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Time-Independent Plane Wave Scattering
An infinite monochromatic plane wave impinges on an isolated
black hole:
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Dimensionless Parameters:

• BH coupling : Mω ∼ rs/λ

• BH rotation : 0 ≤ a ≤ 1

Physical Observables:

• σa : absorption cross section.

• dσ
dΩ : differential scattering cross section.

• 0 < P < 1 : partial polarisation.
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Time-Independent Plane Wave Scattering

•

field spin equations
scalar s = 0 [Klein-Gordon]
neutrino s = 1/2 [Dirac]
photon s = 1 [Maxwell]
gravitational s = 2 [Teukolsky]

• Usually massless (neutrino?)
• Classical fields (‘first-quantised’)
• ‘Weak’ : neglect back-reaction
• Linear (s = 0, 1/2, 1) or,

‘Linearised’ : gµν = g(Kerr)
µν + εhµν
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Non-rotating BH: Null Geodesics
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Deflection-angle Approximations:

• Weak-field deflection:

∆θ ≈ 4M/b

⇒ lim
θ→0

dσ

dΩ
∼ 1/θ4

• Strong-field deflection: Unstable orbit at r = 3M

∆θ ∼ − ln [(b − bc)/3.48M]

⇒ ‘spiral’ and ‘glory’ oscillations in
dσ

dΩ
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Weak-Field Approximations: λ� rs

In the long-wavelength limit (low coupling Mω � 1) :

scattering cross section: 1
M2

dσ
dΩ

scalar 1
sin4(θ/2)

neutrino cos2(θ/2)

sin4(θ/2)

photon cos4(θ/2)

sin4(θ/2)

gravitational cos8(θ/2) + sin8(θ/2)

sin4(θ/2)
: anomalous extra term!

General rule:

lim
λ→∞

(
1

M2
dσ

dΩ

)
∼ cos4s(θ/2)

sin4(θ/2)
+ δs,2 sin4(θ/2)
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Strong Field: Glory Scattering
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Glory Scattering in Optics (II)
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Glory Scattering Approximation

• Semi-classical (WKB) approximation:

lim
θ→π

dσ

dΩ
∼ 2πM2 × 4.3Mω × J 2|s| (5.3465 Mω sin θ)

• Zero flux in backward direction for polarised fields (s 6= 0).
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Schwarzschild Scattering Cross Section dσ
dΩ
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Schwarzschild Scattering: s = 0 versus s = 2
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Schwarzschild Absorption Cross Section σa
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Q. How do these results change when the
black hole is rotating?

N.B. Today, I will only consider the case when
the wave is incident along the rotation axis.)
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Rotating BH: On-axis Incidence

Scattering cross section [Futterman, Handler & Matzner 1988] :

dσ

dΩ
= |f (θ)|2 + |g(θ)|2

f (θ) =
π

iω

∑
l,P=±1

[
exp(2iδP

l2)− 1
]
−2S2

l (0)−2S2
l (θ)

g(θ) =
π

iω

∑
l,P=±1

P(−1)l [exp(2iδP
l2)− 1

]
−2S2

l (0)−2S2
l (π − θ)

• sSm
l (θ) are the spin-weighted spheroidal harmonics

• g(θ) is spin-flip amplitude (e.g. left-handed ↔ right-handed.
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Parity-Dependence
• The phase shifts δP

lm are parity-dependent:

exp(2iδ+
lm) =

Re(C) + 12iMω

Re(C)− 12iMω
exp(2iδ−lm)

where

|Re(C)|2 =
(
(λ + 2)2 + 4aωm − 4a2ω2

)
(λ2 + 36aωm − 36a2ω2)

+ (2λ + 3)(96a2ω2 − 48aωm)− 144a2ω2

• Hence g 6= 0 and helicity is not conserved!
• ⇒ Non-zero flux in backward-scattering direction. For

a = 0,
dσ

dΩ
(θ = π) = |g(θ)|2 = M2

• ⇒ (Linearised) grav. field on BH background does not
behave as pure spin-2 field
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Computing Phase Shifts

Numerical Method:
• Solve radial Teukolsky equation with ingoing boundary

condition at (outer) horizon, R(r) ∼ |r − r+|−iω̃r .

• ‘Peeling’ behaviour (Rout ∼ r3eiωr∗ and Rin ∼ r−1e−iωr∗)
makes things numerically awkward.

• Use Sasaki and Nakamura transformation, χ(R, R′), so
that χout ∼ eiωr∗ and χin ∼ e−iωr∗

• Numerically integrate outwards a Taylor series expansion
to 5th order in |r − r+|, matching onto expansions at r →∞
to 10th order in 1/r .
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Calculating Spin-Weighted Spheroidal Harmonics

Method:
• Expand spheroidal harmonics −2S2

l in spherical harmonics
−2Y m

l :

−2Sm
l (θ; aω) =

∑
j

blj −2Y m
j (θ)

• Solve eigenvalue equation: A b = −Elm b

• A is quin-diagonal ⇒ fast method

• Compute eigenfunctions using recurrence relations [S.A.
Hughes (2000)] .
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Kerr Absorption Cross Section: a = 0.99
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Kerr Scattering: a = 0.99
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Superradiant Kerr Scattering: a = 0.99
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Flux in Backward Direction

• Back-scattered flux carries ang. momentum with same
sense as BH spin.

• Backward flux mainly from superradiant mode (l = 2,
m = 2)

dσ

dΩ
∝ M2

∣∣∣−2S2
2(0)

∣∣∣2 R
|Re(C)|2
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Conclusions

• BH grav. wave scattering violates helicity conservation.

• Long-range force ⇒ divergence on-axis dσ/dΩ ∼ 1/θ4

• Unstable orbits ⇒ glory scattering oscillations.

• BH rotation ⇒ enhanced back-scattering (∼ ×20).

• Further work: diffraction patterns from higher-dimensional
BHs?
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