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➣ INTRODUCTION. AdS/CFT and its generalisations

➣ GRAVITY DUAL OF 2d N=(1,1) from wrapped branes
! ! ! ● Brane setup
! ! ! !● 10d SUGRA ansatz
! ! ! ● Gauged SUGRA approach (7d)
! ! ! ● Solution → Coulomb branch

➣ ADDING FLAVOR
! ! ! ● Flavor D5s
! ! ! ● Backreaction → smearing
! ! ! ● Flavored solution

➣ SUMMARY
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∼

AdS5 × S
5

4d N = 4 SU(N)
SYM

N D3-branes

(α′
→ 0)

AdS / CFT
Correspondence IIB ST

GENERALISE

★ d = 2

★ 2 (4) SUSYs

★ Conformal

★ Add Flavor

2d
N = (2, 2)

N = (1, 1)
SYM + Nf flavors

★ USE WRAPPED BRANES
(4d: Maldacena & Núñez, Gauntlett et al, Bigazzi et al)
(3d: Chamseddine & Volkov, Maldacena & Nastase, Schvellinger & Tran,
Gomis & Russo, Gauntlett et al) 2/11



★ BRANE SETUP

DUAL TO N=(1,1) SYM FROM WRAPPED D5s

X R (ρ)σ

R1,1

D5s

G2

S4

S2

G2
︷ ︸︸ ︷

R1,1 S4 N3 R

D5 − − © © © © · · · ·

In order to formulate an specific ansatz for the metric and three-form of this brane arrange-
ment, let us recall that a geometry of a non-compact manifold with G2 holonomy with a
co-associative four-cycle was found in refs. [41, 42]. Let us write explicitely this metric . We
start by representing the line element of a four-sphere as:

dΩ2
4 =

4

(1 + ξ2)2

[

dξ2 +
ξ2

4

(

(ω1)2 + (ω2)2 + (ω3)2
)
]

, (3.1)

where −∞ < ξ < +∞ is a non-compact coordinate and ωi (i = 1, 2, 3) is a set of SU(2) left-
invariant one-forms satisfying dωi = 1

2εijkωj ∧ ωk. Let us in addition introduce two angular
coordinates θ and φ (0 ≤ θ ≤ π, 0 ≤ φ < 2π) parametrizing a two-sphere and let E1 and E2

be the following one forms:

E1 = dθ +
ξ2

1 + ξ2

(

sin φ ω1 − cos φ ω2
)

,

E2 = sin θ

(

dφ − ξ2

1 + ξ2
ω3

)

+
ξ2

1 + ξ2
cos θ

(

cos φ ω1 + sin φ ω2
)

. (3.2)

Then, the metric of G2 holonomy of refs. [41, 42] can be written as:

ds2
7 =

(dσ)2

1 − a4

σ4

+
σ2

2
dΩ2

4 +
σ2

4

(

1 − a4

σ4

)[

(E1)2 + (E2)2
]

, (3.3)

where a is a real constant and the variable σ is defined in the range a ≤ σ < ∞. The
geometry (3.3) is a resolved G2 cone with a blown-up four-cycle at the tip of size a. Notice
that the (θ, φ) two-sphere is fibered over the four-cycle.

We will take the metric (3.3) as the starting point to formulate our ansatz for the ten-
dimensional metric. First of all we add two Minkowski coordinates x0,1 and a new non-
compact coordinate ρ transverse to the special holonomy manifold. Moreover, we will
parametrize the size of the cycle by a function z, which depends on both σ and ρ. The
deformation of the manifold induced by the D5-brane produces an squashing between the
four-cycle and the fibered S2. We will adopt a particular ansatz for this squashing, which is
just the one that is obtained when the metric is generated by uplifting from seven-dimensional
gauged supergravity (see appendix A). Accordingly, let us consider a string frame metric of
the form:

ds2 = eΦ
[

dx2
1,1 +

z

m2
dΩ2

4

]

+
e−Φ

m2z
4
3

[

dσ2 + σ2
(

(E1)2 + (E2)2
)
]

+
e−Φ

m2
(dρ)2 , (3.4)

17

N3 : (σ, θ, φ)
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17

N3 : (σ, θ, φ)

◆ G ➔ 1/8 SUSY 
◆ D5s (on a calibrated C  ) ➔ 1/2 SUSY

2

4
2 SUSYS
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★ SUGRA ANSATZ

ds2
7 =

(dσ)2

1− a4

σ4

+
σ2

2
dΩ2

4 +
σ2

4

(
1− a4

σ4

) [
(E1)2 + (E2)2

]
◆ (resolved)    cone:G2

(Bryant, Salamon)
(Gibbons, Page, Pope)

S4●    : dΩ2
4 =

4
(1 + ξ2)2

[
dξ2 +

ξ2

4
(
(ω1)2 + (ω2)2 + (ω3)2

)]

● fibered    :S2
E1 = dθ +

ξ2

1 + ξ2

(
sinφω1 − cos φω2

)

E2 = sin θ

(
dφ− ξ2

1 + ξ2
ω3

)
+

ξ2

1 + ξ2
cos θ

(
cos φω1 + sinφω2

)

σ

G2

S4

S2

G2
︷ ︸︸ ︷

R1,1 S4 N3 R

D5 − − © © © © · · · ·

In order to formulate an specific ansatz for the metric and three-form of this brane arrange-
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dξ2 +
ξ2

4

(

(ω1)2 + (ω2)2 + (ω3)2
)
]

, (3.1)
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(

sin φ ω1 − cos φ ω2
)

,

E2 = sin θ
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dφ − ξ2
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ω3

)

+
ξ2

1 + ξ2
cos θ

(

cos φ ω1 + sin φ ω2
)

. (3.2)

Then, the metric of G2 holonomy of refs. [41, 42] can be written as:

ds2
7 =

(dσ)2

1 − a4

σ4

+
σ2

2
dΩ2

4 +
σ2

4

(

1 − a4

σ4

)[

(E1)2 + (E2)2
]

, (3.3)

where a is a real constant and the variable σ is defined in the range a ≤ σ < ∞. The
geometry (3.3) is a resolved G2 cone with a blown-up four-cycle at the tip of size a. Notice
that the (θ, φ) two-sphere is fibered over the four-cycle.

We will take the metric (3.3) as the starting point to formulate our ansatz for the ten-
dimensional metric. First of all we add two Minkowski coordinates x0,1 and a new non-
compact coordinate ρ transverse to the special holonomy manifold. Moreover, we will
parametrize the size of the cycle by a function z, which depends on both σ and ρ. The
deformation of the manifold induced by the D5-brane produces an squashing between the
four-cycle and the fibered S2. We will adopt a particular ansatz for this squashing, which is
just the one that is obtained when the metric is generated by uplifting from seven-dimensional
gauged supergravity (see appendix A). Accordingly, let us consider a string frame metric of
the form:

ds2 = eΦ
[

dx2
1,1 +

z

m2
dΩ2

4

]

+
e−Φ

m2z
4
3

[

dσ2 + σ2
(

(E1)2 + (E2)2
)
]

+
e−Φ

m2
(dρ)2 , (3.4)

17

N3 : (σ, θ, φ) R (ρ)
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◆ 10d metric ds2 = eΦ
[
dx2

1,1 +
z

m2
dΩ2

4

]
+

e−Φ

m2z
4
3

[
dσ2 + σ2

(
(E1)2 + (E2)2

)]
+

e−Φ

m2
(dρ)2

G2
︷ ︸︸ ︷

R1,1 S4 N3 R

D5 − − © © © © · · · ·
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dx2
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17

N3 : (σ, θ, φ) R (ρ)

◆ 3-form F3 = dC2 , C2 = g1 E1 ∧ E2 + g2

(
Sξ ∧ S3 + S1 ∧ S2

)
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N3 : (σ, θ, φ) R (ρ)

◆ 3-form F3 = dC2 , C2 = g1 E1 ∧ E2 + g2

(
Sξ ∧ S3 + S1 ∧ S2

)

SUSY N=(1,1) BPSs
z(ρ,σ) SIZE OF 

DILATON

3-FORM FLUX

Φ(ρ,σ)
C4

gi(ρ,σ)

● BPSs are PDEs ☹, 7d Gauged SUGRA ➞ SOLUTION ☺
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★ GAUGED SUGRA APPROACH LINEAR DISTRIBUTION OF D5S

◆ Take 7d SO(4) Gauged SUGRA Domain wall problem

S4

z
● 1d problem → BPSs easy

Uplift
10d solution in terms of  c  

ρ → R ⊥ (R1,1, G2)

σ → G2
(z,ψ)

6/11



◆ UV (z→∞): ds2 → D5s along R1,1 × S4 [➡ Linear dilaton ]

◆ IR (for c<-1):
● Singularity (good) at z = z0

● Linear distribution (ψ)
>
ψ

z = z0

★ GAUGED SUGRA APPROACH LINEAR DISTRIBUTION OF D5S

◆ Take 7d SO(4) Gauged SUGRA Domain wall problem

S4

z
● 1d problem → BPSs easy

Uplift
10d solution in terms of  c  
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σ → G2
(z,ψ)
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● Changing vbles.

G2
︷ ︸︸ ︷

R1,1 S4 N3 R

D5 − − © © © © · · · ·
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1 + ξ2
ω3

)

+
ξ2

1 + ξ2
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We will take the metric (3.3) as the starting point to formulate our ansatz for the ten-
dimensional metric. First of all we add two Minkowski coordinates x0,1 and a new non-
compact coordinate ρ transverse to the special holonomy manifold. Moreover, we will
parametrize the size of the cycle by a function z, which depends on both σ and ρ. The
deformation of the manifold induced by the D5-brane produces an squashing between the
four-cycle and the fibered S2. We will adopt a particular ansatz for this squashing, which is
just the one that is obtained when the metric is generated by uplifting from seven-dimensional
gauged supergravity (see appendix A). Accordingly, let us consider a string frame metric of
the form:

ds2 = eΦ
[

dx2
1,1 +

z

m2
dΩ2

4

]

+
e−Φ

m2z
4
3

[
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(
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]
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17

N3 : (σ, θ, φ) R (ρ)
(z,ψ)→ (ρ,σ)

➥ Analytic (implicit) sol. for z(ρ,σ)
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Figure 3: Plots of z(ρ, σ) (left) and e2Φ (right) obtained from (3.21) and (3.23). In both
cases we have taken c = −1.5. On the left plot we have represented by a line the segment
z = z0, −ρc ≤ ρ ≤ ρc in the σ = 0 plane.

One can also verify that eΦ vanishes along this constant z = z0 segment. Thus our solution
has a linear distribution of singularities. One can check that these singularities and good in
the sense of [3] (see appendix A). Therefore, our solution can be naturally interpreted as
being generated by a linear distribution of D5-branes, smeared along a finite segment on the
direction of the coordinate ρ orthogonal to the G2 holonomy manifold (see appendix A for a
more detailed study). Accordingly, the solution (3.21)-(3.25) can be regarded as giving the
gravity dual of a slice of the Coulomb branch of N = (1, 1) SYM. We will further check this
statement in the next subsection by means of a probe computation.

3.2 Probe analysis

Let us now consider a D5-brane probe extended along the Minkowski directions and wrapping
the four-sphere. The dynamics of such a probe is governed by the action (2.28). In order
to select an appropriate set of worldvolume coordinates, let us parametrize the left-invariant
one-forms ωi appearing in dΩ2

4 by means of three angles θ̃, ϕ̃ and ψ̃ as follows:

ω1 = cos ψ̃ dθ̃ − sin ψ̃ sin θ̃ dϕ̃ ,

ω2 = sin ψ̃ dθ̃ + cos ψ̃ sin θ̃ dϕ̃ ,

ω3 = dψ̃ − cos θ̃ dϕ̃ , (3.28)

with 0 ≤ θ̃ ≤ π, 0 ≤ ϕ̃ < 2π, 0 ≤ ψ̃ < 4π. Given this parametrization, we will choose
ζa = (x0, x1, ξ, θ̃, ϕ̃, ψ̃) as our set of worldvolume coordinates and we will assume that the
remaining ten-dimensional coordinates (σ, θ, φ and ρ) are constant. In order to write the
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One can also verify that eΦ vanishes along this constant z = z0 segment. Thus our solution
has a linear distribution of singularities. One can check that these singularities and good in
the sense of [3] (see appendix A). Therefore, our solution can be naturally interpreted as
being generated by a linear distribution of D5-branes, smeared along a finite segment on the
direction of the coordinate ρ orthogonal to the G2 holonomy manifold (see appendix A for a
more detailed study). Accordingly, the solution (3.21)-(3.25) can be regarded as giving the
gravity dual of a slice of the Coulomb branch of N = (1, 1) SYM. We will further check this
statement in the next subsection by means of a probe computation.

3.2 Probe analysis

Let us now consider a D5-brane probe extended along the Minkowski directions and wrapping
the four-sphere. The dynamics of such a probe is governed by the action (2.28). In order
to select an appropriate set of worldvolume coordinates, let us parametrize the left-invariant
one-forms ωi appearing in dΩ2

4 by means of three angles θ̃, ϕ̃ and ψ̃ as follows:

ω1 = cos ψ̃ dθ̃ − sin ψ̃ sin θ̃ dϕ̃ ,

ω2 = sin ψ̃ dθ̃ + cos ψ̃ sin θ̃ dϕ̃ ,

ω3 = dψ̃ − cos θ̃ dϕ̃ , (3.28)

with 0 ≤ θ̃ ≤ π, 0 ≤ ϕ̃ < 2π, 0 ≤ ψ̃ < 4π. Given this parametrization, we will choose
ζa = (x0, x1, ξ, θ̃, ϕ̃, ψ̃) as our set of worldvolume coordinates and we will assume that the
remaining ten-dimensional coordinates (σ, θ, φ and ρ) are constant. In order to write the

22

(z = z0,ψ)→ (|ρ| < ρc,σ = 0)

Linear Distribution of D5s
 COULOMB BRANCH

c = −3
2
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★ ADDING FLAVOR

◆ Add an open string sector ➔ FLAVOR BRANES Color

Flavor

● Brane setup

Flavor D5s
★ Global Sym: flavor
★ 

★ Same SUSY
mQ ∼ ρQ

● Non-compact      
● At fixed ρ = ρQ

C4 ⊂ G2
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● Backreaction Veneziano limit
Quarks loops included

Nf ∼ Nc

Nf , Nc →∞
Nf/Nc fixed
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◆ Computing the backreaction is difficult S = SIIB + Sflavor
DBI + Sflavor

WZ

➥ Smearing
(Bigazzi et al, Casero et al)

φ

ρ = ρQ

D5s

ρ = ρQ

φ

D5s

U(Nf ) −→ U(1)Nf

dF3 = 2κ2
10 T5 Ω Bianchi identitySflavor

WZ = T5

Nf∑ ∫

M(i)
6

Ĉ6 =⇒ −T5

∫

M10

Ω ∧ C6

➥ Ω + metric → Flavored BPSs
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∫
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◆ D5 embeddings (κ-symmetry) ➞ Ω ,     this is hard!!

● D5-branes at 
● Same SUSY (2)
● No new deformations of 

ρ = ρQ

gab

● Consistent BPSs (➡ EoM)

● Color ∩ Flavor = ∅
generic Ω  / 
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◆ Particular charge distribution / homogeneous charge distribution along ⊥ 
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Figure 4: Plot of z(ρ, σ) obtained by the numerical integration of (3.61) for ρQ = 3 and
x ≡ 18πnf

Nc
= 0.2 (left) and x = 1 (right).

In order to integrate (3.61) we assume that z(ρ, σ) is given by the unflavored solution (3.21)
for ρ ≤ ρQ, while at ρ = ρQ the derivative of z with respect to ρ jumps in the form dictated
by (3.62), namely:

z′(ρQ + ε, σ) − z′(ρQ − ε, σ) = −18πnf

Nc
z

3
3 (ρQ, σ) . (3.63)

In figure (4) we have plotted the function z(ρ, σ), resulting form the numerical integration of
the PDE (3.61), for two different values of nf . Notice the similarity with the results obtained
for the flavored system with four supersymmetries (see figure 2).

3.3.1 Microscopic analysis of the smearing

The smearing form Ω is the flavor density distribution that should be obtained after averaging
over a continuous set of supersymmetric brane embeddings. For the case at hand we have
not been able to find the most general embedding of a flavor brane that preserves all the
supersymmetries of the unflavored background. However, we have been able to find a set
of such embeddings and we will argue that, after performing a suitable average, they give
rise to some of the components of the smearing density (3.59). In order to illustrate this
fact let us consider a D5-brane whose worldvolume is parametrized by the following set of
coordinates:

ζa = (x0, x1, ξ, ψ̃, σ, φ) . (3.64)

Moreover, we will assume that the embedding of the brane in the ten-dimensional spacetime
is given by:

θ = θ(σ) , θ̃ , ϕ̃ = constant , ρ = ρQ , (3.65)
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of such embeddings and we will argue that, after performing a suitable average, they give
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θ = θ(σ) , θ̃ , ϕ̃ = constant , ρ = ρQ , (3.65)

29

R3

● Numerical solution with          continuous at

● Coincides with the unflavored for 

z, φ, gi ρ = ρQ

ρ < ρQ

● Flavor contributes as expected [                      ]1/g2
Y M ∼ z2(ρ,σ = 0)

x ≡ 18π nf

Nc
= 0.2 x = 1

ρ = ρQ
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★ SUMMARY / TO TRY

• Gravity duals of 2d N=(1,1) & (2,2) SUSY theories from wrapped D5s ✓

• Large number of flavors via backreacting flavor D5s ✓

• Explore the F.T. (a little) → color probe brane ✓ (E-r relation missing)

• Higgs branch → Color & flavor branes recombining

• Alternative setup → D3s on a 2-cycle of a CY3. Better UV.

• Non-singular background?

• Less SUSY → D5s on a 4-cycle of a Spin(7)

11/11





★ SUGRA DUALS OF 2D THEORIES WITH N=(2,2) SUSY

■ 10d Ansatz ■ Metric → z (ρ,σ) & ϕ(ρ,σ)
■ 3-form → g(ρ,σ) BPSs

■ Analyt. sol ✓
■ EoM  ✓

[ 7d Gauged SUGRA ]

■ Flavoring → D5s on a non-compact 4-cycle → Embeddings found

➥ Ω constructed → new BPSs → (Numeric) Flavored background

● D5s on a 4-cycle of a CY3 ~ 2d N = (2,2)
σ

R1,1

ψ

S2 × S2

CY3

X R2 (ρ,χ)
◆ CY3 ➔ 1/4 SUSY 
◆ D5s ➔ 1/2 SUSY

2 SUSYS


