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Decoherence

i~ ∂
∂t
|ψ〉 = Ĥ |ψ〉 ⇒

• The most successful description of the

physical world

• Allowed superpositions never appear

for macroscopic objects

Bohr’s answer:

A "classical apparatus"

causes "collapse" (non-

unitary process)

• Collapse is an arbitrary deus ex machina outside of quantum

mechanics
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Decoherence

System - Measuring Apparatus - Environment

Example: |ψ〉 = a|+〉 + b|−〉

Density matrix:ρ = |ψ〉〈ψ| =
(

|a|2 ab⋆

a⋆b |b|2
)

The statecannotbe interpreted as a statistical mixture of the|+〉 and

|−〉 states

However: Coupling to anunobservable(= trace out) environment can

dynamically diagonalizeρ

ρ→
(

|a|2 0

0 |b|2
)
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The same considerations apply to Inflationary Perturbations. Their

density matrix is not diagonal. Some sort of decoherence must operate

before they can be considered statistical mixtures.
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The same considerations apply to Inflationary Perturbations. Their

density matrix is not diagonal. Some sort of decoherence must operate

before they can be considered statistical mixtures.

Can decoherence considerations be applied to Inflationary

Perturbations?
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Isocurvature and Adiabatic perturbations (I)

Two fields withV (ϕ,χ): dφ
dN

≃ ∂ϕV

3H2 ,
dχ
dN

≃ ∂χV

3H2 , H2 ≃ 1
3M2

p
V
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As usual: φ(x, t) = φ(t) + δφ(x, t) , χ(x, t) = χ(t) + δχ(x, t) ,

ds2 = −(1 + 2Φ(x, t))dt2 + a2(t)(1 − 2Φ(x, t))dx2
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3M2
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V

As usual: φ(x, t) = φ(t) + δφ(x, t) , χ(x, t) = χ(t) + δχ(x, t) ,

ds2 = −(1 + 2Φ(x, t))dt2 + a2(t)(1 − 2Φ(x, t))dx2

The Lagrangian of gauge invariant perturbations is:

L =
∫

d3x 1
2∂ηq∂ηq− 1

2q
(

−∇2 + (aH)2Ω
)

q

q = a(δϕ+ ϕ̇
H

Φ)êϕ + a(δχ+ χ̇
H

Φ)êχ ≡ qϕêϕ + qχêχ

Ω ≃ ∂a∂bV
H2 ea ⊗ eb − (2 − ǫ)1− 6ǫ e1 ⊗ e1 + . . . ,
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ds2 = −(1 + 2Φ(x, t))dt2 + a2(t)(1 − 2Φ(x, t))dx2

The Lagrangian of gauge invariant perturbations is:

L =
∫

d3x 1
2∂ηq∂ηq− 1

2q
(

−∇2 + (aH)2Ω
)

q

q = a(δϕ+ ϕ̇
H

Φ)êϕ + a(δχ+ χ̇
H

Φ)êχ ≡ qϕêϕ + qχêχ

Ω ≃ ∂a∂bV
H2 ea ⊗ eb − (2 − ǫ)1− 6ǫ e1 ⊗ e1 + . . . ,

The inclusion ofΦ produces a coupling between the two degrees of

freedom even if there is no coupling inV (ϕ,χ)
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Isocurvature and Adiabatic perturbations (II) . . .

Define Adiabatic/Isocurvature directions:

e1 = cos θ eϕ + sin θ eχ ≡ ϕ̇√
ϕ̇2+χ̇2

eϕ + χ̇√
ϕ̇2+χ̇2

eχ

e2 = − sin θ eϕ + cos θ eχ
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Isocurvature and Adiabatic perturbations (II) . . .

Define Adiabatic/Isocurvature directions:

e1 = cos θ eϕ + sin θ eχ ≡ ϕ̇√
ϕ̇2+χ̇2

eϕ + χ̇√
ϕ̇2+χ̇2

eχ

e2 = − sin θ eϕ + cos θ eχ

In this basis:

L =
∫

d3x 1
2 (∂ηq + Zq)T (∂ηq + Zq) − 1

2qT
(

−∇2 + (aH)2Ω
)

q

q = ( q1
q2 ) , qm = em · q , Ωmn = emΩen (m,n = 1, 2)

Z = ∂ηθ
(

0 −1
1 0

)
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Define Adiabatic/Isocurvature directions:
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ϕ̇2+χ̇2

eϕ + χ̇√
ϕ̇2+χ̇2

eχ

e2 = − sin θ eϕ + cos θ eχ

In this basis:

L =
∫

d3x 1
2 (∂ηq + Zq)T (∂ηq + Zq) − 1

2qT
(

−∇2 + (aH)2Ω
)

q

q = ( q1
q2 ) , qm = em · q , Ωmn = emΩen (m,n = 1, 2)

Z = ∂ηθ
(

0 −1
1 0

)

Then, using the conjugate momentumπ(x) = ∂L
∂(∂ηq(x)) the

Hamiltonian can be written as:

H =
∫

d3x 1
2π

Tπ − 1
2π

TZq − 1
2qTZTπ + 1

2qT
(

−∇2 + (aH)2Ω
)

q
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. . . and their Schrödinger equation

The quantum Hamiltonian̂H is obtained by:

π(x) → −i~ δ
δq(x) ⇔ [q(x), π(y)] = i~δ(x − y)
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. . . and their Schrödinger equation

The quantum Hamiltonian̂H is obtained by:

π(x) → −i~ δ
δq(x) ⇔ [q(x), π(y)] = i~δ(x − y)

The wavefunction satisfies the Schrödinger equationi~∂ηΨ = ĤΨ

With the vacuum ansatz. . . :

Ψ = N exp
(

−1
2

∫

d3xd3y qT(x)B(x − y)q(y)
)

Decoherence from Isocurvature Perturbations in Inflation –p. 7/13



. . . and their Schrödinger equation

The quantum Hamiltonian̂H is obtained by:

π(x) → −i~ δ
δq(x) ⇔ [q(x), π(y)] = i~δ(x − y)

The wavefunction satisfies the Schrödinger equationi~∂ηΨ = ĤΨ

With the vacuum ansatz. . . :

Ψ = N exp
(

−1
2

∫

d3xd3y qT(x)B(x − y)q(y)
)

. . . the Schrödinger equation gives:

i~ ∂ηB(x − y) = ~
2
(∫

d3z B(x − z)B(z− y)
)

+ i~ [B(x − y), Z] +
(

∇2
x − (aH)2Ω

)

δ(3)(x − y)

i~∂η lnN = ~

2

∫

d3xB(0)
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System - Apparatus - Environment
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System - Apparatus - Environment

A gravitational "Apparatus" - Inflationary perturbations are detectable

through their gravitational effect:

R̂ = H√
ϕ̇2+χ̇2

q̂1

a
, d

dN
R̂ = 2∇V ·e2

ϕ̇2+χ̇2
q̂2

a
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Assumption:ϕ andχ→ relativistic particles⇒ No entropy

perturbation and the only observable remnant isR.
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System - Apparatus - Environment

A gravitational "Apparatus" - Inflationary perturbations are detectable

through their gravitational effect:

R̂ = H√
ϕ̇2+χ̇2

q̂1

a
, d

dN
R̂ = 2∇V ·e2

ϕ̇2+χ̇2
q̂2

a

Assumption:ϕ andχ→ relativistic particles⇒ No entropy

perturbation and the only observable remnant isR.

⇓

Trace outq2

System - apparatus - Environment =q1 - R - q2
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The density matrix

The full density matrix is:ρ(q1, q2, q̄1, q̄2) = Ψ(q1q2)Ψ
⋆(q̄1, q̄2)
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The density matrix

The full density matrix is:ρ(q1, q2, q̄1, q̄2) = Ψ(q1q2)Ψ
⋆(q̄1, q̄2)

It is not diagonal!
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The full density matrix is:ρ(q1, q2, q̄1, q̄2) = Ψ(q1q2)Ψ
⋆(q̄1, q̄2)

It is not diagonal!

The reduced density matrix is obtained by tracing outq2:

ρ̃(q1, q̄1) =
∫

dq2dq
⋆
2Ψ(q1, q2)Ψ

⋆(q̄1, q2)

Decoherence from Isocurvature Perturbations in Inflation –p. 9/13



The density matrix

The full density matrix is:ρ(q1, q2, q̄1, q̄2) = Ψ(q1q2)Ψ
⋆(q̄1, q̄2)

It is not diagonal!

The reduced density matrix is obtained by tracing outq2:

ρ̃(q1, q̄1) =
∫

dq2dq
⋆
2Ψ(q1, q2)Ψ

⋆(q̄1, q2)

For the vacuum state we find:

ρ̃(u,∆) = exp
[

−1
2(u,∆)C

(

u⋆

∆⋆

)]

C≡





2

(

ℜ[B11]−ℜ[B12]2

ℜ[B22]

)

i
(

ℑ[B11]−ℜ[B12]ℑ[B12]
2ℜ[B22]

)

i
(

ℑ[B11]−ℜ[B12]ℑ[B12]
2ℜ[B22]

)

1
2

(

ℜ[B11]+
ℑ[B12]2

ℜ[B22]

)





u = (q1 + q̄1)/2

∆ = q1 − q̄1
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dq2dq
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For the vacuum state we find:

ρ̃(u,∆) = exp
[

−1
2(u,∆)C

(

u⋆

∆⋆

)]

C≡





2

(

ℜ[B11]−ℜ[B12]2

ℜ[B22]

)

i
(

ℑ[B11]−ℜ[B12]ℑ[B12]
2ℜ[B22]

)

i
(

ℑ[B11]−ℜ[B12]ℑ[B12]
2ℜ[B22]

)

1
2

(

ℜ[B11]+
ℑ[B12]2

ℜ[B22]

)





u = (q1 + q̄1)/2

∆ = q1 − q̄1

If C11/C22 → 0, theoff-diagonal∆ terms become unimportant
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A simple model

V (ϕ,χ) = 1
2m

2ϕ2 + 1
2µ

2χ2 with µ2−m2

m2 ≪ 1 ⇒ ∂Nθ ≪ 1.
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A simple model

V (ϕ,χ) = 1
2m

2ϕ2 + 1
2µ

2χ2 with µ2−m2

m2 ≪ 1 ⇒ ∂Nθ ≪ 1.

The wavefunction - the matrixB - is determined by

B11 ≃ aH
~

(

2π
Γ(ν1)2

(

k
2aH

)2ν1
+ i

(

3
2 − ν1

)

)

B22 ≃ aH
~

(

2π
Γ(ν2)2

(

k
2aH

)2ν2
+ i

(

3
2 − ν2

)

)

B12(N) ≃ i
~

µ2−m2

2
√

3
sin 2θ0√

µ2+m2−(µ2−m2) cos 2ω0
a(N)I(N)

where

ν1 ≃ 3
2 + 5

3ǫ− 1
6H2

(

µ2 +m2 −
(

µ2 −m2
)

cos 2θ0
)

ν2 ≃ 3
2 − 1

3ǫ− 1
6H2

(

µ2 −m2 +
(

µ2 +m2
)

cos 2θ0
)
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2ϕ2 + 1
2µ

2χ2 with µ2−m2

m2 ≪ 1 ⇒ ∂Nθ ≪ 1.

The wavefunction - the matrixB - is determined by

B11 ≃ aH
~

(

2π
Γ(ν1)2

(

k
2aH

)2ν1
+ i

(

3
2 − ν1

)

)

B22 ≃ aH
~

(

2π
Γ(ν2)2

(

k
2aH

)2ν2
+ i

(

3
2 − ν2

)

)

B12(N) ≃ i
~

µ2−m2

2
√

3
sin 2θ0√

µ2+m2−(µ2−m2) cos 2ω0
a(N)I(N)

where

ν1 ≃ 3
2 + 5

3ǫ− 1
6H2

(

µ2 +m2 −
(

µ2 −m2
)

cos 2θ0
)

ν2 ≃ 3
2 − 1

3ǫ− 1
6H2

(

µ2 −m2 +
(

µ2 +m2
)

cos 2θ0
)

After a few efolds: ℑ[B12] ≫ 2
√

ℜ[B11]ℜ[B22]
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Entanglement Entropy

The Wigner Function:W (q, π) =
∫

dπdπ⋆ ρ e−i∆π⋆−i∆⋆π ⇒
W (q, π) ∝ exp

(

− q 1
∆2

q
q⋆ − (π − πcl)

1
∆2

π
(π − πcl)

⋆
)

(π1cl = −q1ℑ(B11)~)
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Entanglement Entropy

The Wigner Function:W (q, π) =
∫

dπdπ⋆ ρ e−i∆π⋆−i∆⋆π ⇒
W (q, π) ∝ exp

(

− q 1
∆2

q
q⋆ − (π − πcl)

1
∆2

π
(π − πcl)

⋆
)

(π1cl = −q1ℑ(B11)~)

Entropy:

S = tr ln [2∆q∆π/~] = V
∫

d3k
(2π)3

sk = V
∫

d3k
(2π)3

1
2 ln

[

4C22
C11

]

sk = (3 + α) ln
(

2aH
k

)

+ ln
[

µ2−m2

6H2 sin 2θ0 (3 − β) Γ(ν1)Γ(ν2)
2π

]

α = 4
3ǫ−

µ2+m2

3H2
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Entanglement Entropy

The Wigner Function:W (q, π) =
∫

dπdπ⋆ ρ e−i∆π⋆−i∆⋆π ⇒
W (q, π) ∝ exp

(

− q 1
∆2

q
q⋆ − (π − πcl)

1
∆2

π
(π − πcl)

⋆
)

(π1cl = −q1ℑ(B11)~)

Entropy:

S = tr ln [2∆q∆π/~] = V
∫

d3k
(2π)3

sk = V
∫

d3k
(2π)3

1
2 ln

[

4C22
C11

]

sk = (3 + α) ln
(

2aH
k

)

+ ln
[

µ2−m2

6H2 sin 2θ0 (3 − β) Γ(ν1)Γ(ν2)
2π

]

α = 4
3ǫ−

µ2+m2

3H2

obs

clπ

∆ q

π

∆ π

q q
q

∆ π

q

π

∆

q

π

obs

cl
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Numerics

Decoherence persists for a wide range of mass ratios

• µ = 1.05m

• µ = 10m
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Summary

• Decoherence is a framework for explaining the appearance ofa

classical world within quantum mechanics

• It can be applied to quantum inflationary perturbations

• An unobservable isocurvature perturbation can couple to the

adiabatic perturbation during inflation gravitationally

• Tracing it out can decohere the adiabatic perturbation

• Decoherence can be quantified by the entropy of adiabatic

perturbations
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