̄ → B̄D
èqoun susqètish s ←→ t. AntÐstoiqa, h skèdash AD̄ → B̄C
(dhlad  e+e+ → e+e+) kai h C̄B → ĀD (dhlad 
e−e− → e−e−) èqoun sqèsh me thn arqik  s ←→ u. Dhlad  to
analloÐwto pl�toc gia thn e−e− → e−e− gr�fetai amèswc,
qrhsimopoi¸ntac thn Ex(13),

Me−e− = e2

(
u − s

t
+

t − s

u

)
(14)

Blèpoume ìti to analloÐwto pl�toc, �ra kai h energìc
diatom , apeirÐzontai gia t → 0 kai u → 0. S' autèc tic
peript¸seic to ter�gwno thc tetrorm c tou eikonikoÔ fwtonÐou
teÐnei sto mhdèn kai ousiastik� den èqoume allhlepÐdrash.
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O diadìthc
'Eqoume deÐ  dh ìti sta diagr�mmata Feynman h gramm  tou
eikonikoÔ fwtonÐou antistoiqeÐ sto ìro 1/q2 me q h orm  tou
eikonikoÔ fwtonÐou (q2 6= 0). An to eikonikì swmatÐdio èqei
m�za o diadìthc gr�fetai 1/(q2 −m2). Ac doÔme pwc mporoÔme
na to katal�boume autì.
Sth mh sqetikistik  prosèggish eÐqame deÐ ìti

Tfi = −i
∑
n 6=i

Vfn
1

Ei − En
Vni 2πδ(Ef − Ei )
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P¸c ja p�me apì to 1/(Ei − En) sto 1/(pA + pB)2. Ac
jumhjoÔme ìti to di�gramma Feynman eÐnai to �jroisma ìlwn
twn qronik� diatetagmènwn diagramm�twn

Epomènwc, to analloÐwto pl�toc ja eÐnai

M∼ Vfn
1

Ei − Eγ
Vni + Vfn

1

Ei − (2Ei + Eγ)
Vni = Vfn

2Eγ
E 2

i − E 2
γ

Vni

To 2Eγ sqetÐzetai me ton normalismì. H parap�nw mèjodoc
eÐnai h legìmenh ��palai� mèjodoc diataraq¸n��. S' aut n h
tri-orm  diathreÐtai se k�je koruf  all� ìqi h enèrgeia
(pr�gma mh sunalloÐwto). Ta swmatÐdia eÐnai p�nta sto
��kèlufoc m�zac�� (mass shell), dhlad  to tetr�gwno thc
tetr-orm c eÐnai Ðso me to tetr�gwno thc m�zac.
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T¸ra mporoÔme na gr�youme

E 2
i = (pA + pB)2 + (pA + pB)2 kai E 2

γ = m2
γ + p2

γ

ìpou b�lame mia m�za sto fwtìnio gia thn perÐptwsh pou to
eikonikì swmatÐdio èqei m�za. O ìroc (pA + pB)2 eÐnai h
sunolik  m�za. EpÐshc pγ = pA + pB . Opìte, o paronomast c
thc prohgoÔmenhc sqèshc gr�fetai

E 2
i − E 2

γ = (pA + pB)2 −m2
γ = q2 −m2

γ

pou sthn perÐptwsh tou �mazou fwtìniou gÐnetai apl� q2.
Dhlad , ajroÐzontac ta dÔo diagr�mmata paÐrnoume
sunalloÐwto apotèlesma. MporoÔme na doÔme to Ðdio gegonìc
kai sthn skèdash fwtonÐou apì hlektrìnio.
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Arister� èqoume to �jroisma ìlwn twn qronik� diatetagmènwn
diagramm�twn ìpou h triorm  diathreÐtai se k�je koruf  kai
gia to endi�meso swmatÐdio isqÔei p2 = m2. All� h enèrgeia
den diathreÐtai se k�je koruf . Sto dexiì di�gramma h
tetrorm  (orm  kai enèrgeia) diathreÐtai se k�je koruf  all�
p2 6= m2.
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H EXISWSH DIRAC

... ta kou�rk kai ta leptìnia ìmwc èqoun spin 1/2 kai den
perigr�fontai apì thn apl  kumatosun�rthsh pou ikanopoieÐ
thn Klein-Godon. Prèpei na broÔme mia exÐswsh me lÔseic pou
na mporoÔn na perigr�foun to spin twn swmatidÐwn kai
antiswmatidÐwn.
O Dirac prosp�jhse na gr�yei mia exÐswsh grammik  wc proc
to ∂/∂t, epomènwc grammik  kai wc proc ∇ (sunalloi¸thta).
H pio genik  morf  eÐnai

Hψ = (a · P + βm)ψ = 0

Oi par�metroi a kai β prèpei na eÐnai kat�llhloi ¸ste gia to
eleÔjero swmatÐdio na plhroÔtai h sqèsh

H2ψ =
(
P2 + m2

)
ψ
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Bèbaia, h arqik  prosp�jeia tou Dirac  tan na apofÔgei thn
arnhtik  puknìthta pijanìthtac. All� autì gia mac den eÐnai
plèon prìblhma. AntÐjeta, èqoume to kèrdoc perigraf c twn
antiswmatidÐwn. 'Eqoume loipìn

H2ψ = (aiPi + βm)(ajPj + βm)ψ =

=
(
(aiPi )(ajPj ) + β2m2 + (aiPi )βm + β(ajPj )m

)
ψ =

=

(
a2

i p
2
i + (aiaj + ajai︸ ︷︷ ︸)PiPj + β2m2 + (aiPi )βm + β(ajPj )m

)
ψ

i 6= j

Epomènwc, ja prèpei

a2
i = 1 kai aiβ + βai = 0 gia i = 1, 2, 3

β2 = 1 kai aiaj + ajai = 0 gia i 6= j

Ta ai kai β den mporeÐ na eÐnai aploÐ arijmoÐ. Ja prèpei na
p�me se pÐnakec pou droun sthn kumatosun�rthsh ψ pou
gÐnetai pia di�nusma me sunist¸sec.
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'Askhsh 16 DeÐxte ìti oi ai kai β prèpei na eÐnai ermhtianoÐ
pÐnakec, na èqoun Ðqnoc 0, na eÐnai artÐwn diast�sewn me
idiotimèc ±1.

H el�qisth di�stash, loipìn, eÐnai 4. H perÐptwsh 2
diast�sewn prèpei na aporrifjeÐ diìti gnwrÐzoume ìti
up�rqoun mìno 3 anex�rthtoi 2× 2 pÐnakec (tou Pauli) en¸
emeÐc qreiazìmaste 4 pÐnakec. Mia �po tic dunatèc
anaparast�seic twn ai kai β eÐnai h legìmenh anapar�stash
Pauli-Dirac (ìpou σ oi pÐnakec tou Pauli)

a =

(
0 σ
σ 0

)
β =

(
I 0
0 −I

)
ìpou

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
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Mia �llh anapar�stash eÐnai aut  tou Weyl

a =

(
−σ 0

0 σ

)
, β =

(
0 I
I 0

)
Me �lla lìgia, h epilog  twn ai kai β den eÐnai monadik .
JumÐzontac ìti ènac monadiakìc metasqhmatismìc diathreÐ tic
antimetajetikèc idiìthtec, èpetai ìti oi metasqhmatismoÐ

a′i = UaiU
−1, β′ = UβU−1

ìpou U ènac monadiakìc pÐnakac 4× 4, dÐnei mia nèa
anapar�stash twn ai kai β. Fusik�, ìla ta metr sima megèjh
eÐnai anex�rthta apì thn anapar�stash. To di�nusma ψ èqei
tèsseric sunist¸sec kai onom�zetai spinor tou Dirac.
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SunalloÐwth morf  thc exÐswshc Dirac. PÐnakec γ
Apì thn Hψ = (a · P + βm)ψ paÐrnoume, pollaplasi�zontac
epÐ β,

βi
∂

∂t
ψ =

(
−iβa ·∇ + β2m

)
ψ →

(
βi
∂

∂t
+ iβa ·∇

)
ψ = β2mψ →

(β, βa)

(
i
∂

∂t
, i∇

)
ψ = mψ → (iγµ∂µ −m)ψ = 0

ìpou orÐsame γµ = (β, βa) touc pÐnakec γ. Aut  eÐnai h
sunalloÐwth morf  thc exÐswshc Dirac. AntistoiqeÐ se tèsseric
diaforikèc exis¸seic∑

k

(
i (γµ)jk ∂µ −mδjk

)
ψk = 0, j = 1, 2, 3, 4

Qrhsimopoi¸ntac tic sqèseic twn a kai β pin�kwn, brÐskoume
eÔkola ìti

γµγν + γνγµ = 2gµν I
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kai epÐshc tic sqèseic

γ0 = β →
(
γ0
)2

= 1, γ0† = β† = β = γ0

γk† = (βak )† = akβ = −γk , (γk )2 = βakβak = −1, k = 1, 2, 3

 , pio genik� γµ† = γ0γµγ0.
Diathr simo reÔma kai h suzug c exÐswsh Dirac
H ermhtian  suzug c thc exÐswsh Dirac
(iγ0∂t + iγk∂k −m)ψ = 0 eÐnai

−i(∂tψ
†)γ0† − i(∂kψ

†)γk† −mψ† = 0

−i(∂tψ
†)γ0 + i(∂kψ

†)γk −mψ† = 0

Pollaplasi�zontac apì dexi� me γ0 kai qrhsimopoi¸ntac ìti
γ0γk = −γkγ0
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− i∂t(ψ†γ0)γ0 − i∂k (ψ†γ0)γk −mψ†γ0 = 0

i∂tψ̄γ
0 + i∂k ψ̄γ

k + mψ̄ = 0→ i∂µψ̄γ
µ + mψ̄ = 0

ìpou orÐsame ψ̄ = ψ†γ0 pou eÐnai ènac spinor gramm .
T¸ra qrhsimopoi¸ntac thn iγµ∂µψ −mψ = 0 epÐ (ψ̄·)

kai thn i∂µψ̄γ
µ + mψ̄ = 0 epÐ (·ψ)

kai ajroÐzontac paÐrnoume

iψ̄γµ∂µψ −mψ̄ψ + i∂µψ̄γ
µψ + mψ̄ψ = 0→ ∂µ(ψ̄γµψ) = 0

Epomènwc, orÐzoume to reÔma pijanìthtac jµ = ψ̄γµψ kai
bèbaia t¸ra

ρ = j0 = ψ̄γ0ψ = ψ†ψ =
4∑

i=1

|ψi |2 ≥ 0

dhlad  h puknìthta pijanìthtac ston Dirac eÐnai jetik  (sthn
exÐswsh Klein-Gordon  tan an�logh thc enèrgeiac).
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Qrhsimopoi¸ntac thn Pauli-Weiskopf perigraf , to jµ gÐnetai
puknìthta hlektrikoÔ reÔmatoc

jµ = −eψ̄γµψ
To γµ eÐnai tetradi�nusma me thn ènnoia ìti to jµ eÐnai
tetradi�nusma.
Spinor eleÔjerou swmatidÐou
'Askhsh 17 DeÐxte ìti k�je sunist¸sa tou ψ upakoÔei thn
exÐswsh Klein-Gordon.

Y�qnoume gia lÔseic eleÔjerwn swmatidÐwn (idiosunart seic
thc orm c) thc morf c

ψ = u(p)e−ipµxµ

me u(p) ènac spinor me 4 sunist¸sec. Qrhsimopoi¸ntac thn
morf  aut  sthn exÐswsh Dirac (to u(p) den exart�tai apì to
xµ)

iγν∂νψ −mψ = 0→ iγνu(p)(−ipν)e−ipµxµ −mu(p)e−ipµxµ = 0

(γνpν −m)u(p) = 0→ (p/−m)u(p) = 0
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qrhsimopoi¸ntac ton sumbolismì γµuµ = u/, me uµ
tetradi�nusma. Miac kai y�qnoume gia idiosunart seic thc
enèrgeiac p�me sthn arqik  exÐswsh

Hu = (a · p + βm)u = Eu

BrÐskoume pr¸ta tic lÔseic gia p = 0. Opìte

Hu = mβu =

(
mI 0
0 −mI

)
u

me idiotimèc E = m,m,−m,−m kai idiodianÔsmata
1
0
0
0

 ,


0
1
0
0

 ,


0
0
1
0

 ,


0
0
0
1
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Oi dÔo pr¸tec lÔseic, me E > 0, perigr�foun hlektrìnio en¸ oi
dÔo �llec, me E < 0 to pozitrìnio. Gia p 6= 0 èqoume

Hu =

(
m σ · p

σ · p −m

)(
uA

uB

)
= E

(
uA

uB

)
ìpou qwrÐsame to u se 2 spinor me 2 sunist¸sec to kajèna.
Opìte

muA + σ · puB = EuA

σ · puA −muB = EuB

}
→ σ · puB = (E −m)uA

σ · puA = (E + m)uB

Gia E > 0 epilègoume th morf  tou uA, gia par�deigma

uA = χ(1) =

(
1
0

)
  χ(2) =

(
0
1

)
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(  grammikì sunduasmì touc) kai to uB to paÐrnoume apì thn
deÔterh exÐswsh

uB =
σ · p
E + m

χ(s), s = 1, 2

Epomènwc, gia E > 0, èqoume (me N stajer� normalismoÔ)

u(s) = N

(
χ(s)

σ·p
E+mχ

(s)

)
, s = 1, 2

AntÐstoiqa, gia E < 0, epilègoume uB = χ(s) kai tìte
paÐrnontac to uA apì thn pr¸th exÐswsh

u(s+2) = N

(
−σ·p
|E |+mχ

(s)

χ(s)

)
, s = 1, 2
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'Askhsh 18 DeÐxte ìti oi 4 lÔseic thc exÐswshc Dirac eÐnai
orjog¸niec

u(r)†u(s) = 0, r 6= s

Ac apodeÐxoume mia polÔ qr simh sqèsh: (σ · p)2 = p2I

(σ·p)2 =
∑
i ,j

(σipi )(σjpj ) =
∑

i

σ2
i p

2
i +

∑
i ,j(i 6=j)

(σiσj +σjσi )pipj = p2

miac kai to tetr�gwno σ2
i = 1 gia k�je pÐnaka kai epÐshc

σiσj + σjσi = 0 gia i 6= j .
H sqèsh mporeÐ na apodeiqjeÐ epÐshc me �mesh antikt�stash
thc morf c twn pin�kwn tou Pauli.
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Oi genikèc lÔseic thc exÐswshc Dirac (Gauge Theories in
Particle Physics, Aitchison and Hey)
Apì thn arqik  morf  thc Dirac

i
∂ψ

∂t
= (−ia ·∇ + βm)ψ

kai gr�fontac ψ = ω e−ipµxµ ìpou ω =

(
φ
χ

)
èqoume

E

(
φ
χ

)
= (−ia · (i)p + βm)

(
φ
χ

)
=

[(
0 σ
σ 0

)
· p +

(
m 0
0 −m

)](
φ
χ

)
=

(
m σ · p

σ · p −m

)(
φ
χ

)
Opìte, paÐrnoume

Eφ = mφ+ σ · pχ
Eχ = −mχ+ σ · pφ
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H deÔterh exÐswsh dÐnei χ = σ·p
E+mφ.

Epomènwc, ω =

(
φ

σ·p
E+mφ

)
qwrÐc normalismì. Qrhsimopoi¸ntac

thn morf  tou χ sthn pr¸th exÐswsh paÐrnoume

Eφ = mφ+ σ · p σ · p
E + m

φ

E = m +
p2

E + m
→ (E −m)(E + m) = p2

E 2 = p2 + m2 → E = ±
√
p2 + m2

Poia eÐnai h fusik  shmasÐa tou ω me tic dÔo sunist¸sec? Sth
sqèsh pou dÐnei to ω, to φ eÐnai aujaÐreto. MporeÐ na p�rei tic

timèc

(
1
0

)
kai

(
0
1

)
pou eÐnai grammik� anex�rthta

idiodianÔsmata tou telest  Sz = 1
2σz = 1

2

(
1 0
0 −1

)
me

idiotimèc ±1
2 . Bèbaia, h pio genik  morf  tou φ eÐnai(

a
b

)
= a

(
1
0

)
+ b

(
0
1

)
me a, b migadikoÐ arijmoÐ.
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'Eqoume loipìn dÔo grammik� anex�rthtec lÔseic, ìpwc akrib¸c
èna sÔsthma me stroform  j = 1/2 (2j + 1 katast�seic).
Sto sÔsthma hremÐac (p=0), h ermhneÐa eÐnai �mesh. To
σ·p

E+m = 0, �ra kai χ = 0, kai oi dÔo lÔseic gÐnontai
1
0
0
0

 e−imt ,


0
1
0
0

 e−imt

Kai oi dÔo lÔseic èqoun Ðdia enèrgeia. 'Ara up�rqei k�poioc
telest c pou metatÐjetai me ton antÐstoiqo thc enèrgeiac (thn
qamiltonian ) kai xeqwrÐzei tic dÔo katast�seic. Autìc eÐnai o

Σz =

(
σz 0
0 σz

)
, ìpou σz =

(
1 0
0 −1

)
pou bèbaia metatÐjetai me thn qamiltonian  pou sthn
perÐptws  mac (p = 0) eÐnai apl� βm (eÐnai kai oi dÔo
diag¸nioi). Oi dÔo katast�seic èqoun idiotimèc ±1.
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GenikeÔontac Σ =

(
σ 0
0 σ

)
me thn idiìthta[

1
2 Σx ,

1
2 Σy

]
= i 1

2 Σz kai
(

1
2Σ
)2

= 3
4 I . Autèc akrib¸c eÐnai oi

idiìthtec enìc kbantomhqanikoÔ telest  stroform c me j = 1/2.
Epomènwc, o 1

2Σ mporeÐ na ermhneujeÐ wc o spin 1/2 kat�llhloc
telest c gia to sÔsthma hremÐac. Akrib¸c, gia to sÔsthma
hremÐac h exÐswsh Dirac perigr�fei èna swmatÐdio me spin 1/2.
Perimènoume na mhn all�zei to spin an p�me se sÔsthma me
p 6= 0. All� tìte, o telest c 1

2Σ den eÐnai pia kat�llhloc
giatÐ den metatÐjetai me ton antÐstoiqo thc enèrgeiac, pou t¸ra
eÐnai a · p + βm. Bèbaia suneqÐzoume na èqoume 2 anex�rthtec
katast�seic. Opìte ja prèpei na up�rqei telest c pou
metatÐjetai me thn qamiltonian . H epilog  den eÐnai monadik 
all� mia qr simh eÐnai o telest c thc elikìthtac(

σ·p
|p| 0

0 σ·p
|p|

)
=

(
σ · p̂ 0

0 σ · p̂

)
= Σ · p̂

pou pr�gmati metatÐjetai me thn a · p + βm.
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'Askhsh 19 DeÐxte ìti o Σ · p̂ metatÐjetai me thn qamiltonian 
H = a · p + βm, [H,Σ · p̂] = 0.

Oi idiotimèc tou Σ · p̂ eÐnai ±1 (dÔo forèc). O σ · p̂ èqei idiotimèc
±1 kai an UTAU = Adiag tìte kai(

UT 0
0 UT

)(
A 0
0 A

)(
U 0
0 U

)
=

(
Adiag 0

0 Adiag

)
Epomènwc, y�qnoume na broÔme thn morf  tou φ tètoia ¸ste(

σ · p̂ 0
0 σ · p̂

)(
φ

σ·p
E+mφ

)
= ±

(
φ

σ·p
E+mφ

)
  σ · p̂φ = ±φ. Ac onom�soume σ · p̂φ+ = φ+ kai σ · p̂φ− = −φ−.
Ac broÔme ta φ+ kai φ−. ParathroÔme ìti to (1 + σ · û)φ eÐnai
idiosun�rthsh tou σ · û, me idiotim  +1 gia aujaÐreto φ

σ · û(1 + σ · û)φ = (σ · û + 1)φ
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'Omoia, to (1− σ · û)φ eÐnai idiosun�rthsh tou σ · û, me idiotim 
−1. Epomènwc, gia tuqaÐo p̂ = (sin θ cosϕ, sin θ sinϕ, cos θ) kai

epilègontac to aujaÐreto φ =

(
1
0

)
èqoume

φ+ = (1 + σ · p̂)

(
1
0

)
=

(
1 + cos θ sin θ cosϕ− i sin θ sinϕ

sin θ cosϕ+ i sin θ sinϕ 1− cos θ

)(
1
0

)
→

φ+ =

(
1 + cos θ

sin θ cosϕ+ i sin θ sinϕ

)
Bèbaia qrei�zetai na normalÐsoume to φ+. EÔkola
upologÐzetai ìti h stajer� nomalismoÔ eÐnai

N2
[
(1 + cos θ)2 + |sin θ cosϕ+ i sin θ sinϕ|2

]
= 1⇒ N =

1

2

1

cos θ2
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Epomènwc, to normalismèno φ+ gr�fetai

φ+ =
1

2 cos θ2

(
2 cos2 θ

2

2 sin θ
2 cos θ2 (cosϕ+ i sinϕ)

)
→

φ+ =

(
cos θ2

sin θ
2 (cosϕ+ i sinϕ)

)
Gia to φ− boleÔei na epilèxoume gia aujaÐreto φ =

(
0
1

)
kai

èqoume entel¸c an�loga

φ− = (1− σ · p̂)

(
0
1

)
=

=

(
1− cos θ − sin θ cosϕ+ i sin θ sinϕ

sin θ cosϕ− i sin θ sinϕ 1 + cos θ

)(
0
1

)
φ− =

(
− sin θ cosϕ+ i sin θ sinϕ

1 + cos θ

)
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O normalismìc eÐnai o Ðdioc kai katal goume

φ− =

(
sin θ

2 (− cosϕ+ i sinϕ)

cos θ2

)
EÔkola faÐnetai ìti φ†+φ− = 0. Ta φ+ kai φ− eÐnai
normalismèna kai orjog¸nia. EpÐshc gia p = (0, 0, p)  
p̂ = (0, 0, 1), opìte èqoume θ = 0 ta φ+ kai φ− gÐnontai

φ+ =

(
1
0

)
, φ− =

(
0
1

)
Metasqhmatismìc tou spinor se qwrikèc strofèc
Ac jewr soume mia apl  strof  gÔrw apì ton �xona x , me
gwnÐa θ  x ′

y ′

z ′

 =

 1 0 0
0 cos θ sin θ
0 − sin θ cos θ

 x
y
z
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Ac upojèsoume epÐshc ìti xekin�me me èna sÔsthma
suntetagmènwn ìpou h orm  eÐnai p = (0, 0, p). Tìte ta φ± eÐnai

ta φ+ =

(
1
0

)
kai φ− =

(
0
1

)
. H orm  metasqhmatÐzetai wc

di�nusma sthn strof  p′x
p′y
p′z

 =

 1 0 0
0 cos θ sin θ
0 − sin θ cos θ

 0
0
p


dhlad , p′x = px = 0, p′y = p sin θ kai p′z = p cos θ. Sto nèo
sÔsthma, ta φ± ja prèpei na upakoÔoun antÐstoiqec sqèseic

σ · p̂′φ′+ = φ′+, σ · p̂′φ′− = −φ′−

dhlad , gia to φ′+ ja èqoume (p̂′ = (0, sin θ, cos θ))

σ · p̂′φ′+ =

(
cos θ −i sin θ
i sin θ − cos θ

)
φ′+ = φ′+

91/389



Gr�fontac to φ′+ =

(
a
b

)
èqoume ìti

a cos θ − ib sin θ = a→ b = ia
sin θ/2

cos θ/2

'Ara,

(
a
b

)
= a

(
1

i sin θ/2
cos θ/2

)
. NormalÐzontac paÐrnoume

φ′+ =

(
cos θ/2
i sin θ/2

)
. Autì mporeÐ na xanagrafteÐ wc

φ′+ =

(
cos θ/2
i sin θ/2

)
=

(
cos θ/2 i sin θ/2
i sin θ/2 cos θ/2

)
φ+

ìpou to φ+ =

(
1
0

)
. Akrib¸c an�loga èqoume gia to φ−

φ′− =

(
i sin θ/2
cos θ/2

)
=

(
cos θ/2 i sin θ/2
i sin θ/2 cos θ/2

)
φ−

ìpou to φ− =

(
0
1

)
.
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Parathr ste ìti ta φ′+ kai φ′− paramènoun orjog¸nia.
Dhlad  èqoume kai ed¸ mia ��strof ��, mìno pou gwnÐa eÐnai
θ/2. Gia na to genikeÔsoume, parathroÔme ìti

e iσxθ/2 = 1 + iσxθ/2 +
1

2!
(iσxθ/2)2 +

1

3!
(iσxθ/2)3 + · · ·

= 1 + iσxθ/2− 1

2
(θ/2)2 − 1

3!
iσx (θ/2)3 + · · ·

= cos θ/2 + iσx sin θ/2 =

(
cos θ/2 i sin θ/2
i sin θ/2 cos θ/2

)
Opìte, an h strof  θ eÐnai gÔrw apì ton �xona pou orÐzetai
apì to monadiaÐo di�nusma n̂

φ′ = e iσ·n̂ θ/2φ

O pÐnakac e iσ·n̂ θ/2φ ≡ U eÐnai monadiakìc (U†U = UU† = 1),
opìte to ��m koc�� φ†φ diathreÐtai. Autìc o kanìnac, par' ìlo
pou xekin same me eidik� φ pou eÐnai idiokatast�seic thc
elikìthtac, eÐnai genikìc gia k�je spinor.
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O spinor tou Dirac, me 4 sunist¸sec, gr�fetai t¸ra, gia tic
sugkekrimènec idiokatast�seic φ+ kai φ−

ω+ =

(
φ+

σ·p
E+mφ+

)
=

(
φ+
|p|

E+mφ+

)
, ω− =

(
φ−

− |p|
E+mφ−

)

Dhlad  to p�nw kai to k�tw tm ma metasqhmatÐzontai me ton
Ðdio trìpo (to |p|

E+m eÐnai bajmwtì). 'Ara genikeÔoume ton
metasqhmatismì gia ton spinor tou Dirac

ω′ = e iΣ·n̂θ/2ω

ìpou Σ =

(
σ 0
0 σ

)
kai isqÔei gia k�je tetra-spinor. 'Etsi h

pijanìthta

ρ′ = ψ†′ψ′ = ω†′ω′ = ω†e−iΣ·n̂θ/2e iΣ·n̂θ/2ω = ω†ω
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Oi arnhtikèc lÔseic thc exÐswshc Dirac
EÐqame xekin sei apì thn exÐswsh tou Dirac me th morf 

E

(
φ
χ

)
=

(
m σ · p

σ · p −m

)(
φ
χ

)
→
{

Eφ = mφ+ σ · pχ
Eχ = −mχ+ σ · pφ

Gia E > 0 gnwrÐzoume  dh ton spinor ω =

(
φs

σ·p
E+mφ

s

)
, s = 1, 2.

Gia na normalÐsoume ω†ω = 2E . Opìte (ta φs eÐnai
normalismèna)

N2

(
1 +

(σ · p)2

(E + m)2

)
= 2E → N2 (E + m)2 + p2

(E + m)2
= 2E

N =
√
E + m

kai tìte u(p, s) =
√
E + m

(
φs

σ·p
E+mφ

s

)
, s = 1, 2 kai

ψ = e−ip·xu(p, s).
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Gia tic arnhtikèc lÔseic, sto sÔsthma hremÐac p = 0, j� èqoume
E = −m opìte

−m
(
φ
χ

)
=

(
m 0
0 −m

)(
φ
χ

)
opìte φ = 0 kai èqome dÔo anex�rthtec lÔseic

ω(E < 0) =

(
0
χs

)
.

Gia p 6= 0 ja èqoume Eφ = mφ+ σ · pχ→ φ = σ·p
E−mχ, opìte

ω(E < 0) =

( σ·p
E−mχ

s

χs

)
=

(
− σ·p
|E |+mχ

s

χs

)
, s = 1, 2

JumÐzoume ta antiswmatÐdia pou phgaÐnoun antÐjeta sto qrìno
(p→ −p), opìte orÐzoume

ω(E < 0,−p, s) =

( σ·p
|E |+mχ

s

χs

)
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Qrhsimopoi¸ntac ton Ðdio normalismì N =
√
E + m èqoume

v(p, s) =
√
|E |+ m

( σ·p
|E |+mχ

s

χs

)
, s = 1, 2

kai ψ = v(p, s)e−i(−p)·x = v(p, s)e ip·x me p = (E ,p). H epilog 

eÐnai χ1 =

(
0
1

)
kai χ2 =

(
1
0

)
giatÐ h apousÐa enìc �nw

spin hlektronÐou me arnhtik  enèrgeia isodunameÐ me parousÐa
pozitronÐou me k�tw spin me jetik  enèrgeia.
'Askhsh 20 DeÐxte ìti pr�gmati h exÐswsh Dirac perigr�fei
eswterik  stroform  1/2. Dhlad , deÐxte ìti h qamiltonian 
den metatÐjetai me th stroform  L all� me ton telest  L + 1

2Σ

Sth mh sqetikistik  prosèggish h ��k�tw�� sunist¸sa tou
4-spinor eÐnai kat� (v/c) mikrìterh apì thn ���nw�� sunist¸sa:
m + E ∼ 2m→ (σ · p)/(2m) ∼ v .
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'Askhsh 21 DeÐxte ìti sth mh sqetikistik  prosèggish h
exÐswsh tou Dirac katal gei sthn exÐswsh tou Pauli parousÐa
hlektromagnhtikoÔ pedÐou Aµ = (V ,A)

(E + eV −m)ψA =

[
(p + eA)2

2m
+

e

2m
σ · B

]
ψA

Apì ton ìro e
2mσ · B blèpoume ìti up�rqei mia eswterik 

stroform  tou hlektronÐou.
Ac jumhjoÔme ìti magnhtik  rop  m, se magnhtikì pedÐo B èqei
enèrgeia −m · B. FortÐo q, m�zac M èqei mia magnhtik  rop 
m = 1

2
q
M L ìpou L h stroform . 'Ara, o ìroc

−
(
−e
2M

σ

)
· B =

( e

2M
2S
)
· B = 2

( e

2M
S
)
· B

(ìpou S = 1
2σ) antistoiqeÐ se mia idiostroform  tou

hlektronÐou. H antÐstoiqh magnhtik  rop  eÐnai
m = e

2M 2S = 2 e
2M S. Dhlad  o suntelest c mpost� apì to S

eÐnai dipl�sioc apì autìn thc stroform c L (−1
2

q
m L · B).
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H dikaiolìghsh tou suntelest  2 jewreÐtai apì touc
��jri�mbouc�� thc exÐswshc tou Dirac.
AntiswmatÐdia
'Opwc èqoume  dh pei oi dÔo lÔseic e−ipxu(1,2)(p) antistoiqoÔn
sto eleÔjero hlektrìnio me E ,p. To anti-hlektrìnio ja
perigrafeÐ apì tic �llec dÔo lÔseic. Mènoume p�ntote sthn
perigraf : antihlektrìnio me E kai p perigr�fetai apì
��hlektronik  lÔsh�� me −E kai −p

e−i(−p)xu(3,4)(−p) ≡ e ipxv (2,1)(p)

me p0 ≡ E > 0. To v eÐnai o spinor tou pozitronÐou. Ac doÔme
poia exÐswsh plhroÐ to v

(p/−m)u(p) = 0→ (−p/−m)u(−p) = 0→ (p/+ m)v(p) = 0

Sta diagr�mmata Feynman suneqÐzoume thn Ðdia taktik :
eiserqìmeno (exerqìmeno) pozitrìnio antikajÐstatai apì
exerqìmeno (eiserqìmeno) hlektrìnio. Prosoq  jèlei h
elikìthta. 'Otan p→ −p kai σ → −σ, h elikìthta 1

2σ · p̂ den
all�zei.
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Hlektrìnio se hlektromagnhtikì pedÐo plhroÐ thn exÐswsh
[γµ(i∂µ + eAµ)−m]ψ = 0. P¸c ja gr�youme thn antÐstoiqh
exÐswsh gia to pozitrìnio. Ja prèpei na katal xoume se mia
parìmoia me allag  tou pros mou tou fortÐou. Apì thn
suzhg  thc parap�nw exÐswshc èqoume (pollaplasi�zontac
apì arister� me C ′ kai eis�gontac ton ìro C ′−1C ′ met� to γ)

[γµ∗(−i∂µ + eAµ)−m]ψ∗ = 0→
[−γµ∗(i∂µ − eAµ)−m]ψ∗ = 0→[
C ′(−γµ∗)C ′−1(i∂µ − eAµ)−m

]
C ′ψ∗ = 0

Ja prèpei loipìn na brejeÐ ènac pÐnakac C ′ tètoioc ¸ste
−C ′γµ∗C ′−1 = γµ. SunhjÐzoume na gr�foume C ′ = Cγ0. 'Ara
ja prèpei −Cγ0γµ∗ = γµCγ0. An loipìn orÐsoume
ψC ≡ C ′ψ∗ = Cγ0ψ∗ = C (ψ̄)T , to ψC upakoÔei thn exÐswsh

[(iγµ∂µ − eAµ)−m]ψC = 0

'Askhsh 22 DeÐxte ìti me thn sugkekrimènh morf  twn pin�kwn
g, h morf  Cγ0 = iγ2 plhroÐ thn sunj kh −Cγ0γµ∗ = γµCγ0.
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'Askhsh 23 DeÐxte ìti isqÔoun oi sqèseic C−1γµC = (−γµ)T ,
C = −C−1 = −C † = −CT , ψ̄C = −ψTC−1.

Ac doÔme th ��dr�sh�� tou iγ2 p�nw se èna sugkekrimèno spinor:

ψ
(1)
C = iγ2

[
e−ipxu(1)(p)

]∗
= e ipx

(
0 iσ2

−iσ2 0

)
1
0

σ∗·p
E+m

(
1
0

)
 =

= e ipx

 iσ2
σ∗·p
E+m

(
1
0

)
−iσ2

(
1
0

)


All�

σ2σ
∗ =

{
σ2σ

∗
1,3 = σ2σ1,3 = −σ1,3σ2

σ2σ
∗
2 = −σ2σ2

}
= −σσ2
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'Ara

ψ
(1)
C = e ipx

 −
σ·p

E+m iσ2

(
1
0

)
−iσ2

(
1
0

)
 =

= e ipx

 −
σ·p

E+m

(
0 1
−1 0

)(
1
0

)
−
(

0 1
−1 0

)(
1
0

)
 =

= −e ipx


σ·p

E+m

(
0
−1

)
(

0
−1

)
 = e ipx

 −
σ·(−p)
|−E |+m

(
0
1

)
(

0
1

)
 =

= e−i(−p)xu(4)(−p) = e ipxv (1)(p)

Xanagr�foume, sumperasmatik�,

ψ
(1)
C = iγ2

[
e−ipxu(1)(p)

]∗
= e ipxu(4)(−p) = e ipxv (1)(p)
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To hlektrikì reÔma eÐnai jµ = −eψ̄γµψ gia to hlektrìnio.
Opìte, to reÔma gia to ψC ja eÐnai jµC = −eψ̄Cγ

µψC . Autì
gr�fetai (ψ̄C = −ψTC−1)

jµC = −eψ̄Cγ
µψC = +eψTC−1γµψC =

= +eψT (C−1γµ)Cγ0ψ∗ = −eψTγµTC−1Cγ0ψ∗ =

= −eψTγµTγ0ψ∗ = −eψTγµTγ0Tψ∗ =

= +e
(
ψ†γ0γµψ

)T
= +eψ̄γµψ

H allag  pros mou sthn proteleutaÐa isìthta eÐnai
shmantik . Epib�lletai apì thn sqèsh statistik c-spin. Sthn
kbantik  jewrÐa pedÐou parousi�zetai lìgw thc
antimetajetikìthtac twn fermionik¸n telest¸n ψ. Sthn jewrÐa
pedÐou o telest c thc suzugÐac fortÐou metatrèpei èna
hlektrìnio jetik c enèrgeiac se èna pozitrìnio jetik c
enèrgeiac. To apotèlesma eÐnai ìti ja prèpei na eis�goume me
to qèri èna arnhtikì prìshmo se k�je di�gramma Feynman pou
perièqei èna arnhtik c enèrgeiac hlektrìnio sthn telik 
kat�stash.

103/389



O telest c Cγ0 kataskeu�zei kumatosunart seic pozitronÐou.
An o antÐstoiqoc telest c tou hlektromagnhtikoÔ pedÐou
metatrèpei Aµ → −Aµ tìte h exÐswsh Dirac paramènei
analloÐwth

[γµ (i∂µ + eAµ)−m]ψ = 0 → [γµ (i∂µ − eAµ)−m]ψC = 0
hlektrìnio jetik c pozitrìnio jetik c

enèrgeiac enèrgeiac
spin �nw spin �nw

T¸ra blèpoume thn analloÐwthta fortÐou gia tic
hlektromagnhtikèc dun�meic

jC
µ (Aµ)C = (−jµ)(−Aµ) = jµA

µ

Normalismìc twn spinors kai sqèseic plhrìthtac
Ja normalÐsoume ìpwc kai me ta mpozìnia: 2E swmatÐdia an�
mon�da ìgkou. Apì to reÔma pijanìthtac jµ = ψ̄γµψ paÐrnoume
thn puknìthta pijanìthtac ρ = ψ̄γ0ψ = ψ†γ0γ0ψ = ψ†ψ.
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Opìte ∫
mon�da ìgkou

ρ dV =

∫
ψ†ψ dv = u†u = 2E

gia tic lÔseic me jetikèc enèrgeiec. To u dÐnetai apì th sqèsh

u = N

(
χ(s)

σ·p
E+mχ

(s)

)
ìpou χ(s) =

(
1
0

)
 

(
0
1

)
. Bèbaia, autì antistoiqeÐ me orm 

ston �xona twn z , all� gnwrÐzoume ìti me mia kat�llhlh
strof  mporoÔme na p�me se opoiad pote dieÔjunsh
energ¸ntac p�nw sto u me ton telest  exp(iσ · n̂θ/2). Ta dÔo χ
eÐnai normalismèna (sthn mon�da) kai orjog¸nia. Epomènwc,
gia s = 1   2,

u†u = N2

(
χ(s)† χ(s)† σ · p

E + m

)(
χ(s)

σ·p
E+mχ

(s)

)
=

= N2

(
1 +

p2

(E + m)2

)
= N2 2E

E + m
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Epomènwc, N =
√
E + m. EÔkola faÐnetai ìti to Ðdio ja isqÔei

kai gia touc spinors v me arnhtik  enèrgeia.
To u upakoÔei thn exÐswsh Dirac:

(iγµ∂µ −m)ψ = 0→ (γµpµ −m)u = 0→ (p/−m)u = 0

Poia eÐnai h antÐstoiqh exÐswsh gia to ū? PaÐrnoume th suzhg 
thc prohgoÔmenhc sqèshc kai pollaplasi�zoume me γ0 apì
dexi�

u†
(
pµγ

µ† −m
)

= 0→ u†
(
pµγ

µ†γ0 −mγ0
)

= 0→

u†
(
pµγ

0γµ −mγ0
)

= 0→ ū (p/−m) = 0

miac kai gnwrÐzoume ìti γ0γ†µγ0 = γµ. 'Omoia, apì thn exÐswsh
pou plhroÐ to v : (p/+ m)v = 0 paÐrnoume v̄(p/+ m) = 0.
T¸ra, mporoÔme na deÐxoume tic sqèseic

ū(s)u(s) = 2m kai v̄ (s)v (s) = −2m, s = 1, 2

Ac deÐxoume thn pr¸th sqèsh. Pollaplasi�zoume thn
(p/−m)u = 0 me ūγ0 apì arister� kai thn ū (p/−m) = 0 me γ0u
apì dexi�, kai ajroÐzoume

106/389



ūγ0(p/−m)u = 0
ū (p/−m) γ0u = 0

}
ū
(
γ0p/+ p/γ0

)
u − 2mūγ0u = 0

2p0ūu − 2mu†u = 0→ ūu =
m

E
u†u = 2m

miac kai u†u = 2E . 'Omoia deÐqnetai kai h deÔterh sqèsh gia ta
v .
'Askhsh 24 DeÐxte tic sqèseic plhrìthtac∑

s=1,2

u(s)(p)ū(s)(p) = p/+ m,
∑

s=1,2

v (s)(p)v̄ (s)(p) = p/−m

'Askhsh 25 DeÐxte ìti p/p/ = p2

'Askhsh 26 DeÐxte ìti oi telestèc

Λ+ =
p/+ m

2m
, Λ− =

−p/+ m

2m

prob�lloun tic katast�seic jetik c kai arnhtik c enèrgeiac
antÐstoiqa. Elègxte ìti, wc probolikoÐ telestèc, upakoÔoun
stouc kanìnec: Λ2

± = Λ± kai Λ+ + Λ− = 1.
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Digrammikèc analloÐwtec posìthtec
EÐnai qr simo na broÔme ìrouc thc morf c ψ̄Γψ, ìpou Γ
ginìmeno γ pin�kwn, me kajorismènouc kanìnec
metasqhmatismoÔ k�tw apì metasqhmatismoÔc Lorentz ¸ste na
fti�xoume analloÐwtec posìthtec. OrÐzoume γ5 = iγ0γ1γ2γ3

kai eÔkola blèpoume ìti

γ5† = −iγ3†γ2†γ1†γ0† = −i(−γ3)(−γ2)(−γ1)γ0 = iγ0γ1γ2γ3 = γ5

qrhsimopoi¸ntac thn antimet�jesh twn γ pin�kwn. EpÐshc
isqÔei ìti (γ5)2 = I kai γ5γµ + γµγ5 = 0. Sthn Dirac-Pauli
anapar�stash, o γ5 gr�fetai

γ5 =

(
0 I
I 0

)
'Olec oi dunatèc (anex�rthtec) digrammikèc posìthtec eÐnai oi
akìloujec (ìpou σµν = (i/2)(γµγν − γνγµ))
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Ar. sunist. Qwr. anastr.

ψ̄ψ Bajmwtì 1 +
ψ̄γµψ Di�nusma 4 Qwrikèc −
ψ̄σµνψ Tanust c 6
ψ̄γ5γµψ �Axonikì� di�nusma 4 Qwrikèc +
ψ̄γ5ψ Yeudobajmwtì 1 −

Ja prèpei na doÔme p¸c metasqhmatÐzetai to ψ k�tw apì
metasqhmatismoÔc (p.q. Lorentz, qwrik  antistrof ) ¸ste na
paramènei analloÐwth h exÐswsh Dirac. Dhlad , h ψ′(x ′) na
upakoÔei thn exÐswsh(

iγµ
∂

∂x ′µ
−m

)
ψ′(x ′) = 0

me x ′µ = Λµνxν . To zhtoÔmeno eÐnai na broÔme to S tètoio ¸ste
ψ′(x ′) = Sψ(x). UpenjumÐzontac ìti ψ = e−ipxu(p), perimènoume
to S na eÐnai anex�rthto apì to x . GnwrÐzontac ìti

∂

∂xµ
=
∂x ′ν

∂xµ
∂

∂x ′ν
= Λνµ

∂

∂x ′ν

èqoume
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(
iγµΛνµ

∂

∂x ′ν
−m

)
S−1ψ′(x ′) =

(
SiγµΛνµS

−1 ∂

∂x ′ν
−m

)
ψ′(x ′) = 0

'Ara, h apaÐthsh eÐnai

SγµΛνµS
−1 = γν → γµΛνµ = S−1γνS

'Askhsh 27 DeÐxte ìti gia èna apeirostì orjì
metasqhmatismì Lorentz, Λµν = δµν + εµν , h morf 

SL = 1− i

4
σµνε

µν

plhroÐ thn anagkaÐa sqèsh. DeÐxte epÐshc ìti

S−1
L = γ0S†Lγ

0 kai γ5SL = SLγ
5

Gia qwrik  antistrof , ìpou o pÐnakac
Λνµ = diag(1,−1,−1,−1), h basik  apaÐthsh pou ja prèpei na

plhroÐ o S eÐnai S−1
P γ0SP = γ0 kai S−1

P γkSP = −γk , k = 1, 2, 3.
Autèc oi sqèseic plhroÔntai me SP = γ0.
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Opìte, sthn Dirac-Pauli anapar�stash, ìpou
γ0 = diag(1, 1,−1,−1), oi tèssereic sunist¸sec tou ψ
metasqhmatÐzontai, gia qwrik  antistrof , wc

ψ′1,2 = ψ1,2, ψ′3,4 = −ψ3,4

Dhlad , sto sÔsthma hremÐac, oi jetik c kai oi arnhtik c
enèrgeiac katast�seic (dhlad  to hlektrìnio kai to pozitrìnio)
èqoun antÐjeth eswterik  omotimÐa.
T¸ra mporoÔme na elègxoume touc metasqhmatismoÔc twn
digrammik¸n posot twn. Ac doÔme pr¸ta p¸c metasqhmatÐ-
zetai to ψ̄ se metasqhmatismì Lorentz ψ′(x ′) = SLψ(x)

ψ̄′ = ψ′†γ0 = (SLψ)†γ0 = ψ†S†Lγ
0 = ψ†γ0S−1

L = ψ̄S−1
L

Opìte, se metasqhmatismì Lorentz,

ψ̄′γµψ′ = ψ̄S−1
L γµSLψ = Λµν(ψ̄γνψ)

dhlad  metasqhmatÐzetai wc tetradi�nusma.
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Gia qwrik  antistrof 

ψ̄′γµψ′ = ψ′†γ0γµψ′ = (SPψ)†γ0γµ(SPψ) = (γ0ψ)†γ0γµ(γ0ψ) =

= ψ̄γ0γµγ0ψ =

{
+ψ̄γ0ψ, µ = 0
−ψ̄γµψ, µ = 1, 2, 3

Gia to ψ̄ψ èqoume

ψ̄′ψ′ = ψ†S†γ0Sψ = ψ†γ0S−1Sψ = ψ̄ψ

gia SL kai SP .
Fermiìnia me mhdenik  m�za. To netrÐno
Sthn perÐptwsh thc mhdenik c m�zac, h exÐswsh tou Dirac
gÐnetai

Hψ = a · pψ = Eψ

T¸ra sumfèrei na qrhsimopoi soume thn anapar�stash Weyl
twn pin�kwn a

a =

(
−σ 0

0 σ

)
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Opìte

a · p
(
χ
φ

)
= E

(
χ
φ

)
→
{
−σ · pχ = Eχ
σ · pφ = Eφ

Gia k�je exÐswsh isqÔei E 2 = p2 → E = ±p.
Ac doÔme thn pr¸th exÐswsh −σ · pχ = Eχ. Gia E > 0 èqoume

−σ · pχ(p) = Eχ→ −σ · p

E
χ(p) = χ(p)→ σ · p̂χ(p) = −χ(p)

'Ara, to χ èqei arnhtik  elikìthta. H Ðdia pr¸th exÐswsh, gia
E < 0 (wc sun jwc mil�me gia −E kai −p), gr�fetai

−σ · (−p)χ(−p) = −Eχ→ σ · (−p̂)χ(−p) = χ(−p)

Epomènwc to χ(−p) èqei jetik  elikìthta.
Akrib¸c ta antÐjeta sumbaÐnoun gia thn deÔterh exÐswsh. To φ
gia E > 0 èqei jetik  elikìthta, en¸ gia E < 0 èqei arnhtik 
elikìthta.
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Sthn anapar�stash Weyl, o γ5 = diag(−I , I ). EÔkola faÐnetai
ìti

PL ≡
1− γ5

2
=

(
1 0
0 0

)
, PR ≡

1 + γ5

2
=

(
0 0
0 1

)
Oi telestèc PL kai PR eÐnai probolikoÐ: PL + PR = 1, PLPR = 0
kai P2

L = PL, P
2
R = PR .

An ψ eÐnai ènac genikìc spinor, tìte to PLψ onom�zetai
arister  sunist¸sa kai to PRψ dexi� sunist¸sa tou ψ.
P�ntote mporoÔme na gr�youme ψ = (PL + PR)ψ = PLψ + PRψ.
Blèpoume ìti

PL

(
χ
φ

)
=

(
1 0
0 0

)(
χ
φ

)
=

(
χ
0

)
PR

(
χ
φ

)
=

(
0 0
0 1

)(
χ
φ

)
=

(
0
φ

)
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Opìte ènac spinor me mhdenikèc tic dÔo k�tw sunist¸sec eÐnai
idiokat�stash tou PL, dhlad  eÐnai aristerìstrofo

PL

(
χ
0

)
=

(
1 0
0 0

)(
χ
0

)
=

(
χ
0

)

DHLADH: to

(
χ
0

)
me E > 0, èqei arnhtik  elikìthta kai

eÐnai aristerìstrofo. To Ðdio me E < 0 eÐqame dei ìti èqei
jetik  elikìthta kai

PL

(
χ(−p)

0

)
=

(
χ(−p)

0

)
all� lìgw tou −p eÐnai dexiìstrofo. Ta antÐjeta isqÔoun gia
to spinor me mhdenikèc tic dÔo p�nw sunist¸sec.
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SunoyÐzoume (gia m = 0)(
χ(p)

0

)
aristerìstrofo me h = −1 (aristerìstrofo netrÐno)(

χ(−p)
0

)
dexiìstrofo me h = +1 (dexiìstrofo antinetrÐno)(

0
φ(p)

)
dexiìstrofo me h = +1 (dexiìstrofo netrÐno)(

0
φ(−p)

)
aristerìstrofo me h = −1 (aristerìstrofo

antinetrÐno)
To hlektromagnhtikì reÔma eÐnai jµ = ψ̄eγ

µψe . Stic asjeneÐc
allhlepidr�seic to antÐstoiqo reÔma eÐnai

1

2
ψ̄e

[
γµ − γµγ5

]
ψνe = ψ̄eγ

µ 1− γ5

2
ψνe

All�, gia �mazo netrÐno, h posìthta 1−γ5

2 ψνe antistoiqeÐ sto
aristerìstrofo netrÐno (  dexiìstrofo antinetrÐno). Sth
jewrÐa twn asjen¸n allhlepidr�sewn den emfanÐzetai
dexiìstrofo netrÐno (  aristerìstrofo antinetrÐno).
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Gia m 6= 0, to uL = PLu den eÐnai idiokat�stash thc elikìthtac.
Qrhsimopoi¸ntac thn Dirac-Pauli anapar�stash ja èqoume

PLu(p) =
1− γ5

2
u(p) =

1

2

(
1 −1
−1 1

)
1
0

σ·p
E+m

(
1
0

)
 =

=
1

2


(

1− σ·p
E+m

)( 1
0

)
(
−1 + σ·p

E+m

)( 1
0

)


Efarmìzontac ton telest  thc elikìthtac èqoume

(
σ · p̂ 0

0 σ · p̂

)
1

2


(

1− σ·p
E+m

)( 1
0

)
(
−1 + σ·p

E+m

)( 1
0

)
 =
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=
1

2

 (σ · p̂− p
E+m )

(
1
0

)
(−σ · p̂ + p

E+m )

(
1
0

)


blèpoume ìti to uL den eÐnai idiokat�stash thc elikìthtac. An
ìmwc m = 0, kai tìte p = E , ja èqoume

(
σ · p̂ 0

0 σ · p̂

)
1

2

 (1− σ · p̂)

(
1
0

)
(−1 + σ · p̂)

(
1
0

)
 =

=
1

2

 (σ · p̂− 1)

(
1
0

)
(−σ · p̂ + 1)

(
1
0

)
 = −1

2

 (1− σ · p̂)

(
1
0

)
(−1 + σ · p̂)

(
1
0

)
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Parathr ste ìti gia m = 0 h dr�sh tou γ5 kai tou telest  thc
elikìthtac tautÐzontai

γ5u(p) =

(
0 1
1 0

)
1
0

σ · p̂
(

1
0

)
 =

 σ · p̂
(

1
0

)
1
0

 =

=

(
σ · p̂ 0

0 σ · p̂

)
1
0

σ · p̂
(

1
0

)


Majorana spinors
Ac upojèsoume ìti èna swmatÐdio, pou perigr�fetai apì thn
ψM , sumpÐptei me to antiswmatÐdiì tou. Dhlad , ψC

M = ψM .
Bèbaia, èna tètoio swmatÐdio ja prèpei na eÐnai hlektrik�
afìrtisto. Ac doÔme poiec sqèseic plhroÔn oi sunist¸sec tou.
GnwrÐzoume ìti

ψC
M = Cγ0ψ∗M = iγ2ψ∗M =

(
0 iσ2

−iσ2 0

)
ψ∗M
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Gr�fontac to ψM me duo sunist¸sec φ kai χ èqoume

ψC
M = ψM →

(
0 iσ2

−iσ2 0

)(
φ∗

χ∗

)
=

(
φ
χ

)
  me �lla lìgia

iσ2 χ
∗ = φ

H �llh sqèsh, −iσ2 φ
∗ = χ eÐnai isodÔnamh miac kai σ∗2 = −σ2

kaj¸c kai (σ2)2 = 1. Opìte, to ψM gr�fetai

ψM =

(
φ

−iσ2 φ
∗

)
,   isodÔnama ψM =

(
iσ2 χ

∗

χ

)
MporoÔme na deÐxoume t¸ra ìti an to φ èqei arnhtik 
elikìthta, dhlad , σ · p̂φ = −φ, tìte to −iσ2 φ

∗ èqei jetik 
elikìthta.

σ · p̂(−iσ2 φ
∗) = −i(σ1σ2p̂1 + σ2σ2p̂2 + σ3σ2p̂3)φ∗ =

= −i(−σ2σ1p̂1 + σ2σ2p̂2 − σ2σ3p̂3)φ∗ =

= −i(−σ2σ
∗
1 p̂1 − σ2σ

∗
2 p̂2 − σ2σ

∗
3 p̂3)φ∗ =

= −iσ2(−σ · p̂φ)∗ = −iσ2 φ
∗
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Epomènwc o ψM (Majorana spinor), mporeÐ na perigr�fei me thn
p�nw sunist¸sa φ èna aristerìstrofo netrÐno kai me thn k�tw
sunist¸sa −iσ2 φ

∗ èna dexiìstrofo antinetrÐno.
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HLEKTRODUNAMIKH SWMATIDIWN ME SPIN=1/2

AllhlepÐdrash hlektronÐou me hlektromagnhtikì pedÐo Aµ

To eleÔjero hlektrìnio upakoÔei thn exÐswsh Dirac
(∂/−m)ψ = 0 me ψ = u(p)e−ipx . H parousÐa tou
hlektromagnhtikoÔ pedÐou eis�getai me thn ��el�qisth
antikat�stash�� pµ → pµ + eAµ (jewr¸ntac to fortÐo tou
hlektronÐou −e). Xekin¸ntac loipìn apì thn exÐswsh Dirac

i
∂

∂t
ψ = (−ia ·∇ + βm)ψ(

i
∂

∂t
+ eA0

)
ψ = a · (−i∇ + eA)ψ + βmψ

γ0

(
i
∂

∂t

)
ψ = γ0

(
−ia ·∇ + βm + V̂

)
ψ

i
∂

∂t
γ0ψ + iγ ·∇ψ −mψ = γ0V̂ψ

(p/−m)ψ = γ0V̂ψ
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ìpou V̂ ≡ −eA0 + ea · A kai γ0V̂ = −e(γ0A0 − γ · A) = −eA/.
Opìte (γ0V̂ = −eA/→ V̂ = −eγ0A/)

Tfi = −i
∫
ψ†f V̂ψi d

4x = −i
∫
ψ†f γ

0(−e)A/ψi d
4x

= −i
∫

(−e)ψ̄f γ
µψiAµ d

4x = −i
∫

jµAµ d
4x

me
jµ = −eψ̄f γ

µψi = −eū(pf )γµu(pi )e
−i(pi−pf )x

UpenjumÐzoume ìti gia swmatÐdia me spin=0 to antÐstoiqo
reÔma eÐnai

jµ = −e(pf + pi )
µe−i(pi−pf )x

H koruf  sthn perÐptwsh spin=1/2 eÐnai t¸ra ènac pÐnakac.
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'Askhsh 28 DeÐxte thn parak�tw sqèsh (an�ptuxh Gordon)

ūf γ
µui =

1

2m
ūf [(pi + pf )µ + iσµν(pf − pi )ν ] ui

Dhlad , en¸ to swmatÐdio me spin=0 dra me to hlektromagnh-
tikì pedÐo me to fortÐo tou (−e(pf + pi )

µ), to spin=1/2 dra kai
me thn magnhtik  rop  tou (−eσµν(pf − pi )ν). Aut  h ènnoia
faÐnetai kalÔtera ìtan p�me sto ìrio twn mikr¸n energei¸n
ìpou p/m << 1. Ac jewr soume Aµ 6= f (t). Opìte
(qrhsimopoioÔme kefalaÐa I kai F antÐ twn i f )

TFI = −i
∫

jµAµ d
4x = −i

∫
−eūFγ

µuIAµe
−i(pF−pI )x d4x

= −i
[∫

(−eūFγ
µuI )Aµe

−i(pF−pI )·x d3x

]
2πδ(EF − EI )

Qrhsimopoi¸ntac thn an�ptuxh Gordon, o deÔteroc ìroc thc
an�ptuxhc tou ūFγ

µuI dÐnei ūF iσ
µνuI (pF − pI )νAµ. Gr�fontac

to u =

(
uA

uB

)
ìpou uA kai uB eÐnai oi meg�lec kai oi mikrèc
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sunist¸sec antÐstoiqa o ìroc ūF iσ
µνuI gr�fetai gia tic treic

peript¸seic:

a) ν, µ = 1, 2, 3. ūF iσ
µνuI → (u†A u†B)Fγ

0iσij

(
uA

uB

)
I

.

All�

iγ0σij = i

(
1 0
0 −1

)
i

2

[(
0 σi

−σi 0

)
,

(
0 σj

−σj 0

)]
=

= i

(
1 0
0 −1

)
i

2

(
−(σiσj − σjσi ) 0

0 −(σiσj − σjσi )

)
=

= i

(
1 0
0 −1

)
i

2
2

(
−iεijkσk 0

0 −iεijkσk

)
'Ara, ja emfanistoÔn ìroi thc morf c ūAFσkuAI kai ūBFσkuBI .
O deÔteroc ìroc eÐnai kat� (p/m)2 mikrìteroc apì ton pr¸to.
Epomènwc, ja meÐnei o ìroc ūAF iσkuAI εijk(pF − pI )jAi .
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b) µ = 0, ν = 1, 2, 3. To γ0σ0j eÐnai pÐnakac me stoiqeÐa ektìc
diagwnÐou, �ra anamignÔei meg�lec kai mikrèc sunist¸sec,
epomènwc ìloi oi ìroi eÐnai t�xhc (p/m) kai tèloc
g) µ = ν = 0, to σµν = 0
Epomènwc, mazeÔontac touc ��meg�louc�� ìrouc mìno, èqoume

Tfi = −e2πδ(EF − EI )

∫
d3xe−i(pF−pI )·xūAF εijkσ

k (pF − pI )jAiuAI =

= −ie2πδ(EF − EI )

∫
d3x

(
∂je−i(pF−pI )·x

)
ūAF εijkσ

kAiuAI =

= ie2πδ(EF − EI )

∫
d3xe−i(pF−pI )·xūAF εijkσ

k
(
∂jAi

)
uAI =

= −ie2πδ(EF − EI )

∫
d3xe−i(pF−pI )·xūAF [σ ·∇× A] uAI

(ìpou sthn 3h gramm  aporrÐfjhke to epifaneiakì
olokl rwma). O ìroc mèsa sthn agkÔlh den eÐnai tÐpota �llo
par� σ · B, me B = ∇× A to magnhtikì pedÐo.
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Skèdash Moeller(e−e− → e−e−)
GnwrÐzoume ìti

Tfi = −i(2π)4δ(4)(pA + pB − pC − pD)M

All�

Tfi = −i
∫

j (1)
µ

(
− 1

q2

)
jµ(2)(x) d4x =

− i (−eūCγµuA)

(
− 1

q2

)
(−eūDγ

µuB) (2π)4δ(4)(pA + pB − pC − pD)
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ìpou q = pC − pA. Opìte, to analloÐwto pl�tocM eÐnai

−iM = (ieūCγµuA)
−igµν

q2
(ieūDγνuB)

ìpwc eÐqame orÐsei tic ��korufèc��. Bèbaia, up�rqei kai to
di�gramma me diastaurwmèna ta hlektrìnia C kai D kai to
epiplèon −, lìgw antallag c ìmoiwn fermionÐwn. To sunolikì
pl�toc eÐnai loipìn

M = −e2 (ūCγµuA) (ūDγ
µuB)

(pA − pC )2
+ e2 (ūDγµuA) (ūCγ

µuB)

(pA − pD)2
(15)
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Gia na p�me sthn ��mh polwmènh�� energì diatom  (dhlad  s'
aut n pou den diakrÐnoume to spin prin kai met� thn skèdash),
ja prèpei na tetragwnÐsoume to analloÐwto pl�toc, na
p�roume mèso ìro tou spin twn eiserqomènwn kai na ajroÐsoume
sta spin twn exerqomènwn hlektronÐwn

1

(2sA + 1)(2sB + 1)

∑
spin

|M|2

Ac doÔme aut n thn ��pr�xh�� pr¸ta sthn perÐptwsh qamhl c
enèrgeiac. Tìte ta eiserqìmena hlektrìnia eÐnai

u(s) =
√

2m

(
χ(s)

0

)
kai ū(s) =

√
2m
(
χ†(s) 0

)
s = 1, 2

kai paÐrnoume

ū(s)γµu(s′) =

{
2m µ = 0
0 µ 6= 0

}
δss′

miac kai

γ0 =

(
1 0
0 −1

)
, γi =

(
0 σi

−σi 0

)
, χ(s) =

(
δ1s

δ2s

)
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Blèpoume, loipìn, ìti gia p/m << 1 to spin den all�zei. Autì
to perimèname. To hlektrikì pedÐo den all�zei thn probol  tou
spin. To magnhtikì pedÐo to k�nei kai autì emfanÐzetai se
meg�lec taqÔthtec (enèrgeiec). Epomènwc, h Ex.(15) dÐnei

M(↑↑→↑↑) =M(↓↓→↓↓) = −e24m2

(
1

t
− 1

u

)
M(↑↓→↑↓) =M(↓↑→↓↑) = −e24m2 1

t

M(↑↓→↓↑) =M(↓↑→↑↓) = e24m2 1

u

kai

|M|2 =
1

2

1

2
(4m2e2)22

((
1

t
− 1

u

)2

+
1

t2
+

1

u2

)
ìpou t = (pA − pC )2 kai u = (pA − pD)2.
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Sto K.M. èqoume
t = (pA − pC )2 = 2m2 − 2pµApCµ = 2m2 − 2(E 2 − p2 cos θ) =
2(m2 − E 2 + p2 cos θ) = −2p2(1− cos θ) = −4p2 sin2 θ/2 kai
u = −2p2(1 + cos θ) = −4p2 cos2 θ/2, kai h energìc diatom 

dσ

dΩ

∣∣∣∣
KM

=
1

64π2

1

s

pf

pi
|M|2 =

=
1

64π2

1

s

1

4
16m4e42

[(
1

sin2 θ/2
− 1

cos2 θ/2

)2

=

+
1

sin4 θ/2
+

1

cos4 θ/2

]
1

16p4
=

=
1

128π2

1

s
m4

[(
e2

4π

)2

(4π)2

]
2

p4
=[

1

sin4 θ/2
+

1

cos4 θ/2
− 1

sin2 θ/2 cos2 θ/2

]
=

=
1

4

α2

p4

m4

s

[
1

sin4 θ/2
+

1

cos4 θ/2
− 1

sin2 θ/2 cos2 θ/2

]
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ìpou α = e2/(4π). Gia p/m << 1, s ' 4m2 opìte m4/s = m2/4.
Skèdash e−µ− → e−µ−

Ac p�me pÐsw sth skèdash e−µ− → e−µ− opìte èqoume mìno
èna di�gramma. To analloÐwto pl�toc gr�fetai

M = −e2
[
ū(k ′)γµu(k)

] 1

q2

[
ū(p′)γµu(p)

]
me q = k − k ′. Gr�foume

|M|2 =
e4

q4
Lµν(e)L

(µ)
µν

me

Lµν(e) = (1/2)
∑
spin e

[
ū(k ′)γµu(k)

] [
ū(k ′)γνu(k)

]∗
L(µ)
µν = (1/2)

∑
spin e

[
ū(p′)γµu(p)

] [
ū(p′)γνu(p)

]∗
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Na upologÐsoume thn deÔterh agkÔlh tou Lµν(e)[
ū(k ′)γνu(k)

]∗
=
[
ū(k ′)γνu(k)

]†
= u†(k)γν†ū†(k ′) =

= u†(k)γν†γ0†u(k ′) = u†(k)γ0γνu(k ′)

= ū(k)γνu(k ′)

'Ara, gr�fontac analutik� touc deÐktec twn pin�kwn kai twn
spinors

Lµν(e) =
1

2

∑
s,s′

[
ū(s′)(k ′)αγ

µ
αβu

(s)(k)β

] [
ū(s)(k)δγ

ν
δεu

(s′)(k ′)ε
]

ìpou bèbaia uponoeÐtai �jroish sta α, β, δ kai ε. All�∑
s

u(s)(k)β ū
(s)(k)δ = (k/+ m)βδ kai∑

s′

u(s′)(k ′)ε ū
(s′)(k ′)α = (k/′ + m)εα

Opìte, gr�foume

Lµν(e) =
1

2
(k/′+m)εαγ

µ
αβ(k/+m)βδγ

ν
δε =

1

2
Tr
[
(k/′ + m)γµ(k/+ m)γν

]
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Jewr mata Ðqn¸n kai pÐnakec γ
H basik  sqèsh eÐnai h γµγν + γνγµ = 2gµν . Basik�
jewr mata eÐnai ta akìlouja

TrI = 4

Tr [γµ] = 0

Tr [perittìc arijmìc pin�kwn g] = 0

Tr [γµγν ] = 4gµν opìte Tr [a/b/] = 4a · b
gia n �rtioc akèraioc

Tr [a/1a/2...a/n] = (a1 · a2)Tr [a/3...a/n]− (a1 · a3)Tr [a/2a/4...a/n] + ...

+ (a1 · an)Tr [a/2a/3...a/n−1]

opìte

Tr [a/1a/2a/3a/4] = 4[(a1·a2)(a3·a4)−(a1·a3)(a2·a4)+(a1·a4)(a2·a3)]

Tr [γ5] = 0

Tr [γ5a/b/] = 0

Tr [γ5a/b/c/d/] = 4iεµνρσaµbνcρdσ

134/389



'Askhsh 29 DeÐxte ta parap�nw jewr mata twn iqn¸n
Skèdash e−µ− → e−µ− kai e+e− → µ+µ−

XanagurÐzoume sthn skèdash e−µ− → e−µ− EÐqame ft�sei sto
shmeÐo na gr�youme to tetr�gwno tou analloÐwtou pl�touc

|M|2 =
e4

q4
Lµν(e)L

(µ)
µν

ìpou

Lµν(e) =
1

2
Tr
[
(k/′ + m)γµ(k/+ m)γν

]
kai ìmoia kai gia to

L(µ)µν =
1

2
Tr
[
(p/′ + m)γµ(p/+ m)γν

]
Apì tic idiìthtec twn iqn¸n twn pin�kwn paÐrnoume

Lµν(e) =
1

2
Tr
[
(k/′ + m)γµ(k/+ m)γν

]
=

1

2
Tr
[
k/′γµk/γν + m2γµγν

]
=

1

2
4
[
kµ′kν + kν′kµ − gµν(kk ′ −m2)

]
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kai
L(µ)µν = 2

[
p′µpν + p′νpµ − gµν(pp′ −M2)

]
Opìte

|M|2 =
e4

q4
Lµν(e)L(µ)µν =

=
8e4

q4

[
(k ′ · p′)(k · p) + (k ′ · p)(k · p′)

−m2p′ · p −M2k ′ · k + 2m2M2
]

Gia thn perÐptwsh pou E >> m,M paÐrnoume

|M|2 =
e4

(k − k ′)4

[
(k ′ · p′)(k · p) + (k ′ · p)(k · p′)

]
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UpenjumÐzontac ìti

s = (k + p)2 ' 2k · p = 2k ′ · p′

t = (k − k ′)2 ' −2k · k ′ = −2p · p′

u = (k − p′)2 ' −2k · p′ = −2k ′ · p

èqoume telik�

|M|2 = 2e4 s
2 + u2

t2
, gia thn e−µ− → e−µ−

Gia to e−e+ → µ−µ+, apl� qreiazìmaste thn antikat�stash
s ↔ t

|M|2 = 2e4 t
2 + u2

s2
, gia thn e−e+ → µ−µ+

137/389



GnwrÐzontac ìti

dσ

dΩ

∣∣∣∣
KM

=
1

64π2s

pf

pi
|M|2

paÐrnoume, gia thn e−e+ → µ−µ+

dσ

dΩ

∣∣∣∣
KM

=
1

64π2s
2e4 t2 + u2

s2
=

1

64π2s
2e4 1

2
(1 + cos2 θ) =

=
α2

4s
(1 + cos2 θ), ìpou α =

e2

4π

Gia na broÔme thn sunolik  energì diatom  ja prèpei na
oloklhr¸soume∫

dΩ(1 + cos2 θ) =

∫ 2π

0
dφ

∫ π

0
sin θ(1 + cos2 θ)dθ = 2π

8

3
=

16

3
π
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Opìte paÐrnoume

σ(e−e+ → µ−µ+) =
4πα2

3s

Diat rhsh thc elikìthtac se meg�lec enèrgeiec
'Eqoume  dh dei ìti gia E >> m isqÔei

PLu =
1

2
(1− γ5)u ≡ uL me arnhtik  elikìthta λ = −1/2

PRu =
1

2
(1 + γ5)u ≡ uR me jetik  elikìthta λ = +1/2

Ac to doÔme autì kalÔtera phgaÐnontac sthn gnwst  morf 
twn lÔsewn tou Dirac gia jetikèc enèrgeiec

u(1,2) =

(
χ(s)

σ·p
E+mχ

(s)

)
χ(1) =

(
1
0

)
kai χ(2) =

(
0
1

)
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GnwrÐzoume ìti aut  h epilog  tou χ(s) antistoiqeÐ sthn orm 
(0, 0, p) kai ìti to u(1) èqei jetik  elikìthta (λ = +1/2), en¸ to
u(2) èqei arnhtik  elikìthta (λ = −1/2).(

σ · p̂ 0
0 σ · p̂

)(
χ(s)

σ·p
E+mχ

(s)

)
=

(
σ3χ

(s)

p
E+mχ

(s)

)
= ±

(
χ(s)

σ3p
E+mχ

(s)

)
miac kai σ3χ

(1) = χ(1) kai σ3χ
(2) = −χ(2) 'Omoia, to

u(3)(−p) = v (2)(p) èqei jetik  elikìthta (λ = +1/2), en¸ to
u(4)(−p) = v (1)(p) èqei arnhtik  elikìthta (λ = −1/2).
Gia uyhlèc enèrgeiec, E + m ∼ E kai σ·p

E+m ∼
σ·p
E = σ3p

E = σ3.

Kai ta u(1,2) gÐnontai

u(1) =


(

1
0

)
σ3

(
1
0

)
 , kai u(2) =


(

0
1

)
σ3

(
0
1

)


140/389



Omoia, oi arnhtik c enèrgeiac lÔseic

u(3,4)(p) =

(
− σ·p
|E |+mχ

(s)

χ(s)

)
  u(3,4)(−p) =

(
σ·p
|E |+mχ

(s)

χ(s)

)

gr�fontai

u(3)(−p) =

 σ3

(
1
0

)
(

1
0

)
 , kai u(4)(−p) =

 σ3

(
0
1

)
(

0
1

)


EÐqame, epÐshc, dei ìti gia uyhlèc enèrgeiec o telest c thc
elikìthtac Σ · p̂ kai o telest c thc qeiralikìthtac γ5 èqoun thn
Ðdia dr�sh: γ5 ∼ Σ · p̂, dhlad  γ5 = diag(σ3, σ3). Opìte

141/389



PL =
1

2
(1 + γ5) =

1

2

(
1 + σ3 0

0 1 + σ3

)
PR =

1

2
(1− γ5) =

1

2

(
1− σ3 0

0 1− σ3

)
H dr�sh tou 1

2 (1± σ3) sta χ(s) eÐnai

1

2
(1 + σ3)

(
1
0

)
=

(
1
0

)
,

1

2
(1− σ3)

(
1
0

)
= 0

1

2
(1 + σ3)

(
0
1

)
= 0,

1

2
(1− σ3)

(
0
1

)
=

(
0
1

)
Opìte
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PRu
(1) =

1

2
(1+γ5)u(1) =

1

2

(
1 + σ3 0

0 1 + σ3

)
(

1
0

)
σ3

(
1
0

)
 =

=


1
0
1
0

 =


(

1
0

)
σ3

(
1
0

)
 = u(1)

en¸ PRu
(2) = 0. 'Ara, to PR prob�llei to u(1), poÔ èqei jetik 

elikìthta (λ = +1/2). 'Omoia, o PL prob�llei to u(2) poÔ èqei
arnhtik  elikìthta (λ = −1/2). An efarmìsoume touc PLR

stouc u(3,4)(−p), ja doÔme ìti PRu
(3)(−p) = u(3)(−p),

PLu
(3)(−p) = 0, PLu

(4)(−p) = u(4)(−p) kai PRu
(4)(−p) = 0.

Epomènwc, to u(3)(−p) eÐnai R kai to u(4)(−p) eÐnai L. All�,
aut� antistoiqoÔn se ��èlleiyh�� hlektronÐou me −p, �ra to
antÐstoiqo pozitrìnio èqei antÐjeth qeiralikìthta: to
v (2)(p) = u(3)(−p) eÐnai L kai to v (1)(p) = u(4)(−p) eÐnai R .
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SunoyÐzoume:

Se meg�lec enèrgeiec

to u(1)(p) èqei λ = +1/2 kai eÐnai R ,
to u(2)(p) èqei λ = −1/2 kai eÐnai L,
to v (2)(p), èqei λ = +1/2 kai eÐnai L,
to v (1)(p), èqei λ = −1/2 kai eÐnai R ,

Gr�fontac to reÔma ūγµu wc

ūγµu = ū(PL + PR)γµ(PL + PR)u = ūPLγ
µPRu + ūPRγ

µPLu =

= u†γ0PLγ
µuR + u†γ0PRγ

µuL = u†PRγ
0γµuR + u†PLγ

0γµuL =

= (PRu)†γ0γµuR + (PLu)†γ0γµuL = uRγ
µuR + uLγ

µuL

(PLPR = PRPL = 0, γ52
= 1, γµγ5 = −γ5γµ) parathroÔme ìti h

hlektrodunamik  diathreÐ thn qeiralikìthta (L, R), kai gia
meg�lec enèrgeiec (E >> m), kai thn elikìthta. To Ðdio isqÔei
kai gia thn perÐptwsh pou èqoume yeudodi�nusma (γµγ5) antÐ
di�nusma (γµ) sthn allhlepÐdrash.
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Sthn exaölwsh kai thn dÐdumh gènesh, to hlektrìnio kai to
pozitrìnio èqoun antÐjeth qeiralikìthta (kai epomènwc, se
meg�lec enèrgeiec antÐjeth elikìthta).

u(3,4)(−p)PRγ
µPLu

(1,2) =

u(3,4)(−p)†γ0PRγ
µu

(2)
L =

(
PLu

(3,4)(−p)
)†
γ0γµu

(2)
L =(

u
(4)
L (−p)

)†
γ0γµu

(2)
L =

(
v

(1)
R (p)

)†
γ0γµu

(2)
L = v

(1)
R (p)γµu

(2)
L

kai ìmoia

u(3,4)(−p)PLγ
µPRu

(1,2) = v
(2)
L (p)γµu

(1)
R

145/389



AntÐstoiqa isqÔei kai gia thn dÐdumh gènesh.

'Askhsh 30 DeÐxte ìti sthn di�spash µ− → e−νµν̄e to e eÐnai
L. Sthn µ+ → e+ν̄µνe , poia eÐnai h qeiralikìthta tou e?
MporoÔme mìno me thn diat rhsh thc elikìthtac na
upologÐsoume to analloÐwto pl�toc gia thn e+e− → µ+µ−.
'Opwc eÐdame, gia meg�lec enèrgeiec, to hlektrìnio kai to
pozitrìnio (sthn arqik  kat�stash) ìpwc kai to miìnio kai to
antimiìnio (sth telik  kat�stash) ja prèpei na èqoun antÐjeth
elikìthta. Epomènwc, sto Kèntro M�zac, j� eqoume tic
tèssereic parak�tw peript¸seic, ìpou me paqi� bèlh deÐqnoume
to spin kai shmei¸netai kai h antÐstoiqh elikìthta.

146/389



147/389



Apì mia arqik  kat�stash me stroform  Jz = ±1, to sÔsthma
phgaÐnei se Jz ′ = ±1, mèsw miac endi�meshc kat�stashc, to
fwtìnio, me stroform  1. Epomènwc to apotèlesma ja prèpei
na eÐnai an�logo tou pÐnaka strof c

< jλ′|exp(−iθJy )|jλ > (16)

ìpou y eÐnai o �xonac k�jetoc sto epÐpedo allhlepÐdrashc kai
λ kai λ′ eÐnai h sunolik  elikìthta stouc �xonec z kai z ′. H
anapar�stash tou pÐnaka Jy eÐnai (j = 1)

Jy =
1√
2

 0 −i 0
i 0 −i
0 i 0


kai eÔkola upologÐzetai ìti

J2
y =

1

2

 1 0 −1
0 2 0
−1 0 1

 , J3
y = Jy , J4

y = J2
y
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opìte

e−iθJy = 1 + J2
y

(
−θ

2

2!
+
θ4

4!
− ...

)
− iJy

(
θ − θ3

3!
+ ...

)
=

= 1− J2
y + J2

y

(
1− θ2

2!
+
θ4

4!
− ...

)
− iJy

(
θ − θ3

3!
+ ...

)
=

= 1− J2
y + J2

y cos θ − iJy sin θ

Kai h (16) antistoiqeÐ sth sqèsh

(
a∗1 a

∗
0 a
∗
−1

)
1
2 + 1

2 cos θ − 1√
2

sin θ 1
2 −

1
2 cos θ

1√
2

sin θ cos θ − 1√
2

sin θ
1
2 −

1
2 cos θ 1√

2
sin θ 1

2 + 1
2 cos θ


 a1

a0

a−1


(17)

ìpou oi deÐktec antistoiqoÔn sthn sunolik  elikìthta. Em�c
mac endiafèroun oi peript¸seic apì ±1 se ±1. Blèpoume ìti
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oi ìroi (−1→ −1) kai (1→ 1) antistoiqoÔn
1 + cos θ

2

oi ìroi (−1→ 1) kai (1→ −1) antistoiqoÔn
1− cos θ

2

Gia meg�lec enèrgeiec ìmwc 1+cos θ
2 = −u/s kai 1−cos θ

2 = −t/s.
Opìte

|M|2 ∝ u2

s2
+

t2

s2
=

u2 + t2

s2

To apotèlesma eÐnai loipìn apl  apìrroia diat rhshc thc
stroform c. Blèpoume akìma, gia par�deigma, ìti h skèdash
e−R e+

L → µ−L µ
+
R , pou antistoiqeÐ sth p�nw dexi� perÐptwsh tou

Sq.(147), gia θ = 0 eÐnai 0. Den èqoume emprìsjia (forward)
skèdash s' aut n thn perÐptwsh.

'Askhsh 31 DeÐxte, me thn parap�nw mèjodo, ìti gia
swmatÐdia me spin=0, to analloÐwto pl�toc thc skèdashc
e+e− → µ+µ− eÐnai an�logo tou (t − u)/s = cos θ
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e+e− → e+e−, µ+µ−: PerÐlhyh

DiadikasÐa |M|2/2e4

e−e− → e−e− s2+u2

t2 + 2s2

tu + s2+t2

u2

e−e+ → e−e+ s2+u2

t2 + 2u2

ts + u2+t2

s2

e−µ− → e−µ− s2+u2

t2

e−e+ → µ−µ+ u2+t2

s2

151/389



e−µ− → e−µ− sto ergast rio - Kinhmatik 
H parak�tw an�lush ja faneÐ polÔ qr simh sthn katanìhsh
thc skèdashc hlektronÐou apì prwtìnio. Epistrèfoume ston
pl rh tÔpo thc skèdashc e−(k)µ−(p)→ e−(k ′)µ−(p′), ìpou
ameloÔme mìno thn m�za tou hlektronÐou

|M|2 =
8e4

q4

[
(k ′ · p′)(k · p) + (k ′ · p)(k · p′)−M2k ′ · k

]
=

8e4

q4

[
−1

2
q2(k · p − k ′ · p) + 2(k ′ · p)(k · p) +

1

2
M2q2

]
ìpou q = k − k ′ = p′ − p kai qrhsimopoi same ìti

p′ = k − k ′ + p, k2 = k ′
2 ' 0, q2 = (k − k ′)2 ' −2k · k ′

Sto sÔsthma ergasthrÐou p = (M, 0) gia to miìnio, opìte
paÐrnoume
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|M|2 =
8e4

q4

[
−1

2
q2M(E − E ′) + 2EE ′M2 +

1

2
M2q2

]
=

8e4

q4
2M2EE ′

[
− q2

2M2

M(E − E ′)

2EE ′
+ 1 +

1

4

q2

EE ′

]
=

=
8e4

q4
2M2EE ′

[
cos2 θ

2
− q2

2M2
sin2 θ

2

] (18)

ìpou kai p�li qrhsimopoi same ìti

q2 ' −2kk ′ = 2EE ′(1− cos θ) = −4EE ′ sin2 θ

2
q = −p + p′ → q + p = p′ → q2 + 2p · q + M2 = M2 →

→ q2 = −2p · q = −2M(E − E ′)

me E kai E ′ h enèrgeia tou eiserqìmenou kai exerqìmenou
hlektronÐou.

OrÐzoume thn qr simh posìthta ν = E − E ′ = − q2

2M = pq
M .
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PhgaÐnoume t¸ra sthn energì diatom 

dσ =

(
1

(2E )(2M)

1

1

)
|M|2

4π2

d3k ′

2E ′
d3p′

2p′0
δ(4)(p + k − p′ − k ′)

ìpou o ìroc (2E ) antistoiqeÐ sthn ro  twn hlektronÐwn, o (2M)
sthn ��ro �� twn mionÐwn kai h mon�da sthn sqetik  taqÔthta
tou hlektronÐwn wc proc to miìnio (perÐpou c). Gr�fontac
d3k ′ = k ′2dk ′dΩ paÐrnoume

dσ =
1

2

1

4ME

|M|2

4π2

k2′dk ′dΩ

E ′
d3p′

2p′0
δ(4)(p + k − p′ − k ′)

All�, k2′ ' E ′
2
opìte k2′dk ′

E ′ ' E ′dE ′ kai h diatom  gr�fetai

dσ =
1

2

1

4ME

|M|2

4π2
E ′dE ′

d3p′

2p′0
δ(4)(p − p′ + q)dΩ (19)
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T¸ra ja apodeÐxoume ìti∫
d3p′

2p′0
δ(4)(p − p′ + q) =

∫
d3p′dp′0δ

(4)(p − p′ + q)θ(p′0)δ(p′
2 −M2)

=
1

2M
δ

(
ν +

q2

2M

)
=

1

2MA
δ

(
E ′ − E

A

)
ìpou A = 1 + 2E

M sin2 θ
2 .

Kat' arq�c mporoÔme na gr�youme
δ(p′

2 −M2) = δ(p′
2

0 −M2 − p′
2
). Kai epomènwc∫

dp′0δ(p′
2

0 −M2 − p′
2
) = 1

2p′0
, me p′0 = ±

√
p′2 + M2, ìpou

qrhsimopoi same thn gnwst  idiìthta thc sun�rthshc δ∫
dxf (x)δ(g(x)) =

f (x0)∣∣∣∣ dg
dx

∣∣∣
x=x0

∣∣∣∣
H sun�rthsh θ eÐnai Ðsh me th mon�da ìtan to ìrisma thc eÐnai
jetikì kai mhdèn se antÐjeth perÐptwsh. Opìte h θ(p′0) epilègei
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mìno th jetik  rÐza. 'Etsi deÐxame thn pr¸th isìthta thc proc
apìdeixh sqèshc. Gia thn deÔterh isìthta èqoume∫

d4p′δ(4)(p + q − p′)θ(p′0)δ(p′
2 −M2) = δ

(
(p + q)2 −M2

)
=

= δ(q2 + 2pq) = δ(q2 + 2νM) =
1

2M
δ

(
ν +

q2

2M

)
=

=
1

2M
δ

(
E − E ′ − 4EE ′

2M
sin2 θ

2

)
=

1

2M
δ

(
E − E ′

(
1 +

2E

M
sin2 θ

2

))
=

=
1

2M

1

A
δ

(
E ′ − E

A

)
, ìpou A =

(
1 +

2E

M
sin2 θ

2

)
XanagurÐzoume sth sqèsh (19) kai qrhsimopoi¸ntac to
analoÐwto pl�toc, (18), èqoume

dσ

dE ′dΩ
=

(2αE ′)2

q4

[
cos2 θ

2
− q2

2M2
sin2 θ

2

]
δ

(
ν +

q2

2M

)
=

=
(2αE ′)2

q4

[
cos2 θ

2
− q2

2M2
sin2 θ

2

]
1

A
δ(E ′ − E/A)
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kai oloklhr¸nontac wc proc E ′ ja p�roume (q2 = (k − k ′)2 =
−2kk ′ = 2EE ′(1− cos θ) = −4EE ′ sin2 θ

2 kai
A = 1 + 2E sin2(θ/2)/M = 1 + q2/(−2E ′M) =
1 + (−2M(E − E ′))/(−2E ′M) = 1 + E/E ′ − 1 = E/E ′)

dσ

dΩ

∣∣∣∣
lab

=
α2

4E 2 sin4 θ
2

1

A

[
cos2 θ

2
− q2

2M2
sin2 θ

2

]
=

=
α2

4E 2 sin4 θ
2

E ′

E

[
cos2 θ

2
− q2

2M2
sin2 θ

2

]
H Ôparxh tou deÔterou ìrou stic agkÔlec (sin2 θ

2) eÐnai
qarakthristikì tou stìqou (miìnio) me spin=1/2.
'Askhsh 32 DeÐxte, ìti h energìc diaforik  diatom  gia
skèdash hlektronÐou apì stìqo me spin=0 dÐnetai apì ton tÔpo

dσ

dΩ

∣∣∣∣
lab

=
α2

4E 2 sin4 θ
2

E ′

E
cos2 θ

2
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Fwtìnia - Di�nusma pìlwshc
GnwrÐzoume  dh ìti oi nìmoi tou Maxwell gr�fontai me
sunalloÐwto trìpo

�2Aµ − ∂µ∂νAν = jµ

  akìma, orÐzontac ton tanust  tou pedÐou Fµν = ∂µAν − ∂νAµ,
mporoÔme na gr�youme

∂µF
µν = jν

H diat rhsh tou reÔmetoc jν eÐnai enswmatwmènh sth morf 
aut : ∂ν j

ν = ∂ν∂µF
µν = 0. Ta pedÐa E kai B paramènoun

analoÐwta ston metasqhmatismì Aµ → Aµ + ∂µχ ìpou χ
tuqaÐa sun�rthsh. Epomènwc, epilègontac kat�llhlh
sun�rthsh χ mporoÔme na epitÔqoume ∂νA

ν = 0 (sunj kh
Lorentz), opìte

�2Aµ − ∂µ∂νAν = jµ → �2Aµ = jµ
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Akìma kai s' aut n thn perÐptwsh, paramènei mia epiplèon
eleujerÐa epilog c thc χ, arkeÐ bèbaia �2χ = 0. Dhlad , mènei
mia epiplèon eleujerÐa epilog c tou Aµ → Aµ + ∂µΛ me
�2Λ = 0.
H kumatosun�rthsh tou eleÔjerou fwtonÐou ikanopoieÐ thn
�2Aµ = 0 me lÔsh Aµ = εµ(q)e−iqx , me q2 = 0 (mγ = 0). To
εµ(q) eÐnai to di�nusma pìlwshc, to opoÐo èqei, bèbaia, 4
sunist¸sec. All�, h sqèsh ∂µA

µ = 0 mac upoqre¸nei qµεµ = 0,
opìte èqoume mei¸sei se treic tic anex�rthtec sunist¸sec.
Epiplèon, ìpwc anafèrjhke parap�nw, èqoume akìma mia
eleujerÐa gia to Aµ → Aµ + ∂µΛ me �2Λ = 0. An epilèxoume
Λ = iae−iqx , opìte �2Λ = −iq2ae−iqx = 0, tìte
Aµ → Aµ + ∂µΛ = Aµ + aqµe−iqx pou antistoiqeÐ sthn allag 
εµ → ε′

µ
= εµ + aqµ. Dhlad , ta εµ kai ε′

µ
eÐnai isodÔnama,

perigr�foun to Ðdio fwtìnio. Epomènwc, mporoÔme na
epilèxoume kat�llhlo a ¸ste na èqoume ε0 = 0. Kai h sqèsh
εµqµ = 0 gÐnetai ε · q = 0 (bajmÐda Coulomb).

159/389



Telik�, loipìn, èqoume mìno dÔo anex�rthtec sunist¸sec
(spin=1 me mhdenik  m�za), p.q. ε1 = (1, 0, 0) kai ε2 = (0, 1, 0),
jewr¸ntac ìti q = (0, 0, q). Ta q kai εµ perigr�foun pl rwc to
fwtìnio.
'Askhsh 33 DeÐxte p¸c metasqhmatÐzontai ta dianÔsmata

εR = −
√

1

2
(ε1 + iε2) , εL = +

√
1

2
(ε1 − iε2)

se mia strof  me gwnÐa θ gÔrw apì ton �xona z . Ta
dianÔsmata aut� onìmazontai dianÔsmata kuklik c pìlwshc
kai to dexiìstrofo (R) èqei jetik  elikìthta en¸ to
aristerìstrofo (L) èqei arnhtik  elikìthta.
'Askhsh 34 DeÐxte ìti sthn bajmÐda Coulomb,   egk�rsia
bajmÐda, isqÔei h sqèsh plhrìthtac∑

λ=L,R

(ελ)∗i (ελ)j = δij − q̂i q̂j
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ìpou

εR = −
√

1

2
(ε1 + iε2) , εL = +

√
1

2
(ε1 − iε2)

ε1 = (1, 0, 0), ε2 = (0, 1, 0)

DianÔsmata pìlwshc gia spin=1 kai M 6= 0
Sto sÔsthma hremÐac èqoume 3 dunatèc katast�seic gia
spin=1. Gia par�deigma, mporoÔn na perigrafoÔn apì ta trÐa
dianÔsmata ε1 = (1, 0, 0), ε2 = (0, 1, 0) kai ε3 = (0, 0, 1), kai
bèbaia isqÔei εi · εj = δij . Pollèc forèc qrhsimopoioÔme ta
dianÔsmata

ελ=1 = −
√

1/2(1, i , 0) = −
√

1/2(ε1 + iε2)

ελ=0 = (0, 0, 1) = ε3

ελ=−1 =
√

1/2(1,−i , 0) =
√

1/2(ε1 − iε2)

me ε∗λ · ελ′ = δλλ′ . Ac fti�xoume t¸ra tetradianÔsmata. Sto
sÔsthma hremÐac mpor¸ na dialèxw εµλ = (0, ελ). S' autì to
sÔsthma bèbaia, h orm  eÐnai pµ = (M, 0, 0, 0) kai isqÔei
pµε

µ = 0.
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H teleutaÐa eÐnai mia analloÐwth sunj kh pou ja prèpei na
isqÔei se k�je sÔsthma anafor�c. T¸ra ja prèpei na broÔme
to antÐstoiqo di�nusma pìlwshc ìtan p�me apì
(M, 0, 0, 0)→ (E , 0, 0, p). H taqÔthta tou nèou sust matoc
eÐnai (0, 0,−p/E ) kai to di�nusma pìlwshc (0, ελ=0) gÐnetai

0→ 0− (−v)√
1− v2

=
p/E√

1− p2/E 2
=

p

M

1→ 1− (−v)0√
1− v2

=
E

M

'Ara, εµλ=0 = (0, 0, 0, 1)→ 1
M (p, 0, 0,E ) kai bèbaia isqÔei

(E , 0, 0, p) · 1
M (p, 0, 0E ) = 0. Ta dianÔsmata gia λ = ±1 den

all�zoun miac kai to sÔsthma mac kineÐtai ston �xona twn z .
Thn sqèsh pµεµ = 0 mporoÔme na th doÔme kai apì �llh
pleur�. GenikeÔontac thn exÐswsh gia to fwtìnio, ja
mporoÔsame na gr�youme

�2Aµ − ∂µ(∂νA
ν) = 0→

[
gµν�

2 − ∂µ∂ν
]
Aν = 0

kai eis�gontac m�za M
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[
gµν

(
�2 + M2

)
− ∂µ∂ν

]
Aν = 0 (20)

ParagwgÐzontac wc proc ∂µ

∂µ
[
gµν

(
�2 + M2

)
− ∂µ∂ν

]
Aν = 0[

∂ν
(
�2 + M2

)
−�2∂ν

]
Aν = 0

∂νA
ν = 0

Dhlad , h sunj kh Lorentz, ∂νA
ν = 0, gia ta fwtìnia (M = 0),

eÐnai tautìthta gia M 6= 0. Kai bèbaia h sqèsh pµεµ = 0
èpetai �mesa (Aµ = εµe−ip·x).

'Askhsh 35 DeÐxte ìti h sqèsh plhrìthtac gia ta spin=1 me
m�za ∑

λ=L,R

(ελ)∗µ(ελ)ν = −gµν +
pµpν
M2

(21)
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O diadìthc tou hlektronÐou
Apì thn mh sqetikistik  jewrÐa eÐqame dei

Tfi = −2πiδ(Ef − Ei ) [< f |V |i > +∑
n 6=i

< f |V |n > 1

Ei − En
< n|V |i > +...


ìpou H0|n >= En|n >. Formalistik� mporoÔme na gr�youme

Tfi = 2πδ(Ef − Ei ) < f |(−iV ) + (−iV )
i

Ei − H0
(−iV ) + ...|i >

ìpou qrhsimopoi same
∑

n 6=i |n >< n| = 1. H epilog  tou −iV ,
antÐ tou V , gÐnetai apì thn parousÐa tou V sthn exÐswsh tou
Schroedinger, i∂Ψ/dt = VΨ, pou dÐnei kai thn qronik  ex�rthsh
exp(−iVt) sthn ��eikìna allhlepÐdrashc�� (interaction picture).
Opìte, antistoiqoÔme koruf → (−iV ) kai diadìthc→ i

Ei−H0
.
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An gr�youme thn exÐswsh Schrödinger

(H0 + V )Ψ = EΨ→ (H0 − E )Ψ = −VΨ→ i(H0 − E )Ψ = −iVΨ

blèpoume ìti o diadìthc ��eÐnai�� to antÐstrofo tou telest  sto
aristerì skèloc thc teleutaÐac isìthtac

1

i(H0 − E )
=

i

E − H0

O diadìthc tou bajmwtoÔ swmatidÐou
Sto bajmwtì pedÐo, h Klein-Gordon gr�fetai

(�2 + m2)φ = −Vφ→ i(�2 + m2)φ = −iVφ
kai, me ton parap�nw kanìna, o diadìthc touc bajmwtoÔ
pedÐou eÐnai

1

i(�2 + m2)
=

−i
−p2 + m2

=
i

p2 −m2

O diadìthc tou swmatidÐou Dirac
Gia to hlektrìnio ja èqoume an�loga

(p/−m)ψ = γ0Vψ → −i(p/−m)ψ = −iγ0Vψ
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ìpou γ0V = −eγµAµ. Kai o diadìthc tou hlektronÐou eÐnai

1

−i(p/−m)
=

i

p/−m
=

i(p/+ m)

p2 −m2

JumhjeÐte ìti p/+ m =
∑

u(s)ū(s). Autìc eÐnai ènac genikìc
kanìnac pou ja ton doÔme xan� sto diadìth tou fwtonÐou.
O diadìthc tou fwtonÐou
H exÐswsh pou plhreÐ to fwtìnio eÐnai[

gµν�
2 − ∂µ∂ν

]
Aν = jµ (22)

GnwrÐzoume epÐshc ìti èqoume mia eleujerÐa epilog c tou pedÐo:
Aµ → Aµ + ∂µχ. An den ��afairèsoume�� aut n thn eleujerÐa den
ja katafèroume na broÔme ton antÐstrofo tou telest .
'Askhsh 36 DeÐxte ìti den mporeÐte na orÐsete ton antÐstrofo
tou gµν�2 − ∂µ∂ν
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Mìlic ìmwc epilèxoume thn bajmÐda Lorentz, ∂µAµ = 0, h
exÐswsh gÐnetai gµν�2Aν = jµ, kai miac kai gµνg

νλ = δλµ,
blèpoume �mesa ìti to antÐstrofo tou −igµν�2 eÐnai

igµν
−q2

= − igµν
q2

Autìc eÐnai o diadìthc tou Feynman (  sth bajmÐda Feynman).
'Askhsh 37 H sunj kh Lorentz, ∂µAµ = 0 af nei akìma mia
eleujerÐa epilog c tou Aµ: Aµ → Aµ + ∂µΛ ìpou �2Λ = 0.
Opìte, h Ex.(22) mporeÐ na grafeÐ[

gµν�
2 −

(
1− 1

ξ

)
∂µ∂ν

]
Aν = jµ

kai tìte o antÐstrofoc tou telest  eÐnai

i

q2

[
−gµν + (1− ξ)

qµqν
q2

]
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Gia ξ = 1 phgaÐnoume ston diadìth Feynman. Sthn QED o
deÔteroc ìroc mhdenÐzetai stouc upologismoÔc miac kai to
dunhtikì fwtìnio allhlepidr� me diathroÔmeno reÔma jµ gia to
opoÐo isqÔei qµj

µ = 0.
O diadìthc dianusmatikoÔ, spin=1, me m�za
'Opwc eÐqame anafèrei, Ex.(20), h exÐswsh pou plhroÐ èna
eleÔjero dianusmatikì swmatÐdio me m�za eÐnai[

gµν
(
�2 + m2

)
− ∂µ∂ν

]
Aν = 0

To antÐstrofo tou telest  (epi i) eÐnai

i
(
−gµν +

pµpν
M2

)
p2 −M2

opìte autìc eÐnai kai o diadìthc enìc dianusmatikoÔ
swmatidÐou me m�za. Prosèxte ìti o arijmht c eÐnai h sqèsh
plhrìthtac Ex.(21)
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'Askhsh 38 DeÐxte ìti o diadìthc enìc dianusmatikoÔ
swmatidÐou me m�za eÐnai

i
(
−gµν +

pµpν
M2

)
p2 −M2

Skèdash Compton γe− → γe−

Ja upologÐsoume analutik� to analoÐwto pl�toc gia thn
skèdash Compton. Ac prospaj soume na doÔme k�je ìro tou
pl�touc autoÔ. Gia to eiserqìmeno fwtìnio ja up�rqei o ìroc:
εµe
−ikx kai gia to exerqìmeno: ε′∗ν e

+ik ′x , gia to pr¸to
di�gramma kai an�loga kai gia to deÔtero.
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Gia to eiserqìmeno hlektrìnio: e−ipxu(s)(p) kai to exerqìmeno:
e+ip′x ū(s′)(p′). Sto endi�meso hlektrìnio ja antistoiq soume
ton diadìth: i(p/+ k/+ m)/((p + k)2 −m2) gia to pr¸to
di�gramma kai an�loga gia to �llo. Oi dÔo korufèc ja eÐnai:
ieγµ kai ieγν . 'Ola ta ekjetik� ja d¸soun thn dèlta
sun�rthsh gia thn diat rhsh thc orm c-enèrgeiac. Opìte, to
analloÐwto pl�toc gia k�je di�gramma ja eÐnai

−iM1 =

[
ū(s′)(p′)(ieγν)

i(p/+ k/+ m)

(p + k)2 −m2
(ieγµ)u(s)(p)

]
εµε
′∗
ν

−iM2 =

[
ū(s′)(p′)(ieγµ)

i(p/− k/′ + m)

(p − k ′)2 −m2
(ieγν)u(s)(p)

]
εµε
′∗
ν

Prosèxte ìti, ìpwc perimèname, to �jroismaM1 +M2 eÐnai
analloÐwto sthn allag  (k , ε)↔ (−k ′, ε′∗). Ac doÔme p¸c
emfanÐzetai ed¸ h analloi¸thta bajmÐdac. Apait¸ntac thn
sunj kh Lorentz, ∂µAµ = 0, gnwrÐzoume ìti h fusik  den
all�zei me ton metasqhmatismì εµ → εµ + akµ. Gr�fontac,
loipìn,M = εµε

′∗
ν T

µν ja prèpei

M = εµε
′∗
ν T

µν = (εµ + akµ)(ε′∗ν + ak ′ν)Tµν
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opìte èqoume tic sqèseic

k ′νT
µν = kµT

µν = 0

'Askhsh 39 DeÐxte ìti to pr�gmati isqÔei h sqèsh
k ′νT

µν = kµT
µν = 0 gia to �jroisma twn dÔo diagramm�twn

kai ìqi gia to kajèna apì aut�.
Qrhsimopoi¸ntac ìti (p + k)2 = s kai (p − k ′)2 = u kai
agno¸ntac thn m�za tou hlektronÐou, ta dÔo pl�th gÐnontai

M1 =
1

s
εµε
′∗
ν e2 ū(s′)(p′)γν(p/+ k/)γµu(s)(p)

M2 =
1

u
εµε
′∗
ν e2 ū(s′)(p′)γµ(p/− k/′)γνu(s)(p)

ja prèpei t¸ra na upologÐsoume to |M1 +M2|2. Ac
upologÐsoume pr¸ta to |M1|2

|M1|2 =
1

2 · 2
1

s2
e4 Tr

[
p/γµ

′
(p/+ k/)γν

′
p/′γν(p/+ k/)γµ

]
εµε
′∗
ν ε
∗
µ′ε
′
ν′

Gia ta fwtìnia èqoume: εµε
∗
µ′ = −gµµ′ kai ε′∗ν ε′ν′ = −gνν′ (bl. to

Par�rthma) kai to |M1|2 gÐnetai
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|M1|2 =
1

4

1

s2
e4 Tr

[
p/γµ(p/+ k/)γνp/

′γν(p/+ k/)γµ
]

=
1

4

1

s2
e4 (−2)(−2)Tr

[
p/(p/+ k/)p/′(p/+ k/)

]
=

1

s2
e4 Tr

[
p/k/p/′(p/+ k/)

]
=

1

s2
e4 Tr

[
k/p/′k/p/

]
=

1

s2
e4 4

[
(kp′)(kp) + (kp)(kp′)

]
=

=
4e4

s2
2
s(−u)

4
= −2e4 u

s
ìpou sthn trÐth kai sthn tètarth isìthta qrhsimopoi same ìti
p/2 = p2 = 0. 'Omoia, to �llo di�gramma dÐnei

|M2|2 = −2e4 s

u
'Askhsh 40 DeÐxte ìtiM1M∗2 = 0

Epomènwc,

|M1 +M2|2 = |M1|2 + |M2|2 = 2e4
(
−u

s
− s

u

)
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'Askhsh 41 An to fwtìnio eÐnai dunhtikì, opìte

k2 = −Q2 6= 0, deÐxte ìti |M|2 = 2e4
(
−u

s −
s
u + 2Q2t

su

)
Skèdash Compton bajmwtoÔ ��hlektronÐou�� DeÐxte ìti gia
na eÐnai analloÐwto se metasqhmatismì bajmÐdac to
analloÐwto pl�toc gia skèdash Compton bajmwtoÔ
��hlektronÐou��, qrei�zetai na sumperilhfjeÐ �llh mia
allhlepÐdrash thc morf c ��hlektrìnio��-��hlektrìnio��
-fwtìnio-fwtìnio, pou faÐnetai sto sq.
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H DOMH TWN ADRONIWN

H skèdash qrhsimopoieÐtai gia thn anagn¸rish thc dom c tou
stìqou. Qrhsimopoi¸ntac thn gwniak  katanom  tou
skedazomènou ��bl mmatoc�� (p.q. hlektrìniou), mporoÔme na
p�roume plhroforÐec gia thn dom .
H genik  idèa eÐnai h eÔresh tou par�gonta morf c (form
factor) F (q)

dσ

dΩ
=

dσ

dΩ

∣∣∣∣
shmeiakìc stìqoc

|F (q)|2

me q h metaferìmenh orm  metaxÔ tou prospÐptontoc
��bl mmatoc�� e kai tou stìqou: q = ki − kf . Xekin�me me th
skèdash e se stìqo qwrÐc spin, me fortÐo Zeρ(x) ìpou∫

ρ(x) d3x = 1
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Gia statikì stìqo èqoume

F (q) =

∫
ρ(x)e−iq·x d3x

en¸

dσ

dΩ

∣∣∣∣
shmeiakìc stìqoc

=
dσ

dΩ

∣∣∣∣
Mott

=
(Zα)2E 2

4k4 sin4 θ
2

(
1− v2 sin2 θ

2

)
Ac doÔme p¸c ft�noume s' autì. Gia statikì fortÐo me tim  Ze
ja èqoume Aµ = (V , 0) me

∇2V (x) = −Zeδ3(x) gia shmeiakì fortÐo

∇2V (x) = −Zeρ(x) gia fortÐo me puknìthta ρ
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Opìte, gia to shmeikì fortÐo∫
e−iq·x∇2V (x) d3x = −

∫
Zeδ3(x)e−iq·x d3x

(−iq)2

∫
e−iq·xV (x) d3x = −Ze∫
e−iq·xV (x) d3x =

Ze

q2

ìpou sthn deÔterh isìthta odhghj kame me dipl  olokl rwsh
kat� mèrh (kai mhdenismì tou epifaneiakoÔ oloklhr¸matoc pou
prokÔptei k�je for�). Gia to fortÐo me puknìthta ρ èqoume
antÐstoiqa ∫

e−iq·x∇2V (x) d3x = −
∫

Zeρ(x)e−iq·x d3x

(−iq)2

∫
e−iq·xV (x) d3x = −ZeF (q)∫
e−iq·xV (x) d3x =

Ze

q2
F (q)
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T¸ra gnwrÐzoume ìti

Tfi = −ie
∫

d4x Ψ̄f γ
µΨiAµ = −ie

∫
d4x ū(kf )γµu(ki )e

−i(ki−kf )xAµ

Gia Aµ = (V (x), 0) ja èqoume

Tfi = −ie
(
ūf γ

0ui

)
2πδ(Ei − Ef )

∫
d3x e−i(ki−kf )·x V (x)

= −ie
(
ūf γ

0ui

)
2πδ(Ei − Ef )

Ze

q2
F (q)

ìpou q = ki − kf kai F (q) = 1 gia shmeiakì fortÐo. Gia na
p�me sthn diaforik  energì diatom , paÐrnoume

dσ =
|Tfi |2

T

d3kf

(2π)32Ef

1

2Ei

1

v
=

= (e4Z 2)

[
1

2

∣∣ūf γ
0ui

∣∣2](F (q)

q2

)2

2πδ(Ei − Ef )
d3kf

(2π)32Ef

1

2Ei

1

v
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ìpou qrhsimopoi same ìti (2πδ)2 = T2πδ kai h agkÔlh uponoeÐ
�jroisma sta spin.
Gia statikì pedÐo, h enèrgeia tou hlektronÐou den all�zei
(δ(Ei − Ef )), opìte kai |kf | = |ki | kai E 2 = k2 + m2 →
EdE = kdk . 'Etsi, d3kf = k2

f dkf dΩ = kf Ef dEf dΩ. To dσ
gr�fetai

dσ = Z 2e4

(
F (q)

q2

)2

2πδ(Ei − Ef )
kf Ef dEf dΩ

(2π)32Ef

1

2Ei

1

v

[
1

2

∣∣ūf γ
0ui

∣∣2]
=

Z 2α2

4(q2)2

[
1

2

∣∣ūf γ
0ui

∣∣2] [F (q2)
]2

dΩ

ìpou qrhsimopoi same ìti kf /Ef = v . Ac upologÐsoume t¸ra
thn agkÔlh (Ei = Ef = E kai |ki | = |kf | = k)
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1

2

∑
sf ,si

∣∣ūf γ
0ui

∣∣2 =
1

2
Tr [(k/i + m)γ0(k/f + m)γ0]

=
1

2

[
Tr [k/iγ0k/f γ0] + m2Tr

[
γ2

0

])
= 2

(
2EiEf − kikf + m2

)
= 2

(
2E 2 − (E 2 − k2 cos θ) + m2

)
= 2

(
2E 2 − (E 2 − k2 cos θ) + E 2 − k2

)
= 4E 2

(
1− v2 sin2 θ

2

)
me v = k/E h taqÔthta tou hlektronÐou. Opìte,

dσ

dΩ
=

Z 2α2

4k4 sin4 θ
2

E 2

(
1− v2 sin2 θ

2

)
[F (q)]2 (23)
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me q2 = (kf − ki )
2 = 2k2(1− cos θ) = 4k2 sin2 θ

2 . Gia shmeiakì
stìqo, ìpwc eÐpame, F (q) = 1. 'Opìte, pr�gmati,

dσ

dΩ
=

dσ

dΩ

∣∣∣∣
shmeiakìc stìqoc

[F (q)]2

'Askhsh 42 An to hlektrìnio eÐqe spin 0, deÐxte ìti h èkfrash

4E 2

(
1− v2 sin2 θ

2

)
antikajÐstatai apì to 4E 2 kai h Ex.23 gÐnetai

dσ

dΩ
=

Z 2α2

4k4 sin4 θ
2

E 2 [F (q)]2

Opìte, mpaÐnei h er¸thsh: giatÐ to mh sqetikistikì hlektrìnio,
dhlad  gia v → 0, me spin=1/2 den diafèrei apì to
��hlektrìnio�� me spin=0?
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To F (q = 0) = 1. Gia mikrèc timèc tou |q| mporoÔme na
anaptÔxoume to ekjetikì

F (q) =

∫ (
1− iq · x− (q · x)2

2
+ ...

)
ρ(x) d3x

An ρ(x) = ρ(|x|), dhlad  sfairik� summetrik , o deÔteroc ìroc
tou oloklhr¸matoc mhdenÐzetai, giatÐ epillègontac
q = (0, 0, q), q · x = qz = qr cos θ kai d3x = r2 sin θdθdφdr∫

q · xρ(x) d3x =

∫
qr cos θρ(r)r2 sin θdθdφdr

All� ∫ π

0
sin θ cos θ dθ = 0

O trÐtoc ìroc gÐnetai

−
∫

(q · x)2

2
ρ(r)d3x = −1

2

∫ ∑
i

(qixi )
2ρ(r)d3x
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Lìgw sfairik c summetrÐac

1

3

∫
(x2

1 + x2
2 + x2

3 )ρ(r) d3x =

∫
x2

i ρ(r) d3x , i = 1, 2, 3

opìte

− 1

2

∫ ∑
(q2

i x
2
i )ρ(r)d3x = −1

2

∫
(q2

1x
2
1 + q2

2x
2
1 + q2

3x
2
1 )ρ(r)d3x =

− 1

2

(∑
q2

i

)∫
x2

1ρ(r)d3x = −1

2

(∑
q2

i

)∫ 1

3

(∑
x2

i

)
ρ(r)d3x =

− 1

6
q2

∫
r2ρ(r)d3x = −1

6
q2 < r2 >

ìpou < r2 > eÐnai h mèsh tim  tou r2. Opìte

F (q) = 1− 1

6
q2 < r2 >
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Dhlad , gia mikrì |q|, h skèdash metr� akrib¸c aut  th mèsh
tim  tou r2. To mikrì m koc kÔmatoc tou fwtonÐou mporeÐ na
xeqwrÐsei mìno ton sunolikì ìgko tou fortÐou ρ(r).
'Askhsh 43 An h puknìthta fortÐou ρ(r)  tan thc morf c
e−mr , deÐxte ìti o par�gontac morf c eÐnai

F (|q|) ∝
(

1− q2

m2

)−2

Skèdash hlektronÐou-prwtonÐou. Par�gontec morf c tou
prwtonÐou
DÔo eÐnai ta stoiqeÐa pou diaforopoioÔn to prwtìnio-stìqoc
apì ta prohgoÔmena: to prwtìnio den eÐnai ��statikì�� kai to
prwtìnio èqei magnhtik  rop . An, par' ìla aut�, to prwtìnio
 tan shmeiakì me magnhtik  rop  a la Dirac Ðsh me e/2M,
mporoÔme na qrhsimopoi soume to tÔpo pou eÐqame breÐ gia thn
skèdash hlektronÐou-mionÐou, b�zontac M thn m�za tou
prwtonÐou antÐ tou mionÐou
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dσ

dΩ

∣∣∣∣
lab

=
α2

4E 2 sin4 θ
2

E ′

E

[
cos2 θ

2
− q2

2M2
sin2 θ

2

]
ìpou

E ′

E
=

1

1 + 2E
M sin2 θ

2

K�nontac thn Ðdia doulei� ìpwc me thn skèdash hlektronÐou -
mionÐou, ja gr�fame

Tfi = −i
∫

jµ

(
− 1

q2

)
Jµ d4x

ìpou q = k − k ′ = p′ − p kai jewr¸ntac pia to prwtìnio wc MH
shmeiakì

jµ = −eū(k ′)γµu(k)e−i(k−k ′)x

Jµ = eū(p′)[...]u(p)e−i(p−p′)x
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Akrib¸c, gr�fontac [...] deÐqnoume ìti to prwtìnio den eÐnai
shmeiakì kai den mporoÔme apl� na gr�youme γµ. Par' ìla
aut�, to Jµ ja prèpei na eÐnai èna tetradi�nusma, kai
epomènwc ja prèpei na qrhsimopoi soume thn pio genik  morf 
enìc tetradianÔsmatoc qrhsimopoi¸ntac tic ormèc p, p′ kai q
kaj¸c kai touc γ pÐnakec. MporoÔme, telik�, na fti�xoume dÔo
anex�rthtec posìthtec: mia an�logh tou γµ kai mia deÔterh
an�logh tou iσµνqν .
'Askhsh 44 H pio genik  morf  gia to [...] sto Jµ eÐnai
(q = p′ − p)

F1γ
µ + F2iσ

µνqν + F3iσ
µν(p + p′)ν + F4q

µ + F5(p + p′)µ

DeÐxte ìti telik� mènoun mìno dÔo anex�rthtoi ìroi pou
antistoiqoÔn sta F1 kai F2
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Opìte, gr�foume

[...] = F1(q2)γµ +
κ

2M
F2(q2)iσµνqν (24)

ìpou κ eÐnai h an¸malh magnhtik  rop  tou prwtonÐou.
Prosèxte ìti to q2 eÐnai h mình anex�rthth bajmwt  metablht 
sthn koruf  tou prwtonÐou (p2 = p′2 = M2). EpÐshc, to p · q
den eÐnai anex�rthto miac kai
(q + p)2 = p′2 → M2 + q2 + 2p · q = M2 → 2p · q = −q2. An to
q2 → 0, dhlad  ìtan to fwtìnio èqei meg�lo m koc kÔmatoc,
den mporoÔme na diakrÐnoume dom  sto prwtìnio kai
parathroÔme swmatÐdio me fortÐo e kai magnhtik  rop 
(1 + κ)/2M. Peiramatik�, to κ = 1.79. JumhjeÐte ìti

eū(p′)γµu(p) =
e

2M
ū(p′)(p + p′)µu(p) +

e

2M
ū(p′)iσµνqνu(p)
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Opìte, o ìroc γµ sthn Ex.24 perièqei thn ��kanonik �� rop  en¸
o �lloc ìroc prosfèrei thn an¸malh rop  tou prwtonÐou, kai
ja prèpei na epilèxoume, s' autì to ìrio,

F1(q2 → 0) = 1, F2(q2 → 0) = 1

Gia to netrìnio, oi antÐstoiqec timèc eÐnai F1(q2 → 0) = 0,
F2(q2 → 0) = 1 kai κn = −1.91. Qrhsimopoi¸ntac loipìn, gia
ton upologismì thc energoÔ diatom c thn Ex.(24), ja p�roume

dσ

dΩ

∣∣∣∣
lab

=
α2

4E 2 sin4 θ
2

E ′

E

[(
F 2

1 −
κ2q2

4M2
F 2

2

)
cos2 θ

2

− q2

2M2
(F1 + κF2)2 sin2 θ

2

]
Aut  eÐnai h sqèsh Rosenbluth. ApoteleÐ mia parametropoÐhsh
thc �gnoi�c mac gia thn dom  tou prwtonÐou. Parathr ste ìti
gia F1 = 1 kai κ = 0 katal goume sthn skèdash apì shmeiakì
stìqo. Peiramatik� oi par�gontec morf c metrioÔntai se
skèdash (sun�rthsh thc gwnÐac skèdashc tou hlektronÐou).
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Sthn pr�xh qrhsimopoioÔntai dÔo grammikoÐ sunduasmoÐ twn F

GE = F1 +
κq2

4M2
F2, GM = F1 + κF2

kai h energìc diatom  gr�fetai

dσ

dΩ

∣∣∣∣
lab

=
α2

4E 2 sin4 θ
2

E ′

E

[
G 2

E + τG 2
M

1 + τ
cos2 θ

2
+ 2τG 2

M sin2 θ

2

]
me τ = −q2/2M. Prosèxte ìti me aut n thn allag  den
up�rqoun ìroi an�logoi tou GMGE .
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Anelastik  Skèdash ep → eX
Ti gÐnetai ìtan megal¸sei h enèrgeia pou q�nei to hlektrìnio?
Dhlad  ìtan to −q2 eÐnai meg�lo. Gia mesaÐa −q2

parousi�zontai di�fora swmatÐdia-suntonismoÐ (resonances):
ep → e∆+ → epπ0. S' aut n thn perÐptwsh h analloÐwth m�za
twn proðìntwn W 2 ' M2

∆. Gia pio meg�lh metaferìmenh
enèrgeia to prwtìnio ��sp�ei�� kai qreiazìmaste èna kainoÔrgio
formalismì gia na perigr�youme to gegonìc.
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Sthn ellastik  skèdash antikatast same, sto analloÐwto
pl�toc, to ūγµu tou mionÐou me ūΓµu kai qrhsimopoi same thn
pio genik  morf  gia to Γµ. T¸ra oÔte autì gÐnetai. Ja prèpei
na p�me �mesa sthn energì diatom  (dhlad  sto
tetragwnismèno analloÐwto pl�toc) kai antÐ

dσ = L(e)
µν

(
L(µ)

)µν
pou isqÔei gia thn perÐptwsh tou mionÐou, na gr�youme

dσ = L(e)
µν W

µν

To leptonikì komm�ti paramènei to Ðdio. To W µν

parametropoieÐ thn sunolik  mac �gnoia gia thn morf  tou
reÔmatoc sthn meri� tou prwtonÐou. Kai p�li ja prèpei na
gr�youme to W µν me thn pio genik  morf  qrhsimopoi¸ntac ta
pµ, qµ kai to gµν . Prosèxte ìti p′ = p + q kai epÐshc den
mporoÔme na qrhsimopoi soume γ pÐnakec miac kai gr�foume to
tetr�gwno tou analloÐwtou pl�touc ìpou èqoume ajroÐsei sta
spin. Epomènwc gr�foume
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W µν = −W1gµν +
W2

M2
pµpν +

W4

M2
qµqν +

W5

M2
(pµqν + qµpν)

Krat same to W µν summetrikì stouc deÐktec miac kai to L
(e)
µν

eÐnai summetrikì. K�je mh summetrikì komm�ti tou W µν den ja
suneisèfere sto dσ. Ta W ja exart¸ntai apì ta mìno dÔo
bajmwt� megèjh pou sqetÐzontai me thn koruf  tou prwtonÐou.
MporoÔme na epilèxoume ta

q2 kai ν =
p · q
M

H analloÐwth m�za thc telik c kat�stashc sundèetai me tic
dÔo parap�nw metablhtèc

W 2 = (p + q)2 = p2 + q2 + 2p · q = M2 + 2Mν + q2

H diat rhsh tou reÔmatoc odhgeÐ stic sqèseic

qµL(e)
µν = qνL(e)

µν = 0, kai qµW (e)
µν = qνW (e)

µν = 0
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Oi dÔo teleutaÐec sqèseic odhgoÔn se susqètish metaxÔ twn
tess�rwn diaforetik¸n W . Opìte, xanagr�foume

W µν = W1

(
−gµν +

qµqν

q2

)
+W2

1

M2

(
pµ − p · q

q2
qµ
)(

pν − p · q
q2

qν
)

'Askhsh 45 DeÐxte ìti h diat rhsh tou reÔmatoc sthn
adronik  koruf  (dhlad  qνWµν = 0) odhgeÐ stic sqèseic

W5 = −p · q
q2

W2, W4 =
M2

q2
W1 +

(
p · q
q2

)2

W2

UpenjumÐzoume ìti ta W1 kai W2 exart¸ntai apì ta q2 kai ν.
Sun jwc qrhsimopoioÔntai, ant' aut¸n, oi x kai y

x =
−q2

2p · q
=
−q2

2Mν
y =

p · q
p · k

ìpou k h (tetr)orm  tou eiserqìmenou hlektronÐou.
UpologÐzoume t¸ra thn energì diatom  ep → eX .

Lµν(e)Wµν = 4W1(k · k ′) +
2W2

M2

(
2(p · k)(p · k ′)−M2k · k ′

)
192/389



∣∣∣Lµν(e)Wµν

∣∣∣
lab

= 4EE ′
[
W2 cos2 θ

2
+ 2W1 sin2 θ

2

]
'Askhsh 46 DeÐxte thn parap�nw sqèsh.

Telik� h energìc diatom  gr�fetai

d2σ

dΩdE ′

∣∣∣∣
lab

=
α2

4E 2 sin4 θ
2

[
W2(ν, q2) cos2 θ

2
+ 2W1(ν, q2) sin2 θ

2

]
(25)
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PerÐlhyh gia ton formalismì skèdashc ep
H teleutaÐa sqèsh gr�fetai

d2σ

dΩdE ′

∣∣∣∣
lab

=
α2

q4

E ′

E

∣∣∣Lµν(e)Wµν

∣∣∣
lab

(26)

ìpou
q2 = (k − k ′)2 = −2k · k ′ = −2EE ′(1− cos θ) = −4EE ′ sin2 θ

2 .
Jumìmaste ìti gia eµ→ eµ eÐqame

dσ =
1

4ME

d3k ′

(2π)32E ′
d3p′

(2π3)2p′0

[
e4

q4
Lµν(e)L

(µ)
µν

]
(2π)4δ(4)(p + q − p′)

MporeÐ na xanagrafteÐ me th morf  (26) an

Wµν =
1

4ME

1

2

∑
s

∑
s′

∫
d3p′

(2π)32E ′
(2π)4δ(4)(p + q − p′)

× < p, s|J̃†µ|p′, s ′ >< p′, s ′|J̃ν |p, s >
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ìpou
< p′, s ′|J̃ν |p, s >= ū

(s′)
p′ γνu

(s)
p

An antÐ autoÔ gr�youme

< p′, s ′|J̃ν |p, s >= F1(q2)γν +
κ

2M
F2(q2)iσµνqν

ja p�roume ton tÔpo thc elastik c skèdashc ep. GenikeÔontac,
loipìn, mporoÔme na gr�youme gia thn perÐptwsh pou to
prwtìnio ��sp�ei�� kai èqoume parousÐa N swmatidÐwn

Wµν =
1

4ME

∑
N

(
1

2

∑
s

)∫ N∏
n=1

d3p′n
(2π)32E ′n

×
∑

sn

< p, s|J̃†µ|X >< X |J̃ν |p, s > (2π)4δ(4)(p + q −
∑

n

p′n)
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'Etsi, h energìc diatom  gr�fetai genik�

d2σ

dΩdE ′
=
α2

q4

E ′

E
4EE ′ [...] =

4α2E ′2

q4
[...]

ìpou

[...] =

(
cos2 θ

2
− q2

2M
sin2 θ

2

)
δ

(
ν +

q2

2M

)
, gia e−µ− → e−µ−

[...] =

(
G 2

E + G 2
M

1 + τ
cos2 θ

2
+ 2τG 2

M sin2 θ

2

)
δ

(
ν +

q2

2M

)
,

gia e−p → e−p

[...] = W2(ν, q2) cos2 θ

2
+ 2W1(ν, q2) sin2 θ

2
, gia e−p → e−X

ìpou τ = −q2/4M. An oloklhr¸soume tic dÔo pr¸tec wc proc
E ′ qrhsimopoi¸ntac thn sun�rthsh δ, ja p�roume

dσ

dΩ
=

α2

4E 2 sin4 θ
2

E ′

E
[...]
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B�jmish Bjorken kai to prìtupo twn partonÐwn
Qrhsimopoi¸ntac tic nèec metablhtèc

Q2 = −q2 = 4EE ′ sin2 θ

2
= 2EE ′(1− cos θ), ν = E − E ′

èqoume (jewr¸ntac azimoujiak  summetrÐa, opìte
∫
dφ = 2π)

dΩ = 2πd(cos θ), (cos θ = (−1, 1))

∂ν

∂E ′
= −1,

∂ν

∂ cos θ
= 0

∂Q2

∂E ′
= 2E (1− cos θ),

∂Q2

∂ cos θ
= −2EE ′

dνdQ2 =

∣∣∣∣∣
(

∂ν
∂E ′

∂ν
∂ cos θ

∂Q2

∂E ′
∂Q2

∂ cos θ

)∣∣∣∣∣ dE ′d(cos θ) = 2EE ′dE ′d(cos θ)
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h Ex.(25) gr�fetai

d2σ

dνdQ2
=

πα2

4E 2 sin4 θ
2

1

EE ′

[
W2 cos2 θ

2
+ 2W1 sin2 θ

2

]
O Bjorken prìteine ìti sto ìrio

Q2 →∞
ν →∞

}
me x =

Q2

2Mν
= stajerì

oi sunart seic W gÐnontai

MW1(Q2, ν)→ F1(x), νW2(Q2, ν)→ F2(x)

pr�gma pou ta peiramatik� dedomèna to epibebai¸noun.
Shmantikì stoiqeÐo thc upìjeshc tou Bjorken eÐnai ìti sto ìrio
autì, oi sunart seic F1 kai F2 eÐnai peperasmènec.
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P¸c katalabaÐnoume aut n thn b�jmish?
O Feynman prìteine na jewr soume elastik  skèdash me
shmeiak� fortÐa (partìnia) pou brÐskontai mèsa sto prwtìnio.
To fwtìnio mpaÐnei baji� kai blèpei eswterik  dom  sto
prwtìnio.
An gr�youme pµi = xPµ (kai mi ' xM), dhlad  ìti to partìnio i
èqei k�poio kl�sma thc orm c tou prwtonÐou, elastik  skèdash
tou hlektronÐou me to partìnio fortÐou ei ja dÐnei

d2σ

dνdQ2
=

πα2

4E 2 sin4 θ
2

1

EE ′

[
e2

i cos2 θ

2
+ 2e2

i

Q2

4m2
i

sin2 θ

2

]
δ

(
ν − Q2

2mi

)
pou ja prèpei na sugkrijeÐ me thn

d2σ

dνdQ2
=

πα2

4E 2 sin4 θ
2

1

EE ′

[
W2 cos2 θ

2
+ 2W1 sin2 θ

2

]
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'Ara ja prèpei h suneisfor� sta W1 kai W2 apì èna eÐdoc
partonÐou na eÐnai

W i
1 = e2

i

Q2

4xM2
δ

(
ν − Q2

2xM

)
W i

2 = e2
i δ

(
ν − Q2

2xM

)
Gia Q2, ν →∞ jewroÔme ìti oi suneisforèc twn partonÐwn
ajroÐzontai asÔmfwna (incoherently). 'Ara, ajroÐzoume gia ìla
ta eÐdh twn partonÐwn kai oloklhr¸noume gia ìla ta
x = (0, 1). Bèbaia, to olokl rwma sta x ja prèpei na èqei kai
k�poia sun�rthsh b�rouc fi (x) gia k�je eÐdoc partonÐou.
Autèc oi sunart seic, pou kaloÔntai katanomèc pijanìthtac,
den problèpontai apì autì to prìtupo. Epomènwc,

W2(ν,Q2) =
∑

i

∫ 1

0
dxfi (x)e2

i δ

(
ν − Q2

2xM

)
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kai epeid 

δ(g(x)) =
δ(x − x0)∣∣∣dg

dx

∣∣∣
x=x0

, me g(x0) = 0

ja èqoume

δ

(
ν − Q2

2xM

)
= δ

(
x − Q2

2Mν

)(
Q2

2Mx2
0

)−1

= δ

(
x − Q2

2Mν

)(x
ν

)
Epomènwc,

νW2(ν,Q2) =
∑

i

e2
i xfi (x) ≡ F2(x)

ìpou x = Q2

2Mν .
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An�loga paÐrnoume

MW1(ν,Q2) =
1

2

∑
i

e2
i fi (x) ≡ F1(x)

opìte
F2(x) = 2xF1(x)

H teleutaÐa sqèsh, sqèsh Callan-Gross, eÐnai �mesa
sundedemènh me to ìti ta partìnia èqoun spin=1/2.
To prìtupo twn kou�rk-partonÐwn
Ac upojèsoume ìti ta partìnia eÐnai ta kou�rk tou Gell-Mann
me tic gnwstèc idiìthtec (fortÐo, tim  tou barionikoÔ arijmoÔ,
thc paradoxìthtac k.lp.). Tìte gia thn allhlepÐdrash
fwtonÐou me ta kou�rk tou prwtonÐou, ja èqoume

F ep
2 (x) = x

[
4

9
(u(x) + ū(x)) +

1

9

(
d(x) + d̄(x) + s(x) + s̄(x)

)]
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me u(x), d(x), s(x), ... h katanom  pijanìthtac gia k�je èna
apì aut�. 'Iswc faÐnetai ìti antikatast same mia �gnwsth
posìthta, F2, apì èxi �gnwstec posìthtec! All�, oi Ðdiec
posìthtec parousi�zontai, me diaforetikoÔc sunduasmoÔc
bèbaia, gia stìqo netronÐwn (antÐ prwtonÐwn)  , akìma, gia
qr sh netrÐnwn kai antinetrÐnwn antÐ fwtonÐwn. Gia
par�deigma, gia stìqo netronÐwn (qrhsimopoi¸ntac thn
diat rhsh tou isospin) mporoÔme na gr�youme gia to netrìnio

u(n)(x) = d (p)(x) ≡ d(x), d (n)(x) = u(p)(x) ≡ u(x)

opìte

F en
2 (x) = x

[
4

9

(
d(x) + d̄(x)

)
+

1

9
(u(x) + ū(x) + s(x) + s̄(x))

]
Miac kai ìlec oi sunart seic pijanìthtac prèpei na eÐnai
jetikèc, apodeiknÔetai ìti

1

4
≤ F en

2

F ep
2

≤ 4

sqèsh pou epibebai¸netai kai peiramatik�.
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'Askhsh 47 ApodeÐxte thn parap�nw sqèsh.

EpÐshc, gia to prwtìnio kai to netrìnio me paradoxìthta 0, ja
isqÔei ∫ 1

0
dx [s(x)− s̄(x)] = 0

Apì to fortÐo tou prwtonÐou kai tou netronÐou èqoume tic
sqèseic∫ 1

0
dx

[
2

3
(u − ū)− 1

3
(d − d̄)

]
= 1, gia to prwtìnio∫ 1

0
dx

[
2

3
(d − d̄)− 1

3
(u − ū)

]
= 0, gia to netrìnio

Apì tic parap�nw dÔo sqèseic paÐrnoume tic∫ 1

0
dx [u − ū] = 2∫ 1

0
dx
[
d − d̄

]
= 1

pou akrib¸c deÐqnei thn perÐsseia twn kou�rk u kai twn kou�rk
d se sqèsh me ta anti-kou�rk.
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Akìma mia endiafèrousa sqèsh phg�zei apì to gegonìc ìti
xfi (x) eÐnai to kl�sma thc orm c pou metafèrei to kou�rk i .
Opìte ∫ 1

0
dx x

[
u + ū + d + d̄ + s + s̄

]
= 1− ε

ìpou me ε dhl¸noume to kl�sma thc orm c tou prwtonÐou pou
den metafèretai apì ta kou�rk. Peiramatik� to ε ∼ 1/2, pou
upodhl¸nei ìti meg�lo kl�sma thc orm c metafèretai apì
afìrtista antikeÐmena. Kat� thn Kbantik  Qrwmodunamik , ta
antikeÐmena aut� eÐnai ta gklouìnia.
MporoÔme na p�roume kai �llouc tètoiouc kanìnec an
proqwr soume se jewrhtik� prìtupa gia tic katanomèc twn
kou�rk. 'Etsi, eis�goume thn ènnoia gia ta kou�rk ��sjènouc��
kai ta kou�rk ��j�lassac��. Gia par�deigma, gia to prwtìnio
oi katanomèc twn kou�rk u kai d parametropoioÔntai

u = uv + qs , d = dv + qs
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en¸ gia ta kou�rk s kai ta anti-kou�rk

ū = d̄ = s = s̄ = qs

'Etsi, oi èxi �gnwstec sunart seic antikajÐstantai apì treic.
Fusik�, up�rqoun pareklÐseic apì thn b�jmish Bjorken kai to
aplì prìtupo pou perigr�yame parap�nw, all� h KQD dÐnei
apant seic.
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JEWRIES BAJMIDAS

Oi summetrÐec paÐzoun prwtarqikì rìlo sth Fusik . Gia
par�deigma, h analloi¸thta se genikoÔc metasqhmatismoÔc
suntetagmènwn od ghse ton Einstein sthn diatÔpwsh thc
JewrÐac thc Genik c Sqetikìthtac. PisteÔoume ìti oi
allhlepidr�seic sth fÔsh perigr�fontai apì JewrÐec
BajmÐdac. H diat rhsh megej¸n (ìpwc fortÐo, qr¸ma k.lp.)
topik� (local) sundèontai �rrhkta me autèc.
H sqèsh summetrÐac↔nìmoc diat rhshc èqei suzhthjeÐ sthn
Lagkranzian  je¸rhsh. Oi exis¸seic Lagrange eÐnai

d

dt

(
∂L

∂q̇i

)
− ∂L

∂qi
= 0

ìpou qi oi genikeumènec suntetagmènec kai q̇i = dqi/dt kai h
sun�rthsh Lagrange L = T − V (= Kinht. En. − Dunam. En.).
PhgaÐnontac apì ta qi stic φ(x, t), paÐrnoume

L(q, q̇, t)→ L(φ, ∂µφ, xµ)
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kai oi exis¸seic Lagrange gÐnontai

∂µ
(

∂L
∂(∂µφ)

)
− ∂L
∂φ

= 0

ìpou L h Lagkranzian  puknìthta kai L =
∫
L d3x . AntÐ na

gr�foume tic exis¸seic pou dièpoun ta pedÐa mac, gr�foume
thn L. 'Etsi, gia par�deigma h

L =
1

2
(∂µφ)(∂µφ)− 1

2
m2φ2

dÐnei thn exÐswsh Klein-Gordon

∂µ∂µφ+ m2φ = 0,   (�2 + m2)φ = 0

'Askhsh 48 DeÐxte ìti h Lagkrantzian 

L =
1

2
(∂µφ)(∂µφ)− 1

2
m2φ2 = 0

odhgeÐ sthn exÐswsh Klein-Gordon

∂µ∂µφ+ m2φ = 0,   (�2 + m2)φ = 0
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Den up�rqei tÐpota to magikì ed¸! H Lagkrantzian 
epilèqthke me autìn ton trìpo ¸ste na dÐnei thn exÐswsh
Klein-Gordon.
H Lagkrantzian 

L = iψ̄γµ∂µψ −mψ̄ψ

dÐnei thn exÐswsh Dirac

(i∂µγ
µ −m)ψ = 0

'Askhsh 49 DeÐxte ìti h Lagkrantzian 

L = iψ̄γµ∂µψ −mψ̄ψ

dÐnei thn exÐswsh Dirac

(i∂µγ
µ −m)ψ = 0

EpÐshc, h Lagkrantzian 

L = −1

4
FµνFµν − jµAµ, Fµν = ∂µAν − ∂νAµ

dÐnei tic exis¸seic tou Maxwell

∂µF
µν = jν
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An gr�youme thn Lagkrantzian 

L = −1

4
FµνFµν − jµAµ +

1

2
m2AµA

µ

ja p�roume thn exÐswsh tou fwtonÐou ��me m�za��

(�2 + m2)Aµ = jµ

Poia eÐnai h sqèsh an�mesa sthn Lagkrantzian  prosèggish
kai thc diataraktik c mejìdou me ta diagr�mmata Feynman?
Se k�je Lagkrantzian  antistoiqoÔn orismènoi kanìnec
Feynman. Aut  h antistoiqÐa gÐnetai wc ex c:
1. Se k�je ìro thc Lagkrantzian c antistoiqoÔme diadìtec kai
suntelestèc koruf c.
2. Oi diadìtec proèrqontai apì touc tetragwnikoÔc ìrouc thc
Lagkrantzian c (p.q. φ2, ψ̄ψ, (1/2)(∂µφ)2, ψ̄(iγµ∂

µψ).
3. Oi �lloi ìroi thc Lagkrantzian c antistoiqÐzontai stic
korufèc allhlepÐdrashc. O suntelest c thc koruf c eÐnai o
suntelest c tou antÐstoiqou ìrou thc Lagkrantzian c.
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AkoloujoÔme ton klasikì trìpo prosèggishc. H klasik 
Lagkrantzian  kbantÐzetai. Ta pedÐa gÐnontai telestèc
dhmiourgÐac kai katastrof c. Oi allhlepidr�seic
upologÐzontai mèsw thc jewrÐac diataraq¸n. To apotèlesma
aut c thc diadikasÐac metafr�zetai se èna sÔnolo kanìnwn
Feynman. Mèsw aut¸n mporoÔme na elègqoume tic fusikèc
diergasÐec pou perigr�fei mia Lagkrantzian . Ed¸ den ja
akolouj soume ton ��kanonikì formalismì��. Ja
akolouj soume thn pepoÐjhsh ìti ta ��diagr�mmata Feynman
perigr�foun poll� perissìtera apì ì,ti ènac aplìc
formalismìc�� (t’Hooft kai Veltman).
Je¸rhma Noether. SummetrÐec kai nìmoi diat rhshc
GnwrÐzoume ìti h analloi¸thta se qwrik  met�jesh odhgeÐ sth
diat rhsh orm c, h analloi¸thta se strofèc odhgeÐ sth
diat rhsh thc stroform c kai h analloi¸thta se met�jesh
sto qrìno odhgeÐ sth diat rhsh thc enèrgeiac. Ed¸, ja
endiaferjoÔme gia eswterikèc summetrÐec. MetasqhmatismoÐ
pou metatÐjentai me thn qwroqronik  ex�rthsh thc
kumatosun�rthshc.
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Gia par�deigma, h Lagkrantzian  pou perigr�fei to hlektrìnio

L = iψ̄γµ∂µψ −mψ̄ψ

paramènei analloÐwth ston metasqhmatismì

ψ(x)→ e iαψ(x)

Pr�gmati, polÔ eÔkola faÐnetai ìti

ψ̄(x)→ e−iαψ̄(x), ∂µψ → e iα∂µψ(x)

Oi oikogèneia twn metasqhmatism¸n f�shc U(a) = e iα apoteleÐ
thn monoparametrik  abelian  om�da pou sumbolÐzetai me
U(1). O ìroc Abelian  anafèretai sthn antimetajetikìthta

U(α1)U(α2) = U(α2)U(α1)

En¸ autìc o metasqhmatismìc fant�zei aploðkìc, èqei
ter�stia shmasÐa. H analloi¸thta k�tw apì
metasqhmatismoÔc U(1), odhgeÐ sthn diat rhsh tou reÔmatoc.
Ac p�roume apeirostì metasqhmatismì

U(α) = 1 + iα, ψ → (1 + iα)ψ, ∂µψ → (1 + iα)∂µψ
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Analloi¸thta shmaÐnei δL = 0. Opìte

δL =
∂L
∂ψ

δψ +
∂L

∂(∂µψ)
δ(∂µψ) + δψ̄

∂L
∂ψ̄

+ δ(∂µψ̄)
∂L

∂(∂µψ̄)
=

=
∂L
∂ψ

(iαψ) +
∂L

∂(∂µψ)
(iα∂µψ) + (−iαψ̄)

∂L
∂ψ̄

+ (−iα∂µψ̄)
∂L

∂(∂µψ̄)
=

=
∂L
∂ψ

(iαψ)−
[
∂µ

(
∂L

∂(∂µψ)

)]
iαψ + ∂µ

[
∂L

∂(∂µψ)
ψ

]
iα−

− iαψ̄
∂L
∂ψ̄

+ iαψ̄

[
∂µ

(
∂L

∂(∂µψ̄)

)]
− iα∂µ

[
ψ̄

∂L
∂(∂µψ̄)

]
=

= iα

[
∂L
∂ψ
− ∂µ

∂L
∂(∂µψ)

]
ψ + ∂µ

[
∂L

∂(∂µψ)
ψ

]
iα−

− iαψ̄

[
∂L
∂ψ̄
− ∂µ

∂L
∂(∂µψ̄)

]
− iα∂µ

[
ψ̄

∂L
∂(∂µψ̄)

]
=

= (iα)∂µ

[
∂L

∂(∂µψ)
ψ − ψ̄ ∂L

∂(∂µψ̄)

]
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H pr¸th kai h trÐth agkÔlh mhdenÐzontai (ExÐswsh Lagrange).
Epomènwc, h apaÐthsh δL = 0 odhgeÐ sth sqèsh

∂µj
µ = 0

ìpou to reÔma

jµ =
ie

2

(
∂L

∂(∂µψ)
ψ − ψ̄ ∂L

∂(∂µψ̄)

)
= −eψ̄γµψ

H stajer� eklègetai kat�llhla ¸ste to reÔma na sumpÐptei me
thn hlektromagnhtik  puknìthta reÔmatoc gia to hlektrìnio me
fortÐo −e. 'Amesa èpetai ìti to fortÐo

Q =

∫
d3x j0

eÐnai mia diathr simh posìthta lìgw thc analloi¸thtac
f�shc U(1)

dQ

dt
=

∫
d3x ∂0j0 =

∫
d3x (∂µj

µ −∇j) = −
∫

d3x ∇j = 0
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ìpou h diat rhsh tou reÔmatoc dÐnei ∂µj
µ = 0, en¸ to teleutaÐo

olokl rwma mhdenÐzetai, metatrèpontac to se epifaneiakì
olokl rwma tou reÔmatoc kai jewr¸ntac ìti to reÔma
mhdenÐzetai phgaÐnontac thn epif�neia sto �peiro.
Gia thn Lagkrantzian  enìc migadikoÔ bajmwtoÔ pedÐou

L = (∂µφ∗)(∂µφ)−m2φφ∗

me mia diadikasÐa teleÐwc an�logh me aut  pou k�name gia to
pedÐo Dirac, to diathrhsimo reÔma, lìgw thc analloi¸thtac se
U(1), eÐnai

jµ = (ie)

[
∂L

∂(∂µφ)
φ− ∂L

∂(∂µφ∗)
φ∗
]

pou dÐnei
jµ = −ie (φ∗∂µφ− φ∂µφ∗)

Prosèxte ìti h Lagkrantzian  gia to migadikì bajmwtì pedÐo
φ = (φ1 + iφ2)/

√
2, gr�fetai

L(φ) = L(φ1) + L(φ2)

me L(φi ) h Lagkrantzian  tou pragmatikoÔ bajmwtoÔ pedÐou.
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O metasqhmatismìc ψ → e iαψ shmaÐnei ìti to α DEN eÐnai
metr simo, DEN èqei fusik  shmasÐa kai h tim  tou mporeÐ na
dialeqteÐ aujaÐreta, fusik� thn Ðdia gia ìla ta shmeÐa tou
qwroqrìnou. Mil�me gia mia ��olik  bajmÐda�� (global gauge).
Topik  U(1) summetrÐa bajmÐdac kai KHD
Anag�goume thn f�sh α se sun�rthsh tou x . Opìte èqoume
ton legìmeno ��topikì metasqhmatismì bajmÐdac��

ψ(x)→ e iα(x)ψ kai ψ̄(x)→ e−iα(x)ψ̄

Autìc o metasqhmatismìc DEN af nei analloÐwth thn
Lagkrantzian 

L = iψ̄γµ∂µψ −mψ̄ψ

Pr�gmati, o deÔteroc ìroc paramènei analloÐwtoc all� o
pr¸toc ìqi, miac kai

∂µψ → e iα(x)∂µψ + ie iα(x)ψ∂µα(x)

An epimènoume na zht�me thn analloi¸thta thc
Lagkrantzian c k�tw apì topikoÔc metasqhmatismoÔc
bajmÐdac, ja prèpei na broÔme mia ��kat�llhlh�� (sunalloÐwth)
par�gwgo pou na metasqhmatÐzetai

216/389



Dµψ → e iα(x)Dµψ

Gia na to epitÔqoume autì eis�goume èna nèo pedÐo Aµ kai
orÐzoume

Dµ = ∂µ − ieAµ

apait¸ntac to nèo pedÐo na metasqhmatÐzetai wc

Aµ → Aµ +
1

e
∂µα(x)

Tìte blèpoume ìti

Dµψ = (∂µ − ieAµ)ψ →e iα(x)∂µψ + ie iα(x)ψ∂µα(x)

− (ie)e iα(x)Aµψ − ie
1

e
e iα(x)ψ∂µα(x) =

= e iα(x) (∂µ − ieAµ)ψ = e iα(x)Dµψ

Opìte, h nèa analloÐwth Lagkrantzian  gr�fetai

L = iψ̄Dµγ
µψ −mψ̄ψ = iψ̄∂µγ

µψ −mψ̄ψ + eψ̄γµAµψ
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Upoqrewj kame loipìn sthn eisagwg  tou pedÐou bajmÐdac
Aµ, pou allhlepidr� me to ψ ìpwc akrib¸c to fwtìnio. An to
Aµ eÐnai fusikì pedÐo, qrei�zetai kai kinhtikì ìro. O ìroc
autìc eÐnai (1/4)FµνFµν , pou eÐnai analloÐwtoc k�tw apì ton
metasqhmatismì tou Aµ. 'Etsi, katal goume sthn
Lagkrantzian  thc Kbantik c Hlektrodunamik c (KHD)

L = iψ̄∂µγ
µψ −mψ̄ψ + eψ̄γµAµψ −

1

4
FµνFµν

ParousÐa m�zac gia to Aµ antistoiqeÐ ston ìro M2AµAµ pou
ìmwc den paramènei analloÐwtoc ston metasqhmatismì tou Aµ.
To fwtìnio den mporeÐ na èqei m�za.
Perimèname thn emf�nish enìc nèou pedÐou. An all�xoume th
f�sh (α(x)) topik�, ja dhmiourgoÔse mia metr simh diafor�
f�shc, an den mporoÔse na antistajmisteÐ. To endiafèron eÐnai
ìti autì to antist�jmisma gÐnetai apì to Aµ. Perimènoume
epÐshc to pedÐo autì na èqei �peirh aktÐna dr�shc (to fwtìnio
�mazo), miac kai to antist�jmisma prèpei na gÐnei se ìla ta
shmeÐa tou qwroqrìnou.
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Sumperasmatik�, apait¸ntac analloi¸thta se topik  allag 
f�shc thc eleÔjerhc Lagkrantzian c, odhgoÔmaste se mia
jewrÐa me allhlepidr�seic, thn KHD. Autì pou f�ntaze san
mia paraxeni� thc jewrÐac tou Maxwell, gÐnetai t¸ra
shmantikì stoiqeÐo.
Mh abelianèc jewrÐec bajmÐdac
kai Kbantik  Qrwmodunamik 
H Kbantik  Qrwmodunamik  basÐzetai sthn om�da SU(3). H
eleÔjerh Lagkrantzian  eÐnai

L = q̄j (iγµ∂µ −m) qj , ìpou j = 1, 2, 3, ta trÐa qr¸mata

Ja sugkentrwjoÔme proc stigm  se mia ��geÔsh�� kouark.
O metasqhmatismìc tou pedÐou q(x) eÐnai t¸ra

q(x)→ Uq(x) = e iαj (x)Tjq(x)

ìpou U eÐnai ènac monadiakìc (unitary) 3× 3 pÐnakac. Oi
pÐnakec Tj eÐnai oi 8 gen torec thc SU(3) (j = 1, 2, ..., 8) kai αj

oi par�metroi tou metasqhmatismoÔ.
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'Askhsh 50 Gia monadiakì metasqhmatismì (U†U = 1), isqÔei
ìti detU = e iφ me φ ∈ R. An perioristoÔme stouc monadiakoÔc
pÐnakec me detU = +1 (eidikoÔc monadiakoÔc, special unitary),

tìte Tr(Tj ) = 0, kai αiTj = α∗j T
†
j .

H om�da SU(3) den eÐnai abelian 

[Ti ,Tj ] = ifijkTk

ìpou fijk eÐnai oi stajerèc dom c (structure constants) thc
om�dac. Oi stajerèc autèc eÐnai pragmatikèc kai pl rwc
antisummetrikèc stouc deÐktec i , j , k .
'Askhsh 51 DeÐxte ìti oi stajerèc autèc eÐnai pl rwc
antisummetrikèc stouc deÐktec i , j , k .
Jewr¸ntac apeirostoÔc metasqhmatismoÔc, paÐrnoume

q(x)→ (1 + iαj (x)Tj ) q(x)

∂µq(x)→ (1 + iαj (x)Tj ) ∂µq(x) + iTjq(x)∂µαj
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Akolouj¸ntac thn Ðdia diadikasÐa ìpwc sthn KHD, ja
eis�goume 8 nèa pedÐa Gµ

j pou metasqhmatÐzontai

Gµ
j → Gµ

j −
1

g
∂µαj

kai ja eis�goume thn sunalloÐwth par�gwgo

Dµ = ∂µ + igTjG
µ
j

Opìte, h Lagkrantzian  gÐnetai

L = q̄(iγµ∂µ −m)q − g(q̄γµTjq)Gµ
j

Ac doÔme p¸c metasqhmatÐzetai k�je ìroc

mq̄q → mq̄ (1− iαj (x)Tj ) (1 + iαi (x)Ti ) q = mq̄q +O(α2)

i q̄γµ∂µq → i q̄ (1− iαi (x)Ti ) γ
µ∂µ (1 + iαj (x)Tj ) q =

= −i q̄γµ∂µq − q̄γµTjq∂µαj (x) +O(α2)
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−gq̄γµTjqG
µ
j → −gq̄ (1− iαi (x)Ti ) γµTj (1 + iαm(x)Tm) q·

· (Gµ
j −

1

g
∂µαj ) =

= −gq̄γµTjqG
µ
j − igαmq̄γµ[Tj ,Tm]qGµ

j −

+ g
1

g
q̄γµTjq∂

µαj (x) +O(α2) =

= −gq̄γµTjqG
µ
j + gαmq̄γµfjmrTrqG

µ
j −

+ q̄γµTjq∂
µαj (x) +O(α2)

Blèpoume ìti mac mènei o ìroc gαmq̄γµfjmrTrqG
µ
j pou qal�ei

thn analloi¸thta. All�, an anabajmÐsoume to
metasqhmatismì tou pedÐou bajmÐdac

Gµ
j → Gµ

j −
1

g
∂µαj − fjmsαmGµ

s

ston metasqhmatismì tou ìrou −gq̄γµTjqG
µ
j ja emfanisteÐ o

epiplèon ìroc
gαmq̄γµfjmsTjqG

µ
s
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K�nontac thn allag  stouc ��tufloÔc�� deÐktec j → r kai s → j ,
paÐrnoume

gαmq̄γµfrmjTrqG
µ
j = −gαmq̄γµfjmrTrqG

µ
j

ìpou qrhsimopoi same ìti frmj = −fjmr . Opìte, blèpoume ìti o
ìroc pou qaloÔse thn analloi¸thta exaleÐfetai. Bèbaia, sthn
Lagkrantzian 

L = q̄(iγµ∂µ −m)q − g(q̄γµTjq)Gµ
j

ja prèpei na prosjèsoume ton kinhtikì ìro tou pedÐou
bajmÐdac, ton antÐstoiqo tou −(1/4)FµνFµν . 'Etsi èqoume

L = q̄(iγµ∂µ −m)q − g(q̄γµTjq)Gµ
j −

1

4
Gµν

j Gµνj

ìpou ìmwc, o anabajmismènoc metasqhmatismìc tou pedÐou
bajmÐdac mac upoqre¸nei na orÐsoume

Gµν
j = ∂µG ν

j − ∂νG
µ
j − gfjrsG

µ
r G

ν
s

H parap�nw Lagkrantzian  perigr�gei ��ègqrwma�� kou�rk kai
gklouìnia kai eÐnai analloÐwth se metasqhmatismoÔc thc
om�dac SU(3). Ta gklouìnia eÐnai kai p�li �maza.
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Qrhsimopoi¸ntac thn sunalloÐwth par�gwgo mporoÔme na
gr�youme

L = q̄(iγµDµ −m)q − 1

4
Gµν

j Gµνj

Poio eÐnai to kainoÔrgio stoiqeÐo me ta gklouìnia? O kinhtikìc
ìroc perièqei ìro auto-allhlepÐdrashc metaxÔ twn gklouonÐwn:
gGGG kai g2GGGG .
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Mh abelianèc jewrÐec - Yang-Mills jewrÐec
H mikr  aktÐna dr�shc twn asjen¸n allhlepidr�sewn mac
odhgeÐ sto sumpèrasma ìti ta swmatÐdia upeÔjuna gia aut n
thn allhlepÐdrash (ta antÐstoiqa swmatÐdia bajmÐdac) prèpei
na èqoun m�za, pr�gma pou den epitrèpetai stic jewrÐec
bajmÐdac (J.B.). Opìte, h eisagwg  twn J.B.  tan apì
omorfi� mìno? MporoÔme na agno soume tic J.B. kai na
b�loume ìro m�zac, gia p.q. M2W µWµ, sthn Lagkrantzian ?
An to efarmìsoume, ja sunant soume apeirÐec stouc
upologismoÔc mac pou den mporoÔme oÔte na ��di¸xoume�� oÔte
na ��krÔyoume��.
Sto parak�tw di�gramma ��enìc brìqou��, an ta swmatÐdia me
thn kumatist  gramm  eÐnai fwtìnia, k�je diadìthc tou
fwtonÐou suneisfèrei ìro ∼ 1/q2 en¸ k�je diadìthc tou
hlektronÐou suneisfèrei ìro ∼ 1/q, ìpou q eÐnai h orm  sto
brìqo pou eÐnai eleÔjerh (met� thn diat rhsh thc orm c se
k�je koruf ), opìte kai ja prèpei na oloklhr¸soume thn orm 
aut :

∫
d4q
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∫
d4q

1

q2

1

q2

1

q/+ m

1

q/+ m

Gia meg�la q to olokl rwma den parousi�zei kanèna
prìblhma.
An ìmwc antÐ fwtìnia èqoume swmatÐdia me m�za, o diadìthc
eÐnai

−gµν +
qµqν
M2

q2 −M2

q→∞−→ qµqν
M2q2

opìte, to di�gramma ja dÐnei∫
d4q

1

q/+ m

1

q/+ m

qµqν
M2q2

qρqσ
M2q2
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To olokl rwma ìmwc t¸ra apoklÐnei gia meg�la q. Bèbaia, ja
mporoÔsame na b�loume èna p�nw ìrio sto olokl rwma, wc
mia par�metro pou ja mac d¸sei to peÐrama. All�,
phgaÐnontac se diagr�mmata me perissìterouc brìqouc, oi
apeirÐec qeirotereÔoun kai qreiazìmaste ìlo kai kainoÔrgiec
paramètrouc. Mia tètoia jewrÐa onom�zetai mh
��anakanonikopoi simh�� kai den mporeÐ na èqei probleyimìthta.
Krummènh summetrÐa - Aujìrmhth parabÐash thc
summetrÐac
Ac jewr soume thn Lagkrantzian 

L = T − V =
1

2
(∂µφ)(∂µφ)−

(
1

2
µ2φ2 +

1

4
λφ4

)
h opoÐa èqei mia summetrÐa φ→ −φ. To λ ja prèpei na eÐnai
jetikì gia na mporoÔme na èqoume el�qisto. Gia µ2 > 0, h
Lagkrantzian  perigr�fei èna bajmwtì swmatÐdio me m�za µ
kai autoallhlepidr�seic. H kat�stash qamhlìterhc enèrgeiac
(ground state) eÐnai φ = 0 kai h kat�stash aut  upakoÔei th
summetrÐa φ→ −φ. Gia µ2 < 0, ìmwc, blèpoume ìti φ = 0 den
eÐnai olikì el�qisto.

227/389



Pr�gmati

∂V

∂φ
= φ(µ2 + λφ2) = 0→ φ = ±

√
−µ

2

λ
≡ ±v

Efarmìzoume jewrÐa diataraq¸n gÔrw apì èna apì ta
el�qista, epilègontac to φ = +v

φ(x) = v + η(x)

ìpou η(x) perigr�fei tic kbantikèc diataraqèc gÔrw apì to
el�qisto. H Lagkrantzian  gÐnetai

L′ =
1

2
(∂µη)(∂µη)− λv2η2 − λvη3 − 1

4
λη4 + stajer�
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O deÔteroc ìroc mac deÐqnei ìti to η èqei m�za

mη =
√

2λv2 =
√
−2µ2

All�, h L kai h L′ eÐnai isodÔnamec. 'Enac metasqhmatismìc
den mporeÐ na all�xei th fusik  pou perigr�fei h
Lagkrantzian . An mporoÔsame na ��lÔsoume�� pl rwc thn L
kai thn L′ ja brÐskame ta Ðdia apotelèsmata. All�, sth
jewrÐa diataraq¸n upologÐzoume diataraqèc gÔrw apì èna
el�qisto. Me thn L, h seir� thc jewrÐac diataraq¸n den ja
sunèkline giatÐ ja anaptÔsame gÔrw apì èna astajèc
el�qisto, φ = 0.
Aujìrmhth parabÐash olik c jewrÐac bajmÐdac
H Lagkrantzian  gia migadikì pedÐo φ = (φ1 + iφ2)/

√
2 eÐnai

L =
1

2
(∂µφ

∗)(∂µφ)−
(
µ2φ∗φ+ λ(φ∗φ)2

)
=

= (∂φ1)2 + (∂φ2)2 − 1

2
µ2(φ2

1 + φ2
2)− 1

4
λ(φ2

1 + φ2
2)2

Gia λ > 0 kai µ2 < 0, sto q¸ro twn (φ1, φ2) up�rqei mia
perifèreia φ2

1 + φ2
2 = −µ2/λ ≡ v2 pou h dunamik  enèrgeia eÐnai
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S' aut n thn perifèreia, epilègoume èna shmeÐo

φ1 = v , kai φ2 = 0

kai gr�foume to φ(x)

φ(x) =

√
1

2
[v + η(x) + iξ(x)]

ìpou η eÐnai h ��aktinik �' diataraq  kai ξ h diataraq  sthn
kateÔjunsh thc perifèreiac tou el�qistou, gÔrw apì to
el�qisto pou dialèxame. H Lagkrantzian  gr�fetai

230/389



L′ =
1

2
(∂µξ)2+

1

2
(∂µη)2+µ2η2+stajerèc+(kubikoÐ ìroi se η kai ξ)

blèpoume p�li to pedÐo η na èqei m�za mη =
√
−2µ2, all� to

pedÐo ξ eÐnai �mazo. EÐnai to legìmeno ��mpozìnio�� Goldstone.
Epomènwc, prospaj¸ntac na parabi�soume th summetrÐa,
epilègontac to sugkekrimèno el�qisto, d¸same m�za se èna
swmatÐdio all� mac mènei kai èna �mazo. To teleutaÐo to
perimèname. To ξ eÐnai sthn dieÔjunsh thc perifèreiac tou
el�qistou. S' aut  th dieÔjunsh den up�rqei el�qisto.
To par�deigm� mac eÐnai mia efarmog  tou Jewr matoc
Goldstone, pou anafèrei ìti ìpote parabi�zoume aujìrmhta
mia olik  summetrÐa, emfanÐzontai �maza bajmwt� pedÐa.
Epomènwc, ti mporeÐ na gÐnei me thn asjen  allhlepÐdrash, pou
ta swmatÐdia bajmÐdac W kai Z èqoun m�za qwrÐc thn
emf�nish �mazwn swmatidÐwn?
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Mhqanismìc Higgs
PhgaÐnoume t¸ra se mia Lagkrantzian  pou upakoÔei mia
topik  summetrÐa bajmÐdac, φ(x)→ exp[iα(x)]φ(x), kai fusik�
qreiazìmaste thn sunalloÐwto par�gwgo Dµ = ∂µ − ieAµ me
Aµ → Aµ + (1/e)∂µα(x). H Lagkrantzian  gÐnetai

L = (∂µ + ieAµ)φ∗(∂µ − ieAµ)φ− µ2φ∗φ− λ(φ∗φ)2 − 1

4
FµνF

µν

Gia µ2 > 0, an exairèsoume to ìro (φ∗φ)2, èqoume thn legìmenh
��bajmwt �� Kbantik  Hlektrodunamik . Gia µ2 < 0 ja èqoume
aujìrmhth parabÐash thc summetrÐac. K�nontac ta Ðdia ìpwc
kai sthn perÐptwsh thc olik c summetrÐac, ja p�roume

L′ =
1

2
(∂µη)2 +

1

2
(∂µξ)2 − λv2η2 +

1

2
e2v2AµA

µ − evAµ∂
µξ−

− 1

4
FµνF

µν + (ìroi allhlepidr�sewn)

Blèpoume, loipìn, ìti

mξ = 0, mη =
√

2λv2, mA = ev
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all� up�rqei kai ènac ��par�xenoc�� ìroc, mh diag¸nioc:
−evAµ∂µξ. O lìgoc eÐnai ìti to Aµ, afoÔ p re m�za, apèkthse
(apì 2) 3 bajmoÔc eleujerÐac. H L′ den eÐnai ��kal��� grammènh
kai mperdeÔei tic anex�rthtec katast�seic twn pedÐwn. Kat'
arq , autì den eÐnai kakì, arkeÐ na mporoÔme na diakrÐnoume
poiec eÐnai oi fusikèc katast�seic.
MporoÔme na broÔme k�poio sugkekrimènh bajmÐda, pou na mac
deÐqnei ekpefrasmèna autèc tic fusikèc katast�seic?
Parathr ste ìti

φ =

√
1

2
(v + η + iξ) '

√
1

2
(v + η)e iξ/v

Epomènwc, sthn arqik  Lagkrantzian  epilègoume na k�noume
ton metasqhmatismì bajmÐdac

φ(x)→
√

1

2
(v + h(x))e iθ(x)/v

Aµ → Aµ +
1

ev
∂µθ(x)
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Epilègontac aut n thn bajmÐda, perimènoume thn anexarthsÐa
apì to θ, miac kai eÐnai h f�sh. Pr�gmati, h nèa
Lagkrantzian  gr�fetai

L′′ =
1

2
(∂µh)2 − λv2h2 +

1

2
e2v2AµA

µ − λvh3 − 1

4
λh4+

+
1

2
e2h2AµA

µ + ve2hAµA
µ − 1

4
FµνF

µν

To mpozìnio Goldstone den emfanÐzetai pia. O bajmìc
eleujerÐac tou eÐnai ��plastìc�� giatÐ antistoiqeÐ sthn
eleujerÐa tou metasqhmatistoÔ bajmÐdac. Autìc o bajmìc
eleujerÐac dìjhke sto Aµ pou t¸ra èqei m�za kai èqei 3
bajmoÔc eleujerÐac. Autìc eÐnai ��o mhqanismìc Higgs��.
Aujìrmhth parabÐash thc summetrÐac SU(2)
Ac p�roume thn Lagkrantzian 

L = (∂µφ)†(∂µφ)− µ2φ†φ− λ(φ†φ)2

me

φ =

(
φα
φβ

)
=

1√
2

(
φ1 + iφ2

φ3 + iφ4

)
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Apait¸ntac analloi¸thta se metasqhmatismoÔc bajmÐdac thc
SU(2)

φ→ φ′ = e iαj (x)τj/2φ, ìpou τj oi pÐnakec tou Pauli, j = 1, 2, 3

ja eis�goume thn sunalloÐwth par�gwgo

Dµ = ∂µ + ig
τj

2
W µ

j

Gia apeirostoÔc metasqhmatismoÔc

φ→ (1 + iα(x) · τ/2)φ

Wµ →Wµ −
1

g
∂µα−α×Wµ

(jumhjeÐte ìti gia thn SU(2) oi stajerèc dom c thc om�dac
fijk = εijk). Opìte, h Lagkrantzian  gÐnetai

L =
(
∂µφ+ ig

τ

2
Wµφ

)† (
∂µφ+ ig

τ

2
Wµφ

)
− V (φ)− 1

4
WµνWµν

me

Wµν = ∂µWν − ∂νWµ − gWµ ×Wν

V = µ2φ†φ+ λ(φ†φ)2
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Gia λ > 0 kai µ2 < 0, to el�qisto tou dunamikoÔ epitugq�netai
ìtan

φ†φ = (φ2
1 + φ2

2 + φ2
3 + φ2

4) = −µ
2

λ

Epilègoume

φ2
1 = φ2

2 = φ2
4 = 0, φ2

3 = −µ
2

λ
≡ v2

AnaptÔssontac gÔrw apì to el�qisto

φ0 =
1√
2

(
0
v

)
kai epilègontac th bajmÐda

φ(x) = e iτ ·θ(x)/2

(
0

v+h(x)√
2

)
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gia apeirostoÔc metasqhmatismoÔc pèrnoume

φ(x) =
1√
2

(
1 + iθ3/v i(θ1 − iθ2)/v

i(θ1 + iθ2)/v 1− iθ3/v

)(
0

v + h

)
=

=
1√
2

(
θ1 + iθ2

v − h − iθ3

)
antÐstoiqa me autì pou k�name sthn prhgoÔmenh perÐptwsh.
Sthn L′, ta θ1, θ2 kai θ3 ��exafanÐzontai�� kai mènei mìno to h.
Ta trÐa θ èdwsan to bajmì eleujerÐac touc sta W1, W2 kai
W3, pou apèkthsan m�za.
Poia eÐnai h m�za twn W ? Autì ja to broÔme apì to
tetragwnikì ìro wc proc ta W∣∣∣∣ig 1

2
τ ·Wµφ

∣∣∣∣2 =
g2

4

∣∣∣∣( W µ
3 W µ

1 − iW µ
2

W µ
1 + iW µ

2 −W µ
3

)
φ0

∣∣∣∣2 =

=
g2v2

8

[
(W µ

1 )2 + (W µ
2 )2 + (W µ

3 )2
]
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kai h m�za eÐnai

M =
1

2
gv

katal goume, loipìn, me 3 W me m�za M kai èna bajmwtì h me
m�za

√
−2µ2 =

√
2λv2.
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ASJENEIS ALLHLEPIDRASEIS

O Fermi, to 1934, èkane thn pr¸th prosp�jeia
fainomenologik c perigraf c twn asjen¸n allhlepidr�sewn.
Je¸rhse thn di�spash b wc mia hlektromagnhtik  met�ptwsh.

To pl�toc ja dÐnetai

M =< p|Jwk
µ |n >< eνe |Jµwk |0 >

Lìgw thc mikr c enèrgeiac pou ekleÐetai, perimènoume ìti h
ex�rthsh apì thn orm  mporeÐ na agnohjeÐ kai na katal xoume
se mia stajer� G = 1.14× 10−5 GeV−2.
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Aut  h allhlepÐdrash ��reÔmatoc - reÔmatoc�� mporeÐ na
epektajeÐ kai se �llec asjeneÐc diadikasÐec. O kanìnac pou
èqoume gia ta antiswmatÐdia odhgeÐ sthn diadikasÐa

νe + n→ p + e−

pou ja prèpei na èqei thn Ðdia isqÔ ìpwc kai h di�spash b.
Jewr¸ntac, epÐshc, ìti to asjenèc reÔma èqei leptonikì kai
adronikì tm ma

Jwk
µ = Jh

µ + J l
µ

tìte, ja prèpei na up�rqoun kajarèc leptonikèc diadikasÐec

µ− → e− + ν̄e + νµ

kai kajar� adronikèc diadikasÐec

Λ0 → p + π−
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H pr¸th diatÔpwsh thc ��pagkosmiìthtac�� (universality)  tan
ìti ìlec autèc oi diadikasÐec ja èqoun koinì G .
H antistoiqeÐa tou fwtonÐou me to zeug�ri (eνe) den eÐnai polÔ
epituq c. To fwtìnio pou ekpèmpetai apoteleÐ to kb�nto tou
hlektromagnhtikoÔ pedÐou. EÐnai dÔskolo na jewr soume to
zeug�ri (eνe) wc to kb�nto tou antÐstoiqou asjenoÔc pedÐou.
Apì thn �llh pleur�, h epituqÐa thc KHD odhgeÐ �mesa sthn
skèyh eisagwg c enìc pedÐou antÐstoiqou me to fwtìnio, tou
endi�mesou dianusmatikoÔ mpozonÐou (intermediate vectot
boson). Autì Ðswc  tan to pr¸to b ma gia thn enopoÐhsh
hlektromagnhtik¸n kai asjen¸n allhlepidr�sewn.
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Parèmenan bèbaia pollèc diaforèc an�mesa sthn KHD kai tic
asjeneÐc allhlepidr�seic. To fwtìnio eÐnai oudètero en¸ to W
èqei fortÐo. To W prèpei na èqei m�za, lìgw thc mikr c
embèleiac twn asjen¸n allhlepÐdrasewn, en¸ to fwtìnio eÐnai
�mazo.
H eisagwg  thc ènnoiac tou endi�mesou mpozonÐou odhgeÐ sto
pl�toc

M = J(wk)
µ

[
−gµν + qµqν/M2

W

q2 −M2
W

]
Jν(wk)

Epomènwc, sthn koruf  Fermi èqoume pia mia ex�rthsh apì thn
enèrgeia. Gia tupikèc enèrgeiec thc di�spashc b, to q2 << M2

W ,
opìte G ∼ g2/M2

W , ìpou to g eÐnai h stajer� sÔzeuxhc,
an�logh tou e. Dhlad , oi asjeneÐc allhlepidr�seic eÐnai
asjeneÐc lìgw thc meg�lhc m�zac tou W . An g ∼ e, tìte

MW ∼
e√
G
∼ 90 GeV
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To 1957 parathr jhke (Wu et al) ex�rthsh thc gwniak c
katanom c tou e− apì thn pìlwsh tou pur na (n), k�ti pou
eÐqe  dh anaferjeÐ apì touc Lee kai Young. 'Ara, ja prèpei na
emfanÐzetai ìroc s · p. Met� apì pollèc prosp�jeiec,
palinwdÐec, apotuqÐec, kajier¸jhke h Ôparxh sunduasm¸n V
(di�nusma) kai A (yeudodi�nusma) stic asjeneÐc
allhlepidr�seic.
GnwrÐzoume ìti Jµ = ψ̄γµψ metasqhmatÐzetai wc di�nusma, en¸
to Jµ5 = ψ̄γµγ5ψ wc yeudodi�nusma. Dhlad , se
metasqhmatismì parity

P : Jµ → (J0,−J)

P : Jµ5 → (J0, J)

H arqik  jewrÐa tou Fermi pèrase apì thn upìjesh tou
endi�mesou mpozonÐou kai èftase sthn morf  V − A

< e−|Jµwk |νe >=
g√
2
NN ′ ūeγ

µ 1

2
(1− γ5)uνe
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Epomènwc, to νµe
− → µ−νe ja gr�fetai

g2

2

[
ū(µ)γµ

1− γ5

2
u(νµ)

] [
−gµν + qµqν/M2

W

q2 −M2
W

] [
ū(νe )γν

1− γ5

2
u(e)

]
pou antistoiqeÐ sthn koruf  Fermi

GF√
2

[
ū(µ)γµ (1− γ5) u(νµ)

]
gµν

[
ū(νe )γν (1− γ5) u(e)

]
Opìte, gia q2 << M2

W ,

GF√
2

=
g2

8M2
W

kai autì apoteleÐ ton orismì tou GF .
Gr�fontac to

ū1γ
µ 1− γ5

2
u2 = ū1

1 + γ5

2
γµ

1− γ5

2
u2 = ū1PRγ

µPLu2 = (u1L
)γµu2L

shmaÐnei ìti mìno to aristerìstrofo (L) tm ma thc
kumatosun�rthshc paÐzei rìlo stic asjeneÐc allhlepidr�seic.
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ūγµu = uLγ
µuL + uRγ

µuR

Ti gÐnetai gia ta dexiìstrofa tm mata?
Ac doÔme ti sumbaÐnei sthn apaÐthsh h Lagkrantzian  na
paramènei analloÐwth ìtan h kumatosun�rthsh ψ
metasqhmatÐzetai k�tw apì dÔo metasqhmatismoÔc

ψ → e−iα(x)Qψ, kai ψ → e−iβ(x)Yψ

Tìte, ja prèpei na eisag�goume thn sunalloÐwth par�gwgo wc

Dµ = ∂µ − ig1QA
µ − ig2YB

µ

ìpou ta pedÐa bajmÐdac metasqhmatÐzontai wc

Aµ → Aµ − 1

g1Q
∂µα(x)

Bµ → Bµ − 1

g2Y
∂µβ(x)
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Oudètera reÔmata
H di�spash n→ p + e− + νe , sto epÐpedo twn kou�rk
antistoiqeÐ sthn d → u + W− kai me th seir� tou to
W− → e− + νe . Opìte, h allhlepÐdrash tou asjenoÔc
reÔmatoc twn kou�rk me to W− gr�fetai

(uLγ
µdL)W−

µ =
(
ū d̄
)

L
γµτ+

(
u
d

)
L

W−
µ

ìpou

τ+ =
1

2
(τ1 + iτ2) =

1

2

(
0 1
0 0

)
Kai bèbaia, gia thn diadikasÐa u → d + W+ ja èqoume
antÐstoiqa (

dLγ
µuL

)
W+
µ =

(
ū d̄
)

L
γµτ−

(
u
d

)
L

W+
µ

me

τ− =
1

2
(τ1 − iτ2) =

1

2

(
0 0
1 0

)
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Perimènoume (?) loipìn kai thn parousÐa tou τ3(
ū d̄
)

L
γµτ3

(
u
d

)
L

=
(
uLγ

µuL − dLγ
µdL

)
ìpou bèbaia to antÐstoiqo W

(3)
µ prèpei na eÐnai hlektrik�

oudètero.
To Kajierwmèno Prìtupo
DouleÔontac se mia geni� mìno (u, d , e, νe), ja èqoume

uL, uR , dL, dR , eL, eR , νeL

Oi asjeneÐc allhlepidr�seic mac odhgoÔn se aristerìstrefec
diplètec kai dexiìstrofec ��mon�dec�� (singlets)(

u
d

)
L

,

(
νe

e

)
L

, uR , dR , eR

Ta aristerìstrofa ��blèpoun�� mia summetrÐa SU(2) kai mia
U(1) en¸ ta dexiìstrofa ��blèpoun�� mìno thn U(1). Dhlad , o
antÐstoiqoc metasqhmatismìc eÐnai
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Ψ
(i)
L → exp

(
−iα(x) · τ/2− iβ(x)Y

(i)
L /2

)
Ψ

(i)
L

Ψ
(i)
R → exp

(
−iβ(x)Y

(i)
R /2

)
Ψ

(i)
R

opìte, oi antÐstoiqec sunalloÐwtec par�gwgoi ja eÐnai

Dµ
(L) = ∂µ + ig

τ

2
·Wµ + ig ′

Y(L)

2
Bµ, gia ta L pedÐa

Dµ
(R) = ∂µ + ig ′

Y(R)

2
Bµ, gia ta R pedÐa

kai h Lagkrantzian  ja gr�fetai

L = (ū d̄)L iγ
µD(L)

µ

(
u
d

)
L

+ (ν̄e ē)L iγ
µD(L)

µ

(
νe

e

)
L

+

+ uR iγ
µD(R)

µ uR + dR iγ
µD(R)

µ dR + eR iγ
µD(R)

µ eR−

− 1

4
Wµν ·Wµν − 1

4
BµνB

µν
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Gia na doÔme p¸c parousi�zetai to hlektromagnhtikì reÔma,
p.q. ēγµe. Ac p�roume to reÔma thc SU(2) pou antistoiqeÐ sto
τ3

j (3)
µ = (ν̄e ē)L γµ

1

2

(
1 0
0 −1

)(
νe

e

)
L

=
1

2
νeL
γµνeL

− 1

2
eLγµeL

Gia thn Ðdia diplèta, to reÔma pou antistoiqeÐ sthn U(1) ja
eÐnai

j (YL)
µ = (ν̄e ē)L γµ

1

2
YL

(
νe

e

)
L

=
1

2
YLνeL

γµνeL
+

1

2
YLeLγµeL

An, loipìn, epileqjeÐ gia thn leptonik  diplèta YL = −1, ja
p�roume

j (3)
µ + j (YL)

µ = −eLγµeL

To reÔma gia to dexiìstrofo eR eÐnai, bèbaia, mìno apì thn
U(1)

j (YR )
µ = eRγµ

1

2
Y ′ReR
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Epilègoume Y ′R = −2, opìte

j (3)
µ + j (YL)

µ + j (YR )
µ = −eLγµeL − eRγµeR = −ēγµe = qe ēγµe

pou eÐnai to hlektromagnhtikì reÔma. Dhlad , to fortÐo k�je
ψ ja dÐnetai apì th sqèsh

Q = t3 +
Y(L)

2
gia ta L, Q =

Y(R)

2
gia ta R

ìpou

t3 = ±1

2
gia tic p�nw kai k�tw sunist¸sec thc L diplètac

Autì anamenìtan, miac kai k�je kat�stash èqei kajorismèno
fortÐo. Opìte, o telest c tou fortÐou ja prèpei na eÐnai
diag¸nioc pÐnakac, �ra grammikìc sunduasmìc tou t3 kai tou
Y .
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Ac epalhjeÔsoume ìti o sunduasmìc Q = t3 + Y
2 dÐnei to swstì

fortÐo se k�je swmatÐdio.

gia to νeL
: +

1

2
+
−1

2
= 0

gia to eL : − 1

2
+
−1

2
= −1

gia to eR : 0 +
−2

2
= −1

AntÐstoiqa, brÐskoume thn tim  tou Y gia thn diplèta twn
kou�rk kai twn dexiìstrofwn pedÐwn

Y =
1

3
, gia to

(
u
d

)
L

, Y =
4

3
, gia to uR , Y = −2

3
, gia to dR

Ef' ìson to fortÐo eÐnai grammikìc sunduasmìc tou t3 kai tou
Y , to fwtìnio ja eÐnai grammikìc sunduasmìc tou W µ

3 kai tou
Bµ
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W µ
3 = sin θWAµ + cos θWZµ

Bµ = cos θWAµ − sin θWZµ

ìpou θW h gwnÐa Weinberg pou mac phgaÐnei apì to zeug�ri
(W µ

3 ,B
µ) sto (Aµ,Zµ). T¸ra, oi ìroi allhlepÐdrashc twn

reum�twn j
(3)
µ kai j

(Y )
µ gÐnontai

− igj (3)
µ W µ

3 − ig ′
1

2
j (Y )
µ Bµ =

= −i
[
g sin θW j (3)

µ + g ′
1

2
cos θW j (Y )

µ

]
Aµ−

− i

[
g cos θW j (3)

µ − g ′
1

2
sin θW j (Y )

µ

]
Zµ =

= −ig sin θW

[
j (3)
µ +

g ′

g

1

tan θW

1

2
j (Y )
µ

]
Aµ−

− i
g

cos θW

[
cos2 θW j (3)

µ −
1

2

g ′

g
sin θW cos θW j (Y )

µ

]
Zµ
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An g ′

g = tan θW , tote, o pr¸toc ìroc gÐnetai

− ig sin θW

[
j (3)
µ +

g ′

g

1

tan θW

1

2
j (Y )
µ

]
Aµ =

− ig sin θW

[
j (3)
µ +

1

2
j (Y )
µ

]
Aµ ≡ −iej (em)

µ Aµ

ìpou

e = g sin θW , kai j (em)
µ = j (3)

µ +
1

2
j (Y )
µ

O deÔteroc ìroc, an�logoc tou Zµ, gÐnetai

− i
g

cos θW

[
cos2 θW j (3)

µ −
1

2

g ′

g
sin θW cos θW j (Y )

µ

]
Zµ =

= −i g

cos θW

[
cos2 θW j (3)

µ − sin2 θW
1

2
j (Y )
µ

]
Zµ =

= −i g

cos θW

[
cos2 θW j (3)

µ − sin2 θW

(
j (em)
µ − j (3)

µ

)]
Zµ =

= −i g

cos θW

[
j (3)
µ − sin2 θW j (em)

µ

]
Zµ
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O mhqanismìc Higgs
Ja prèpei t¸ra na efarmìsoume ton mhqanismì Higgs ¸ste ta
W± kai Z na apokt soun m�za, en¸ to fwtìnio na parameÐnei
�mazo. Eis�goume mia diplèta φ me Y = 1

φ =

(
φ+

φ0

)
=

1√
2

(
φ1 + iφ2

φ3 + iφ4

)
Bèbaia, ja prosjèsoume sth Lagkrantzian  touc kat�llhlouc
ìrouc, kinhtikì kai dunamikoÔ, gia to φ

Lφ =

[(
∂µ + ig

τ

2
·Wµ + ig ′

1

2
Bµ
)
φ

]2

− µ2φ†φ− λ(φ†φ)2

me µ2 < 0 kai λ > 0. Epilègoume gia

φ0 =

√
1

2

(
0
v

)
me v2 = −µ2/λ. GiatÐ aut  h epilog : mia diplèta migadik¸n
pedÐwn me Y = 1 kai th sugkekrimènh epilog  tou kenoÔ, eÐnai h
kat�llhlh gia thn perÐptws  mac?

254/389



K�je tim  tou φ0 pou parabi�zei mia summetrÐa ja
dhmiourg sei ìro m�zac gia to antÐstoiqo mpozìnio bajmÐdac.
All�, an to φ0 paramènei analloÐwto apì k�poia upoom�da
twn metasqhmatism¸n bajmÐdac, to mpozìnio bajmÐdac pou
antistoiqeÐ s' aut n thn upoom�da ja parameÐnei �mazo. H
epilog  tou φ0 = v parabi�zei thn SU(2) kai thn U(1). All�,
to hlektrikì fortÐo tou φ0 eÐnai
Q = t3 + Y /2 = −1/2 + 1/2 = 0, dhlad 

Qφ0 = 0

kai bèbaia
φ0 → e iα(x)Qφ0 = φ0

Dhlad , to kenì paramènei analloÐwto sto metasqhmatismì
U(1)em kai to fwtìnio paramènei �mazo. Apì touc tèssereic
gen torec tou SU(2)× U(1), τ/2 kai Y , mìno o sunduasmìc Q
upakoÔei thn sqèsh Qφ0 = 0. Oi �lloi treic parabi�zounthn
summetrÐa kai dhmiourgoÔn ìrouc m�zac. Me �lla lìgia, lìgw
thc diat rhshc tou fortÐou, mìno afìrtista bajmwt� pedÐa
mporoÔn na apokt soun anamenìmenh tim  sto kenì di�forh
tou mhdenìc. 255/389



Oi m�zec twn mpozonÐwn bajmÐdac
Oi m�zec ja proèljoun apì ton kinhtikì oro thc
Lagkrantzian c tou φ, epilègontac thn anamenìmenh tim  tou
kenoÔ φ0∣∣∣∣(ig τ2 ·Wµ + i

g ′

2
Bµ

)
φ

∣∣∣∣2 =

=
1

8

∣∣∣∣∣
(

gW
(3)
µ + g ′Bµ g(W

(1)
µ − iW

(2)
µ )

g(W
(1)
µ + iW

(2)
µ ) −gW (3)

µ + g ′Bµ

)(
0
v

)∣∣∣∣∣
2

=

=
v2g2

8

[
(W (1)

µ )2 + (W (2)
µ )2

]
+

v2

8

(
g ′Bµ − gW (3)

µ

)(
g ′Bµ − gW µ(3)

)
=

=
(vg

2

)2
W+
µ W−µ +

v2

8

(
W (3)
µ Bµ

)( g2 −gg ′
−gg ′ g ′2

)(
W (3)µ

Bµ

)
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ìpou W± = (W (1) ∓ iW (2))/
√

2. Blèpoume �mesa apì ton
pr¸to ìro ìti h m�za twn W±

MW =
1

2
vg

O deÔteroc ìroc ja prèpei na diagwnopoeijeÐ. Ta
idiodianÔsmata kai oi antÐstoiqec idiotimèc eÐnai(

1
g2

gg ′

)
me idiotim  0,

(
1
−g ′2

gg ′

)
me idiotim  g2 + g ′2

Epomènwc, o grammikìc sunduasmìc twn W (3) kai B pou
antistoiqoÔn stic idiotimèc eÐnai

1√
g ′2 + g2

(
1 g2

gg ′

1 −g ′2

gg ′

)(
W (3)

B

)
=

1√
g ′2 + g2

(
g ′W (3) + gB

gW (3) − g ′B

)
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'Etsi

Aµ ≡
g ′W

(3)
µ + gBµ√
g ′2 + g2

me mA = 0

Zµ ≡
gW

(3)
µ − g ′Bµ√
g ′2 + g2

me m2
Z =

v2

4
(g2 + g ′2)

Epeid  g ′/g = tan θW , opìte

cos θW =
g√

g ′2 + g2
, sin θW =

g ′√
g ′2 + g2

mporoÔme na gr�youme

Aµ = sin θWW (3)
µ + cos θWBµ

Zµ = cos θWW (3)
µ − sin θWBµ

ìpwc akrib¸c kai sta reÔmata.
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To ìti to fwtìnio paramènei �mazo, eÐnai dik  mac kataskeu !
O lìgoc twn maz¸n tou W kai

MW

MZ
=

vg/2

v
√
g2 + g ′2/2

= cos θW

eÐnai prìbleyh pou exart�tai apì to ìti to H eÐnai diplèta.
Dhlad , sto prìtupì mac, h par�metroc ρ eÐnai

ρ ≡
M2

W

M2
Z cos2 θW

= 1

Apì tic sqèseic

g2

8M2
W

=
GF√

2
, M2

W =
1

4
g2v2

kai me gnwst  thn tim  tou GF , paÐrnoume

v = 246 GeV
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Opìte

MW =
1

2
gv =

1

2

e

sin θW
∼ 37.3 GeV

sin θW

MZ ∼
74.6 GeV

sin 2θW

To 1982 parathr jhkan W kai Z se antidr�seic
pp̄ → ZX → (e+e−)X kai pp̄ →W±X → (e±ν)X , me MW ∼ 81
GeV kai MZ ∼ 93 GeV.
M�zec fermionÐwn
O ìroc m�zac gia ta fermiìnia eÐnai mψ̄ψ = m(ψ̄LψR + ψ̄RψL).
T¸ra ìmwc ta aristerìstrofa pedÐa eÐnai an koun se diplèta
thc SU(2), antÐjeta me ta dexiìstrofa pou blèpoun mìno thn
U(1). Epomènwc, o ìroc thc m�zac den paramènei analloÐwtoc
se metasqhmatismoÔc. Sto shmeÐo autì èrqetai p�li to H.
Prosjètoume sthn Lagktrantzian  touc ìrouc (ac
perioristoÔme mìno sth m�za tou hlektrìniou)
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Lh = −Ge

[
(ν̄e ē)L

(
φ+

φ0

)
eR + ēR(φ− φ0)

(
νe

e

)
L

]
Prosèxte ìti sthn �lgebra thc SU(2) èqoume : 2× 2 = 3 + 1
kai epiplèon blèpoume ìti kai wc proc U(1) oi ìroi paramènoun
analloÐwth miac kai Ydiplètac = −1, YH = 1 kai YeR

= −2.
Gr�fontac, kat� ta gnwst�,

φ =

√
1

2

(
0

v + h(x)

)
h Lagkrantzian  gÐnetai

Lh = − Ge√
2
v(ēLeR + ēReL)− Ge√

2
h(ēLeR + ēReL)

T¸ra anagnwrÐzoume thn m�za tou hlektronÐou me = Gev/
√

2
kai èqoume kai èna ìro allhlepÐdrashc tou hlektronÐou me to h

− Ge√
2
h(ēLeR + ēReL) = −me

v
h(ēLeR + ēReL)
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Me antÐstoiqo trìpo dhmiourgoÔntai kai oi m�zec twn kou�rk.
Gia to d kou�rk h diadikasÐa eÐnai an�logh me aut n tou
hlektrìniou. Gia to u kou�rk qrhsimopoioÔme antÐ tou φ to
suzugèc tou φC . Eidik� gia thn SU(2) h jemeli¸dhc
anapar�stash 2 kai h suzug c thc 2̄ metasqhmatÐzontai me ton
Ðdio trìpo. Opìte, sthn Lagkrantzian  prosjètoume touc ìrouc

−Gd (ū d̄)L

(
φ+

φ0

)
dR − Gu(ū d̄)L

(
−φ̄0

φ−

)
uR + h.c

pou ja d¸soun touc ìrouc

−md d̄d −muūu −
md

v
d̄dh − md

v
ūuh

me

mu =
Guv√

2
, md =

Gdv√
2
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Tèloc, h m�za tou h faÐnetai apì to dunamikì

V (φ) = µ2φ†φ+ λ(φ†φ)2

kai eÐnai
m2

h = 2λv2
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MEGALOENOPOIHSH

H hlektrasjen c jewrÐa, me ekplhktik  sumfwnÐa me ta
peiramatik� dedomèna, ennopoieÐ pr�gmati tic dÔo
allhlepidr�seic? H om�da thc bajmÐdac, SU(2)× U(1), eÐnai
apl� ginìmeno dÔo xeqwrist¸n metasqhmatism¸n bajmÐdac me
stajerèc g gia thn SU(2) kai g ′ gia thn U(1). Autèc oi dÔo
stajerèc den susqetÐzontai sto montèlo. O lìgoc touc

g ′

g
= tan θW

prèpei na metrhjeÐ peiramatik�.
An ìmwc oi metasqhmatismoÐ bajmÐdac twn SU(2) kai U(1)
mporoÔsan na enswmatwjoÔn se èna megalÔtero sÔnolo
metasqhmatism¸n G , Dhlad , an

G ⊃ SU(2)× U(1)

oi stajerèc g kai g ′ ja mporoÔsan na susqetisjoÔn. Oi nèoi
metasqhmatismoÐ pou ja perièqei to G , ja susqetÐzoun ta
arqik� anex�rthta uposÔnola twn metashmatism¸n tou
SU(2)kai U(1). 264/389



Opìte, perimènoume oi g kai g ′ na susqetÐzontai mèsw k�poiou
arijmoÔ (k�poiou suntelest  Clebsch-Gordan thc om�dac G ).
'Eqontac sto mualì mac gia mia ��telik �� jewrÐa eÐnai logikì
na jèloume na sumperil�boume kai tic isqurèc allhlepidr�seic.
Dhlad , y�qnoume gia mia om�da G

G ⊃ SU(3)× SU(2)× U(1)

pou fusik� ja susqetÐzei ta g kai g ′ me thn stajer� thc
isqur c allhlepÐdrashc gs . 'Olec oi allhlepidr�seic,
epomènwc, ja perigr�fontai apì mia megaloenopoihmènh
jewrÐa (Grand Unified Theory, GUT) me mia monadik  stajer�
gG me thn opoÐa ìlec oi stajerèc ja susqetÐzontai miac kai
orisjeÐ h om�da G .
All� p¸c oi treÐc stajerèc (phgaÐnontac se mia kalÔterh
onomatologÐa) gY , g2 kai g3 twn U(1), SU(2) kai SU(3), me
diaforetikèc timèc mporoÔn na susqetisjoÔn me mia stajer�
thn gG ?
Ed¸, sto ��paiqnÐdi�� mpaÐnei to gegonìc ìti autèc oi stajerèc
den eÐnai stajerèc all� h tim  touc exart�tai apì thn
enèrgeia thc allhlepÐdrashc.
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H mh abelianìthta twn SU(3) kai SU(2), kai to sugkekrimèno
swmatidiakì perieqìmeno, odhgeÐ tic antÐstoiqec stajerèc se
meÐwsh thc tim c touc ìso aux�netai h enèrgeia. AntÐjeta, h
tim  thc stajer�c tou U(1) aux�netai me thn enèrgeia.
Epomènwc, pijanìn eÐnai ìti se k�poia uyhl  tim  thc
enèrgeiac, oi treic stajerèc na èqoun mia koin  tim : thn tim 
thc stajer�c gG thc megaloenopoihmènhc jewrÐac.

Log E
10

Α HEL
3

Α HEL
2

Α HEL
Y

Α =
g

4 Π
i

i

2

4 6 8 10

0.02

0.04

0.06

0.08

0.10

0.12
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H exèlixh thc stajer�c sÔzeuxhc me thn enèrgeia kajorÐzetai
apì thn legìmenh sun�rthsh b ta thc antÐstoiqhc
allhlepÐdrashc

d

d(lnE )
αi (E ) = βi , αi =

g2
i

4π
, i = 3, 2,Y

Sthn kbantik  jewrÐa pedÐou mporoÔme na upologÐsoume thn
sun�rthsh β sth jewrÐa diataraq¸n. Gia thn perÐptwsh tou
Kajierwmènou ProtÔpou me 3 genièc swmatidÐwn kai mÐa diplèta
Higgs, se pr¸th prosèggish (prosèggish enìc brìqou) oi
sunart seic β eÐnai

β3 = −7
α2

3

2π
, β2 = −19

6

α2
2

2π
, βY =

41

6

α2
Y

2π

H lÔsh thc diaforik c exÐswshc eÐnai

1

αi (E )
=

1

αi (E0)
− bi

2π
ln

E

E0
, i = 3, 2,Y

ìpou b3 = −7, b2 = −19/6 kai bY = 41/6.
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H mikrìterh om�da pou mporeÐ na perièqei tic om�dec tou
Kajierwmènou ProtÔpou wc upoom�dec eÐnai h SU(5).
P¸c katat�ssoume ta swmatÐdia wc proc aut n thn om�da?
Gia mÐa oikogèneia èqoume(

u
d

)
L

, uR , dR

}
to kajèna se 3 qr¸mata(

νe

e−

)
L

, e−R

me ta antiswmatÐdi� touc. SÔnolo 15 swmatÐdia. MporoÔme na
k�noume thn ��antikat�stash��

uR → ūL, dR → d̄L, e−R → e+
L
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Sthn SU(5) mporoÔme na ��topojet soume�� ta swmatÐdia aut�
se mia (anti-)jemeli¸dh anapar�stash 5̄ kai sthn
anapar�stash 10. Aut  h teleutaÐa anapar�stash eÐnai to
antisummetrikì tm ma apì to ginìmeno dÔo jemeliwd¸n
anapar�stasewn 5 (5× 5 = 10A + 15S).
Ta 3 d̄L kai to zeug�ri (νe , e

−)L an koun sthn 5̄

5̄ = (1, 2) + (3̄, 1) = (νe , e
−)L + d̄L(3 qr¸mata)

kai ta upìloipa 10

10 = (1, 1)+(3̄, 1)+(3, 2) = e+
L +ūL(3 qr¸mata)+(u, d)L(3 qr¸mata)

ìpou stic parenjèseic faÐnontai oi anaparast�seic k�tw apì
tic SU(3) kai SU(2).
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d̄
d̄
d̄
e−

νe


L

,
1√
2


0 ū −ū −u −d
−ū 0 ū −u −d
ū −ū 0 −u −d
u u u 0 −ē+

d d d ē+ 0


L

Kai ta swmatÐdia bajmÐdac tic SU(5)? EÐnai bèbaia 24 kai
an koun sthn suzhg  (adjoint) anapar�stash thc om�dac

24 = (8, 1)︸ ︷︷ ︸
gklouìnia

+ (1, 3) + (1, 1)︸ ︷︷ ︸
W1,W2,W3,B

+ (3, 2) + (3̄, 2)︸ ︷︷ ︸
X ,Y

Dhlad , èqoume epiplèon swmatÐdia bajmÐdac pou sqhmatÐzoun
diplètec k�tw apì thn SU(2) kai triplètec k�tw apì thn
SU(3), èqoun qr¸ma. Ta swmatÐdia aut� epitrèpoun thn
allhlepÐdrash leptonÐwn me kouark. Gia par�deigma

(u, d)L → e+
L + (Ȳ , X̄ )

pou shmaÐnei ìti ta fortÐa twn X kai Y eÐnai QX = 4/3 kai
QY = 1/3.
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EÐnai pr�gmati aut  h diadikasÐa mh anamenìmenh? JumhjeÐte
ìti gia enèrgeiec p�nw apì thn m�za tou MW h diafor�
metaxÔ hlektromagnhtik¸n kai asjen¸n allhlepidr�sewn
exafanÐzetai. AntÐstoiqa, p�nw apì thn enèrgeia enopoÐhshc
twn 3 allhlepidr�sewn h isqur  allhlepÐdrash
enswmat¸netai sthn hlektrasjen  kai h di�krish metaxÔ twn
ègqrwmwn kouark kai �qrwmwn leptonÐwn exafanÐzetai.
LÐga lìgia gia thn SU(5).
Apì touc 24 gen torec thc om�dac, mporoÔme na
anagnwrÐsoume touc 8 thc SU(3) stouc Ti , i = 1, ..., 8 pou
èqoun stoiqeÐa di�fora tou mhdenìc mìno stic 3 pr¸tec st lec
kai grammèc. Touc gen torec thc SU(2) touc anagnwrÐzoume me
autoÔc pou èqoun di�fora tou mhdenìc ta stoiqeÐa mìno sthn
4h kai 5h gramm  kai st lh: T22, T23 kai (

√
10T24 −

√
6T15)/4.

O diag¸nioc gen torac thc SU(2) eÐnai o trÐtoc

1

4
(
√

10T24 −
√

6T15) = diag(0, 0, 0, 1/2,−1/2)
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Prèpei t¸ra na anagnwrÐsoume thn tim  tou uperfortÐou Y gia
th sqèsh pou dÐnei to hlektrikì fortÐo

Q = T
SU(2)
3 +

Y

2

To fortÐo Q ja prèpei na eÐnai ènac apì touc gen torec thc
SU(5) (  grammikìc sunduasmìc touc) kai ja prèpei na eÐnai
diag¸nioc. H kat�llhlh epilog  gia na paÐrnoume to swstì
fortÐo twn swmatidÐwn eÐnai

Y = −1

4

(√
10T24 +

5

3

√
6T15

)
= diag(−2/3,−2/3,−2/3, 1, 1)

Ac doÔme an paÐrnoume to swstì hlektrikì fortÐo gia thn 5̄.
Ja prèpei na jumhjoÔme ìti h suzug c anapar�stash
metasqhmatÐzetai me touc pÐnakec −T ∗i . Epomènwc, gia thn
anapar�stash 5̄ ja èqoume

Q5̄ = −diag(0, 0, 0,
1

2
,−1

2
)− 1

2
diag(−2

3
,−2

3
,−2

3
, 1, 1) =

= diag(
1

3
,

1

3
,

1

3
,−1, 0)
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pou eÐnai akrib¸c ta fortÐa thc pent�dac (d̄ , d̄ , d̄ , e, νe).
'Eqontac prosdiorÐsei to uperfortÐo tou Kajierwmènou
ProtÔpou wc proc tou gen torec thc SU(5), mporoÔme na
broÔme thn sqèsh metaxÔ thc stajer�c g ′ kai thc enopoihmènhc
stajer�c gG

g ′ =

√
3

5
gG

en¸ gia thc stajerèc sÔzeuxhc twn SU(3) kai SU(2) o
suntelest c analogÐac eÐnai mon�da. Opìte, t¸ra mporoÔme
na èqoume mia ektÐmhsh thc enèrgeiac ìpou oi treic stajerèc
tou KP plhsi�zoun mia koin  tim . Prèpei na lÔsoume to
sÔsthma twn dÔo exis¸sewn α3(Q) = α2(Q) = 5

3αY (Q)

1

α3(E0)
− b3

2π
ln

E

E0
=

1

α2(E0)
− b2

2π
ln

E

E0
=

3

5

(
1

αY (E0)
− bY

2π
ln

E

E0

)
Me arqikèc timèc, apì ta peir�mata,

E0 = MZ = 91, 2 GeV, α3 ∼ 0, 118, α2 ∼ 0, 034, αY ∼ 0, 010

h enèrgeia ìpou α2 = α3 eÐnai ∼ 1015GeV kai h koin  tim  0, 021.
H α1 ≡ (5/3)αY den pern� apì to koinì shmeÐo twn α2 kai α3.
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Bèbaia, up�rqoun kai ta sf�lmata ston prosdiorismì twn
arqik¸n tim¸n (kurÐwc sto α3) all� kai p�li oi treic stajerèc
sÔzeuxeic den faÐnetai na sugklÐnoun. Qrei�zetai na èrjei h
ènnoia thc upersummetrÐac kai h prìbleyh gia nèa (ta
upersummetrik�) swmatÐdia pou all�zoun thn exèlixh twn
stajer¸n pou deÐqnoun plèon mia polÔ kalÔterh sÔgklish se
enèrgeiec thc t�xhc twn 1016 GeV.
'Allec ��epipt¸seic�� thc megaloenopoÐhshc
a. H di�spash tou prwtonÐou
Me dedomèno ìti ta X kai Y metatrèpoun leptìnia se
baruìnia, perimènoume di�spash tou prwtonÐou
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Perimènoume ìti h m�za tou X kai tou Y na eÐnai Ðdiac t�xhc me
thn enèrgeia enopoÐhshc, dhlad  ∼ 1015GeV. Opìte, kat'
analogÐa me thn asjen  allhlepÐdrash, mporoÔme na
antikatast soume thn allhlepÐdrash antallag c tou X me
mia allhlepÐdrash thc morf c ud → e+ū. Kai h energìc
stajer� sÔzeuxhc ja eÐnai thc t�xhc

αU

M2
X

ìpou αU eÐnai h tim  thc stajer�c sÔzeuxhc thc enopoihmènhc
jewrÐac pou eÐnai thc t�xhc tou 0.022 To tetr�gwnou tou
pl�touc, Γ, aut c thc diadikasÐac ja eÐnai thc t�xhc

Γ ∼
(
αU

M2
X

)2

E 5

ìpou E eÐnai mia qarakthristik  enèrgeia thc diadikasÐac
di�spashc, opìte h tim  E = mp eÐnai mia logik  epilog .
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O qrìnoc zw c τ eÐnai to antÐstrofo tou Γ

τ = Γ−1 ∼
M4

X

α2
Um

5
p

∼ 1029 − 1030 qrìnia

(Gia sÔgkrish anafèroume ìti h hlikÐa tou sÔmpantoc eÐnai
1010 qrìnia!)
Ta peir�mata, mh parathr¸ntac di�spash tou prwtonÐou,
b�zoun èna k�tw ìrio sto qrìno zw c megalÔtero tou 5× 1032

qrìnia. Opìte, ousiastik�, to sugkekrimèno prìtupo SU(5)
eÐnai asÔmbato.
b. Ta fortÐa twn leptonÐwn kai twn kouark
To prìtupo SU(5) apant� se èna diaqronikì aÐnigma: thn
isìthta thc (apìluthc) tim c tou fortÐou tou prwtonÐou kai tou
hlektronÐou. Sto Kajierwmèno Prìtupo, oi timèc −2e/3 kai e/3
gia ta fortÐa twn u kai d kouark eÐnai empeirikèc. Sto
prìtupo SU(5), mporeÐ na deiqjeÐ ìti to sunolikì fortÐo twn
swmatidÐwn pou perièqontai se mia anapar�stash ja prèpei
na mhdenÐzetai. Opìte, blèpontac thn anapar�stash

5̄ = (1, 2) + (3̄, 1) = (νe , e
−)L + d̄L(3 qr¸mata)
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ja prèpei

3Qd̄ + Qe− = 0⇒ Qd̄ = −Qe−

3
=

1

3

Dhlad , h parousÐa tou suntelest  1/3 sto fortÐo tou d
kouark eÐnai apotèlesma tou qr¸matoc twn kouark. Me
an�logo trìpo paÐrnoume ìti to fortÐo tou u kouark eÐna 2/3,
kai apì to perieqìmeno tou prwtonÐou (uud), paÐrnoume ìti to
fortÐo tou prwtonÐou eÐnai −Qe− .
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UPOLOGISMOS THS SUNARTHSHS b gia to
Kajierwmèno Prìtupo se prosèggish 1 brìqou

Ac upojèsoume ìti to montèlo mac sthrÐzetai sto eujÔ
�jroisma twn om�dwn G1 × G2. H sun�rthsh-β1 thc stajer�c
sÔzeuxhc g1 pou antistoiqeÐ sto G1, gia prosèggish 1 brìqou,
dÐnetai apì ton

16π2β1 = g3
1

[
−11

3
C2(G ) +

2

3
T (R1)dR2 +

1

3
T (S1)dS2

]
ìpou
R1 kai S1 eÐnai h mh anagwgÐshmh anapar�stash thc om�dac
G1 pou brÐskontai ta fermiìnia kai ta mpozìnia antÐstoiqa,
to T (R) orÐzetai apì th sqèsh: T (R)δαβ = Tr

[
RαRβ

]
,

to C2(R) (o tetragwnikìc telest c tou Casimir) orÐzetai apì th
sqèsh: C2(R)I = RαRα,
to C2(G ) eÐnai o tetragwnikìc telest c tou Casimir gia thn
suzhg  anapar�stash,
to dR2 kai dS2 eÐnai h pollaplìthta twn fermionÐwn kai
mpozonÐwn antÐstoiqa wc proc thn �llh om�da G2.
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Ta T (R), C2(R) sundèontai me thn sqèsh

C2(R)d(R) = T (R)r

ìpou r o arijmìc twn gennhtìrwn kai d(R) h di�stash thc
anapar�stashc. Gia par�deigma, gia thn jemeli¸dh
anapar�stash thc om�dac SU(2), èqoume 3 genn torec, r = 3
kai di�stash d = 2. GnwrÐzontac ìti gia k�je pÐnaka tou Pauli
isqÔei τ2 = 1/4, èqoume C2(R) = 3/4. Opìte, T (R) = 1/2. H
tim  aut  tou T (R) isqÔei gia thn jemeli¸dh anapar�stash
k�je SU(N). Gia U(1), èqoume C2(G ) = 0 kai
T (R) = C2(R) = Y 2 me Y to uperfortÐo.
Ac p�me t¸ra sto Kajierwmèno Prìtupo (KP). H om�da eÐnai
SU(3)× SU(2)× U(1).(

(ur ug ub)
(dr dg db)

)
L

,
(ur ug ub)R

(dr dg db)R
,

(
ν3

e

)
L

,

(
H+

H0

)
L

, eR

Ac xekin soume ton upologismì thc β-sun�rthsh thc SU(3).
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Ed¸ èqoume:
thn qrwmatik  triplèta tou zeÔgouc (u, d)L. Dhlad ,
(ur , dr )L, (ug , dg )L, (ub, db)L me r , g , b ta trÐa qr¸mata.
Epomènwc èqoume thn jemeli¸dh anapar�stash thc SU(3) me
pollaplìthta 2 wc proc thn SU(2) lìgw tou zeÔgouc

2

3

1

2
2

thn qrwmatik  triplèta tou uR , sthn jemeli¸dh anapar�stash
thc SU(3) me pollaplìthta 1 wc proc thn SU(2) (den thn
��blèpei��). Epomènwc

2

3

1

2

To Ðdio gia thn qrwmatik  triplèta tou dR

2

3

1

2
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Tèloc, èqoume ta gklouìnia, pou bèbaia eÐnai sthn suzhg 
anapar�stash. Gia tic SU(N), o C2(G ) = N. Opìte

−11

3
3

Kanèna �llo swmatÐdio sto KP den ��blèpei�� thn SU(3). Opìte

16π2β3(g3) = g3
3

[
−11 +

4

3
ng

]
= −7g3

3

ìpou ng = 3 o arijmìc twn oikogenei¸n.
Proqwr�me sthn sun�rthsh β thc SU(2). Ed¸ èqoume to zeÔgoc
(u, d)L, sthn jemeli¸dh anapar�stash, all� se 3 qr¸mata

2

3

1

2
3

to zeÔgoc (νe , e)L, sthn jemeli¸dh anapar�stash me
pollaplìthta 1 wc proc thn SU(3) (den thn ��blèpei��)

2

3

1

2
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kai to bajmwtì zeÔgoc tou Higgs, sthn jemeli¸dh
anapar�stash me pollaplìthta 1 wc proc thn SU(3) (den thn
��blèpei��)

1

3

1

2
Ta mpozìnia bajmÐdac suneisfèroun ton ìro

−11

3
2

Ta uR kai dR den ��blèpoun�� thn SU(2). Kai èqoume telik�

16π2β2(g2) = g3
2

[
22

3
+

2

3
2 ng +

1

3

1

2

]
= −19

6
g3

2

Tèloc, proqwr�me sto U(1). Kat' arq�c, apì th sqèsh
Q = τ3/2 + Y brÐskoume to uperfortÐo twn swmatidÐwn mac

(u d)L →
1

6
, uR →

2

3
, dR → −

1

3
, (νe e)L → −

1

2

eR → −1, (H+ H0)→ −1

2
,
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kai èqoume

16π2β1(g1) =g3
1

[
2

3

(
1

6

)2

6 +
2

3

(
2

3

)2

3 +
2

3

(
−1

3

)2

3+

2

3

(
−1

2

)2

2 +
2

3
(−1)2

]
ng +

1

3

(
−1

2

)2

2

pou telik� dÐnei

16π2β1(g1) =
41

6
g3

1

Xanagr�foume sunolik� gia to KP

16π2β3(g3) = −7g2
3 , 16π2β2(g2) = −19

6
g2

2 , 16π2β1(g1) =
41

6
g3

1
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LUSEIS TWN ASKHSEWN

LUSEIS TWN ASKHSEWN

'Askhsh 1 DeÐxte ìti o metasqhmatismìc Lorentz antistoiqeÐ me
strof  kat� gwnÐa iθ ston q¸ro (ict, x).(P)
LÔsh

x ′ =
x − (v/c)ct√

1− v2/c2
, ct ′ =

ct − (v/c)x√
1− v2/c2

UpenjumÐzoume ìti

sinh θ =
eθ − e−θ

2
, cosh θ =

eθ + e−θ

2
, tanh θ =

sinh θ

cosh θ
cosh2 θ − sinh2 θ = 1

cos(iθ) =
1

2

(
e i(iθ) + e−i(iθ)

)
=

1

2

(
e−θ + eθ

)
= cosh θ

sin(iθ) =
1

2i

(
e i(iθ) − e−i(iθ)

)
=

1

2i

(
e−θ − eθ

)
= i sinh θ
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Onom�zontac tanh θ = v/c , paÐrnoume(
1− v2/c2

)−1/2
=
[(

cosh2 θ − sinh2 θ
)
/ cosh2 θ

]−1/2
= cosh θ.

Opìte

x ′ = x cosh θ − ct sinh θ, ct ′ = ct cosh θ − x sinh θ

  douleÔontac me x kai ict

x ′ = x cos(iθ) + ict sin(iθ), ict ′ = ict cos(iθ)− x sin(iθ)(
x ′

ict ′

)
=

(
cos(iθ) sin(iθ)
− sin(iθ) cos(iθ)

)(
x
ict

)
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'Askhsh 2 DeÐxte ìti gµνg
µν = 4.(P)

LÔsh

gµνg
µν = g00g

00 + g11g
11 + g22g

22 + g33g
33 =

1 · 1 + (−1) · (−1) + (−1) · (−1) + (−1) · (−1) = 4

UpenjumÐzoume ìti tìso o gµν ìso kai o gµν perigr�fontai apì
ton pÐnaka 

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1
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'Askhsh 3 DÔo swmatÐdia me Ðsh m�za M sugkroÔontai sto
sÔsthma Kèntrou M�zac. H sunolik  enèrgeia eÐnai Ecm.
DeÐxte ìti

s ≡ (p1 + p2)µ(p1 + p2)µ ≡ (p1 + p2)2 = E 2
cm

An h sÔgkroush gÐnei sto sÔsthma ergasthrÐou ìpou to èna
swmatÐdio eÐnai akÐnhto, tìte h enèrgeia Elab tou �llou
swmatidÐou dÐnetai apì th sqèsh (upologÐste to s sto sÔsthma
ergasthrÐou)

Elab =
E 2

cm

2M
−M

(P)
LÔsh
Sto sÔsthma Kèntrou M�zac

pµ1 = (E1,p) kai pµ2 = (E2,−p)

Opìte
s = (p1 + p2)2 = (E1 + E2, 0)2 = E 2

cm
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Sth deÔterh perÐptwsh pµ1 = (Elab,p1) kai pµ2 = (M, 0)

s = (p1 + p2)2 = (Elab + M,p1)2 = (Elab + M)2 − p2
1 =

(Elab + M)2 − (E 2
lab −M2) = 2ElabM + 2M2

All� to s eÐnai analloÐwto, opìte

E 2
cm = 2ElabM + 2M2 → Elab =

E 2
cm

2M
−M
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'Askhsh 4 DeÐxte ìti o rujmìc met�bashc i→f gia thn
prosèggish 2hc t�xhc dÐnetai apì th sqèsh
Wfi = 2π |Vfi |2 ρ(Ei ), ìpou to Vfi antikajÐstatai apì th sqèsh

Vfi +
∑
n 6=i

Vfn
1

Ei − En + iε
Vni + ...

Poi� eÐnai h sqèsh gia thn epìmenh diìrjwsh (3hc t�xhc se V ).
(P)
LÔsh
GnwrÐzoume ìti

Wfi = lim
T→∞

|Tfi |2

T
kai

Tfi = −iVfi 2πδ(Ef − Ei )− i

∑
n 6=i

VfnVni

Ei − En + iε

 2πδ(Ef − Ei ) =

= −i2πδ(Ef − Ei )

Vfi +
∑
n 6=i

VfnVni

Ei − En + iε
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Opìte

1

T
|Tfi |2 =

1

T
(2πδ(Ef − Ei ))2

Vfi +
∑
n 6=i

VfnVni

Ei − En + iε

2

=

= 2πδ(Ef − Ei )

Vfi +
∑
n 6=i

VfnVni

Ei − En + iε

2

Kai to Wfi gr�fetai

Wfi = 2π

∫
dEf ρ(Ef )δ(Ef − Ei )

Vfi +
∑
n 6=i

VfnVni

Ei − En + iε

2

=

= 2πρ(Ei )

Vfi +
∑
n 6=i

VfnVni

Ei − En + iε

2
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Gia thn epìmenh diìrjwsh ja èqoume

Vfi +
∑
n 6=i

Vfn
1

Ei − En − iε
Vni +

+
∑

n2 6=n1

∑
n1 6=i

Vfn2

1

En1 − En2 + iε
Vn2n1

1

Ei − En1 + iε
Vn1i + ...
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'Askhsh 5 DeÐxte ìti o kanìnac
∫
φ∗outgoingVφingoing d

4x plhroÐ
th diat rhsh enèrgeiac sthn perÐptwsh thc dhmiourgÐac zeÔgouc
e+e−   sthn antÐstoiqh exaölwsh. Na gÐnei to Ðdio kai gia thn
diat rhsh thc orm c. O ìroc tou fwtonÐou eÐnai e−i(ωt−px)

(P)
LÔsh
DÐdumh gènesh∫ (

e−iEe− t
)∗

e−iωte−i(−Ee+ )t dt = 2πδ (Ee+ − ω + Ee−)

dhlad  ω = Ee+ + Ee−

292/389



Gia thn exaölwsh∫ (
e−i(−Ee+ t)

)∗ (
e−iωt

)∗
e−iEe− t dt = 2πδ (−Ee+ + ω − Ee−)

dhlad , kai p�li, ω = Ee+ + Ee− .
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'Askhsh 6 DeÐxte ìti h Klein-Gordon(
i
∂

∂t
− qV

)2

φ = (−i∇− qA)2 φ+ m2φ

paramènei analloÐwth k�tw apì metasqhmatismoÔc bajmÐdac
tou hlektromagnhtismoÔ

A′ = A + ∇f , V ′ = V − ∂f

∂t

kai thn allag  f�shc thc kumatosun�rthshc φ′ = φe iqf .
(P)
LÔsh
Me Aµ′ = Aµ − ∂µf kai φ′ = e iqf φ èqoume(

∂µ + iqAµ′
)
φ′ = (∂µ + iqAµ − iq∂µf ) e iqf φ =

e iqf ∂µφ+ iq(∂µf )φe iqf + iqAµφe iqf − iq(∂µf )e iqf φ =

= e iqf (∂µ + iqAµ)φ

Dhlad  h èkfrash Φ = (∂µ + iqAµ)φ metasqhmatÐzetai ìpwc h
φ.
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Epomènwc(
∂µ + iqAµ′

) (
∂µ + iqA′µ

)
φ′ =

(
∂µ + iqAµ′

)
Φ′ =

= e iqf (∂µ + iqAµ) Φ = e iqf (∂µ + iqAµ) (∂µ + iqAµ)φ

Kai [(
∂µ + iqAµ′

) (
∂µ + iqA′µ

)
+ m2

]
φ′ = 0→

e iqf
[
(∂µ + iqAµ) (∂µ + iqAµ) + m2

]
φ = 0[

(∂µ + iqAµ) (∂µ + iqAµ) + m2
]
φ = 0
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'Askhsh 7 DeÐxte ìti oi exis¸seic tou Maxwell gr�fontai se
sunalloÐwth morf  wc ∂µF

µν = jν ìpou Fµν = ∂µAν − ∂νAµ.
Qrhsimopoi¸ntac thn eleujerÐa epilog c thc bajmÐdac
mporoÔme epÐshc na gr�youme ìti �2Aµ = jµ.(P)
LÔsh

Fµν = ∂µAν − ∂νAµ

Dhlad 

F 12 = −F 21 = −∂xAy + ∂yAx = −(∇× A)z = −Bz

− F 13 = F 31 = −∂zAx + ∂xAz = −(∇× A)y = −By

F 23 = −F 32 = −∂yAz + ∂zAy = −(∇× A)x = −Bx

kai

F 01 = −F 10 = ∂tAx + ∂xV = −Ex

F 02 = −F 20 = ∂tAy + ∂yV = −Ey

F 03 = −F 30 = ∂tAz + ∂zV = −Ez
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Opìte,

gia ν = 0: ∂µF
µ0 = ∂xF

10 + ∂yF
20 + ∂zF

30 =

= ∂xEx + ∂yEy + ∂zEz = ∇ · E = ρ = j0

gia ν = 1: ∂µF
µ1 = ∂tF

01 + ∂yF
21 + ∂zF

31 =

= −∂tEx + ∂yBz − ∂zBy =

= −∂tEx + (∇× B)x = jx

'Omoia, ∂µF
µ2 = jy kai ∂µF

µ3 = jz . 'Ara, pr�gmati
∂µF

µν = (ρ, j) = jν . Tèloc

∂µF
µν = ∂µ(∂µAν−∂νAµ) = ∂µ∂

µAν−∂ν(∂µA
µ) = �2Aν−∂ν(∂µA

µ)

GnwrÐzoume ìti mporoÔme na k�noume ton metasqhmatismì
bajmÐdac Aµ → Aµ + ∂µχ. Opìte, mpor¸ ne epilèxw kat�llhla
thn sun�rthsh χ ètsi ¸ste na èqw ∂µA

µ = 0. Epomènwc,
∂µF

µν = �2Aν
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'Askhsh 8 DeÐxte ìti h èkfrash F = |vA − vB |2EA2EB eÐnai,
gia pA kai pB suggramik� kai me antÐjeth for�, Ðsh me
4 (|pA|EB + |pB |EA) kai sth sunèqeia ìti eÐnai Ðsh me

4
[(
pµApBµ

)2 −m2
Am

2
B

]1/2
, opìte kai sqetikistik� analloÐwth.

(P)
LÔsh

F = |vA − vB |2EA2EB =

∣∣∣∣pA

EA
− pB

EB

∣∣∣∣ 4EAEB =

= 4 |pAEB − pBEA| = 4 (|pA|EB + |pB |EA)
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T¸ra h deÔterh isìthta (pA = |pA| kai pB = |pB |)(
pµA · pBµ

)2
= (EAEB − pA · pB)2 = (EAEB + pApB)2 =

= (EAEB)2 + (pApB)2 + 2EAEBpApB =

=
(
p2

A + m2
A

) (
p2

B + m2
B

)
+ p2

Ap
2
B + 2EAEBpApB =

= p2
Am

2
B + p2

Bm
2
A + p2

Ap
2
B + m2

Am
2
B + p2

Ap
2
B + 2EAEBpApB =

= p2
A

(
m2

B + p2
B

)
+ p2

B

(
m2

A + p2
A

)
+ 2EAEBpApB + m2

Am
2
B

= p2
AE

2
B + p2

BE
2
A + 2EAEBpApB + m2

Am
2
B =

(pAEB + pBEA)2 + m2
Am

2
B

'Ara, pr�gmati, (pAEB + pBEA)2 =
(
pµA · pBµ

)2 −m2
Am

2
B
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'Askhsh 9 DeÐxte ìti sto sÔsthma K.M. thc A + B → C + D oi
ìroi F kai dQ ston tÔpo thc energoÔ diatom c

dσ =
(2π)4δ(4)(pA + pB − pC − pD)

2EA |vA − vB | 2EB

Vd3pC

(2π)32EC

Vd3pD

(2π)32ED
|M|2

=
|M|2

F
dQ

gÐnontai

dQ =
1

4π2

pf

4
√
s
dΩ, F = 4pi

√
s, s = (EA + EB)2

ìpou pi = |pA| = |pB |, pf = |pC | = |pD | kai dΩ h stoiqei¸dhc
stere� gwnÐa gÔrw apì thn pC . Opìte, h energìc diatom  sto
K.M. gr�fetai

dσ

dΩ

∣∣∣∣
K.M.

= |M|2 1

64π2

pf

pi s

(P)
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LÔsh

dQ =
1

4π2
δ(4)(pA + pB − pC − pD)

d3pC

2EC

d3pD

2ED

=
1

4π2
δ(EA + EB − EC − ED)δ(3)(pA + pB − pC − pD)

d3pC

2EC

d3pD

2ED

=
1

4π2
δ(EC + ED −

√
s)

p2
f

2ED2EC
dpf dΩ

ìpou h teleutaÐa isìthta proèkuye (a) apì th qr sh thc
sun�rthshc δ(3)(pA + pB − pC − pD) kai olokl rwshc wc proc
d3pD , (b) d

3pC = p2
CdpCdΩ, kai tèloc (g) apì to ìti sto K.M.,

s = (pA + pB)2 = (EA + EB)2 − (pA + pB)2 = (EA + EB)2 kai ìti
|pC | = |pD | = pf . Ac doÔme t¸ra thn sun�rthsh
δ(EC + ED −

√
s). 'Eqoume th sqèsh

EC + ED = (p2
f + m2

C )1/2 + (p2
f + m2

D)1/2 kai thn idiìthta thc
sun�rthshc δ∫

dx f (x) δ (g(x)− K ) =
f (x0)∣∣∣dg

dx

∣∣∣
x=x0

, ìpou g(x0) = K
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Sthn perÐptws  mac, h g(x) eÐnai h EC + ED wc sun�rthsh tou
pf . Opìte, ja qreiastoÔme

d(EC + ED)

dpf
= pf

(
1

EC
+

1

ED

)
= pf

√
s

ECED

(apì diat rhsh enèrgeiac: EA + EB = EC + ED). Epomènwc∫
δ(EC + ED −

√
s)p2

f dpf =
po2

f

po
f

√
s
ECED =

po
f√
s
ECED

ìpou po
f eÐnai to kat�llhlo mètro thc (tri)orm c pou ikanopoieÐ

thn EC + ED =
√
s.

'Ara, to dQ gr�fetai

dQ =

∫
1

4π2
δ(EC + ED −

√
s)
p2

f dpf dΩ

2ED2EC
=

=
1

4π2

po
f

4
√
s
dΩ
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Gia th ro  F èqoume

F = 4
[(
pµA · pBµ

)2 −m2
Am

2
B

]1/2
= 4

[(
EAEB + p2

i

)2 −m2
Am

2
B

]1/2
=

= 4
[(
p2

i + m2
A

) (
p2

i + m2
B

)
+ p2

i p
2
i + 2EAEBp

2
i −m2

Am
2
B

]1/2

= 4
[
2p2

i p
2
i + p2

i

(
m2

A + m2
B

)
+ 2EAEBp

2
i

]1/2

= 4pi

[
2p2

i + m2
A + m2

B + 2EAEB

]1/2
=

= 4pi

[
E 2

A + E 2
B + 2EAEB

]1/2
= 4pi (EA + EB) = 4pi

√
s

kai, epomènwc, gia th diadikasÐa A + B → C + D sto K.M.
èqoume

dσ

dΩ

∣∣∣∣
CM

=
1

64π2s

pf

pi
|M|2
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'Askhsh 10 Sto K.M. kai gia uyhlèc enèrgeiec, h skèdash
��hlektronÐou��-��mionÐou�� dÐnetai apì th sqèsh

dσ

dΩ

∣∣∣∣
CM

=
α2

4s

(
3 + cos θ

1− cos θ

)2

ìpou α = e2/(4π) kai θ eÐnai h gwnÐa skèdashc sto kèntro
m�zac. (P)
LÔsh
Se uyhlèc enèrgeiec, oi m�zec ameloÔntai, opìte |pi | = |pf | = p
kai E = p. 'Ara, s' aut  th perÐptwsh èqoume mìno mia
metablht : p kai th gwnÐa skèdashc bèbaia). Opìte,
xekin¸ntac apì to analloÐwto pl�toc thc skèdashc

|M|2 = e4

[
(pA + pC )µ (pB + pD)µ

]2

[
(pC − pA)µ (pC − pA)µ

]2
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èqoume

(pA + pC )µ = (2p,pi + pf)

(pB + pD)µ = (2p,−pi − pf)

(pA + pC )µ (pB + pD)µ = 4p2 + 2p2 + 2p2 cos θ = 2p2(3 + cos θ)

(pC − pA)2 = (p − p,pi − pf )2 = (0,pi − pf )2

= −p2 − p2 + 2p2 cos θ = −2p2(1− cos θ)

Epomènwc, to analloÐwto pl�toc gr�fetai

|M|2 = e4 4p4(3 + cos θ)2

4p4(1− cos θ)2

kai h energìc diatom 

dσ

dΩ

∣∣∣∣
CM

=
e4

64π2s

(3 + cos θ)2

(1− cos θ)2
=
α2

4s

(3 + cos θ)2

(1− cos θ)2
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'Askhsh 11 DeÐxte ìti gia th di�spash A→ 1 + 2, kai gia to
sÔsthma hremÐac tou swmatidÐou A, paÐrnoume

Γ =
pf

32π2m2
A

∫
|M|2 dΩ

(P)
LÔsh

Γ =

∫
1

2EA
|M|2 d3p1

(2π)32E1

d3p2

(2π)32E2
(2π)4δ(4)(p1 + p2 − pA) =

=

∫
|M|2

32π2mA

1

E1E2
d3p1 d

3p2δ
(4)(p1 + p2 − pA) =

=

∫
|M|2

32π2mA

1

E1E2
d3p1 δ(E1 + E2 −mA) =

=

∫
|M|2

32π2mA

dΩ

E1E2
p2

1dp1δ

(√
m2

1 + p2
1 +

√
m2

2 + p2
1 −mA

)
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All� (mA = E1 + E2, p1 = p2 = pf )∫
p2

1dp1δ

(√
m2

1 + p2
1 +

√
m2

2 + p2
1 −mA

)
=

p2
f

pf
mA

E1E2

Opìte

Γ =

∫
|M|2

32π2mA

dΩ

E1E2

pf

mA
E1E2 =

=
pf

32π2m2
A

∫
|M|2dΩ
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'Askhsh 12 Gr�yte to analloÐwto pl�toc gia tic sked�seic
e−µ+ → e−µ+ kai e−e+ → µ−µ+ kai elègxte to crossing me thn
e−µ− → e−µ−. (P)
LÔsh

e−µ+ → e−µ+ e−e+ → µ−µ+ e−µ− → e−µ−

(ie)2 (pA+pC )(−pB−pD )
(pA−pC )2 (ie)2 (pA−pB )(pD−pC )

(pA+pB )2 (ie)2 (pA+pC )(pB +pD )
(pA−pC )2

H kat�llhlh enallag  apì thn e−µ+ → e−µ+ sthn
e−µ− → e−µ− eÐnai pB ↔ −pD . H antÐstoiqh apì thn
e−e+ → µ−µ+ sthn e−µ− → e−µ− eÐnai pB ↔ −pC .
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'Askhsh 13 DeÐxte ìti s + t + u =
∑

m2
i

(P)
LÔsh

s + t + u = (pA + pB)2 + (pA − pC )2 + (pA − pD)2 =

m2
A + m2

B + 2pApB + m2
A + m2

C − 2pApC + m2
A + m2

D − 2pApD =

= 3m2
A + m2

B + m2
C + m2

D+

+ 2(EAEB − pApB − EAEC + pApC − EAED + pApD) =

= 3m2
A + m2

B + m2
C + m2

D+

+ 2(EAEB − pApB)− 2EA(EC + ED) + 2pA(pC + pD) =

= 3m2
A + m2

B + m2
C + m2

D+

+ 2(EAEB − pApB)− 2EA(EA + EB) + 2pA(pA + pB) =

= 3m2
A + m2

B + m2
C + m2

D − 2(E 2
A − p2

A) =

= m2
A + m2

B + m2
C + m2

D
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'Askhsh 14 DeÐxte ìti gia thn skèdash e−µ− → e−µ−, h
fusik  perioq  twn metablht¸n eÐnai t = 0 kai su = (M2 −m2)2

ìpou M kai m eÐnai oi m�zec tou mionÐou kai tou hlektronÐou.
Sqedi�ste to di�gramma Mandelstam. (P)
LÔsh
Sto K.M. èqoume

s = (pA + pB)2 = m2 + M2 + 2(EAEB + p2) ≥ (m + M)2

t = (pA − pC )2 = 2m2 − 2pCpA = 2m2 − 2(E 2
A − p2 cos θ) =

= 2p2(cos θ − 1), �ra − 4p2 ≤ t ≤ 0

Prèpei na ekfr�soume to p wc sun�rthsh tou s  /kai u gia na
broÔme thn kampÔlh ìpou to t eÐnai el�qisto. Apì thn èkfrash
gia to s èqoume

−2EAEB = 2p2 − s + M2 + m2

4(m2 + p2)(M2 + p2) = (2p2 − s + M2 + m2)2

4m2M2 = (M2 + m2 − s)2 − 4p2s

4p2 =
(M2 + m2 − s)2 − 4m2M2

s
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Epomènwc

tmin = −1

s

[
(M2 + m2 − s)2 − 4m2M2

]
pou eÐnai mia parabol . Na broÔme tic asÔptwtec eujeÐec

gia s → 0+ tìte tmin → −∞

Gia s →∞ tìte tmin → −∞ me asÔptwth pou thn brÐskoume
gr�fontac to tmin

tmin = −
(
s2

s
− 2s(M2 + m2)

s
+

1

s
(· · · )

)
opìte h asÔmptwth eÐnai h t = −s + 2(M2 + m2)   �llwc
0 = −t − s + 2(M2 + m2)   u = 0. Ta shmeÐa A kai B
antistoiqoÔn ston mhdenismì thc tmin

(M2 + m2 − s)2 = 4m2M2

s2 + (M2 + m2)2 − 2s(M2 + m2) = 4M2m2[
s − (M + m)2

] [
s − (M −m)2

]
= 0
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EpÐshc mporoÔme na broÔme to mègisto thc kampÔlhc tmin.
MhdenÐzontac thn par�gwgo wc proc s brÐskoume ìti to
mègisto antistoiqeÐ sthn tim  s = (M2 −m2) pou den an kei
sthn fusik  perioq  tou s (sthn arq  thc �skhshc eÐqame brei
s ≥ (m + M)2). Gi' aut n thn teleutaÐa tim  tou s, to t = 0.
EÐnai to shmeÐo B.

Apì thn exÐswsh tou tmin, eÔkola paÐrnoume ìti

st = 4M2m2 − (M2 + m2 − s)2 →
s(2M2 + 2m2 − s − u) = 4M2m2 −M4 −m4 − s2

− 2M2m2 + 2M2s + 2m2s →
− su = 2M2m2 −M4 −m4 = −(M2 −m2)2
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'Askhsh 15 Elègxte ìti h Ex.12 eÐnai thc morf c

Me−e+(s, t, u) =Me−e−(u, t, s)

(P)
LÔsh
H Ex.12 eÐnai h

Me−e+→e−e+(pA, pB , pC , pD) =Me−e−→e−e−(pA,−pD , pC ,−pB)

Opìte, gia tic duo sked�seic èqoume antÐstoiqa

s = (pA + pB)2 s = (pA − pD)2

t = (pA − pC )2 t = (pA − pC )2

u = (pA − pD)2 u = (pA + pB)2

opìte faÐnetai �mesa to crossing s ←→ u.
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'Askhsh 16 DeÐxte ìti oi ai kai β prèpei na eÐnai ermhtianoÐ
pÐnakec, na èqoun Ðqnoc 0, na eÐnai artÐwn diast�sewn me
idiotimèc ±1. (P)
LÔsh
Ta ai kai β, ìntac sthn Qamiltonian , ja prèpei na eÐnai
ermhtianoÐ pÐnakec.

Tr [ai ] = Tr [β2ai ] = Tr [(β)(βai )] = Tr [(βai )(β)] =

= −Tr [ββai ] = −Tr [β2ai ] = −Tr [ai ]→ Tr [ai ] = 0

apì thn antimetajetikìthta twn ai kai β kai β2 = 1. Me ton
Ðdio trìpo deÐqnetai ìti Tr [β] = 0.
Miac β2 = a2

i = 1, gr�fontac touc pÐnakec se diag¸nia morf 
(me ènan monadiaÐo metasqhmatismì), ja prèpei to tetr�gwno
k�je idiotim c na eÐnai Ðso me +1. 'Ara, k�je idiotim  eÐnai Ðsh
me ±1.
Epeid  Tr [β   ai ] = Σ[idiotim¸n] = 0, ja prèpei na èqoume Ðso
arijmì +1 kai −1. Dhlad  �rtiec diast�seic.
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'Askhsh 17 DeÐxte ìti k�je sunist¸sa tou ψ upakoÔei thn
exÐswsh Klein-Gordon. (P)
LÔsh
Pollaplasi�zontac thn exÐswsh tou Dirac epÐ γν∂ν apì
arister�

iγµ∂µψ −mψ = 0→ iγν∂νγ
µ∂µψ − γν∂νmψ = 0

→ iγνγµ∂ν∂µψ − γν∂νmψ = 0

All�zontac touc �tufloÔc� deÐktec µ↔ ν ston pr¸to ìro
paÐrnoume

iγµγν∂µ∂νψ − γν∂νmψ = 0

kai ajroÐzontac tic dÔo teleutaÐec sqèseic, qrhsimopoi¸ntac
ìti γµγν + γνγµ = 2gµν kai γν∂νψ = −imψ, èqoume

2igµν∂ν∂µψ − 2γν∂νmψ = 0→ �2ψ + m2ψ = 0
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'Askhsh 18 DeÐxte ìti oi 4 lÔseic thc exÐswshc Dirac eÐnai
orjog¸niec

u(r)†u(s) = 0, r 6= s

(P)
LÔsh
Gia r , s = 1, 2   3, 4 èqoume

u(r)†u(s) =

(
χT (r) χT (r) σ

† · p
E + m

)( χ(s)

σ · p
E + m

χ(s)

)

 

u(r)†u(s) =

(
−χT (r) σ† · p

|E |+ m
χT (r)

) − σ · p
|E |+ m

χ(s)

χ(s)


Gr�fontac to χ(s) wc

(
δ1s

δ2s

)
, paÐrnoume kai stic duo

peript¸seic (σ† = σ kai |E | = E gia thn perÐptwsh s = 1, 2)
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(
δ1r δ2r

)( δ1s

δ2s

)
+
(
δ1r δ2r

) σ · p
|E |+ m

σ · p
|E |+ m

(
δ1s

δ2s

)
=

=

(
1 +

p2

(|E |+ m)2

)
δrs

ìpou qrhsimopoi same th sqèsh (σ · p)(σ · p) = p2. Gia r = 1, 2
kai s = 3, 4 (  r = 3, 4 kai s = 1, 2) èqoume

(
δ1r δ2r

) −σ · p
|E |+ m

(
δ1s

δ2s

)
+
(
δ1r δ2r

) σ · p
E + m

(
δ1s

δ2s

)
= 0
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'Askhsh 19 DeÐxte ìti o Σ · p̂ metatÐjetai me thn qamiltonian 
H = a · p + βm, [H,Σ · p̂] = 0. (P)
LÔsh
Oi pÐnakec β kai Σ · p̂ eÐnai diag¸nioi, opìte metatÐjentai.
Epomènwc ja prèpei na apodeÐxoume ìti [a · p,Σ · p̂] = 0.

[aipi ,Σj p̂j ] = [ai ,Σj ]
pipj

|p|
=

[(
0 σi

σi 0

)
,

(
σj 0
0 σj

)]
pipj

|p|
=(

0 σiσj − σjσi

σiσj − σjσi 0

)
pipj

|p|
= 2εijk

(
0 σk

σk 0

)
pipj

|p|
= 0

giatÐ to εijk eÐnai antisummetrikì sta i , j en¸ to pipj eÐnai
summetrikì.
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'Askhsh 20 DeÐxte ìti pr�gmati h exÐswsh Dirac perigr�fei
eswterik  stroform  1/2. Dhlad , deÐxte ìti h qamiltonian 
den metatÐjetai me th stroform  L all� me ton telest  L + 1

2Σ
(P)
LÔsh
Na broÔme thn posìthta [H,L], ìpou H = a · p + βm, L = r × p
kai gnwrÐzoume ìti [ri , pj ] = iδij . Opìte

[H,L] = [a · p,L] + [βm,L] = [a · p, r × p] = ai [pi , rjpk ]εmjk

= ai [pi , rj ]pkε
mjk = −iaipkε

mjkδij = −iaipkε
mik = −ia× p

'Ara, h stroform  den diathreÐtai. Ac upologÐsoume t¸ra to
[H,Σ].

[H,Σ] = [a · p,Σ] + [mβ,Σ] = [ai ,Σj ]pi + [β,Σ]m =

=

[(
0 σi

σi 0

)
,

(
σj 0
0 σj

)]
pi =

(
0 2iεijkσk

2iεijkσk 0

)
pi =

2iεijk

(
0 σk

σk 0

)
pi = 2i(a× p)
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Epomènwc, [H,L + 1
2Σ] = 0, dhlad , h sunolik  diathr simh

stroform  eÐnai L + 1
2Σ.
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'Askhsh 21 DeÐxte ìti sth mh sqetikistik  prosèggish h
exÐswsh tou Dirac katal gei sthn exÐswsh tou Pauli parousÐa
hlektromagnhtikoÔ pedÐou Aµ = (V ,A) (P)
LÔsh
H el�qisth antikat�stash pµ → pµ + eAµ shmaÐnei
E → E + eV kai p→ p + eA. Opìte ja èqoume apì thn
exÐswsh tou Dirac

E

(
ψA

ψB

)
= (a · p + βm)

(
ψA

ψB

)
→

(E + eV )

(
ψA

ψB

)
= (a · (p + eA) + βm)

(
ψA

ψB

)
→

(E + eV )

(
ψA

ψB

)
=

[(
0 σ · (p + eA)

σ(p + eA) 0

)
+

(
m 0
0 −m

)](
ψA

ψB

)
H pr¸th exÐswsh dÐnei (E + eV )ψA = σ · (p + eA)ψB + mψA.

All�, ψB = σ·(p+eA)
2m ψA (eV << E ∼ m). 'Ara paÐrnoume

322/389



(E + eV −m)ψA = σ · (p + eA) σ · (p + eA)
1

2m
ψa

Qrhsimopoi¸ntac thn tautìthta (σ · a)(σ · b) = ab + iσ · a× b
(*), paÐrnoume,

σ · (p + eA) σ · (p + eA) = (p + eA)2 + iσ · (p + eA)× (p + eA)

= (p + eA)2 + eiσ · (p× A) + eiσ · (A× p)

= (p + eA)2 + eiσ · (−i)∇× A = (p + eA)2 + eσ · B

Gia na katal�boume p¸c p game apì thn deÔterh sthn trÐth
gramm  thc prohgoÔmenhc sqèshc ac doÔme p¸c h x-sunist¸sa
dra se èna ψ

[(p× A) + (A× p)]x ψ = −i [∇× A + A×∇]x ψ =

= −i [∂yAz − ∂zAy + Ay∂z − Az∂y ]ψ

= −i [(∂yAz )ψ + Az∂yψ − (∂zAy )ψ − Ay∂zψ + Ay∂zψ − Az∂yψ]

= −i [∂yAz − ∂zAy ]ψ = −i(∇× A)xψ
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Opìte h exÐswsh Dirac gÐnetai

(E + eV −m)ψA =

[
(p + eA)2

2m
+

e

2m
σ · B

]
ψA

pou eÐnai akrib¸c h exÐswsh tou Pauli.
(*) Apì [σi , σj ] = 2iεijkσk kai {σi , σj} = 2δij paÐrnoume
ajroÐzontac kat� mèlh

σiσj = δij + iεijkσk

Opìte

(σ · a) (σ · b) = σiai σjbj = aibjσiσj = aibj (δij + iεijkσk ) a·b+iσ·a×b
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'Askhsh 22 DeÐxte ìti me thn sugkekrimènh morf  twn pin�kwn
g, h morf  Cγ0 = iγ2 plhroÐ thn sunj kh −Cγ0γµ∗ = γµCγ0.
(P)
LÔsh
Ja prèpei −iγ2γµ∗ = γµiγ2 → −γ2γµ∗ = γµγ2 All�,
(γ0,1,3)∗ = γ0,1,3 kai γ2∗ = −γ2, opìte, gia µ = 0, 1, 3 h sqèsh
gÐnetai

−γ2γµ∗ = γµγ2 → −γ2γµ = γµγ2

pr�gma alhjèc lìgw thc sqèshc γµγν + γνγµ = 2gµν .
Gia µ = 2, h sqèsh gÐnetai

−γ2γµ∗ = γµγ2 →
(
γ2
)2

=
(
γ2
)2

pr�gma alhjèc.
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'Askhsh 23 DeÐxte ìti isqÔoun oi sqèseic C−1γµC = (−γµ)T ,
C = −C−1 = −C † = −CT , ψ̄C = −ψTC−1. (P)
LÔsh
Apì to Cγ0 = iγ2 paÐrnoume ìti C = iγ2γ0. Opìte

C−1γµC =
(
iγ2γ0

)−1
γµiγ2γ0 = −iγ0−1

γ2−1
γµiγ2γ0 =

= −γ0γ2γµγ2γ0 = −γ0γ2(2gµ2 − γ2γµ)γ0 =

= −2gµ2γ0γ2γ0 + γ0γ2γ2γµγ0 = 2gµ2γ2 − γ0γµγ0 =

= 2gµ2γ2 − 2g0µγ0 + γµγ0γ0 = 2gµ2γ2 − 2g0µγ0 + γµ

ìpou qrhsimopoi same γ02
= I , γ i2

= −I kai
γµγν + γνγµ = 2gµν .
DiakrÐnoume se peript¸seic (γ0T

= γ0, γ2T
= γ2,

(γ1,3)T = −γ1,3)

µ = 2, C−1γ2C = −γ2 = −(γ2)T

µ = 0, C−1γ0C = −γ0 = −(γ0)T

µ = 1, 3, C−1γµC = γµ = −(γµ)T
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EpÐshc

C−1 =
(
iγ2γ0

)−1
= −iγ0−1

γ2−1
= iγ0γ2 = −iγ2γ0 = −C

C † =
(
iγ2γ0

)†
= −iγ0†γ2† = iγ0γ2 = −iγ2γ0 = −C

CT =
(
iγ2γ0

)T
= iγ0T

γ2T
= iγ0γ2 = −iγ2γ0 = −C

ìpou qrhsimopoi same kai tic γ0† = γ0, γ i† = −γ i . Tèloc, ψ̄C =

ψ†Cγ
0 =

(
Cγ0ψ∗

)†
γ0 = ψTγ0†C †γ0 = ψTγ0C−1γ0 = −ψTC−1.
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'Askhsh 24 DeÐxte tic sqèseic plhrìthtac∑
s=1,2

u(s)(p)ū(s)(p) = p/+ m,
∑

s=1,2

v (s)(p)v̄ (s)(p) = p/−m

(P)
LÔsh

∑
s=1,2

u(s)(p)ū(s)(p) =
∑

s=1,2

u(s)(p)u(s)†(p)γ0 =

∑
s


(
δ1s

δ2s

)
σ·p

E+m

(
δ1s

δ2s

)
((δ1s δ2s

)
,
(
δ1s δ2s

) σ† · p
E + m

)
γ0N2 =

∑
s


(
δ1s

δ2s

)(
δ1s δ2s

)
−
(
δ1s

δ2s

)(
δ1s δ2s

) σ·p
E+m

σ·p
E+m

(
δ1s

δ2s

)(
δ1s δ2s

)
− σ·p

E+m

(
δ1s

δ2s

)(
δ1s δ2s

) σ·p
E+m

N2 =
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∑
s


(
δ1sδ1s δ1sδ2s

δ2sδ1s δ2sδ2s

)
(E + m) −

(
δ1sδ1s δ1sδ2s

δ2sδ1s δ2sδ2s

)
σ · p

σ · p
(
δ1sδ1s δ1sδ2s

δ2sδ1s δ2sδ2s

)
− p2

E+m

(
δ1sδ1s δ1sδ2s

δ2sδ1s δ2sδ2s

)
 =

(
(E + m) −σ · p
σ · p −(E −m)

)
=

(
p0 −σ · p

σ · p −p0

)
+ mI

To teleutaÐo faÐnetai ìti eÐnai Ðso me p0γ0 − piγ i + m = p/+ m.
'Omoia apodeiknÔetai kai h deÔterh sqèsh.
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'Askhsh 25 DeÐxte ìti p/p/ = p2 (P)
LÔsh

p/p/ = pµγµp
λγλ = γµγλp

µpλ

All�zontac ta onìmata stouc �tufloÔc� deÐktec èqoume

p/p/ = γλγµp
λpµ

AjroÐzontac kat� mèlh

2p/p/ = [γµ, γλ]+p
λpµ = 2gµλp

λpµ = 2p2
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'Askhsh 26 DeÐxte ìti oi telestèc

Λ+ =
p/+ m

2m
, Λ− =

−p/+ m

2m

prob�lloun tic katast�seic jetik c kai arnhtik c enèrgeiac
antÐstoiqa. Elègxte ìti, wc probolikoÐ telestèc, upakoÔoun
stouc kanìnec: Λ2

± = Λ± kai Λ+ + Λ− = 1. (P)
LÔsh
'Ena tuqaÐo spinor gr�fetai wc

∑4
r=1 aru

(r). Opìte

Λ+

4∑
r=1

aru
(r) =

p/+ m

2m

4∑
r=1

aru
(r) =

1

2m

2∑
s=1

u(s)ū(s)
4∑

r=1

aru
(r) =

1

2m
(a1u

(1)ū(1)u(1) + a2u
(2)ū(2)u(2)) =

1

2m
(a1u

(1) + a2u
(2))2m =

a1u
(1) + a2u

(2)

ìpou qrhsimopoi same ìti ū(s)u(s′) = 2mδss′ . 'Omoia brÐskoume
ìti Λ−

∑4
r=1 aru

(r) = a3u
(3) + a4u

(4).
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EÔkola faÐnetai ìti Λ+ + Λ− = 1 kai epÐshc

Λ2
+ =

1

4m2
(p/+ m)2 =

p2 + m2 + 2p/m

4m2
=

2(p/+ m)m

4m2
=

p/+ m

2m

kai ìmoia gia ton Λ2
−.
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'Askhsh 27 DeÐxte ìti gia èna apeirostì orjì
metasqhmatismì Lorentz, Λµν = δµν + εµν , h morf 

SL = 1− i

4
σµνε

µν

plhroÐ thn anagkaÐa sqèsh: S−1
L γσSL = γτΛστ . DeÐxte epÐshc

ìti
S−1

L = γ0S†Lγ
0 kai γ5SL = SLγ

5

(P)
LÔsh
Prèpei na apodeÐxoume ìti

S−1
L γσSL = γτΛστ

Xekin�me me to aristerì skèloc. Gia apeirostì
metasqhmatismì

SL = 1− i

4
σµνε

µν → S−1
L = 1 +

i

4
σµνε

µν
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Opìte

S−1
L γσSL =

(
1 +

i

4
σµνε

µν

)
γσ
(

1− i

4
σµνε

µν

)
= γσ +

i

4
εµν (σµνγ

σ − γσσµν) +O(ε2)

Ac sugkentrwjoÔme sthn parènjesh thc teleutaÐac sqèshc.
Eis�gontac ton orismì tou σµν = i

2 (γµγν − γνγµ), paÐrnoume

i

2
(γµγνγ

σ − γνγµγσ − γσγµγν + γσγνγµ) =

i

2

(
γµγνγ

σ − γνγµγσ − 2gσµ γν + 2gσν γµ − γµγνγσ

+2gσν γµ − 2gσµ γν + γνγµγ
σ
)

=

−2i
(
gσµ γν − gσν γµ

)
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Opìte, h arqik  sqèsh gÐnetai

S−1
L γσSL = γσ +

1

2
εµν
(
gσµ γν − gσν γµ

)
= γσ +

1

2
(εσνγν − εµσγµ) (εσµ = −εµσ)

= γσ +
1

2
(εσνγν + εσµγµ)

= γσ + εσνγν = γσ + εστg
ντγν = γσ + εστγ

τ

All� to dexÐ mèloc thc arqik c proc apìdeixh sqèshc gr�fetai

γτΛστ = γτ (δστ + εστ ) = γσ + εστγ
τ

Opìte, apodeÐxame thn arqik  sqèsh

S−1
L γσSL = γτΛστ

Gia thn sqèsh S−1
L = γ0S†Lγ

0, prosèxte ìti

γ0σ†µνγ
0 = − i

2
γ0
(
γ†νγ

†
µ − γ†µγ†ν

)
γ0 = − i

2
(γνγµ − γµγν) = σµν

lìgw thc tautìthtac γ0γ†µ = γµγ
0.
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Opìte, eÔkola faÐnetai ìti

γ0S†Lγ
0 = γ0

(
1− i

4
σµνε

µν

)†
γ0 = 1 +

i

4
σµνε

µν = S−1
L

H teleutaÐa sqèsh, γ5SL = SLγ
5 apodeiknÔetai eÔkola miac kai

o γ5 antimetatÐjetai me touc upìloipouc γ pÐnakec, opìte

γ5σµν = σµνγ5
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'Askhsh 28 DeÐxte thn parak�tw sqèsh (an�ptuxh Gordon)

ūf γ
µui =

1

2m
ūf [(pi + pf )µ + iσµν(pf − pi )ν ] ui

(P)
LÔsh

ūf [(pi + pf )µ + iσµν(pf − pi )ν ] ui =

ūf

[
(pi + pf )µ + i

i

2
(γµγν − γνγµ)(pf − pi )ν

]
ui =

ūf

[
(pi + pf )µ − 1

2
γµγνpfν −

1

2
γνγµpiν +

1

2
γµγνpiν +

1

2
γνγµpfν

]
ui =

ūf

[
(pi + pf )µ − 1

2
γµγνpfν −

1

2
γνγµpiν + mγµ

]
ui =

ūf

[
(pi + pf )µ − pµf +

1

2
γνγµpf ν − pµi +

1

2
γµγνpiν + mγµ

]
ui =

ūf 2mγµui = (2m)ūf γ
µui

ìpou qrhsimopoi same thn exÐswsh tou Dirac: (p/i −m)ui = 0
kai ūf (p/f −m) = 0 kai ìti γµγν + γνγµ = 2gµν .
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'Askhsh 29 DeÐxte ta jewr mata twn iqn¸n
(P)
LÔsh
Gia ta Tr [I ] = 4, Tr [γµ] = 0 kai Tr [γ5] = 0 h apìdeixh eÐnai
�mesh.
Gia k perittìc

Tr [a/1a/2...a/k ] = Tr [a/1a/2...a/kγ
5γ5] = −Tr [γ5a/1a/2...a/kγ

5]

= −Tr [a/1a/2...a/kγ
5γ5]→ Tr [a/1a/2...a/k ] = 0

ìpou qrhsimopoi same ìti (γ5)2 = 1, thn antimetajetikìthta
tou γ5 me touc pÐnakec γ kai thn idiìthta Tr [AB] = Tr [BA].

Tr [γµγν ] = Tr [γνγµ] =
1

2
Tr [γµγν + γνγµ] =

1

2
Tr [2gµν ] =

1

2
2gµνTr [I ] = 4gµν
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Gia k �rtioc

Tr [a/1a/2...a/n] = 2(a1 · a2)Tr [a/3...a/n]− Tr [a/2a/1...a/n] =

2(a1 · a2)Tr [a/3...a/n]− 2(a1 · a3)Tr [a/2a/4...a/n] + Tr [a/2a/3a/1...a/n] =

2(a1 · a2)Tr [a/3...a/n]− 2(a1 · a3)Tr [a/2a/4...a/n] + ...− Tr [a/2...a/na/1] =

2(a1 · a2)Tr [a/3...a/n]− 2(a1 · a3)Tr [a/2a/4...a/n] + ...− Tr [a/2...a/na/1]

O teleutaÐoc ìroc thc teleutaÐac gramm c eÐnai Ðsoc me ton
pr¸to thc pr¸thc gramm c (Tr [AB] = Tr [BA]).Epomènwc

2Tr [a/1a/2...a/n] = 2(a1 · a2)Tr [a/3...a/n]− 2(a1 · a3)Tr [a/2a/4...a/n] + ...→
Tr [a/1a/2...a/n] = (a1 · a2)Tr [a/3...a/n]− (a1 · a3)Tr [a/2a/4...a/n] + ...

+ (a1 · an)Tr [a/2a/3...a/n−1]

Gia to Tr [γ5γ
µγν ] = 0.

An µ = ν, tìte
Tr [γ5γ

µγν ] = ±Tr [γ5] = 0

miac kai
(
γ0
)2

= 1 kai
(
γ i
)2

= −1
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An µ 6= ν,
Tr [γ5γ

µγν ] = Tr [iγ0γ1γ2γ3γµγν ]

Ta µ kai ν eÐnai Ðsa me èna apì ta 0, 1, 2 kai 3. Metakin¸ntac

ta, kai qrhsimopoi¸ntac p�li ìti
(
γ0
)2

= 1 kai
(
γ i
)2

= −1, ja
katal xoume se èna �jroisma apì Ðqnh ìpou to kajèna
perièqei dÔo g�mma pÐnakec me DIAFORETIKOUS deÐktec.
All�, Tr [γργσ] = 4gρσ. Epomènwc, kajèna apì aut� ta Ðqnh
ja eÐnai mhdèn.
Gia to Tr [γ5γ

µγνγργσ] = iεµνρσ.
An k�poio zeug�ri apì ta µ, ν, ρ, σ eÐnai Ðsa, tìte mporoÔme me
metajèseic katal xoume se �jroisma iqn¸n thc morf c
Tr [γ5γ

τγω] pou eÐnai Ðso me mhdèn, apì thn prohgoÔmenh
idiìthta. An treic deÐktec eÐnai Ðsoi katal goume se Ðqnoc thc
morf c Tr [γ5γ

τ ] pou eÐnai mhdèn giatÐ katal goume se perittì
arijmì γ pin�kwn (antikajist¸ntac to γ5 me to Ðso tou).
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Opìte, ja prèpei oi deÐktec µ, ν, ρ, σ na eÐnai diaforetikoÐ.
EpÐshc opoiad pote enallag  dÔo kontin¸n deikt¸n odhgeÐ se
allag  pros mou:

Tr [γ5γ
µγνγργσ] =

2gµνTr [γ5γ
ργσ]− Tr [γ5γ

νγµγργσ] = −Tr [γ5γ
νγµγργσ]

Epomènwc, to Ðqnoc pou zht�me eÐnai an�logo tou εµνρσ. Gia na
broÔme ton normalismì mporoÔme na epilèxoume mia
sugkekrimènh perÐptwsh

Tr [γ5γ
0γ1γ2γ3] = Tr [iγ0γ1γ2γ3γ0γ1γ2γ3] =

− iTr [γ5γ5] = −iTr [(γ5)2] = −4i
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'Askhsh 30 DeÐxte ìti sthn di�spash µ− → e−νµν̄e to e eÐnai
aristerìstrofo. Sthn µ+ → e+ν̄µνe , poia eÐnai h
qeiralikìthta tou e+?
(P)
LÔsh
Sthn asjen  allhlepÐdrash èqoume ēγµ(1− γ5)νe  
ν̄eγ

µ(1− γ5)e

UpenjumÐzoume ìti èqoume aristerìstrofa netrÐna kai
dexiìstrofa anti-netrÐna. Opìte, sth di�spash µ− → νµW

−

kai W− → eν̄e to antinetrÐno eÐnai dexiìstrofo �ra to
hlektrìnio eÐnai aristerìstrofo. AntÐjeta sthn µ+ → ν̄µW

+

kai W+ → e+νe to netrÐno eÐnai aristerìstrofo opìte to
pozitrìnio eÐnai dexiìstrofo.
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'Askhsh 31 DeÐxte, me thn parap�nw mèjodo, ìti gia
swmatÐdia me spin=0, to analloÐwto pl�toc thc skèdashc
e+e− → µ+µ− eÐnai an�logo tou (t − u)/s = cos θ
(P)
LÔsh
Apì thn Ex.(17) blèpoume ìti ìroc gia met�bash (0→ 0) eÐnai
cos θ. Apì tic sqèseic 1+cos θ

2 = −u/s kai 1−cos θ
2 = −t/s eÔkola

faÐnetai ìti cos θ = (t − u)/s
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'Askhsh 32 DeÐxte, ìti h energìc diaforik  diatom  gia
skèdash hlektronÐou apì stìqo me spin=0 dÐnetai apì ton tÔpo

dσ

dΩ

∣∣∣∣
lab

=
α2

4E 2 sin4 θ
2

E ′

E
cos2 θ

2

(P)
LÔsh
Akrib¸c an�loga me th skèdash hlektronÐou-mionÐou ja èqoume

|M|2 =
e4

q4
Lµν(e)L

′(µ′)
µν

me

Lµν(e) =
1

2
Tr
[
k ′/γµk/γν

]
= 2(k ′

µ
kν + k ′

ν
kµ − gµνkk ′)

L(′µ′)
µν = (p + p′)µ(p + p′)ν

Lµν(e)L
(′µ′)
µν = 2

[
2
(
k(p + p′)

) (
k ′(p + p′)

)
− kk ′(p + p′)2

]
EpÐshc èqoume tic sqèseic gia to sÔsthma ergasthrÐou, ìpou
p = (M, 0) kai k2 = k ′2 = 0
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kp = ME , kp′ = k(k − k ′ + p) = −kk ′ + ME ,

k ′p = ME ′, k ′p′ = k ′(k − k ′ + p) = kk ′ + ME ′

(p + p′)2 = 2M2 + 2pp′

pp′ = p(k − k ′ + p) = EM − E ′M + M2 = M(E − E ′ + M)

'Etsi èqoume

|M|2 =
e4

q4
2
[
2(2ME − kk ′)(2ME ′ + kk ′)− kk ′(M2 + pp′)2

]
=

=
e4

q4
4
[
4M2EE ′ + 2MEkk ′ − 2ME ′kk ′ − (kk ′)2 −M2kk ′−

−(kk ′)(pp′)
]

=
4e4

q4

[
4M2EE ′ + (2M(E − E ′)−M2 − pp′ − kk ′)kk ′

]
=

=
4e4

q4

[
4M2EE ′+(
−q2 −M2 −

(
M2 − q2

2

)
+

q2

2

)
(−q2

2
)

]
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ìpou qrhsimopoi same ìti E − E ′ = − q2

2M ,

q2 = (k − k ′)2 = −2kk ′ kai pp′ = M(E − E ′ + M) = M2 − q2

2 .
SuneqÐzontac

|M|2 =
4e4

q4

[
4M2EE ′ + 2M2

(
q2

2

)]
=

4e4

q4
4M2EE ′

[
1 +

q2

4EE ′

]
=

4e4

q4
4M2EE ′

[
1− sin2 θ

2

]
=

16e4

q4
M2EE ′ cos2 θ

2

ìpou q2

4EE ′ = (k−k ′)2

4EE ′ = −2kk ′

4EE ′ = −1
2

EE ′(1−cos θ)
EE ′ = − sin2 θ/2.

Se antÐjesh me ton antÐstoiqo tÔpo gia stìqo me spin=1/2

|M|2 =
16e4

q4
M2EE ′

[
cos2 θ

2
− q2

2M2
sin2 θ

2

]
To cross term tou e−e− → e−e−.[

ū(k ′)γµu(k)
] [
ū(p′)γµu(p)

] [
ū(p′)γνu(k)

]† [
ū(k ′)γνu(p)

]†
=[

ū(k ′)γµu(k)
] [
ū(p′)γµu(p)

] [
ū(k)γνu(p′)

] [
ū(p)γνu(k ′)

]
=

Tr
[
k/′γµk/γνp/′γµp/γν

]
= Tr

[
k/′γµk/γνp/′γµ(2pν − γνp/)

]
=

2Tr
[
k/′γµk/p/p/′γµ

]
− Tr

[
k/′γµk/γνp/′γµγνp/

]
=

346/389



− 4Tr
[
k/′k/p/p/′

]
− 2Tr

[
k/′γµk/γµp/

′p/
]

+ Tr
[
k/′γµk/γνp/′γνγµp/

]
=

− 4Tr
[
k/′k/p/p/′

]
+ 4Tr

[
k/′k/p/′p/

]
− 2Tr

[
k/′γµk/p/′γµp/

]
=

− 4Tr
[
k/′k/p/p/′

]
+ 4Tr

[
k/′k/p/′p/

]
− 4Tr

[
k/′p/′k/p/

]
+ 2Tr

[
k/′γµk/γµp/

′p/
]

=

− 4Tr
[
k/′k/p/p/′

]
+ 4Tr

[
k/′k/p/′p/

]
− 4Tr

[
k/′p/′k/p/

]
− 4Tr

[
k/′k/p/′p/

]
=

− 4Tr
[
k/′k/p/p/′

]
− 4Tr

[
k/′p/′k/p/

]
= −4Tr

[
p/′k/′k/p/

]
− 4Tr

[
k/′p/′k/p/

]
=

− 4Tr
[
(p/′k/′ + k/′p/′)k/p/

]
= −8Tr

[
(p′k ′)k/p/

]
= −32(p′k ′)(kp) =

− 32(s/2)(s/2) = −8s2
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'Askhsh 33 DeÐxte p¸c metasqhmatÐzontai ta dianÔsmata

εR = −
√

1

2
(ε1 + iε2) , εL = +

√
1

2
(ε1 − iε2)

se mia strof  me gwnÐa θ gÔrw apì ton �xona z . Ta
dianÔsmata aut� onìmazontai dianÔsmata kuklik c pìlwshc
kai to dexiìstrofo (R) èqei jetik  elikìthta en¸ to
aristerìstrofo (L) èqei arnhtik  elikìthta. (P)
LÔsh

εR = −
√

1

2
(ε1 + iε2) = −

√
1

2
((1, 0, 0) + i(0, 1, 0))→

= −
√

1

2
[(cos θ, sin θ, 0) + i(− sin θ, cos θ, 0)] =

= −
√

1

2

[
e−iθ, ie−iθ, 0

]
= −

√
1

2
e−iθ(1, i , 0) = e−iθεR

'Omoia, εL → e+iθεL. Opìte

εR,L → e−iλR,LθεR,L me

{
λR = +1
λL = −1
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'Askhsh 34 DeÐxte ìti gia �maza swmatidia me spin=1 sthn
bajmÐda Coulomb,   egk�rsia bajmÐda, isqÔei h sqèsh
plhrìthtac ∑

λ=L,R

(ελ)∗i (ελ)j = δij − q̂i q̂j

ìpou

εR = −
√

1

2
(ε1 + iε2) , εL = +

√
1

2
(ε1 − iε2)

ε1 = (1, 0, 0), ε2 = (0, 1, 0)

(P)
LÔsh
FaÐnetai eÔkola ìti∑

λ=L,R

(ελ)∗i (ελ)j =
∑
κ=1,2

εκi εκj

Autìc o telest c, pou èqei dÔo deÐktec, i , j , ja prèpei na eÐnai
grammikìc sundusmìc twn dÔo telest¸n pou mporoÔme na
fti�xoume: δij kai qiqj
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∑
κ=1,2

εκi εκj = Aδij + Bqiqj

Pollaplasi�zontac epÐ
∑

i εξi
, ξ = 1, 2, kai gnwrÐzontac ìti

ε · q =
∑

i εκiqi = 0 kai εξ · εκ =
∑

i εξi
εκi = δξκ èqoume

∑
i

εξi

∑
κ=1,2

εκi εκj

 = A
∑

i

εξi
δij + B

∑
i

εξi
qiqj∑

κ=1,2

δξκεκj = Aεξj
→ εξj

= Aεξj

'Ara, A = 1. T¸ra pollaplasi�zoume, thn arqik  sqèsh, epÐ δij

δij

∑
κ=1,2

εκi εκj = δijδji + Bδijqiqj∑
κ=1,2

εκi εκi = 3 + Bq2 → 1 + 1 = 3 + Bq2

'Ara B = −1/q2, kai −qiqj/q2 = −q̂i q̂j
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Epomènwc, èqoume∑
λ=L,R

(ελ)∗i (ελ)j =
∑
κ=1,2

εκi εκj = Aδij + Bqiqj = δij − q̂i q̂j
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'Askhsh 35 DeÐxte ìti h sqèsh plhrìthtac gia ta spin=1 me
m�za ∑

λ=−1,0,1

(ελ)∗µ(ελ)ν = −gµν +
pµpν
M2

(27)

(P)
LÔsh
'Opwc kai sthn prohgoÔmenh �skhsh, oi mìnoi telestèc me dÔo
deÐktec pou mporoÔme na fti�xoume eÐnai oi gµν kai pµpν∑

λ=−1,0,1

(ελ)∗µ(ελ)ν = Agµν + Bpµpν

Pollaplasi�zontac mia for� epÐ pν kai mia epÐ gµν , paÐrnoume

pν
∑

λ=−1,0,1

(ελ)∗µ(ελ)ν = Apµ+Bp2pµ → 0 = A+BM2 → A = −BM2

gµν
∑

λ=−1,0,1

(ελ)∗µ(ελ)ν = A4+Bp2 → −1−1−1 = 4A−A→ A = −1

ìpou qrhsimopoi same sthn pr¸th sqèsh ìti pνεν = 0 kai ìti
(ελ)∗µ(ελ)µ = −1, gia λ = −1, 0,+1, sth deÔterh. Epomènwc
A = −1 kai B = 1/M2. 352/389



'Askhsh 36 DeÐxte ìti den mporeÐte na orÐsete ton antÐstrofo
tou gµν�2 − ∂µ∂ν
(P)
LÔsh
O antÐstrofoc tou −gµνp2 + pµpν ja eÐnai thc morf c
Agνλ + Bpνpλ kai ja prèpei[

−gµνp2 + pµpν
] [

Agνλ + Bpνpλ
]

= gλµ

K�nontac tic pr�xeic paÐrnoume

−Ap2gλµ − Bp2pµp
λ + Apµp

λ + Bp2pµp
λ = gλµ

A(−p2gλµ + pµp
λ) = gλµ

Blèpoume loipìn ìti den mporoÔme na orÐsoume ta A kai B .
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'Askhsh 37 H sunj kh Lorentz, ∂µAµ = 0 af nei akìma mia
eleujerÐa epilog c tou Aµ: Aµ → Aµ + ∂µΛ ìpou �2Λ = 0.
Opìte, h Ex.(22) mporeÐ na grafeÐ[

gµν�
2 −

(
1− 1

ξ

)
∂µ∂ν

]
Aν = jµ

kai tìte o antÐstrofoc tou telest  eÐnai

i

q2

[
−gµν + (1− ξ)

qµqν
q2

]
(P)
LÔsh
Apì th sunj kh Lorentz, mpor¸ na afairèsw apì thn exÐswsh
tou fwtonÐou, gµν�2Aν = jµ, thn posìthta ∂µ∂ν(1− a)Aν pou
eÐnai Ðsh me mhdèn. Opìte èqoume thn exÐswsh

gµν�2Aν − ∂µ∂ν(1− a)Aν = jµ

'Ena er¸thma eÐnai aut  h allag  se poio metasqhmatsmì
bajmÐdac antistoiqeÐ? Ac onom�soume A′ν to pedÐo pou plhroÐ
thn nèa exÐswsh.
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Opìte èqoume

gµν�2A′ν − ∂µ∂ν(1− a)A′ν = jµ

An (1− a)A′ν = Aν , tìte o deÔteroc ìroc mhdenÐzetai (sunj kh
Lorentz), kai aplopoi¸ntac ton par�gonta 1/(1− a)
katal goume sthn arqik  sqèsh gµν�2Aν = jµ. O
metasqhmatismìc (1− a)A′ν = Aν gr�fetai

A′ν = Aν +
a

1− a
Aν

pou eÐnai ènac metasqhmatismìc bajmÐdac, A′ν = Aν + ∂νΛ pou
plhroÐ thn sunj kh Lorentz, dhlad : ∂ν∂νΛ = 0, miac kai sthn
perÐptws  mac ∂νΛ = a

1−aAν . B�zontac a = 1/ξ paÐrnoume thn
sqèsh [

gµν�
2 −

(
1− 1

ξ

)
∂µ∂ν

]
Aν = jµ
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Gia na broÔme ton antÐstrofo douleÔoume ìpwc kai prÐn:
gureÔoume ta A kai B tètoia ¸ste[

gµν�
2 −

(
1− 1

ξ

)
∂µ∂ν

] [
Aq2gνλ + Bqνqλ)

]
= gλµ

ap' ìpou paÐrnoume ìti A = −1/q4 kai B = (ξ − 1)A. Opìte, o
an�strofoc tou telest  epÐ −i ja eÐnai

i

q2

[
−gµν + (1− ξ)

qµqν
q2

]
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'Askhsh 38 DeÐxte ìti o diadìthc enìc dianusmatikoÔ
swmatidÐou me m�za eÐnai

i
(
−gµν +

qµqν
M2

)
q2 −M2

(P)
LÔsh
'Omoia me tic prohgoÔmenec ask seic[

gµν
(
−q2 + M2

)
+ qµqν

] [
Agνλq

2 + Bqνqλ
]

= gµλ

ap' ìpou paÐrnoume A = −1/(q2 −M2)) kai
B = 1/(M2(q2 −M2)). Opìte, o antÐstrofoc tou telest  epÐ
−i gÐnetai

i
(
−gµν +

qµqν
M2

)
q2 −M2
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'Askhsh 39 Sthn skèdash Compton, deÐxte ìti pr�gmati isqÔei
h sqèsh k ′νT

µν = kµT
µν = 0 gia to �jroisma twn dÔo

diagramm�twn kai ìqi gia to kajèna apì aut�.
(P)
LÔsh

kµT
µν = (ie)2i ū

(s′)
p′

[
γν

p/+ k/+ m

(p + k)2 −m2
k/+ k/

p/− k/′ + m

(p − k ′)2 −m2
γν
]
u

(s)
p =

(ìpou k ′ b�zoume k + p − p′ kai qrhsimopoioÔme k/k/ = k2 = 0)

− ie2ū
(s′)
p′

[
γν

p/k/+ mk/

(p + k)2 −m2
+

k/p/− k/(p/− p/′) + mk/

(p − k ′)2 −m2
γν
]
u

(s)
p =

(qrhsimopoioÔme p/k/ = 2pk − k/p/ kai k/p/′ = 2p′k − p/′k/

− ie2ū
(s′)
p′

[
γν

2pk − k/p/+ mk/

(p + k)2 −m2
+

2p′k − p/′k/+ mk/

(p − k ′)2 −m2
γν
]
u

(s)
p =
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t¸ra qrhsimopoioÔme ìti p/up = mup kai ūp′p/
′ = mūp′)

− ie2ū
(s′)
p′

[
γν

2pk − k/m + mk/

(p + k)2 −m2
+

2p′k −mk/+ mk/

(p − k ′)2 −m2
γν
]
u

(s)
p =

(oi paronomastèc (p + k)2 −m2 = 2pk kai (p − k ′)2 −m2 = −2pk ′)

− ie2ū
(s′)
p′

[
γν

2pk

2pk
+

2kp′

−2kp′
γν
]
u

(s)
p = 0

'Omoia deÐqnetai ìti kai k ′νT
νµ = 0.
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'Askhsh 40 DeÐxte ìti sth skèdash Compton M1M∗2 = 0
Epomènwc,

|M1 +M2|2 = |M1|2 + |M2|2 = 2e4
(
−u

s
− s

u

)
(P)
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'Askhsh 41 An to fwtìnio eÐnai dunhtikì, opìte k2 = −Q2 6= 0,

deÐxte ìti |M|2 = 2e4
(
−u

s −
s
u + 2Q2t

su

)
(P)
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Skèdash Compton bajmwtoÔ ��hlektronÐou�� DeÐxte ìti gia
na eÐnai analloÐwto se metasqhmatismì bajmÐdac to
analloÐwto pl�toc gia skèdash Compton bajmwtoÔ
��hlektronÐou��, qrei�zetai na sumperilhfjeÐ �llh mia
allhlepÐdrash thc morf c ��hlektrìnio��-��hlektrìnio��
-fwtìnio-fwtìnio, pou faÐnetai sto sq.(P)

LÔsh
To analloÐwto pl�toc gia kajèna apì ta dÔo diagr�mmata
pou faÐnontai sto sq. parak�tw dÐnetai apì tic sqèseic

−iM1 = εµε
′∗
ν (ie(p + p + k)µ)

i

(p + k)2 −m2

(
ie(p + k + p′)ν

)
=

= εµε
′∗
ν Tµν

1
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−iM2 = εµε
′∗
ν

(
ie(p + p − k ′)ν

) i

(p − k ′)2 −m2

(
ie(p − k ′ + p′)µ

)
=

= εµε
′∗
ν Tµν

2

'Opwc kai sthn antÐstoiqh perÐptwsh me hlektrìnio, h
analloÐwthta wc proc th summetrÐa bajmÐdac shmaÐnei ìti an
antikatast soume to di�nusma pìlwshc tou fwtonÐou me orm 
k

εµ → εµ + akµ

to pl�toc ja meÐnei analloÐwto. Fusik� to Ðdio ja prèpei na
sumbaÐnei me antÐstoiqh allag  tou dianÔsmatoc pìlwshc tou
fwtonÐou me orm  k ′.
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Opìte, ja prèpei na isqÔei (ìpwc kai p�li sthn perÐptwsh tou
hlektronÐou)

kµ (Tµν
1 + Tµν

2 ) = 0

kai antÐstoiqa kai gia thn orm  k ′ν . Ac upologÐsoume k�je ìro

kµT
µν
1 = k(2p + k)

−ie2

(p + k)2 −m2
(p + k + p′)ν =

= 2pk
−ie2

p2 + k2 + 2pk −m2
(p + k + p′)ν =

= −ie2(p + k + p′)ν

miac kai k2 = 0 kai p2 = m2. SuneqÐzoume me ton deÔtero ìro

kµT
µν
2 = (p + p − k ′)ν

−ie2

(p − k ′)2 −m2
k(p − k ′ + p′) =

= (2p − k ′)ν
−ie2

p2 + k ′2 − 2pk ′ −m2
k(2p′ − k) =

= (2p − k ′)ν
−ie2

−2pk ′
2kp′ = +ie2(2p − k ′)ν
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ìpou p�li qrhsimopoi same thn diat rhsh thc orm c kai thn
isìthta pk ′ = p′k

k + p = k ′ + p′ → k − p′ = k ′ − p → kp′ = k ′p

AjroÐzontac, paÐrnoume

kµT
µν
1 + kµT

µν
2 = ie2

(
2p − k ′ − p − k − p′

)ν
=

= ie2
(
p − p′ − k − k ′

)
ν

= −2ie2kν

pr�gma pou eÐnai di�foro tou mhdenìc. Pr�gmati, loipìn,
leÐpei èna ìroc thc Ðdiac taxhc wc proc g . Autìc akrib¸c o
ìroc proèrqetai apì ton epiplèon kìmbo pou èqei h
allhlepÐdrash bajmwtoÔ hlektronÐou-fwtonÐou, ìpwc dÐnetai
sthn ekf¸nhsh thc �skhshc. Autì antistoiqeÐ se èna
analloÐwto pl�toc

−iM3 = εµε
′∗
ν 2ie2gµν = εµε

′∗
ν Tµν

3

T¸ra
kµTµν

3 = 2ie2kν

365/389



kai epomènwc
kµ (Tµν

1 + Tµν
2 + Tµν

3 ) = 0

AntÐstoiqa apodeiknÔetai kai ìti

k ′ν (Tµν
1 + Tµν

2 + Tµν
3 ) = 0
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'Askhsh 42 An to hlektrìnio eÐqe spin 0, deÐxte ìti h èkfrash

4E 2

(
1− v2 sin2 θ

2

)
antikajÐstatai apì to 4E 2 kai h Ex.23 gÐnetai

dσ

dΩ
=

Z 2α2

4k4 sin4 θ
2

E 2
[
F (q2)

]2
Opìte, mpaÐnei h er¸thsh: giatÐ to mh sqetikistikì hlektrìnio,
dhlad  gia v → 0, me spin=1/2 den diafèrei apì to
��hlektrìnio�� me spin=0?
(P)
LÔsh
H èkfrash 4E 2

(
1− v2 sin2 θ

2

)
proèrqetai apì ton upologismì

tou (1/2)
∣∣ūf γ

0ui

∣∣2. Sthn perÐptwsh tou bajmwtoÔ hlektronÐou,
h allhlepÐdrash me to hlektromagnhtikì pedÐo èqei th morf 
(p + p′)µAµ me p kai p′ h orm  tou eiserqìmenou kai
exerqìmenou hlektrìniou.
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Sthn perÐptws  mac, pou èqoume statikì pedÐo ja p�roume
(p + p′)0A0, opìte, to antÐstoiqo tou (1/2)

∣∣ūf γ
0ui

∣∣2 eÐnai apl�(
(p + p′)0

)2
= (E + E ′)2 = 4E 2 miac kai E = E ′.

Gia qamhlèc enèrgeiec gnwrÐzoume ìti to hleltrìnio den all�zei
to spin tou, allhlepidr� dhlad  mìno me to fortÐo tou kai autì
antistoiqeÐ ston pr¸to ìro thc an�ptuxhc Gordon tou ìrou
ū(p′)γµu(p) pou eÐnai an�logoc tou (p + p′)µ
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'Askhsh 43 An h puknìthta forÐou ρ(r)  tan thc morf c e−mr ,
deÐxte ìti o par�gontac mof c eÐnai

F (|q|) ∝
(

1− q2

m2

)−2

(P)
LÔsh
To zhtoÔmeno F (q) dÐnetai apì th sqèsh

F (q) =

∫
exp[−mr ] exp[iq · x] d3x

Epilègontac q = (0, 0, q), opìte iq · x = iqz = iqr cos θ kai
d3x = 2πr2 sin θ dθ dr , ìpou o par�gontac 2π proèrqetai apì
thn olokl rwsh wc proc thn azimoujiak  gwnÐa φ. 'Etsi, h
olokl rwsh wc proc θ ja d¸sei∫ π

0
e iqr cos θ sin θ dθ = − 1

iqr
e iqr cos θ

∣∣∣∣θ=π

θ=0

=
e iqr − e−iqr

iqr
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Kai mènei h olokl rwsh wc proc r∫ ∞
0

e−mr e
iqr − e−iqr

iqr
r2dr

Ac upologÐsoume to olokl rwma∫ ∞
0

e(−m±iq)r

iq
rdr =

1

iq

1

(−m ± iq)

∫ ∞
0

r de(−m±iq)r =

=
1

iq

1

(−m ± iq)

[
re(−m±iq)r

∣∣∣∞
0
−
∫ ∞

0
e(−m±iq)r dr

]
=

=
1

iq

1

(−m ± iq)

[
− 1

(−m ± iq)
e(−m±iq)r

∣∣∣∣∞
0

]
=

1

iq

1

(−m ± iq)2

Opìte,∫ ∞
0

e−mr e
iqr − e−iqr

iqr
r2dr =

1

iq

[
1

(−m + iq)2
− 1

(−m − iq)2

]
=

=
1

iq

4iqm

(m2 + q2)2
=

4m

(m2 + q2)2
=

4

m3

(
1− q′2

)−2

ìpou q′2 = −q2 = −|q|2.
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'Askhsh 44 H pio genik  morf  gia to Jµ eÐnai (q = p′ − p)

F1γ
µ + F2iσ

µνqν + F3iσ
µν(p + p′)ν + F4q

µ + F5(p + p′)µ

DeÐxte ìti telik� mènoun mìno oi dÔo anex�rthtoi ìroi pou
antistoiqoÔn sta F1 kai F2.
(P)
LÔsh
Apì thn an�ptuxh kat� Gordon

ūf γ
µui =

1

2m
ūf

[
(p + p′)µ + iσµν(p′ − p)ν

]
ui

blèpoume ìti o ìroc (p + p′)µ mporeÐ na ekfasteÐ mèsw twn
ìrwn γµ kai σµν(p′ − p)ν . Dhlad , o ìroc F5 ekfr�zetai mèsw
twn ìrwn F1 kai F2. EpÐshc, gia ton ìro σµν(p + p′)ν èqoume

ū(p′)σµν(p + p′)νu(p) ∼ ū(p′)(γµγν − γνγµ)(p + p′)νu(p) =

= ū(p′)[γµ(p/+ p/′)− (p/+ p/′)γµ]u(p) =

= ū(p′)[γµ(M + p/′)− (p/+ M)γµ]u(p) =

= ū(p′)[2p′µ − p/′γµ − 2pµ + γµp/]u(p) =

= ū(p′)2(p′ − p)µu(p) = 2ū(p′)qµu(p)
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ìpou qrhsimopoi same thn exÐswsh tou Dirac: p/u(p) = Mu(p)
kai ū(p′)p/′ = Mū(p′).'Ara, to F3 ekfr�zetai mèsw tou F4.
Epomènwc, èqoume ft�sei sto

F1γ
µ + F2iσ

µνqν + F4q
µ

All� apì thn diat rhsh tou reÔmatoc, ∂µJ
µ = 0   qµJ

µ = 0,
èqoume

qµū(p′) [F1γ
µ + F2iσ

µνqν + F4q
µ] u(p) = 0→

ū(p′)
[
F1q/+ F2iσ

µνqνqµ + F4q
2
]
u(p) = 0→

ū(p′)
[
F1(p/′ − p/) + F2iσ

µνqνqµ + F4q
2
]
u(p) = 0

O pr¸toc ìroc mhdenÐzetai apì thn exÐswsh tou Dirac. O
deÔteroc apì thn antisummetrikìthta tou σµν kai thn
summetrikìthta tou qµqν . Epomènwc, F4 = 0. 'Etsi, mènoume
mìno me

F1γ
µ + F2iσ

µνqν
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'Askhsh 45 DeÐxte ìti h diat rhsh tou reÔmatoc sthn adronik 
koruf  (dhlad  qνWµν = 0) odhgeÐ stic sqèseic

W5 = −pq

q2
W2, W4 =

M2

q2
W1 +

(
pq

q2

)2

W2

(P)
LÔsh
Apì to qµWµν = 0 paÐrnoume

−W1q
ν +

W2

M2
(qp)pν +

W4

M2
q2qν +

W5

M2
((pq)qν + q2pν) = 0→(

W2

M2
(qp) +

W5

M2
q2

)
pν +

(
−W1 +

W4

M2
q2 +

W5

M2
(pq)

)
qν = 0→

Epomènwc, ja prèpei

W5 = −pq

q2
W2

W4 =
M2

q2

(
W1 −

W5

M2
pq

)
=

M2

q2

(
W1 +

(pq)2

M2q2
W2

)
=

=
M2

q2
W1 +

(
pq

q2

)2

W2
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DeÐxte ìti h Langragian

L = −1

4
FµνF

µν − jµAµ

odhgeÐ, qrhsimopoi¸ntac tic exis¸seic Langrage, stic exis¸seic
tou Maxwell

∂µF
µν = jν

ìpou bèbaia Fµν = ∂µAν − ∂νAµ.
LÔsh
Oi exis¸seic Langrage

∂β
∂L

∂(∂βAα)
− ∂L
∂Aα

= 0

Apì ton deÔtero ìro ja èqoume

∂L
∂Aα

= −jµgαµ = −jα

Gia ton pr¸to ìro t¸ra
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∂L
∂(∂βAα)

= ∂β

(
−1

4
Fµν

∂Fµν
∂(∂βAα)

− 1

4

∂Fµν

∂(∂βAα)
Fµν

)
Ac doÔme thn pr¸th parag¸gish mèsa sthn parènjesh

∂Fµν
∂(∂βAα)

=
∂

∂(∂βAα)
(∂µAν − ∂νAµ) = gβµ g

α
ν − gβν g

α
µ

AntÐstoiqa, h deÔterh parag¸gish sthn parènjesh dÐnei

∂Fµν

∂(∂βAα)
=

∂

∂(∂βAα)
(∂µAν − ∂νAµ) = gµβgνα − gνβgµα

kai h parènjesh gÐnetai

− 1

4

(
Fµν

(
gβµ g

α
ν − gβν g

α
µ

)
+
(
gµβgνα − gνβgµα

)
Fµν
)

=

− 1

4

(
F βα − Fαβ + F βα − Fαβ

)
= −F βα

Opìte
∂L

∂(∂βAα)
= −∂βF βα
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Kai oi exis¸seic Lagrange dÐnoun

∂β
∂L

∂(∂βAα)
− ∂L
∂Aα

= 0⇒ −∂βF βα + jα ⇒ ∂βF
βα = jα
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Par�rthma

PARARTHMA 1

AntalloÐwto kai sunalloÐwto tetra-di�nusma
O metasqhmatismìc Lorentz, gia kÐnhsh ston �xona x (dhlad 
x1) eÐnai (c = 1)

t ′ =
t − vx1√

1− v2
, x ′1 =

x1 − vt√
1− v2

en¸ o antÐstrofoc metasqhmatismìc eÐnai

t =
t ′ + vx ′1√

1− v2
, x1 =

x ′1 + vt ′√
1− v2

'Osa tetradianÔsmata metasqhmatÐzontai ìpwc o eujÔc
metasqhmatismìc ta onom�zoume antalloÐwta (contravariant)
dianÔsmata kai ta sumbolÐzoume me deÐkth p�nw. Opìte, to t
kai to x apoteloÔn antalloÐwto tetradi�nusma

(t, x) = (t, x1, x2, x3) = (x0, x1, x2, x3) = xµ
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Ta tetradianÔsmata pou metasqhmatÐzontai me ton antÐstrofo
metasqhmatismì onom�zontai sunalloÐwta (covariant) kai
b�zoume ton deÐkth k�tw. EÔkola faÐnetai ìto to
tetradi�nusma (t,−x) eÐnai èna sunalloÐwto tetradi�nusma:

(t,−x) = (t,−x1,−x2,−x3) = (x0,−x1,−x2,−x3) = xµ

T¸ra mporoÔme na deÐxoume ìti to (∂/∂t,∇) metasqhmatÐzetai
me ton antÐstrofo metasqhmatismì. Pr�gmati

∂

∂t ′
=

∂

∂t

∂t

∂t ′
+

∂

∂x1

∂x1

∂t ′
=

1√
1− v2

(
∂

∂t
+ v

∂

∂x1

)
∂

∂x ′1
=

∂

∂t

∂t

∂x ′1
+

∂

∂x1

∂x1

∂x ′1
=

1√
1− v2

(
∂

∂x1
+ v

∂

∂t

)
To (∂/∂t,−∇) metasqhmatÐzetai me ton eujÔ metasqhmatismì.
Opìte, gr�foume

(∂/∂t,−∇) = ∂µ, (∂/∂t,∇) = ∂µ
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Par�rthma 2

Metasqhmatismìc Lorentz
Gia kÐnhsh ston �xona x (dhlad  x1) èqoume (c = 1)

x ′0 =
x0 − vx1

√
1− v2

, x ′1 =
x1 − vx0

√
1− v2

, dhlad  x ′ν = Λνµx
µ

ìpou

Λ0
0 =

1√
1− v2

,Λ0
1 =

−v√
1− v2

,Λ1
1 =

1√
1− v2

,Λ1
0 =

−v√
1− v2

Qrhsimopoi¸ntac ta x0 = x0 kai x1 = −x1 ja èqoume

x ′0 =
x0 + vx1√

1− v2
, x ′1 =

−x1 − vx0√
1− v2

, dhlad  x ′ν = Λνσxσ

ìpou

Λ00 =
1√

1− v2
,Λ01 =

v√
1− v2

,Λ11 =
−1√

1− v2
,Λ10 =

−v√
1− v2

dhlad 
Λ01 = −Λ10
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Qrhsimopoi¸ntac ton metrikì tanust 

x ′ν = Λνµx
µ = Λνµg

µσxσ = Λνσxσ

Jèlei prosoq  h seir� twn deikt¸n ν, σ. EpÐshc, mporoÔme na
gr�youme (pollaplasi�zontac thn prohgoÔmenh sqèsh epÐ gνρ)

gνρx
′ν = gνρΛνσxσ = Λ σ

ρ xσ

dhlad 
x ′ρ = Λ σ

ρ xσ

H diathroÔmenh posìthta eÐnai to �tetr�gwno� tou
tetradianÔsmatoc

(x ′)2 = (x)2 → x ′µx ′µ = xνxν → x ′µx ′ρgρµ = xνxσgσν →

Λµµ′x
µ′Λρρ′x

ρ′gρµ = xνxσgσν

Ta x eÐnai bèbaia anex�rthtec par�metroi. Opìte,
exis¸nontac dexi� kai arister� touc Ðdiouc ìrouc, dhlad 
jètontac µ′ = ν kai ρ′ = σ, ja èqoume

ΛµνΛρσgρµ = gσν → ΛρσgρµΛµν = gσν → ΛTgΛ = g

380/389



AntÐstrofoc metasqhmatismìc

x ′ν = Λνσx
σ → gµνx

′ν = gµνΛνσx
σ → x ′µ = gµνΛνσx

σ →
Λµρx

′
µ = ΛµρgµνΛνσx

σ → Λµρx
′
µ = gρσx

σ = xρ

kai ìmoia xρ = Λ ρ
µ x ′µ. SunoyÐzontac

x ′ν = Λνµx
µ, x ′ρ = Λ σ

ρ xσ, xρ = Λµρx
′
µ, x

ρ = Λ ρ
µ x ′µ

Tèloc
x ′ν = Λνµx

µ = ΛνµΛ µ
σ x ′σ → ΛνµΛ µ

σ = δνσ

Apeirostìc metasqhmatismìc

Λµν = δµν + εµν

Apì th sqèsh ΛρσgρµΛµν = gσν èqoume

gσν = ΛρσgρµΛµν = (δρσ + ερσ)gρµ(δµν + εµν) =

= gσν + ερσgρµδ
µ
ν + δρσgρµε

µ
ν +O(ε2) =

= gσν + (ενσ + εσν) +O(ε2)

dhlad  ενσ + εσν = 0.
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O pÐnakac ενσ eÐnai antisummetrikìc, epomènwc èqei 6
anex�rthta stoiqeÐa: 3 strofèc kai 3 kin seic. Gia
par�deigma, strof  gÔrw apo ton �xona z

x ′0 = x0, x ′3 = x3,
x ′1 = x1 + εx2,
x ′2 = −εx1 + x2

 , εµν =


0 0 0 0
0 0 ε 0
0 −ε 0 0
0 0 0 0


Poioc eÐnai o εµν

εµν = gµρ ε
ρ
ν = gµ1 ε

1
ν + gµ2 ε

2
ν

Ta di�fora tou mhdenìc eÐnai ε1
2 = −ε2

1 = ε. Epomènwc ta
mìna di�fora tou mhdenìc stoiqeÐa eÐnai −ε12 = ε21 = ε, dhlad 

εµν =


0 0 0 0
0 0 −ε 0
0 ε 0 0
0 0 0 0
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Gia kÐnhsh ston �xona z (t¸ra ε = v)

x ′1 = x1, x ′2 = x2,
x ′0 = x0 − εx3,
x ′3 = −εx0 + x3

 , εµν =


0 0 0 −ε
0 0 0 0
0 0 0 0
−ε 0 0 0


kai ìpwc prin

εµν =


0 0 0 −ε
0 0 0 0
0 0 0 0

+ε 0 0 0
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Par�rthma 3

Sqèseic plhrìthtac gia ta fwtìnia (P)
GnwrÐzoume ìti gia fwtìnia isqÔei h sqèsh plhrìthtac (bl. thn
'Askhsh 34) ∑

λ=L,R

(ελ)∗i (ελ)j =
∑
κ=1,2

εκi εκj = δij − q̂i q̂j

ìpou

εR = −
√

1

2
(ε1 + iε2) , εL = +

√
1

2
(ε1 − iε2)

ε1 = (1, 0, 0), ε2 = (0, 1, 0)

P¸c ja gr�youme th sqèsh aut  me sunalloÐwto trìpo? Se
k�je diadikasÐa me eiserqìmeno fwtìnio, to analloÐwto pl�toc
ja perièqei thn morf 

εµT
µ...
...

ìpou oi ... antistoiqoÔn se deÐktec pou eÐnai ��ajroismènoi�� (to
analloÐwto pl�toc eÐnai analloÐwto Lorentz!!).
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'Otan p�me sto tetr�gwno tou pl�touc kai ajroÐsoume sta
dianÔsmata pìlwshc ja p�roume∑

λ

ε(λ)
µ Tµ...

... ε
(λ)∗
µ′ (Tµ′...

... )†

Ja qrhsimopoi soume ta dianÔsmata pìlwshc ε1 kai ε2, opìte
èqoume jewr sei ìti h orm  tou fwtonÐou mac eÐnai q = (0, 0, q)
(lìgw thc sqèshc q · ε = 0). T¸ra ja ��an�goume�� ta
dianÔsmata aut� se tetradianÔsmata. Gia to fwtìnio ja
èqoume qµ = (q, 0, 0, q) miac kai prèpei qµqµ = 0. Lìgw thc
sqèshc qµεµ = 0, ta ε1 kai ε2 ja gÐnoun εµ1 = (0, 1, 0, 0) kai
εµ2 = (0, 0, 1, 0). Epomènwc, to pl�toc ja gÐnei∑
λ

ε(λ)
µ ε

(λ)∗
µ′ Tµ...

... (Tµ′...
... )† = T 1...

... (T 1...
... )† + T 2...

... (T 2...
... )†

= T 0...
... (T 0...

... )† − T 3...
... (T 3...

... )† − T ν...
... (T ...

ν...)
†
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H teleutaÐa isìthta isqÔei giatÐ

T ν...
... (T ...

ν...)
† = T 0...

... (T ...
0...)
† + T 1...

... (T ...
1...)
† + T 2...

... (T ...
2...)
† + T 3...

... (T ...
3...)
† =

= T 0...
... (T 0...

... )† − T 1...
... (T 1...

... )† − T 2...
... (T 2...

... )† − T 3...
... (T 3...

... )†

EpÐ plèon, ja prèpei qµT
ν...
... = 0. Epeid  to qµ èqei th

sugkekrimènh morf , (q, 0, 0, q), ja prèpei upoqrewtik�

T 0...
... = T 3...

...

Epomènwc, katal goume∑
λ

ε(λ)
µ ε

(λ)∗
µ′ Tµ...

... (Tµ′...
... )† = −T ν...

... (T ...
ν...)
† = −gµ′µTµ...

... (Tµ′...
... )†

dhlad  ∑
λ

ε(λ)
µ ε

(λ)∗
µ′ = −gµ′µ
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Par�rthma 4

H om�da SU(5) Ti = λi/2, Tr [TiTj ] = 1
2δij (P)
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